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Plan for this talk
Introduction: 

• NNLO subtraction 

The antenna method: 

• antenna functions, definitions and uses 

• construction of the subtraction terms 

• process independence in subtraction terms 

Automation: 

• extending the method to generic processes



Why NNLO?Uses and Techniques for NNLO Calculations

Theoretical improvements

Theoretical improvements - pQCD
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NNLO Marketplace
These days several tools on the market (and in this room) 

!

!

!

!

!

analytic FS colour IS colour local
antenna 
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q
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NNLO Subtraction
Unphysical intermediate quantities are divergent 

• need to regulate with RR, RV and VV subtraction terms 
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NNLO Subtraction Terms
Subtraction terms exploit a couple of key features: 

• IR factorization. QCD matrix elements factorize in singular limits. 

• Universality. Singular functions only care about identities of 
immediate coloured partons. 

Desirable features for a subtraction scheme: 

• general: IS colour, FS colour, many partons 

• analytic pole cancellation: speed, reliability 

• process independence = automatable 



Derived from physical matrix elements: 

!

Quark-antiquark: 

!

Quark-gluon: 

!

Gluon-gluon: 

Uses and Techniques for NNLO Calculations

Antenna Subtraction

What is an antenna?

Constructed from physical matrix elements

X0
3 (i, j, k) ⇠ |M0

3(i, j, k)|2
|M0

2(I, K)|2 , X0
4 (i, j, k, l) ⇠ |M0

4(i, j, k, l)|2
|M0

2(I, L)|2
Three main types:

I Quark-antiquark. Derived from the process �⇤ ! qøq + · · ·

I Quark-gluon. Derived from the process ÷�0 ! ÷gg + · · ·

I Gluon-gluon. Derived from the process H ! gg + · · ·
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Antenna Functions

• contain many unresolved limits, smoothly interpolate 

• all antennae have been analytically integrated

Uses and Techniques for NNLO Calculations

Antenna Subtraction

How are they useful?

! smoothly interpolates many unresolved limits

A0
3(i, j, k )

SijkPqg!Q(z) Pqg!Q(z)

i ||j j ||kj ! 0

! analytically integrable. . . and integrated



Antenna Toolbox
Originally developed for final-state singularities: 

• FF phase space mappings [Kosower ’03] 

• FF antenna functions [Gehrmann-De Ridder, Gehrmann, Glover ’04,’05] 

                         [Gehrmann-De Ridder, Gehrmann, Glover, Heinrich ’07, Weinzierl ‘08] 

Since then extended for hadronic initial-states: 

• IF and II mappings [Daleo, Gehrmann, Maître, ’07] 

• integrated IF and II antennae [Daleo, Gehrmann-De Ridder, Gehrmann, Luisoni, 
’10, Boughezal, Gehrmann-De Ridder, Ritzmann, ’11. Gehrmann, Monni, ’11. Gehrmann, 
Ritzmann ’12.]

e+e� ! 3j



Antenna Calculations
•    

gluon scattering leading colour [Gehrmann De-Ridder, Gehrmann, Glover, Pires ,’13] 

  quark-antiquark scattering leading colour [JC, Glover, Wells, ’13] 

  gluon scattering sub-leading colour [JC, Gehrmann De-Ridder, Glover, Pires, ’14] 

  quark-gluon quark-quark scattering leading colour (almost finished) 

•   

 gluon scattering [Chen, Gehrmann, Glover, Jaquier ’14] 

•                                          many channels completed 

•                                          most channels completed 

•                                          gluons only subtraction terms known, need 2-loop matrix elements

pp ! 2j

pp ! H + j

pp ! V + j

pp ! H + 2j

ep ! (2 + 1)j



 (GeV)
T

p
210 310

d|
y|

 (p
b/

G
eV

)
T

/d
p

σ2 d

-710

-510

-310

-110

10

310

510

710

910

1110

1310

1510

1610
)6 |y|<0.3 (x10

)5 |y|<0.8 (x10≤0.3 

)4 |y|<1.2 (x10≤0.8 

)3 |y|<2.1 (x10≤1.2 

)2 |y|<2.8 (x10≤2.1 

)1 |y|<3.6 (x10≤2.8 

)0 |y|<4.4 (x10≤3.6 

=8 TeVs
 R=0.7Tanti-k

MSTW2008nnlo

T1
= p

F
µ= 

R
µ

->gg+X+gg->gg+Xqq

Inclusive jet pT

 (GeV)
T

p
210 310

1
1.2
1.4
1.6
1.8

2
|y|<0.3NLO/LO NNLO/NLO NNLO/LO

 (GeV)
T

p
210 310

1
1.2
1.4
1.6
1.8

2
 |y|<0.8≤0.3 NLO/LO NNLO/NLO NNLO/LO

 (GeV)
T

p
210 310

1
1.2
1.4
1.6
1.8

2
 |y|<1.2≤0.8 NLO/LO NNLO/NLO NNLO/LO



 (GeV)jjm
310

dy
* (

pb
/G

eV
)

jj
/d

m
2
σd

-1210

-910

-610

-310

1

310

610

910

1210

1510

)0y*<0.5 (x10

)2 y*<1.0 (x10≤0.5 

)4 y*<1.5 (x10≤1.0 

)6 y*<2.0 (x10≤1.5 

)8 y*<2.5 (x10≤2.0 

)10 y*<3.0 (x10≤2.5 

)12 y*<3.5 (x10≤3.0 

)14 y*<4.0 (x10≤3.5 

)16 y*<4.5 (x10≤4.0 

=8 TeVs
 R=0.7Tanti-k

MSTW2008nnlo

T1
= p

F
µ= 

R
µ

->gg+X+gg->gg+Xqq

 (GeV)jjm
310

0
1

2
3

y*<0.5NLO/LO NNLO/NLO NNLO/LO

 (GeV)jjm
310

0

1
2

3
 y*<1.0≤0.5 NLO/LO NNLO/NLO NNLO/LO

 (GeV)jjm
310

0
1

2
3

 y*<1.5≤1.0 NLO/LO NNLO/NLO NNLO/LO

mjj  distribution



Double Real Subtraction
!

a) single unresolved 

!

b) colour-connected double unresolved 

!

c) remaining spurious double unresolved 
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Real-Virtual Subtraction

a) explicit pole subtraction 

!

b) single unresolved 

      + 

c) remaining spurious terms 

!
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Double Virtual Subtraction
a)   

  

b)   

  

c)   

!
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Integrated Dipoles
Systematically constructed from integrated antennae and mass factorization kernels 

!

!

!

Contain the poles of the well-known colour ordered operators, 

!

Also define a genuine NNLO double unresolved integrated dipole, 

!

Clear link between integrated dipoles and unintegrated subtraction terms 

J (1)
2 (i, j) = X 0

3 (sij)

J (1)
2 (1̂a, j) = X 0

3 (s1j)� �(1)
aa (x)

J (1)
2 (ö1a, ö2b) = X 0

3 (s12) ! ! (1)
aa (x1) ! ! (1)

bb (x2)

J (1)
2 (i, j) = I(1)

ij (sij , ✏) +O(✏0)
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4 (sij) + X 1
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! 0

"
X 0
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!
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+ [X 0

3 (sij) " X 0
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Aside: QG dipole
Leading colour quark-gluon dipole defined as, 

!

D antennae derived from SQCD process 

• poles do not exactly match QCD quark-gluon pole structure 

• dipole contains            rather than         

• can be fixed using a quark-antiquark dipole 

• quarks always come in pairs so systematically fixed, 

J (2)
2 (q, g) =

1
2
D0

4(sqg) +
1
2
D1

3(sqg) +
1
2

b0

!
D0

3(sqg)
!
1�

" |sqg|
µ2

#�! $
+

1
4

[D0
3(sqg) ⌦D0

3(sqg)]

!̄ 0 ! g̃g+ · · ·

H (2)
g̃ (! ) H(2)

q (✏)

J
(2)
2 (q,q̄)

J (2)
2 (q, g) + J (2)

2 (q̄, g)� J
(2)
2 (q, q̄)



Process Independence
Building blocks should be same for all processes, e.g. at leading colour: 

•                       :    

•                       : 

•                       : 

•                       : 

There is a maximal set of all dipoles such that, once known, any process can 
in principle be antenna subtracted 

!

e+ e! ! 2j J (2)
2 (q, q̄)

e+e� ! 3j J (2)
2 (q, g) + J (2)

2 (q̄, g)� J
(2)
2 (q, q̄)

e+ e� ! 4j J (2)
2 (q, g) + J (2)

2 (g, g) + J (2)
2 (q̄, g)� J

(2)
2 (q, q̄)

e+e� ! 5j J (2)
2 (q, g) + J (2)

2 (g, g) + J (2)
2 (g, g) + J (2)

2 (q̄, g)� J
(2)
2 (q, q̄)



“Identity Changing” Limits
Antenna functions contain many limits and smoothly interpolate 
between them. 

BUT, don’t want to interpolate between some limits! 

• IS collinear limits which change the identity of the initial state 

                                                    or 

• Antenna function contains both limits but ME type is fixed 

                                                 or  

Need to isolate identity changing limits in the affected antennae

1

2

Q

i

j

k [Qij]

[2]
j

2

Q

i

[1]

[k ]

[Qij]

[2]

j

2

Q
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[k ]

D0
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4(Qq, i g, j g, 2g) M 0
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At NLO problem solved by partial fractioning: 

• four-parton antennae too complicated  

• would need new master integrals 

Can remove IC limits using quark-antiquark antennae 

!

Ultimately this amounts to defining new IC dipoles which form the 
IC subtraction term, 

!

and cancel all IC mass factorization poles

D0
4(Qq, ig, jg, 2g) � ÷A0

4(1, 2, i, Q) �A0
4(1, 2, i, Q)

J (1)
a! c

h
d�V

NLO,cb � d�T
NLO,cb

i
+ J (2)

a! c d�LO
cb



The Route to Automation
Once building blocks are known, how best to organise them? 

• so far most calculations done in colour-stripped formalism 

• colour-explicit formalism better suited to process independent 
automation 

!

!

!

colour explicit antenna subtraction

Colour explicit antenna subtraction

! Take the best bits from usual method. . . the antennae and PS mappings

! Match onto the predictable colour space virtual singularity structure

singularities
described well
by antenna
functions

colour explicit
antenna

subtraction

singularity
structure

predictable in
colour space

! Resulting method needs no new integrals and applies to arbitrary
processes



1-loop Singularities
In colour space, 1-loop singularities have simple form: 

!

Can make colour charges explicit, 

!

leading to 1-loop matrix element pole structure 

!

|M1
n i = I(1)(✏)|M0

n i+O(✏0)

I(1)(✏) =
X

pairs(i,j)

I(1)
ij (✏) (T i · T j)

2Re
h
hM0

n|M1
ni
i
=

X

(i,j)

2Re
h
I(1)

ij (✏)
i
hM0

n|(T i · T j)|M0
ni+O(✏0)



2-loop Singularities
In colour space, 2-loop singularities also have simple form 

!

such that 2-loop matrix element has pole structure, 

!

!

!

|M2
ni = I (1)(! )|M1

ni+ I (2)(! )|M0
ni+O(! 0)

colour explicit antenna subtraction

Extending to NNLO - 2-loop singularities recap
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Leads to the two-loop ME pole structure,
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2-loop Hard Function
Would like to write all singularities as colour dipoles, 

Hard function has the general form: 

!

• Tensor component does not contribute to squared ME poles 

!

• diagonal component can be written as a dipole using colour conservation 

!

Can be combined with other operators to make one dipole operator 

H(2)(✏) =
X

i

CiH
(2)
i (✏) + Ȟ

(2)
(✏) + O(✏)

hM0
n|Ȟ

(2)
(✏)|M0

ni = 0

H(2)(✏) = !
X

(i,j )

H(2)
ij (✏) (T i áT j ) + irrelevant terms



Colour Explicit Dipoles
Can dress the colour stripped dipoles with explicit colour information: 

!

and form a colour space operator which subtracts all VV poles, 

!

!

!

• process independent formulation 

• constructs the subtraction term for the full matrix element 

• can be implemented in very similar language to NLO automation

J (1,2)(✏) =
!

i,j

J (1,2)
2 (i, j) (T i áT j )

hM1
n|J (1) (✏)|M0

ni+ hM0
n|J (1) (✏)|M1

ni

+
1

2
hM0

n|J (1) (✏)⌦ J (1) (✏)|M0
ni

+ hM0
n|J (2) (✏)|M0

ni � hM0
n|J

(2)
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RR and RV Subtraction
Colour space formalism equally applicable to RR and RV 

• Each operator in VV has a partner in either RR or RV, e.g. 

!

!

!

• IR finiteness of RR and RV fixes remaining terms 

• very intricate but logical structure 

J (1)
2 (i, j) (T i · T j) , X0

3 (i, k, j) (T ( eik) · T (fkj))

J (2)
2 (i, j) (T i · T j) ,X0

4 (i, k, l, j) (T (fikl) · T (flkj))

+ X1
3 (i, k, j) (T ( eik) · T (fkj))

� X0
3 (i, k, j) J

(1)
2 ((ik), (kj)) (T ( eik) · T (fkj))



RR and RV Subtraction
• RV built from the operators: 

                                                       : explicit poles 

                                                       : 1-loop single unresolved 

                                                       : poles*unresolved configurations 

• RR built from the operators: 

                                                       : tree-level single unresolved 

                                                       : colour-connected double unresolved 

             : iterated double unresolved

!M 0
n +1 |J (1) (! )|M 0

n +1 "

! !M 0
n|X1

3| !M 0
n" ! !M 1

n |X0
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3 " X0
3| !M 0

n #



colour explicit antenna subtraction
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Example: gluon scattering
Tried this approach for gluon scattering: 

• all dipoles and subtraction terms known 

• sub-leading colour is made purely from incoherent interferences 

!

!

!

• performed all colour algebra explicitly to compare to colour 
stripped approach

|A0
6|2 = g8N4(N2 � 1)

X

�2S6/Z6

h
|A0

6|2(�) +
2
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VV operator for the full matrix element 

!

!

evaluating all colour algebra: 

• leading colour subtraction terms reproduced correctly 

•                             only contributes to LC 

• no       or      antennae in RR and RV (not obvious in colour stripped approach) 

• remaining terms generate non-obvious subtraction terms at SLC 

!

!

• got the same result in colour stripped approach… but needed more work, e.g 

!
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Advantages
Doesn’t rely on detailed knowledge of ME: 

• arbitrary parton content and multiplicity 

• suited to interfacing with other codes 

• handles sub-leading colour automatically 

Simplifies construction of subtraction terms: 

• retaining colour information at reduced ME level simplifies formulae 

• allows for a clearer understanding of the underlying structure 

Can in principle be automated along the lines of Catani-Seymour 



Still To Do
Need the full set of dipoles/operators to implement: 

•                       and gluons-only dijet calculations fix all FF dipole and all FF, IF 
and II gluon-gluon dipoles 

                      and gluons-only                   subtraction in principle 
possible 

• remaining dijet channels will complete the set of dipoles 

Would like to properly implement colour explicit formalism: 

• recalculate gluon-scattering dijets 

• compare with colour stripped approach for speed, stability etc 

• apply method to subtraction for gluon-scattering pp->3j at NNLO

e+e� ! 3j

pp ! nje+e� ! nj



In Summary
Antenna subtraction is a very powerful method for NNLO: 

• general… FS and IS coloured partons 

• proven to handle large (>1) numbers of jets 

Moving from special calculations to automation: 

• use well known colour space structures 

• use process independent antenna functions/dipoles 

• result is analytic process independent NNLO method 

• would be fun to see how well it works for an ambitious process!


