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Plan for this talk

Introduction:

* NNLO subtraction
The antenna method:

e antenna functions, definitions and uses

e construction of the subtraction terms

* process independence In subtraction terms
Automation:

* extending the method to generic processes



Why NNLO?
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NNLO Marketplace

These days several tools on the market (and in this room)

analytic  FScolour  IScolour local

antenna
subtraction

...................................................................................................................................................................................................................................

...................................................................................................................................................................................................................................

...................................................................................................................................................................................................................................

“colorful
subtraction”

...................................................................................................................................................................................................................................

inverse
unitarity x N/A




NNLO Subtraction

Unphysical intermediate quantities are divergent

* need to regulate with RR, RV and VV subtraction terms

RR
doeww, NNLO = do,p NNLO
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NNLO Subtraction

Unphysical intermediate quantities are divergent

* need to regulate with RR, RV and VV subtraction terms
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NNLO Subtraction Terms

Subtraction terms exploit a couple of key features:
* |R factorization. QCD matrix elements factorize in singular limits.

e Universality. Singular functions only care about identities of
immediate coloured partons.

Desirable features for a subtraction scheme:
e general: IS colour, FS colour, many partons
e analytic pole cancellation: speed, reliability

* process independence = automatable



Antenna Functions

Derived from physical matrix elements:

IM3(i, 5, k)|
MO, K2

MG g, k, DI
MY(I,L)?

X3(i, 4, k) ~ X906, 4,k 1) ~

Quark-antiquark:

Y =g+ wd@m woi(i

Quark-gluon:

Y SRS

Gluon-gluon:
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Antenna Functions

As(ij, k)
/TN
1] j =0 J {1k
4 S N
qu—>Q(Z) Sijik qu—>Q(Z)

e contain many unresolved limits, smoothly interpolate

e all antennae have been analytically integratead




Antenna [oolbox

Originally developed for final-state singularities:
e FF phase space mappings [Kosower 03]
e FF antenna functions [Gehrmann-De Ridder, Gehrmann, Glover '04,'05]
%] €+6_ | 3] [Gehrmann-De Ridder, Gehrmann, Glover, Heinrich '07, Weinzierl ‘O8]
Since then extended for hadronic initial-states:
e |[Fandll mappings [Daleo, Gehrmann, Maitre, '07]

e Integrated |IF and |l antennae [Daleo, Gehrmann-De Ridder, Gehrmann, Luisoni,

'10, Boughezal, Gehrmann-De Ridder, Ritzmann, '11. Gehrmann, Monni, '11. Gehrmann,
Ritzmann ’12.]



Antenna Calculations

pp — 23

[ gluon scattering leading colour [Gehrmann De-Ridder, Gehrmann, Glover, Pires ,'13]

M quark-antiquark scattering leading colour [JC, Glover, Wells, '13]

M gluon scattering sub-leading colour [JC, Gehrmann De-Ridder, Glover, Pires, '14]

] quark-gluon quark-quark scattering leading colour (almost finished)
pp—~> H+g

M gluon scattering [Chen, Gehrmann, Glover, Jaquier '14]

pp — V J many channels completed

ep — (2 nE 1)] most channels completed

pp — H + 2] gluons only subtraction terms known, need 2-loop matrix elements
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Double Real Subtraction

S L S,a S,b S,c
doynro =doynro T donnro T doNN Lo

a) single unresolved ,

X3 (a,i,b) M2 ,5

3

b) colour-connected double unresolved

b

j Xg(aihj;b) MN’2+2

C) remaining spurious double unresolved

1 d 1

‘~ X 9(a,i,b) X 2((ib),j,c) M 2.,

—~—

| X??(Q,Z,b) Xg(caja d) M%—l—Z




Real-Virtual Subtraction

T _ T.a T.b T,c
doynyro =4d ONNLO T d ONNLO T d ONNLO

a) explicit pole subtractign

. .
/ :Ci Jél)(a’ b) Mr?+3

n+3

b) single unresolved

E@Ci + %@i X2(a,i,b) Myy+ X(a,i,b) ML,

2 n+2

C) remaining spurious terms

C\ . 0 —
: .. X3(a,i,b) Jo((ib),c) MY .,




Double Virtual Subtraction

U 1 Ua U,b U,c
dogynro =doynro T doynro T doynro

1
a) b
AN : )
% () A J(Q)(a,b) M,
a n+2
b\ N . AN : 3 : 5
A Q ™ //fi : ji T (a,b) + T (b,e) + - ]° M,
1
n+2

\ [\ /

m\ /0




Integrated Dipoles

Systematically constructed from integrated antennae and mass factorization kernels
T3 (i,5) = X (si5)
Ty (La,4) = 5 (s15) = T4 (@)
T (8,,8,) = X(s12) ! 1 D(xy) 1 1 (%)
Contain the poles of the well-known colour ordered operators,
J5P(0,5) = I (si ,€) + O()

Also define a genuine NNLO double unresolved integrated dipole,
|Si;] ™ €
12

Clear link between integrated dipoles and unintegrated subtraction terms

T(0] ) = X(s,) + X (51,) + -2X(s;) 11 £ IX9(s1;) "X O(s1))



Aside: QG dipole

Leading colour quark-gluon dipole defined as,

1 by

Sqg| ™!
21 uz

1
2 + Z[Dg(sqg) ® D3(Sqg)]

19(0,9= 5D%500) + 2D3(Se0) + 5 > DY(seg) 1
D antennae derived from SQCD process '° — gg+ - --
» poles do not exactly match QCD quark-gluon pole structure
- dipole contains H (1) rather than H{? (e)
e can be fixed using a quark-antiquark dipole 7;2)(q,q)
e quarks always come in pairs so systematically fixed,

2 2) , _ —(2) _
I (0,9) + IS (@,9) — T3 (¢, 0)



Process Independence

Building blocks should be same for all processes, e.g. at leading colour:

cete —=2j0 370

_|_

cete !l 35 JP(,9)+I? G 9) - T (¢,9)

+ . _ —(2) _
e e — 4y 352)(q,g)+~]§2)(g,9)+J§2)(q,g)—Jé (¢,9)

_I_

_ 3 —(2) _
eete” =55 I+ I 9.9+ TP (9, 9)+ I @, 9) - Ts (q,9)

There is a maximal set of all dipoles such that, once known, any process can
In principle be antenna subtracted

—~ < < <



(0 . . )} . .

|[dentity Changing” Limits
Antenna functions contain many limits and smoothly interpolate
between them.

BUT, don't want to interpolate between some limits!

e |S collinear limits which change the identity of the initial state

[1] [1]

Q
1 Q Q
K ; [Qij] ; (2
_— or
/ ! [2] / [Qif]
2 2 2

[k] [k]

 Antenna fuﬁction contains both limits but ME type is fixed
D2(Qq.igiigr25) MP(2, [l Ky, [1Q 1g) Or DY(Qqrig,dgr2g) MY (14, ky, [17Qg, [2]7)

Need to isolate identity changing limits in the affected antennae



At NLO problem solved by partial fractioning:
e four-parton antennae too complicated
« would need new master integrals X
Can remove |C limits using quark-antiquark antennae
D(Qqyig: Jgs 29) — A3(1,2,4,Q) — A3(L,2,4,Q)

Ultimately this amounts to defining new |C dipoles which form the
|C subtraction term,

J g) C [do-]‘\/fLO,cb o dO—]CZ\;LO,cb} +J g,%) C dO‘be

and cancel all |IC mass factorization poles



The Route to Automation

Once building blocks are known, how best to organise them?
e SO far most calculations done in colour-stripped formalism

* colour-explicit formalism better suited to process independent
automation

. SR G : N
singularities singularity

described well structure
by antenna predictable in

_ functions | § colour space )

N/

4 I
colour explicit

antenna

subtraction
\ J




1-loop Singularities

In colour space, 1-loop singularities have simple form:
Mp) =T (e)|M7) + O()
Can make colour charges explicit,

IV = > T (T T)

pairs(,7)

leading to 1-loop matrix element pole structure

zRe[MOyMl} ZzRe[I“) }M%KT T )M + O(0)
(2,)



2-loop Singularities

In colour space, 2-loop singularities also have simple form

M) =1 D HIM) +1 P (1)|M7) +0(1°)

such that 2-loop matrix element has pole structure,

IMZP = (M [2Re| 1 ()]IM 0) + (M 2J2Re |17 (c)|IM 1)
MR 1V (O] M 8) — F2 (M jzRe 1) (0) 1M )
+ e 2,((11__266))<i0+1(>< n|2Re[I(1)(26)]|I\/I 0)

+ (M 2|2Re[ﬂ<2>(e)}||v| 0y + O(%)



2-l00p Hard Function

Would like to write all singularities as colour dipoles,

Hard function has the general form:

2)

H® () =Y CH P () + HY () +0(0

e Jensor component does not contribute to squared ME poles
072 0\ —
e diagonal component can be written as a dipole using colour conservation

H®(e) =1 Z?—Li(j2)(e) (T’ &T7;) + irrelevant terms
(i )
Can be combined with other operators to make one dipole operator



Colour Explicit Dipoles

Can dress the colour stripped dipoles with explicit colour information:
TP (e = Iy, )) (T &Ty)
]
and form a colour space operator which subtracts all VV poles,

(MGITD (€)IMR) + (MR TP (e)| M)
1
+ S MRITD () @ TP ()| M)

+ (MO (&) M) — (MO [T

0
(€)| M)
e process independent formulation

e constructs the subtraction term for the full matrix element

e can be implemented in very similar language to NLO automation



RR and RV Subtraction

Colour space formalism equally applicable to RR and RV

 Each operator in VV has a partner in either RR or RV, e.g.

1),. . . .
T (0, 5) (T - T5) & X0, k,5) (T gz - T )

2) /. . . :
TP (i, 3) (T; - T;) X3, k,1,5) (T ) T

T X;(i, kaj) (T({;;) 'T@}))

— X§(i,k,§) IS ((ik), (k) (T g, - T

aE}'))

(;;3))

* |R finiteness of RR and RV fixes remaining terms

e very intricate but logical structure



RR and RV Subtraction

* RV built from the operators:

M 2+1 |J(1) (I)lM n+1 )

IN O AN O N L xQm O
(M]3 V() @ X§IMD)
* RR built from the operators:

IM 0, XM 2,
IM O [X$|M O

IM O1x3 " xOIM 04

. explicit poles
. 1-loop single unresolvead

. poles*unresolved configurations

. tree-level single unresolved
- colour-connected double unresolved

. Iterated double unresolved



(MRT M)

(MR]T) @ JIME)

(M X5 M7)

<M%+1 |J(1) |M%+1>

(MOIXT @ JW|AMY)

(M X IME)

<M%+1 |Xg |M%+1>

My Xz @ X3lMz)




-xample: gluon scattering

Tried this approach for gluon scattering:
« all dipoles and subtraction terms known

e sub-leading colour is made purely from incoherent interterences

AP =NV 1) S [P 0) + g AN (o) (AY(") + Ao + A0 )]

0c€Se/Zg

AL = SN 1) ST AL () + oy 2Re (AL ()AL 1 (1) )]

N2
p€S5/Z5

e performed all colour algebra explicitly to compare to colour
stripped approach



VV operator for the full matrix element
(M[TD ()M + (M| T ()| M)
+ 5 (MOTD () ® TD (LMD)

+ (M| TP (e)| M)
evaluating all colour algebra:

leading colour subtraction terms reproduced correctly

IM D|T; &T';|M " only contributes to LC

e No X4 or X3 antennae in RR and RV (not obvious in colour stripped approach)

remaining terms generate non-obvious subtraction terms at SLC

[ (5FGa) + 5 Flsty) — 5 Flsg) — 5 Flse)) © (57 (sai) + 5 F sy ) — Flowg) — 5 F(si)) 14303, 2,0,9)P

+ (Floge) + 37 (o) = 57 (o) — 57 (501)) @ (Flsae) + 5 F (o) = 5 Flow) = 5 Flsg)) 143(1,1.2 )}

got the same result in colour stripped approach... but needed more work, e.g

! Sw (P Py Pk P+ S (P Py Pro Pa) + S (PH PG B s Pe) T S (Pas Prs B 5 Pe)
= 1 Supi, Py Pe)S (Pis Pes P+ Supis Py Pe) St (Pis Pis Pa)
b Su(Pk, By Pe) St (Pe, Py Pr) + Sp(Pxs Py 5 Pe) St (Pe, Py, Pa)



Advantages

Doesn't rely on detailed knowledge of ME:
e arbitrary parton content and multiplicity
e suited to interfacing with other codes
* handles sub-leading colour automatically
Simplifies construction of subtraction terms:
* retaining colour information at reduced ME level simplifies formulae
 allows for a clearer understanding of the underlying structure

Can in principle be automated along the lines of Catani-Seymour



Still To Do

Need the full set of dipoles/operators to implement:

. e"e” ! 35 and gluons-only dijet calculations fix all FF dipole and all FF, IF
and Il gluon-gluon dipoles

M eTe” — nj and gluons-only pp — nJj subtraction in principle
possible

e remaining dijet channels will complete the set of dipoles
Would like to properly implement colour explicit formalism:

e recalculate gluon-scattering dijets

o compare with colour stripped approach for speed, stability etc

« apply method to subtraction for gluon-scattering pp->3] at NNLO



N Summary

Antenna subtraction is a very powerful method for NNLO:
e general... FS and IS coloured partons
e proven to handle large (>1) numbers of jets

Moving from special calculations to automation:
e use well known colour space structures
e Use process independent antenna functions/dipoles
o result is analytic process independent NNLO method

o would be fun to see how well it works for an ambitious process!



