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What is the Gribov ambiguity?

gauge theory = system with redundant field variables uw=20,1,...,d-1

prototype: electrodynamics described by gauge potentials A(x) = A, (x)dz?
subject to gauge transformations A — VA = U(d + A)U with U(z) = el¢(#)

gauge equivalent configurations form a gauge orbit Oy = {A/|3U : A’ = VA}
physical configuration space P = space of gauge orbits
equivalently, the quotient space P = {A}/{U}

this is a topologically and geometrically complicated co-dimensional orbifold

already relevant perturbatively: kinetic operator in action has zero modes
(8, 0% = (0 —8,0,)0%f =0  —  S(2) notinvertible on {A}



need gauge fixing = a prescription to pick a representative A from each gauge orbit,
uniquely and completely, by a (local) ‘ideal’ condition y(A,z) =0

implement in the generating-functional path integral Z(J) via Faddeev-Popov trick:
insert 1 = [DU (S(X(UA)> ‘det K(A)) with K(A) = 5(X§ZA))‘

x=0
factor off the gauge group volume [DU and obtain

2(J) = [DA5(x(4))|det K (4)|ehlSo(+] 4]

— / D(A.C,C, B) eflSo(A)+[CKC+ [x(A)B+[JA]

two-dimensional example:  (z) = (r,0) € R? gauge transf'n 60— 60 4+ ¢

identity  fd¢ 5(x(r,0+¢)) = ¥ [5(r, ;)71 with  x(r,0;(r)) =0
action function S = S(r) be independent of 6, then
_ 2 —S(r) _ 2 dx | 111 —S(r)
Z /d x e de;?/d x [2@: 155 (r, 0;(r))| ] 5k<nx(fd)0> e
ns

Issues: # intersections of x with each gauge orbit, orientation?, sign of det K



Landau gauge x = 0-A is not ideal in Yang—Mills theory A= AYT% € su(n)

Gribov copies: A’ = U(d+A)UT  with  9#A, =0 = "4,

infinitesimal: U =es =e8' 71" ~ 1 +¢ = 0 = 00, +adA,)E = 0'D,g

condition on A: 3 nontrivial zero modes of Faddeev-Popov operator K(A) = —0*D,,

A ‘'small’ (perturbation theory): K(A) ~ —0"0, has only 4ve nontrivial eigenvalues
for same reason, QED has no Gribov problem

A ‘large’ (nonperturbative): K (A) develops —ve eigenvalues

zero crossing of eigenvalue < new Gribov copy < det K(A) switches sign
Gribov [77]: many popular gauges (Landau, Coulomb) yield oo many Gribov copies
such (infinitesimal) Gribov copies have been constructed rather explicitly

define Gribov region: 2 = {A|x(A) =0 & K(A) > 0}
Infinitesimal Gribov copies sit on either side of boundary 052 (first Gribov horizon)
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some properties of the Gribov region [global gauge trsfms. not considered]

alternative definition: Q = {relative minima of ||A||2 = tr [d9z A-A on O4}
because 0 =/||A||° @ 0-A=0 and 0<d§?||4||? & —0-D >0

| A||? achieves its absolute minimum on each gauge orbit
= each gauge orbit intersects with €2

2 i1s convex and bounded in every direction, because
liMy oo K(AA) = A0HadA,, istraceless =- 3 —veeigenvalue = MA ¢ Q

the Gribov region still contains Gribov copies! Reason:
|A||? on © 4 develops a saddle point at 92 = ||A||? can be lowered inside Q
a gauge orbit @ 4 can feature more than one relative minimum of || A||2

fundamental modular region (FMR): A := {absolute minimum of ||A||2 on O 4}
NCS, ONAN*0, Aconvex & bounded in all directions, OANOS2#0
3 degenerate absolute minima of || A||2 on A = still Gribov copies on OA



Proposals for a remedy

Singer’s theorem: only singular (= non-continuous) gauges are free of Gribov copies
= take singular (e.g. space-like planar or hyperaxial) gauge cumbersome!

lift absolute value of det K into the action accounts for # of copies?

keep det K without absolute value and integrate over all Gribov copies
= Intersection orientation yields 4+ sign = cancellation of (most?) copies

stochastic quantization with a ‘gauge-fixing force’ tangent to the gauge orbits

restrict functional integration to €2 or to A

boundedness of 2 may give rise toa massgap = confinement?!

hypothesis: path integral dominated by degenerate orbits, Oz for Awith D(A)¢ =0
dim O 5 reduced by # of solutions ¢ = KAX=0 = Aco
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cut-off functional integration at 0<2: x(A) = lowest eigenvalue of K(A)
() = [D(A,C,C, B) 0[n(A)] erlSot+[CKCHX(AB+]IA

1% dw /D(A,C, C.B) aiwk(A) e}i.L[SO(A)—I—fC‘KC—|—fX(A)B—|—fJA]

27 w—Ile
—00

saddle point /D( A,C,C. B) ehlSo(A)+[OKC+ [X(A)B+2H(A)+[JA

with ‘horizon functional’ fabe — structure constants

H(A) = [dl [aly peal () (KD  @—y) 1A% (y) — [d%s d(n?-1)

and Gribov parameter ~ to be determined self-consistently via the gap equation

am@gy(O)w) —0 o <H(A)>fy =0  ‘horizon condition’

remark 1. integration measure peaks around 02 < dominance hypothesis
remark 2: ~ ~ exp{—1/¢?} vanishes perturbatively < only infrared effects

k3 gl k2 h 1 enhanced
remark 3:  gluon propagator ~ P22 N ghost propagator ~ = enhance

k4
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Yang—Mills theory in Faddeev-Popov quantization

classical SU(n) Yang—Mills actionin Rb4—1: ¢ =1,...,n and pn=0,1,...,d—1
So(A) = -1 / dlg FO, PO with  FY, = 8,A% — 9,A% + fabeab AC
So is invariant under gauge transformations ¢b = ¢b(z)

§AL = Dbeb  with DI = %9, 4 et A

BRST formulation of the quantum theory extends field content and action:

{o1} = {AL@), B*(2),C%=),C%x)}

S(¢) = So(A) + CK™(A)C" + x*(A) B®
w/ gauge-fixing function x“ & Faddeev-Popov operator (in Landau gauge, x = 0-A)
ox“*(A)

SAS

K%®(A) = DS = MDY = §%Poto, + fOPACOH



S Is invariant under (even) BRST transformations A = odd constant
S3A%L = DWCPX, §,C* = B\, §,B*=0, §,C*=34fbcctcen
Introduce the (odd) Slavnov variation sX via

6X(¢)

51 (@)

HX(¢) = (sX(¢))A  sothat  sX(¢) =

with the common notation
{RA(gb)} — {ngcb’ 0, %fabccbcc’ Ba}
nilpotency of the Slavnov variation, s2 = 0, implies that

oA _ ORYe)
0 = sk (¢) _ 5¢B

Introducing the (odd) gauge-fixing functional
Y(p) = C"(A) = CoMA]
the quantum action can be made manifestly BRST invariant:

S(¢) = So(A) + CUK®(A)C® + x%(A) B® = So(A) + s¢p(¢)

rP(¢) = RlpRP
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Field-dependent BRST transformations

generalize to field-dependent (but still z indep’t) BRST parameters, X\ — A(¢):

SAX(¢) = (sX(®))A(@) = X sRN(¢)  with  A?(¢) =0

such a BRST transformation amounts to a (nonlocal) change of field variables

ot = oM ¢) = ¢+ a0 = ¢+ (soDN(P) = ¢ + RAUO)A(9)

with a Jacobian supermatrix

5o (o)
5B

SRA(¢)

= % + TN DT + R

5B

MA(¢) =

= 65 + RIGA(-1)°F + RN
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surprisingly, its superdeterminant can be computed exactly:

sTrin M(¢) = — i (=1)" sTr(RAB/\(—l)’fB + RAN B)"
n=1 n , 7
— Z sTr(RA/\B)n

io: 1)n (A)ARA)TL

©.@)

=Z

= |n(1 + s/\(gb))

(8/\)”

hence

sDetM(¢) = [1 + s/\(gb)]_l
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perform such a variable change in a functional integral:
= [Dyexp{}W(e)]
= [Dé sDetM () exp{{W(p(#))}

= [Ds exp {L[W(e(®)) ~ ihsTrinM(9)]}

- / D exp {% W(8) + (sW())A(®) +ih In(1 + 3/\(@)]}

these transformations are not nilpotent:

SRX(8) = SA|(sX(B))A(B)] = (sX(9))(sA())A(¢)

vanishes only if

0 = sA\(¢) = /\,A(gb)RA(qb) = A(¢) = X\ = constant
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Relating different gauges

apply to the Yang—Mills vacuum functional in a gauge .

2,0 = [Py exp{}S(»)]

_ /qu exp {%:S(¢) +inin (1 + s/\(cb))”

= [Do exp {E[So(A) +50(0) + 506(@)] | = Zyy5(0)

where we introduced
so that
the inversion

IS solved by

i (1 + s/\(qb)) ~ ihA(9)

5p(¢) = 1hA(8)(sA(¢))
sop(¢) = ihln(l—l—s/\(gb))
sA(¢) = exp {%saw}— 1

A(@) = 8¢ (s6u) ™ (exp

(s 0} - 1)

— %57# E—:O (n—l{l)'(

S\ 5 51 86
Sih¢) = i%p+21€i%)12p+"'

14



an example:  R¢ gauges, defined by

¥(¢) = C*(0"A% 4+ 5B%)

go from R¢ to R¢y 5 gauge by

Sip = 266 C°BY ==  sdp=366B?  with B? = B°B°

the corresponding field-dependent BRST transformation parameter reads
N@) = CB*(B?)~!(exp{95B°} — 1)
_ ¢ A 1 66 p2 | 1 (66 p2\2 | 1 /(66 p2)\3
— 2_ifi_lcay}?a{l+T2—§11}3 + 2 (5%8%)" + # (5552 +}

In a power series expansion in §¢ (and B2/h)
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Gribov horizon beyond the Landau gauge

(non-local) Gribov horizon functional in the Landau gauge
H(A) = fabcAZ(K—l)adfdecAeu . d(n2_1)

value of the Gribov parameter ~ is determined self-consistently by

alnazv(O)(w —0 o <H(A)>7 — 0  ‘horizon condition’

(non-local) action of the Gribov-Zwanziger model
Su(¢) = S(¢) + v7H(A) = So(A) + sv(¢) + v H(A)
Is not BRST invariant due to non-vanishing of
sH(A,C) = fabcfcde [QDZqu(K—l)ad_fmpnAZ(K—l)aprqu(K—lqu AEH

= gauge dependence of effective action and thus physical S-matrix even on-shell?
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change to general R¢ gauge by variable change via field-dep’t BRST transformation

o o (s0DA(S)  with  Ag(¢) = OB (B (exp {587} -1)

2,(0) = [Do exp {5 (S0(A) + su:(6) +22H (W) |
= [Ds exp{(So(A) + svc(6) + 12 He(®) | = Zyt5(0)

Ye(¢) = C*(0MAL +5B")  and  He(¢) = H(A) + (sH(A,C))A¢(9)

this proposes horizon functional H¢(¢) in a more general gauge
In such a way that gauge invariance is restored in the vacuum functional:

V2(5H(9)) + (s6w(¢)) = 0  under w40y
explicit form:
H£(¢) — fabcAZ(K—l)adfdecAe,u . d(’)’LQ—l)

+ fabCfcde [QDZQCQ(K_l)ad . fmpnAZ(K—l)aprqu(K—l)nd} AG“C‘KBK(BQ)—l(e%BQ_l)
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local form of the Gribov-Zwanziger model, by further extending the field space to

Al Zac  ,ac  —ac
{CD } - {§b 9 Solu 9 Qplu ) ,u ) w,u }
(local) Gribov-Zwanziger action

Scz(®) = So(A) + s(d) + SH(A ¢, ¢, w,w)

Sy = SOacl(abgo,ubc . (IJZCKabw'ubC 4 2i7fabcAZ(g0,uac_|_S5,uac) 4 72 d(n2_1>

new fields form two BRST doublets

) )\QOZC = wﬁc)\ O\@ _ac =0
5>\wﬁc =0 ) Qgc = —QBZC)\

BRST invariance is (softly) broken

sS, = fadb [SpacheCe ,ubc_l_@chdeCew,ubc_l_Qi,y(Dgece(gpuab_l_@,uab)_|_A'cLle,uab)]
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but gauge invariance can be restored by defining (for general R¢ gauges)

She(D) = Sy(A 0, 3,w,8) + (57(A, C, 0,5, w,3) ) Ae(0)

so that the action changes via corresponding field-dep’t BRST transformation

Saz(®) = So(A) + sve(P) + Sye(P)

which is a harmless change of variables in the functional integral

again:

sSy(P)#0  but  6Sy(P) =55y (P)Ae(¢)  balances  sd¢(¢)
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Outlook

from a reference gauge g to a desired gauge v via field-dep’t BRST transformation
—1
Ap(9) = (W—0)(s(—1p0)) ~ (exp{fs(¥—vo)} — 1)
@)
n
= 5 @—v0) > i (Hs(—v0))
n=—
propose corresponding change of the horizon functional

Hy(¢) — Ho(¢) = (sHo())Ay(#)

from Landau to Coulomb gauge?
relate R to unitary gauge in spontaneously broken Yang—Mills
Investigate gauge variation of Greens functions, VEVs and S-matrix elements using

Zyrsp(T) = Zy(T) = fIa{(s6™) A5y ()
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