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QCD Lagrangian

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Classical Chiral Lagrangian is Conformally Invariant  

Where does the QCD Mass Scale come from?  

How does color confinement arise?

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 	
without affecting conformal invariance of action!

Unique confinement potential!

Gell Mann, Fritzsch, Leutwyler
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Measurements of hadron LF 
wavefunction are at fixed LF time!

!
Like a flash photograph xbj = x =

k

+

P

+

 n(xi,
~

k?i ,�i)



General remarks about orbital angular mo-
mentum
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Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Causal, Frame-independent.  Creation Operators on Simple Vacuum, !
Current Matrix Elements are Overlaps of LFWFS

|p, Jz >=
X

n=3

 n(xi,
~

k?i,�i)|n;xi,
~

k?i,�i >

Invariant under boosts!  Independent of Pμ 

Eigenstate of LF Hamiltonian 

 n(xi,
~
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Light-Front QCD

Eigenvalues and Eigensolutions give Hadronic 
Spectrum and Light-Front wavefunctions

HQCD
LF |�h >= M2

h|�h >

HQCD
LF =

�

i

[
m2 + k2

�
x

]i + Hint
LF

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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LQCD � HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0

Exact frame-independent formulation of 
nonperturbative QCD!

Hint
LF

LFWFs: Off-shell in P- and invariant mass

|p, Jz >=
X

n=3
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HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Bound States in Relativistic Quantum Field Theory: 
Light-Front Wavefunctions

Remarkable new insights from AdS/CFT,the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian
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Off-shell in invariant mass
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Form Factors are 
Overlaps of LFWFs

Interaction  
picture

Drell &Yan, West 
Exact LF formula!



For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression
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⌥
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j

ej
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whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
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⇧
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where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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Drell, sjb
A(⇤,�⌅) = 1
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P+, �P⌅

xiP
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� = Q2

2p·q

x̂, ŷ plane

M2(L) ⇤ L

Must have �↵z = ±1 to have nonzero F2(q2)

-

� = 0

B(0) = 0 Fock-state-by-Fock state

qR,L = qx ± iqy

⇤(x, b⌅)

x

b⌅(GeV)�1

Identify z ⇤ ⇥ =
q

x(1� x) b⌅

Nonzero Proton Anomalous Moment --> 
Nonzero orbital  quark angular momentum

Exact LF Formula for Pauli Form Factor



PDFs FFs

TMDs

Charges

GTMDs

GPDs

TMSDs

TMFFs

Transverse density in 
momentum space

Transverse density in position 
space

Longitudinal 

Transverse

Momentum space Position space

Lorce, 
Pasquini

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

• Light Front Wavefunctions:                                   

Sivers, T-odd from lensing



Light-Front Holography 
and Supersymmetric Features of QCD 

 Stan Brodsky

Albufeira

• Measurements are made at fixed τ 

• Causality is automatic 

• Structure Functions are squares of LFWFs 

• Form Factors are overlap of LFWFs 

• LFWFs are frame-independent: no boosts, no pancakes! 

• Same structure function in e p collider and p rest frame 

• No dependence on observer’s frame 

• LF Holography: Dual to AdS space 

• LF Vacuum trivial -- no condensates! 

• Profound implications for Cosmological Constant

Advantages of the Dirac’s Front Form for Hadron Physics



Need a First Approximation to QCD 
!

 Comparable in simplicity to !
Schrödinger Theory in Atomic Physics

Relativistic, Frame-Independent, Color-Confining 
!

Origin of hadronic mass scale if mq=0



Coulomb  potential  
Veff ⇥ VC(r) = ��

r
Semiclassical first approximation to QED  

Bohr Spectrum
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(H0 + Hint) |� >= E |� > Coupled Fock states

Effective two-particle equation

 Spherical Basis r, �,⇥

Includes Lamb Shift, quantum corrections

QED atoms: positronium 
and muonium

Schrödinger Eq.



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  
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d lnQ2 < 0

u

Sums an infinite # diagrams

LQCD

Eliminate higher Fock states              
and retarded interactions

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

mq = 0



Effective QCD LF Bound-state Equation

[GdT and S. J. Brodsky, PRL 102, 081601 (2009)]

• Factor out the longitudinal X(x) and orbital kinematical dependence from LFWF  

 (x, ⇣,') = eiL'X(x)

�(⇣)p
2⇡⇣

• Ultra relativistic limit m
q

! 0 longitudinal modes X(x) decouple and LF Hamiltonian equation

P
µ

Pµ| i = M2| i is a LF wave equation for �

✓
� d2

d⇣2

� 1� 4L2

4⇣2

+ U(⇣)

◆
�(⇣) = M2�(⇣)

• Invariant transverse variable in impact space

⇣2

= x(1� x)b

2

?

conjugate to invariant mass M2

= k

2

?/x(1� x)

x

b

(1-x)
6-2014
8851A1

• Critical value L = 0 corresponds to lowest possible stable solution: ground state of the LF Hamiltonian

• Relativistic and frame-independent LF Schrödinger equation: U is instantaneous in LF time and com-

prises all interactions, including those with higher Fock states.

Trinity College, Dublin, 20 October 2015
Page 5

• de Teramond, sjb

Effective QCD LF Bound-State Equation



x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Invariant transverse  
separation



U is the exact QCD potential  
Conjecture: ‘H’-diagrams generate U?

Light-Front Schrödinger Equation
�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Relativistic LF single-variable radial 
equation for QCD & QED

G. de Teramond, sjb 

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

Frame Independent!

U(�, S, L) = ⇥2�2 + ⇥2(L + S � 1/2)
AdS/QCD:

mq ⇠ 0



Light-Front Holography 
and Supersymmetric Features of QCD 

 Stan Brodsky

Albufeira

1 The Holographic Correspondence

• In the “ semi-classical” approximation to QCD with massless quarks and no quantum loops the �

function is zero, and the approximate theory is scale and conformal invariant.

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

ds2 =
R2

z2
(⇥µ⇥dxµdx⇥ � dz2).

• Semi-classical correspondence as a first approximation to QCD (strongly coupled at all scales).

• xµ ⇤ ⇤xµ, z ⇤ ⇤z, maps scale transformations into the holographic coordinate z.

• Different values of z correspond to different scales at which the hadron is examined: AdS boundary at

z ⇤ 0 corresponds to the Q⇤⌅, UV zero separation limit.

• There is a maximum separation of quarks and a maximum value of z at the IR boundary

• Truncated AdS/CFT (Hard-Wall) model: cut-off at z0 = 1/�QCD breaks conformal invariance and

allows the introduction of the QCD scale (Hard-Wall Model) Polchinski and Strassler (2001).

• Smooth cutoff: introduction of a background dilaton field ⌅(z) – usual linear Regge dependence can

be obtained (Soft-Wall Model) Karch, Katz, Son and Stephanov (2006).

Changes in 
physical

length scale 
mapped to 

evolution in the 
5th dimension z 



AdS/QCD G. F. de Téramond

Scale Transformations

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

SO(1, 5)

ds2 =
R2

z2
(�µ⇥dxµdx⇥ � dz2),

xµ ⇤ ⇥xµ, z ⇤ ⇥z, maps scale transformations into the holographic coordinate z.

• AdS mode in z is the extension of the hadron wf into the fifth dimension.

• Different values of z correspond to different scales at which the hadron is examined.

x2 ⇤ ⇥2x2, z ⇤ ⇥z.

x2 = xµxµ: invariant separation between quarks

• The AdS boundary at z ⇤ 0 correspond to theQ⇤⌅, UV zero separation limit.

Caltech High Energy Seminar, Feb 6, 2006 Page 11

invariant measure

AdS/CFT



Light-Front Holography 
and Supersymmetric Features of QCD 

 Stan Brodsky

Albufeira

•Soft-wall dilaton profile breaks 
conformal invariance	

•Color Confinement	

•Introduces confinement scale	

•Uses AdS5 as template for conformal 
theory

e'(z) = e+2z2

Dilaton-Modified AdS/QCD



AdS Soft-Wall Schrödinger Equation for  
bound state  of  two scalar constituents:

Derived from variation of Action for Dilaton-Modified 
AdS5 

Identical to Light-Front Bound State Equation! 

U(z) = �4z2 + 2�2(L + S � 1)

• Dosch, de Teramond, sjbPositive-sign dilaton

⇥
� d2

dz2
� 1� 4L2

4z2
+ U(z)

⇤
�(z) =M2�(z)

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

e'(z) = e+2z2



⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

LF(3+1)                AdS5

Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb

(µR)2 = L2 � (J � 2)2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Holographic Dictionary



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

!
Conformal Symmetry 

of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique !
Confinement Potential!

!
de Tèramond, Dosch, sjb

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 	
without affecting conformal invariance of action!

 ' 0.5 GeV

• Fubini, Rabinovici  

e'(z) = e+2z2



G. de Teramond, H. G. Dosch, sjb 

U(⇣2) = 4⇣2 + 22(J � 1)

z ! ⇣

Pion: Negative term  for J=0 cancels 
positive terms from LFKE and potential



Light-Front Holography 
and Supersymmetric Features of QCD 

 Stan Brodsky

Albufeira

M2!GeV2"#b$ n! 3 n! 2 n! 1 n! 0

Ρ#1700$

Ρ#1450$
Ρ#770$

a2#1320$
Ρ3#1690$

a4#2040$

f2#1270$

f4#2050$
f2#2300$
f2#1950$

Ω#782$

Ω#1650$
Ω#1420$

Ω3#1670$

L

0 1 2 3 4

0

1

2

3

4

5

6M2!GeV2"#a$ n! 0n! 1n! 2

LΠ#140$
b1#1235$

Π2#1670$
Π#1300$

Π#1800$
Π2#1880$

0 1 2 3

0

1

2

3

4

5

M2(n,L, S) = 42(n + L + S/2)

mu = md = 0 de Tèramond, Dosch, sjb



U is the confining QCD potential  
!

Conjecture: ‘H’-diagrams generate 

Light-Front Schrödinger Equation
�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Relativistic LF single-variable radial 
equation for QCD & QED

G. de Teramond, sjb 

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

Frame Independent!

U(⇣) = 4⇣2 + 22(L + S � 1)

4



9th Summer School in Theoretical Physics, Chongqing, Matin Mojaza

Automation Example: Static-Quark Potential

V (Q2) =� (4⇡)2CF

Q2
a(Q2)

h
1 + (c2,0 + c2,1Nf )a(Q

2) + (c3,0 + c3,1Nf + c3,2N
2
f )a(Q

2)2

+ (c4,0 + c4,1Nf + c4,2N
2
f + c4,3N

3
f )a(Q

2)3 + 8⇡2C3
A ln

µ2
IR

Q2
a(Q2)3

i

Known:

Need:

V (Q2) =� (4⇡)2CF

Q2
a(Q2)

h
1 + [r2,0 + �0r2,1]a(Q) + [r3,0 + �1r2,1 + 2�0r3,1 + �2

0r3,2]a(Q)2

+ [r4,0 + �2r2,1 + 2�1r3,1 +
5

2
�1�0r3,2 + 3�0r4,1 + 3�2

0r4,2 + �3
0r4,3]a(Q)4
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Three-loop static potential

Alexander V. Smirnov,1 Vladimir A. Smirnov,2 and Matthias Steinhauser3

1Scientific Research Computing Center, Moscow State University, 119992 Moscow, Russia
2Skobeltsyn Institute of Nuclear Physics of Moscow State University, 119992 Moscow, Russia

3Institut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT), D-76128 Karlsruhe, Germany
(Dated: November 25, 2009)

We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.

PACS numbers: 12.38.Bx, 14.65.Dw, 14.65.Fy, 14.65.Ha

The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

[

1 +
αs(|q⃗ |)

4π
a1 +

(

αs(|q⃗ |)

4π

)2

a2

+

(

αs(|q⃗ |)

4π

)3 (

a3 + 8π2C3
A ln

µ2

q⃗ 2

)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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Three-loop static potential
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We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.

PACS numbers: 12.38.Bx, 14.65.Dw, 14.65.Fy, 14.65.Ha

The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

[

1 +
αs(|q⃗ |)

4π
a1 +

(

αs(|q⃗ |)

4π

)2

a2

+

(

αs(|q⃗ |)

4π

)3 (

a3 + 8π2C3
A ln

µ2

q⃗ 2

)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-

Smirnov, Smirnov, Steinhauser, 2010

9th Summer School in Theoretical Physics, Chongqing, Matin Mojaza

Automation Example: Static-Quark Potential

V (Q2) =� (4⇡)2CF

Q2
a(Q2)

h
1 + (c2,0 + c2,1Nf )a(Q

2) + (c3,0 + c3,1Nf + c3,2N
2
f )a(Q

2)2

+ (c4,0 + c4,1Nf + c4,2N
2
f + c4,3N

3
f )a(Q

2)3 + 8⇡2C3
A ln

µ2
IR

Q2
a(Q2)3

i

Known:

Need:

V (Q2) =� (4⇡)2CF

Q2
a(Q2)

h
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We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.

PACS numbers: 12.38.Bx, 14.65.Dw, 14.65.Fy, 14.65.Ha

The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

[

1 +
αs(|q⃗ |)

4π
a1 +

(

αs(|q⃗ |)

4π

)2

a2

+

(

αs(|q⃗ |)

4π

)3 (

a3 + 8π2C3
A ln

µ2

q⃗ 2

)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-

ar
X

iv
:0

91
1.

47
42

v2
  [

he
p-

ph
]  

12
 A

pr
 2

01
0

SFB/CPP-09-117, TTP09-44

Three-loop static potential

Alexander V. Smirnov,1 Vladimir A. Smirnov,2 and Matthias Steinhauser3

1Scientific Research Computing Center, Moscow State University, 119992 Moscow, Russia
2Skobeltsyn Institute of Nuclear Physics of Moscow State University, 119992 Moscow, Russia

3Institut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT), D-76128 Karlsruhe, Germany
(Dated: November 25, 2009)

We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.

PACS numbers: 12.38.Bx, 14.65.Dw, 14.65.Fy, 14.65.Ha

The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
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of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form
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and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)
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at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
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represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-

Smirnov, Smirnov, Steinhauser, 2010

Heavy Quark Potential is IR Divergent in QCD

Summation of H graphs: confining potential?

log 2⇣2

Confinement eliminates IR divergences 
  Self-consistent mass scale κ



G = uH + vD + wK

G| (⌧) >= i
@

@⌧
| (⌧) >

G = H⌧ =
1
2
�
� d2

dx2
+

g

x2
+

4uw � v2

4
x2

�

Retains conformal invariance of action despite mass scale! 

Identical to LF Hamiltonian with unique potential and dilaton! 

• de Alfaro, Fubini, Furlan

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

U(⇣) = 4⇣2 + 22(L + S � 1)

4uw � v2 = 4 = [M ]4

• Dosch, de Teramond, sjb

New term



Light-Front Holography 
and Supersymmetric Features of QCD 

 Stan Brodsky

Albufeira

fixed uniquely: it is, like the original Hamiltonian with unbroken dilatation symmetry,179

a constant of motion (2). This procedure breaks scale invariance by a redefinition of180

the fields and the time parameter (16). The Lagrangian, expressed in terms of the181

original fields Q(t) is unchanged up to a total derivative (2). The dAFF mechanism182

is reminiscent of spontaneous symmetry breaking, however, this is not the case since183

there are no degenerate vacua (14) and thus a massless scalar 0++ state is not required.184

The dAFF mechanism is also di↵erent from usual explicit breaking by just adding a185

term to the Lagrangian (15).186

In their discussion of the evolution operator H⌧ dAFF mention a critical point,187

namely that “the time evolution is quite di↵erent from a stationary one”. By this188

statement they refer to the fact that the variable ⌧ is related to the variable t by189

⌧ =
2p

4uw � v2
arctan

✓
2tw + vp
4uw � v2

◆
, (22)

i.e., ⌧ has only a finite range. Since q2(⌧) vanishes at the borders of this range (See190

(16)), the surface term in (18) vanishes also there. In our approach ⌧ = x+/P+
191

can be interpreted as the LF time di↵erence of the confined q and q̄ in the hadron,192

a quantity which is naturally of finite range and in principle could be measured in193

double-parton scattering processes. It is also interesting to notice that the conformal194

group in one dimension with generators Ht, K and D is locally isomorphic to the195

group SO(2, 1) and thus, a correspondence can be established between the SO(2, 1)196

group of conformal quantum mechanics and the AdS2 space with isometry group197

SO(2, 1) (16).198

Following the work of de Alfaro, Fubini and Furlan in Ref. (2), we have discussed199

in this letter an e↵ective theory which encodes the fundamental conformal symmetry200

of the QCD Lagrangian in the limit of massless quarks. It is an explicit model in201

which the confinement length scale appears in the light-front Hamiltonian from the202

breaking of dilatation invariance, without a↵ecting the conformal invariance of the203

action. In the context of the dual holographic model it shows that the form of the204

dilaton profile is unique, which leads by the mapping to the light-front Hamiltonian205

9

dAFF: New Time Variable

• Identify with difference of LF time Δx+/P+ 

between constituents 

• Finite range  

• Measure in Double-Parton Processes



Structure of the Vacuum in Light-Front Dynamics

• Results easily extended to light quarks masses (Ex: K-mesons)
[GdT, S. J. Brodsky and H. G.Dosch, arXiv:1405.2451 [hep-ph]]

• First order perturbation in the quark masses

�M2
= h |

X

a

m2
a

/x
a

| i

• Holographic LFWF with quark masses
[S. J. Brodsky and GdT, arXiv:0802.0514 [hep-ph]

 (x, ⇣) ⇠
p

x(1� x) e�
1
2�

�

m

2
q

x

+
m

2
q

1�x

�

e�
1
2� ⇣

2

• Ex: Description of diffractive vector meson production at HERA
[J. R. Forshaw and R. Sandapen, PRL 109, 081601 (2012)]

• For the K⇤

M2
n,L,S

= M2
K

± + 4�

✓

n +

J + L

2

◆

• Effective quark masses from reduction of higher Fock states as functionals of the valence state:

m
u

= m
d

= 46 MeV, m
s

= 357 MeV

Niccolò Cabeo 2014, Ferrara, May 20, 2012
Page 33

De Tèramond, Dosch, sjb



Prediction from AdS/QCD: Meson LFWF

�(x, k�)
0.20.40.60.8

1.3

1.4

1.5

0
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0.1

0.15

0.2

0

5

       “Soft Wall” 
model

�(x, k�)(GeV)

de Teramond, 
Cao, sjb⇥M(x, Q0) ⇥

�
x(1� x)

⇤M(x, k2
⇤)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

µ�

massless quarks

Note coupling  

k2
�, x

Provides Connection of Confinement to Hadron Structure

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)

x

1� x

�⇡(x) =
4p
3⇡

f⇡

p
x(1� x)

f⇡ =
p

Pqq̄

p
3

8
 = 92.4 MeV Same as DSE!

e'(z) = e+2z



⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)

See also Ferreira 	
and Dosch

e'(z) = e+2z2



J. R. Forshaw,  
R. Sandapen

�⇤p! ⇢0p0

�L

�T

See also Ferreira 	
and Dosch



Superconformal Algebra 

{ , +} = 1

{Q,Q+} = 2H, {S, S+} = 2K

two anti-commuting!
fermionic operators

Q =  

+[�@
x

+ W (x)], Q

+ =  [@
x

+ W (x)],
W (x) =

f

x

S =  

+
x, S

+ =  x

 =
1
2
(�1 � i�2),  + =

1
2
(�1 + i�2) Realization as Pauli Matrices!

Introduce new spinor operators!

Q '
p

H, S '
p

K

Fubini and 
Rabinovici 

de Teramond 
Dosch!

and SJB 
1+1

{Q,Q} = {Q+, Q+} = 0, [Q,H] = [Q+,H] = 0

(Conformal)

Haag, Lopuszanski, Sohnius (1974)



{Q,S+} = f �B + 2iD, {Q+, S} = f �B � 2iD

B =
1
2
[ +, ] =

1
2
�3

Superconformal Algebra 

{ , +} = 1

 =
1
2
(�1 � i�2),  + =

1
2
(�1 + i�2)

{Q,Q+} = 2H, {S, S+} = 2K

generates the conformal algebra

[H,D]= i H, [H, K] =2 i D, [K, D] = - i K

Q =  

+[�@
x

+
f

x

], Q

+ =  [@
x

+
f

x

],
S =  

+
x, S

+ =  x

Haag, Lopuszanski, Sohnius (1974)



Consider Rw = Q + wS;

w: dimensions of mass squared

Superconformal Algebra 

Retains Conformal Invariance of Action

G11 =
�
� @

2
x

+ w

2
x

2 + 2wf � w +
4(f + 1

2 )2 � 1
4x

2

�

New Extended Hamiltonian  G is diagonal:

G = {Rw, R+
w} = 2H + 2w2K + 2wfI � 2wB

G22 =
�
� @

2
x

+ w

2
x

2 + 2wf + w +
4(f � 1

2 )2 � 1
4x

2

�

Fubini and Rabinovici 

2B = �3

Eigenvalue of G: M2
(n,L) = 42

(n + LB + 1)

Baryon Equation

Identify f � 1
2 = LB , w = 2



�
� @2

⇣ + 4⇣2 + 22(LB + 1) +
4L2

B � 1
4⇣2

�
 +

J = M2 +
J

Baryon Equation

Meson Equation

M2(n,LB) = 42(n + LB + 1)

�
� @2

⇣ + 4⇣2 + 22LB +
4(LB + 1)2 � 1

4⇣2

�
 �J = M2 �J

�
� @2

⇣ + 4⇣2 + 22(J � 1) +
4L2

M � 1
4⇣2

�
�J = M2�J

M2(n,LM ) = 42(n + LM ) Same κ!

Meson-Baryon Degeneracy for LM=LB+1

S=1/2, P=+

LF Holography

S=0, I=1 Meson is superpartner of S=1/2, I=1 Baryon

both chiralities 

Superconformal 
Algebra 



Nucleon Spectrum

• In 2⇥ 2 block-matrix form

H
LF

=

0

@ � d

2

d⇣

2 � 1�4⌫

2

4⇣

2 + �2⇣2

+ 2�(⌫ + 1) 0

0 � d

2

d⇣

2 � 1�4(⌫+1)

2

4⇣

2 + �2⇣2

+ 2�⌫

1

A

• Eigenfunctions

 
+

(⇣) ⇠ ⇣
1
2+⌫e��⇣

2
/2L⌫

n

(�⇣2

)

 �(⇣) ⇠ ⇣
3
2+⌫e��⇣

2
/2L⌫+1

n

(�⇣2

)

• Eigenvalues

M2

= 4�(n + ⌫ + 1)

• Lowest possible state n = 0 and ⌫ = 0

• Orbital excitations ⌫ = 0, 1, 2 · · · = L

• L is the relative LF angular momentum

between the active quark and spectator cluster L
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Figure 2: Orbital and radial baryon excitation spectrum. Positive-parity spin-12 nucleons (a) and

spectrum gap between the negative-parity spin-32 and the positive-parity spin-12 nucleons families

(b). Minus parity N (c) and plus and minus parity ∆ families (d), for
√
λ = 0.49 GeV (nucleons)

and 0.51 GeV (Deltas).

cluster. The predictions for the daughter trajectories for n = 1, n = 2, · · · are also shown in

this figure. Only confirmed PDG [23] states are shown. The Roper state N(1440) and the

N(1710) are well accounted for as the first and second radial excited states of the proton.

The newly identified state, the N(1900) [23] is depicted here as the first radial excitation of

the N(1720). The model is successful in explaining the parity degeneracy observed in the

light baryon spectrum, such as the L = 2, N(1680)−N(1720) pair in Fig. 2 (a). In Fig. 2

(b) we compare the positive parity spin-12 parent nucleon trajectory with the negative parity

7
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Figure 1: Best fit for the value of the hadronic scale
√
λ from the different

trajectories, including radial excitations, for baryons and mesons

1

Fit to the slope of Regge trajectories, 	
including radial excitations

preliminary de Tèramond, Dosch, sjb
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Figure 2: Supersymmetric meson-nucleon partners: Mesons with S = 0 (red triangles) and
baryons with S = 1

2 (blue squares). The experimental values ofM2 are plotted vs LM = LB+1.

The solid line corresponds to
√
λ = 0.53 GeV. The π has no baryonic partner.

between λB and λM . Only confirmed PDG states are included [23].

4.2 The Mesonic Superpartners of the Delta Trajectory

The essential physics derived from the superconformal connection of nucleons and

mesons follows from the action of the fermion-number changing supercharge operator

Rλ. As we have discussed in the previous section, this operator transforms a baryon with

angular momentum LB into a superpartner meson with angular momentum LM = LB+1

(See Appendix B), a state with the identical eigenvalue – the hadronic mass squared.

We now check if this relation holds empirically for other baryon trajectories.

We first observe that baryons with positive parity and internal spin S = 3
2 , such as

the ∆
3

2

+

(1232), and baryons with with negative parity and internal spin S = 1
2 , such

as the ∆
1
2

−

(1620), lie on the same trajectory; this corresponds to the phenomenological

assignment ν = LB + 1
2 , given in Table 1. From (12) we obtain the spectrum 10

M2(+)

n,LB,S= 3
2

= M2(−)

n,LB,S= 1
2

= 4

(

n+ LB +
3

2

)

λB. (44)

10For the ∆-states this assignment agrees with the results of Ref. [24].
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contributions in different angular-momentum configura-
tions from the broad and overlapping resonances. Thus,
there is now the chance to clarify the “missing” resonance
problem. The attempt to assign (nearly) all baryon reso-
nances to SU(3) multiplets should be helpful to identify
problems and to serve as guidance for further discussions.
This assignment requires to identify the leading orbital
angular momenta L and the spin S within the three-
quark system. Measured quantities are only the total an-
gular momentum, the spin J of the baryon, and its mass.
Here, theoretical input is required. We use a holographic
mass formula derived in [11] which reproduces the known
spectrum of nucleon and ∆ resonances with remarkable
precision.

In this paper, we shall use the word missing resonance
in a restricted sense. E.g., we may interpret the three
resonances N3/2+(1900), N5/2+(2000), N7/2+(1990) [12]
as members of a spin quartet, with orbital angular mo-
menta L = 2 and quark spin S = 3/2 coupling to the ob-
served particle spin J . In this interpretation, N1/2+(1880)
—observed in recent coupled-channel analyses [13]— was
missing to complete a quark spin quartet [14]. But the
existence of a N1/2+ resonance would be required in any
kind of quark model. More subtle is the question if two ad-
ditional doublets (N3/2+ , N5/2+) and (∆3/2+ , ∆5/2+) as
requested by symmetry arguments (see eq. (9) below) are
realized in nature. None of these states has been observed.
The latter type of resonances, i.e. the non-observation of a
complete L, S multiplet, we shall call missing resonances
in the context of this paper.

We refrain here from a discussion of the possibility that
baryon resonances are formed as parity doublets. If this
conjecture holds true, it gives an exciting new approach to
the internal dynamics of excited hadronic states; we give
here a few references for further reading [15–18]. However,
the predictive power of the conjecture is limited: it pre-
dicts that resonances should occur as parity doublets but
there is no prediction at which mass. In this article we
hence restrict ourselves to a discussion of the data within
the quark model and its symmetries.

The outline of the paper is as follows: In sects. 2 and 3
we summarise the empirical data on light-flavoured delta
and nucleon resonances, respectively. In particular we re-
call that these can be suitable organised according to lead-
ing and daughter Regge trajectories where the resonance
positions follow from a simple mass formula. In sect. 4
we summarise the relevant symmetries for light-flavoured
baryons and the classification of states in multiplets within
the framework of the (harmonic oscillator) constituent
quark model. In sect. 5 we discuss the structure of the
nucleon and ∆ resonances within the framework of this
classification, before concluding in sect. 6.

2 The mass spectrum of ∆ resonances

2.1 Regge trajectories

It is well known that meson and baryon resonances lie on
Regge trajectories, i.e. that their squared masses depend
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Fig. 1. The leading Regge trajectory: ∆ resonances with maxi-
mal J in a given mass range. Also shown is the Regge trajectory
for mesons with J = L + S.

linearly on the total angular momentum J . Figure 1 shows
such a plot; ∆ resonances are plotted having the largest
total angular momentum J in a given mass range. This
trajectory is called the leading Regge trajectory. The reso-
nances are consistent with having even orbital angular mo-
mentum L = 0, 2, 4, 6 and quark spin S = 3/2 maximally
aligned to form total angular momentum J = L+3/2. The
errors in the fit are given by the PDG errors and a second
systematic error of 30MeV added quadratically. This sys-
tematic error is introduced to avoid hard constraints from
well measured meson or baryon masses like the ∆(1232)
mass; the error can be interpreted as uncertainty due to
variations of the self-energy of different hadrons due to,
e.g., the proximity of (strong) decay thresholds.

Figure 1 also shows the leading Regge trajectory of
natural-parity mesons, again as a function of the total an-
gular momentum. Light mesons with approximate isospin
degeneracy and with J = L+1 are presented. Although it
is customary to plot the meson trajectories for L even and
L odd (for positive- and negative-parity mesons, respec-
tively) separately, there is no problem fitting both trajec-
tories simultaneously: This property is called MacDowell
symmetry [19].

The dotted line represents such a common fit to the
meson masses taken from the PDG [12]; the error in the fit
is given by the PDG errors and a second systematic error
of 30MeV added quadratically. The slope is determined
as 1.142GeV2. The ∆ trajectory is given by the ∆(1232)
mass and the slope as determined from the meson tra-
jectory. Obviously, mesons and ∆’s have the same Regge
slope. This observation is the basis for diquark models;
indeed, the QCD forces between quark and antiquark are
the same as those between quark and diquark.

The leading Regge trajectory:  Δ resonances with maximal J in a given mass range. 	
Also shown is the Regge trajectory for mesons with J = L+S.	

  	
E. Klempt and B. Ch. Metsch	
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Figure 2: Supersymmetric meson-nucleon partners: Mesons with S = 0 (red triangles) and
baryons with S = 1

2 (blue squares). The experimental values ofM2 are plotted vs LM = LB+1.

The solid line corresponds to
√
λ = 0.53 GeV. The π has no baryonic partner.

between λB and λM . Only confirmed PDG states are included [23].

4.2 The Mesonic Superpartners of the Delta Trajectory

The essential physics derived from the superconformal connection of nucleons and

mesons follows from the action of the fermion-number changing supercharge operator

Rλ. As we have discussed in the previous section, this operator transforms a baryon with

angular momentum LB into a superpartner meson with angular momentum LM = LB+1

(See Appendix B), a state with the identical eigenvalue – the hadronic mass squared.

We now check if this relation holds empirically for other baryon trajectories.

We first observe that baryons with positive parity and internal spin S = 3
2 , such as

the ∆
3

2

+

(1232), and baryons with with negative parity and internal spin S = 1
2 , such

as the ∆
1
2

−

(1620), lie on the same trajectory; this corresponds to the phenomenological

assignment ν = LB + 1
2 , given in Table 1. From (12) we obtain the spectrum 10

M2(+)

n,LB,S= 3
2

= M2(−)

n,LB,S= 1
2

= 4

(

n+ LB +
3

2

)

λB. (44)

10For the ∆-states this assignment agrees with the results of Ref. [24].
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S=0, I=1 Meson is superpartner of S=1/2, I=1 Baryon
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n + L
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+ 1
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Solid line:  κ = 0.53 GeV

Superconformal meson-nucleon partners



Supersymmetry across the light and heavy-light hadronic spectrum
[H.G. Dosch, GdT, and S. J. Brodsky, Phys. Rev. D 92, 074010 (2015)]

• Introduction of quark masses breaks conformal symmetry without violating supersymmetry
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Supersymmetry across the light and heavy-light spectrum
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Supersymmetry across the light and heavy-light spectrum

LM = LB + 1LM = LB + 1

Bs,

[I ] b

[I ]

[I ]

b

B*s,
[I ] *b

Bs

M
2
  
(G

e
V

2
)

M
2
  
(G

e
V

2
)

B,Λb,Σb

Σb

0 1

26

30

34

38

26

30

34

38

b(5945)

B*s

0 1

B*,Σb*

B B*

B1 (5721)

Bs1 (5830)

Λb

Σb*

B*2 (5747)

B*s2 (5840)

4-2015
8880A2

(a) (b)

(c) (d)

Supersymmetric relations between mesons and baryons with beauty

Trinity College, Dublin, 20 October 2015
Page 24

Supersymmetric relations for mesons and baryons with b quarks



• Boost Invariant 

• Trivial LF vacuum! No condensate, but consistent with GMOR 

• Massless Pion 

• Hadron Eigenstates (even the pion) have LF Fock components of different Lz 

• Proton: equal probability 

!

• Self-Dual Massive Eigenstates: Proton is its own chiral partner. 

• Label State by minimum L as in Atomic Physics 

• Minimum L dominates at short distances                

• AdS/QCD Dictionary: Match to Interpolating Operator Twist at z=0.

Chiral Features of Soft-Wall 
AdS/QCD Model

Sz = +1/2, Lz = 0;Sz = �1/2, Lz = +1

No mass -degenerate parity partners!

Jz = +1/2 :< Lz >= 1/2, < Sz
q >= 0



Universal Hadronic Features

• Universal quark light-front kinetic energy 

!

• Universal quark light-front potential energy 

!

• Universal Constant Term

�M2
LFKE = 2(1 + 2n + L)

�M2
LFPE = 2(1 + 2n + L)

M2 = �M2
LFKE + �M2

LFPE + �M2
spin

M2
spin = 22(S + L� 1 + 2ndiquark )

Equal: 	
Virial 

Theorem!



Light-Front Holography 
and Supersymmetric Features of QCD 

 Stan Brodsky

Albufeira

Some Features of AdS/QCD

• Regge spectroscopy—same slope in n,L for mesons,"

• Chiral features for mq=0: mπ =0, chiral-invariant 
proton"

• Hadronic LFWFs"

• Counting Rules"

• Connection between hadron masses and ⇤MS

Superconformal AdS Light-Front Holographic QCD (LFHQCD) 	

Meson-Baryon Mass Degeneracy for LM=LB+1



Light-Front Holography 
and Supersymmetric Features of QCD 

 Stan Brodsky

Albufeira

Remarkable Features of  
Light-Front Schrödinger Equation

•Relativistic, frame-independent	

•QCD scale appears - unique LF potential	

•Reproduces spectroscopy and dynamics of light-quark hadrons with 
one parameter	

•Zero-mass pion for zero mass quarks!	

•Regge slope same for n and L  -- not usual HO	

•Splitting in L persists to high mass   -- contradicts conventional 
wisdom based on breakdown of chiral symmetry	

•Phenomenology: LFWFs, Form factors, electroproduction	

•Extension to heavy quarks

U(⇣) = 4⇣2 + 22(L + S � 1)

Dynamics + Spectroscopy! 
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Using SU(6) flavor symmetry and normalization to static quantities
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From overlap of L = 1 and L = 0 LFWFs
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Nucleon Transition Form Factors

• Compute spin non-flip EM transition N(940)⇥ N�(1440): �n=0,L=0
+ ⇥ �n=1,L=0

+

• Transition form factor

F1
p
N⇥N�(Q2) = R4

⇧
dz

z4
�n=1,L=0

+ (z)V (Q, z)�n=0,L=0
+ (z)

• Orthonormality of Laguerre functions
�
F1

p
N⇥N�(0) = 0, V (Q = 0, z) = 1

⇥

R4
⇧

dz

z4
�n⇥,L

+ (z)�n,L
+ (z) = �n,n⇥

• Find

F1
p
N⇥N�(Q2) =

2
⌅

2
3

Q2

M2
P⇤

1 + Q2

M2
�

⌅⇤
1 + Q2

M2
�⇥

⌅⇤
1 + Q2

M2

�
⇥⇥

⌅

withM�
2
n ⇥ 4⇥2(n + 1/2)

LC 2011 2011, Dallas, May 23, 2011 Page 21

de Teramond, sjb

Consistent with counting rule, twist 3



Nucleon Transition Form Factors
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Dressed soft-wall current brings in higher 
Fock states and more vector meson poles
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Timelike Pion Form Factor from AdS/QCD  
          and Light-Front Holography

s(GeV2)

F⇡(s) = (1� �) 1
(1� s
M2

⇢
) + � 1

(1� s
M2

⇢
)(1� s

M2
⇢0

)(1� s
M2

⇢00
)

Prescription for 
Timelike poles :

1
s�M2 + i

p
s�

log |F⇡(s)|
� = 0.17

M2
⇢n

= 42(1/2 + n)

Frascati data 14% four-quark 
 probability



!10 !5 0 5 10

!4

!3

!2

!1

0

1

2

log!FΠ!q2""

q2(GeV2)

Frascati

!
BaBar ISR

spacelike timelike

JLab

log |F⇡(s)|
Pion Form Factor from AdS/QCD and Light-Front Holography



•Can be used as standard QCD coupling	

•Well measured	

•Asymptotic freedom at large Q2	

•Computable at large Q2 in any pQCD 
scheme	

•Universal  β0,  β1

Bjorken sum rule defines effective charge ↵g1(Q2)
Z 1

0
dx[gep

1 (x,Q

2)� g

en
1 (x,Q

2)] ⌘ ga

6
[1� ↵g1(Q2)

⇡

]



5 Non-Perturbative QCD Coupling From LF Holography
With A. Deur and S. J. Brodsky

• Consider five-dim gauge fields propagating in AdS5 space in dilaton background ⇧(z) = ⇤2z2

S = �1
4

�
d4x dz

⇧
g e⇥(z) 1

g2
5

G2

• Flow equation
1

g2
5(z)

= e⇥(z) 1
g2
5(0)

or g2
5(z) = e��2z2

g2
5(0)

where the coupling g5(z) incorporates the non-conformal dynamics of confinement

• YM coupling �s(⇥) = g2
Y M (⇥)/4⌅ is the five dim coupling up to a factor: g5(z)⌅ gY M (⇥)

• Coupling measured at momentum scale Q

�AdS
s (Q) ⇤

� ⇥

0
⇥d⇥J0(⇥Q)�AdS

s (⇥)

• Solution

�AdS
s (Q2) = �AdS

s (0) e�Q2/4�2
.

where the coupling �AdS
s incorporates the non-conformal dynamics of confinement

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 27

Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb



�AdS
s (Q)/⇥ = e�Q2/4�2

�s(Q)
⇥

Deur,  de Teramond, sjb

 = 0.54 GeV

Analytic, defined at all scales, IR Fixed Point
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Sublimated gluons below 1 GeVAdS/QCD dilaton captures the higher twist corrections to  effective charges for Q < 1 GeV

e' = e+2z2



Perturbative QCD

Holographic QCD

(asymptotic freedom)

Q0

Non−perturbative
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Deur, de Tèramond, sjb
m⇢ =

p
2

mp = 2

� ⌘ 2

⇤MS = 0.341± 0.024 GeV

⇤MS = 0.339± 0.016 GeV

Expt:

Q2
0 = 1.25± 0.17 GeV2

 = 0.513± 0.007 GeV
Fit to Bj + DHG Sum Rules:



Tony Zee	
!

"Quantum Field Theory in a Nutshell"	
!

Dreams of Exact Solvability

m⇢

mP
= 1p

2

Light-Front Holography:

⇤MS

m⇢
= 0.455± 0.031

“In other words, if you manage to calculate mP it better come out pro-

portional to ⇤QCD since ⇤QCD is the only quantity with dimension of mass

around.

Similarly for m⇢.

Put in precise terms, if you publish a paper with a formula giving m⇢/mP in

terms of pure numbers such as 2 and ⇡, the field theory community will hail

you as a conquering hero who has solved QCD exactly.”

(mq = 0)
m⇡ = 0

m⇢ ' 2.2 ⇤MSmp ' 3.21 ⇤MS

!
de Tèramond, Dosch, sjb
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c

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Stan Brodsky  

Singapore
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We invite you to participate in the

forthcoming Light Cone 2014 (LC2014)

meeting, to be held in Raleigh, North Carolina,

during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair

Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab
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September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

Light-Front Holographic QCD, Color Confinement, 
and Supersymmetric Features of QCD

The Standard Theory and Beyond 
Albufeira, Portugal   October 24-31, 2015
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