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Maximal unitarity

Coetficients
‘ . Master integrals
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maximal cut

...=Dp =0 algebraic variety

topology of V characterises the ditticulty
of applying maximal unitarity



State of Art

4D, 2—loop massless dbox, with at most 4 massive legs

1108.1180 David Kosower, Kasper Larsen

1205.0801 Simon Caron—Huot, Kasper Larsen
1208.1754, 1308.4632 Henrik Johansson, David A. Kosower, Kasper Larsen

each irreducible component

. . of V is rational
4D, 2—loop massless non—planar xbox, with at most 4 massive legs *

7 residues
1306.1496 Mads Sogaard 4
1406.5044 Mads Sogaard, YZ . . .
uniquc pfO]GCtOfS eX1St

4D, 3—loop massless triple box, with 4 massless legs for all master integrals

1310.6006 Mads Sogaard, YZ

V is not rational (e.g., elliptic,

4D, 2—loop massless planar dbox, with 10 massless legs
; hyperelliptic)

1205.0801 Simon Caron—Huot, Kasper Larsen (pole locus only)
- residues + nontrivial cycles
4D, 2-loop massive planar dbox Y
so far, no explicit solution and
uniqueness question unresolved

D=4-72¢, 2-loop planar dbox



An elliptic example

4D, 2—loop massive planar dbox
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D7 = (L1 + 15)* — m3
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An elliptic example

4D, 2—loop massive planar dbox

/ di¢, / 40y N (01, 05)
2m)4 ] (2m)3 D, ... D;

D4 :l%—m%, Dy = (ll —kl)z—m%,
DgZ(ll—kl—kQ)z—m%, D4:lg_m%m
Ds = (o —ky)> —m?, Dg= (1 — ks — ky)> —m?,
D7 = (L1 + 15)* — m3

2 2
s12(117"[2] s12(2/9"[1]

o = n P 1 =1, =0, b1 =0, by=1,

T = R TPT s et
mit(s + mit(s +

B R o BT Al e e NI TR

2 e T TR T 93114 T Y 2(41)[13] 4 !

F(CL4, b4) =

Elliptic curve



Elliptic curve

/‘ §\
/ \

\\—-‘/

two fundamental cycles
(two periods)

_quartic polynomial

A(ag) + /Alay) &
Blay)

Naive approach

by =
Strategy

e to parameterize as, a4, b3, by as elliptic functions on a torus;

e to integrate as, a4, b3, by over two tundamental cycles, and find their
residues.



Elhptlc functions

Double—periodical meromorphic function

(Double—periodical holomorphic function
IS a constant )

Elliptic functions form a field

_______________________________________________________

Weierstrass elliptic functions Jacobi elliptic tfunctions

p(2) sn(z), cn(z)
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Elhptlc functions

Double—periodical meromorphic function

(Double—periodical holomorphic function
IS a constant )

Elliptic functions form a field

_______________________________________________________

0(z) has a double pole at the origin, all elliptic functions

can be expressed as rational functions of g(z), p'(2)

R(p(2), ¢'(2))
Weierstrass elliptic functions

0(2)



Elliptic parameterization

2 3 2
A(CL4) _ C()(CL4 B 6)4 4 602(&4 B C)2 4 403(&4 B C) T ey gy = 6064;- 3627 03 = CoC2C4 cgz CoCs
- O

o(z2) = —cafco, @' (22) = —c3/co. ™~ 1o need to find the roots

VA(ag) = Voo (p(2) — p(z — 22)) all branch cuts removed
Recall
ai =1, as=0, by =0, by=1,
mit(s +t) mit(s +t) by =
5304 s3by

A(CL4) —+ A(CL4)
B(as)

by =

a3 —

loop momenta components are
all elliptic functions



Measure

1 tS(S + t)2 day
d*l, d?l N ,
/ YDy ... Dy g9 VA(ay) Jacobian

Using the differential equation for Weierstrass functions

\4

d 1
) _ 1 /R, t3(s + t)?
dz Co & oo dz
0
All square roots removed
//// \\\\
/ \
\ )
\\\ ///

dz is the generator for H°(T) '/ ~ /o~



Pole structure [ o= Masasto

a4(z) has two poles at z1 = 0, 29
e el halt—period shift

az(z) has two poles at z3 = 21 + wy + wo, 24 = 29 + w1 + Wo

b4(2) has two poles at z5, 26 = 25 + 22
e Tl half—period shift
~“A ......
Y
b3(z) has two poles at z7 = 25 + w1 + wa, 28 = 26 + W1 + wo.

Uniform distribution
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az(z) = aq(z — w1 — wo) + congtant

2

Magic™ formulae
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"Magic” formulae
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Conjugation symmetry half—period translation

W — —W Z — 2+ Wi+ Wo



Fundamental cycles and residues

21= 8 27 Z2 B %«
e EEEEEEEEE e T = 3 types of complete elliptic integrals

/dz /dZ@ /dz (z)l—u

/ dz N(as,a4,bs,bs), / dz N(asz,as,bs3,bs), Res,,.,N(as,as,bs,bs)
A B

Integral reduction 4 master integrals

IIN| = Col[1] 4+ Ci1]ly - k4] + C2I[(11 - /C4) |+ C3I(ly - ka)(lz - k1) + ...

C'—wg’) dz./\/—l—w dzN+27Tsz()Resz_>zN) i=0,...3

. J=1 projectors
Maximal unitarity

A = CoI[1] + C1I[ly - ka] + CoI[(ly - ka)?) + C3I[(lh - ka)(l2 - k1)) +

8 6
C’—wA/ (HAtee )+wB/ (HAtee )+27T7ij§-i)Resz_>zj<HAzree(z)>, i =0,...



Constraints on projectors

I[V] :0:»@?/

8
dzNerg)/dzN+27riij(-Z)(Resz_>zj/\/’):(), i =20,...3
A

B

j=1
Shortcut for conjugate—odd integrals
2120 <8 e) 2w, leo ) 2wy
L e P T R L et T it R
: A
26 75 24 23 — iZ6 <5
@ @ ) D) — :. @
A Al A
L y
2 Wy 2 wy
/ dz (as(2)ba(2) — az(2)b3(2)) 211 Res, ,.a4(2)bs(2) + 27t Res, .. a4(2)bs(2)
A (i
aq(z —wy — wo)bsg(z — wy — wa) ( Zg)
(1—1000002 0—2\ w%; (o\
, 0 0 10000 1 0 0 wy 0
left—right symmetry # master integrals 000 01000 1 1 1 |fw [ |0 i=0...3
0 0 00100 0 0 1 "o 0
\ | 0 0 00010 0 1 0 o) 0
L0 0 0000 1 —1 —1I A G \ 0 )
10—4—1—1:4 w?’i)
7.

/ \ wl )
conjugate-odd / projectors uniquely determined

Global residue theorem
Integral reduction verified by FIRE, up to rank—four tensor numerators



Constraints on projectors

8
I[N]—Oiw()/dzNerg)/dzN+27riij(-z)(Resz_>zj/\/’):(), i =20,...3
A B

j=1

Shortcut for conjugate—odd integrals

Zl:O 78 77 D 2wy leo 22 2 wy
L e eI LT - -----—- R e e e - -----—-
| A
6 5 4 23 — | S~
o o ® D) — :. o
A Al A'
Y . y_
2 Wy 2 wy
/ dz (aq(2)ba(z) — az(2)b3(2)) 21 Res.—s2;a4(2)ba(2) + 270 Res.— 25a4(2)ba(2)
A Tm——— (i)
aq(z —wy — wo)bsg(z — wy — wa) ( Zg)
(1—1000002 0—2\ w%; (o\
, 0 0 10000 1 0 0 wy' 0
left—right symmetry # master integrals 0 0 01000 1 1 -1 wi' | _ | o o
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\0 0 00001 -1 -1 1 / e \ 0 )
10 — 4 —1—-1=14 0
7.

/ \ ul? )
conjugate-odd / no IBP needed projectors uniquely determined

Global residue theorem
Integral reduction verified by FIRE, up to rank—four tensor numerators



IBP relations vs differential forms

\\\\\\\\\\ F' is an elliptic function with poles in {z1,... 28}

\ / . . . 9
BN = zero residue, zero integration over cycles (Stokes’ theorem)

r /////// dF = fdz _




IBP relations vs differential forms

////////// F' is an elliptic function with poles in {z1,... 28}

zero residue, zero integration over cycles (Stokes theorem)

\f /////// dF = fdz
I[f] =0+ ..

fi(ag)Alay) + %fl (CL4)A/((I4)CZZ
Va0 I(fi(as)A(as) + 3 f1(as) A'(as).

A fa(as)) fé(a“)(B(aj)q—f“ —A) g, I1f5(as)(Blas)Bs — Ala))

d(f1(as)n) =




IBP relations vs differential forms

////////// F' is an elliptic function with poles in {z1,... 28}

S 7 zero residue, zero integration over cycles (Stokes theorem)

f /////// dF = fdz
Ilfl=0+..

d(f1(aq)n) = dz ,
e , Vo If1(as)Alaq) + 5 f1(as) A (ag)] = -+,
d(fQ(CL4)) _ f2(a4)(B(Cl\4/)q_f4 — A(a4))d2 | ][fé(a4)(B(a4)64 _ A(a4)) _

['hese generate all IBPs for two—loop massive planar boxes,
up to integrals with fewer—than—seven propagators.



Summary

 maximal unitarity reduction for genus—one cases
® pole structure on an algebraic curve

Future directions

¢ two—loop D=4-2 € maximal unitarity
(David Kosower, Kasper Larsen, Mads Sogaard, YZ)
e maximal unitarity for hyperelliptic cases

e maximal unitarity for topologically non—trivial surfaces
e relation with master—integral evaluation




