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What is the Gribov ambiguity?

gauge theory = system with redundant field variables µ = 0,1, . . . , d−1

prototype: electrodynamics described by gauge potentials A(x) = Aµ(x)dxµ

subject to gauge transformations A 7→ UA = U(d +A)U† with U(x) = eiξ(x)

gauge equivalent configurations form a gauge orbit OA = {A′| ∃U : A′ = UA}

physical configuration space P = space of gauge orbits
equivalently, the quotient space P = {A}/{U}

this is a topologically and geometrically complicated ∞-dimensional orbifold

already relevant perturbatively: kinetic operator in action has zero modes
(S(2))µν ∂νf ≡ (ηµν�− ∂µ∂ν) ∂νf = 0 −→ S(2) not invertible on {A}
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need gauge fixing = a prescription to pick a representative A from each gauge orbit,

uniquely and completely , by a (local) ‘ideal’ condition χ(A, x) = 0

implement in the generating-functional path integral Z(J) via Faddeev-Popov trick:

insert 1 =
∫

DU δ
(

χ(UA)
) ∣
∣
∣detK(A)

∣
∣
∣ with K(A) = δ(χ(UA))

δU

∣
∣
∣
χ=0

factor off the gauge group volume
∫

DU and obtain

Z(J) =
∫

DA δ
(

χ(A)
)∣
∣
∣detK(A)

∣
∣
∣ e

i
~
[S0(A)+

∫
JA]

=

∫

D(A,C, C̄, B) e
i
~
[S0(A)+

∫
C̄KC+

∫
χ(A)B+

∫
JA]

two-dimensional example: (x) = (r, θ) ∈ R
2 gauge transf’n θ 7→ θ+ φ

identity
∫

dφ δ(χ(r, θ+φ)) =
∑

i |
∂χ
∂θ(r, θi(r))|

−1 with χ(r, θi(r)) = 0

action function S = S(r) be independent of θ, then

Z =

∫

d2x e−S(r) = ∫dφ
︸ ︷︷ ︸

2π

∫

d2x
[∑

i

|∂χ∂θ(r, θi(r))|
−1

]−1
δ
(

χ(x)
)

︸ ︷︷ ︸

kills
∫
dθ

e−S(r)

issues: # intersections of χ with each gauge orbit, orientation?, sign of detK
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Landau gauge χ = ∂·A is not ideal in Yang–Mills theory A = AaT a ∈ su(n)

Gribov copies: A′ = U(d+A)U† with ∂µAµ = 0 = ∂µA′
µ

infinitesimal: U = eξ = eξ
aT a ≃ 1+ ξ ⇒ 0 = ∂µ(∂µ+ adAµ)ξ = ∂µDµξ

condition onA: ∃ nontrivial zero modes of Faddeev-Popov operatorK(A) = −∂µDµ

A ‘small’ (perturbation theory): K(A) ≃ −∂µ∂µ has only +ve nontrivial eigenvalues
for same reason, QED has no Gribov problem

A ‘large’ (nonperturbative): K(A) develops −ve eigenvalues
zero crossing of eigenvalue ⇔ new Gribov copy ⇔ detK(A) switches sign
Gribov [77]: many popular gauges (Landau, Coulomb) yield ∞ many Gribov copies
such (infinitesimal) Gribov copies have been constructed rather explicitly

define Gribov region: Ω := {A | χ(A) = 0 & K(A) > 0}

infinitesimal Gribov copies sit on either side of boundary ∂Ω (first Gribov horizon)
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some properties of the Gribov region [global gauge trsfms. not considered]

alternative definition: Ω = {relative minima of ||A||2 = tr
∫

ddx A·A on OA}

because 0 = δ||A||2 ⇔ ∂·A = 0 and 0 < δ2||A||2 ⇔ −∂·D > 0

||A||2 achieves its absolute minimum on each gauge orbit
⇒ each gauge orbit intersects with Ω

Ω is convex and bounded in every direction, because
limλ→∞K(λA) = λ∂µadAµ is traceless ⇒ ∃ −ve eigenvalue ⇒ λA /∈ Ω

the Gribov region still contains Gribov copies! Reason:
||A||2 on OA develops a saddle point at ∂Ω ⇒ ||A||2 can be lowered inside Ω

a gauge orbit OA can feature more than one relative minimum of ||A||2

fundamental modular region (FMR): Λ := {absolute minimum of ||A||2 on OA}

Λ ⊂ Ω, O ∩ Λ 6= 0, Λ convex & bounded in all directions, ∂Λ ∩ ∂Ω 6= 0

∃ degenerate absolute minima of ||A||2 on ∂Λ ⇒ still Gribov copies on ∂Λ
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Proposals for a remedy

Singer’s theorem: only singular (= non-continuous) gauges are free of Gribov copies
⇒ take singular (e.g. space-like planar or hyperaxial) gauge cumbersome!

lift absolute value of detK into the action accounts for # of copies?

keep detK without absolute value and integrate over all Gribov copies
⇒ intersection orientation yields ± sign ⇒ cancellation of (most?) copies

stochastic quantization with a ‘gauge-fixing force’ tangent to the gauge orbits

restrict functional integration to Ω or to Λ

boundedness of Ω may give rise to a mass gap ⇒ confinement?!
hypothesis: path integral dominated by degenerate orbits, OĀ for Ā with D(Ā)ξ = 0

dimOĀ reduced by # of solutions ξ ⇒ K(Ā)ξ = 0 ⇒ Ā ∈ ∂Ω

7



cut-off functional integration at ∂Ω: κ(A) = lowest eigenvalue of K(A)

Z(J) =

∫

D(A,C, C̄, B) θ[κ(A)] e
i
~
[S0(A)+

∫
C̄KC+

∫
χ(A)B+

∫
JA]

= 1
2πi

∞
∫

−∞

dω
ω−iǫ

∫

D(A,C, C̄, B) eiωκ(A) e
i
~
[S0(A)+

∫
C̄KC+

∫
χ(A)B+

∫
JA]

saddle point
≃

∫

D(A,C, C̄, B) e
i
~
[S0(A)+

∫
C̄KC+

∫
χ(A)B+γ2H(A)+

∫
JA]

with ‘horizon functional’ fabc = structure constants

H(A) =

∫

ddx
∫

ddy fabcAbµ(x)(K
−1)ad(x−y)fdecAeµ(y) −

∫

ddx d(n2−1)

and Gribov parameter γ to be determined self-consistently via the gap equation

∂ lnZ(0)
∂γ (γ) = 0 ⇔

〈

H(A)
〉

γ
= 0 ‘horizon condition’

remark 1: integration measure peaks around ∂Ω ⇔ dominance hypothesis
remark 2: γ ∼ exp{−1/g2} vanishes perturbatively ⇔ only infrared effects

remark 3: gluon propagator ∼ k2

k4+2γ2g2N
ghost propagator ∼ 1

k4
enhanced
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Yang–Mills theory in Faddeev-Popov quantization

classical SU(n) Yang–Mills action in R
1,d−1; a = 1, . . . , n and µ = 0,1, . . . , d−1

S0(A) = −1
4

∫

ddx F aµνF
µνa with F aµν = ∂µA

a
ν − ∂νA

a
µ+ fabcAbµA

c
ν

S0 is invariant under gauge transformations ξb = ξb(x)

δAaµ = Dab
µ ξ

b with Dab
µ = δab∂µ+ facbAcµ

BRST formulation of the quantum theory extends field content and action:
{

φA
}

=
{

Aaµ(x), B
a(x), Ca(x), C̄a(x)

}

S(φ) = S0(A) + C̄aKab(A)Cb + χa(A)Ba

w/ gauge-fixing function χa & Faddeev-Popov operator (in Landau gauge, χ = ∂·A)

Kab(A) =
δχa(A)

δAcµ
Dcb
µ = ∂µDab

µ = δab∂µ∂µ+ facbAcµ∂
µ
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S is invariant under (even) BRST transformations λ = odd constant

δλA
a
µ = Dab

µ C
bλ , δλC̄

a = Baλ , δλB
a = 0 , δλC

a = 1
2f

abcCbCcλ

introduce the (odd) Slavnov variation sX via

δλX(φ) =
(

sX(φ)
)

λ so that sX(φ) =
δX(φ)

δφA
RA(φ)

with the common notation
{

RA(φ)
}

=
{

Dab
µ C

b, 0 , 1
2f

abcCbCc, Ba
}

nilpotency of the Slavnov variation, s2 = 0, implies that

0 = sRA(φ) =
δRA(φ)

δφB
RB(φ) ≡ RA,B R

B

introducing the (odd) gauge-fixing functional

ψ(φ) = C̄aχa(A) = C̄a ∂µAaµ

the quantum action can be made manifestly BRST invariant:

S(φ) = S0(A) + C̄aKab(A)Cb + χa(A)Ba = S0(A) + sψ(φ)
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Field-dependent BRST transformations

generalize to field-dependent (but still x indep’t) BRST parameters, λ→ Λ(φ):

δΛX(φ) =
(

sX(φ)
)

Λ(φ) = X,AR
AΛ(φ) with Λ2(φ) = 0

such a BRST transformation amounts to a (nonlocal) change of field variables

ϕA = ϕA(φ) = φA+ δΛφ
A = φA+ (sφA)Λ(φ) = φA+RA(φ)Λ(φ)

with a Jacobian supermatrix

MA
B(φ) =

δϕA(φ)

δφB
= δAB +

δRA(φ)

δφB
Λ(φ)(−1)εB + RA(φ)

δΛ(φ)

δφB

≡ δAB + RA,BΛ(−1)εB + RAΛ,B
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surprisingly, its superdeterminant can be computed exactly:

sTr lnM(φ) = −
∞∑

n=1

(−1)n

n
sTr

(

RA,BΛ(−1)εB +RAΛ,B
)n

= −
∞∑

n=1

(−1)n

n
sTr

(

RAΛ,B
)n

= +
∞∑

n=1

(−1)n

n

(

Λ,AR
A
)n

=
∞∑

n=1

(−1)n

n
(sΛ)n

= − ln
(

1+ sΛ(φ)
)

hence

sDetM(φ) =
[

1+ sΛ(φ)
]−1
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perform such a variable change in a functional integral:

I =

∫

Dϕ exp

{

i
~
W (ϕ)

}

=
∫

Dφ sDetM(φ) exp

{

i
~
W (ϕ(φ))

}

=

∫

Dφ exp

{

i
~

[

W (ϕ(φ))− i~ sTr lnM(φ)
]}

=

∫

Dφ exp

{

i
~

[

W (φ) +
(

sW (φ)
)

Λ(φ) + i~ ln
(

1 + sΛ(φ)
)]}

these transformations are not nilpotent:

δ2ΛX(φ) = δΛ
[(

sX(φ)
)

Λ(φ)
]

=
(

sX(φ)
)(

sΛ(φ)
)

Λ(φ)

vanishes only if

0 = sΛ(φ) = Λ,A(φ)R
A(φ) ⇐= Λ(φ) = λ = constant
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Relating different gauges

apply to the Yang–Mills vacuum functional in a gauge ψ:

Zψ(0) =

∫

Dϕ exp

{

i
~
S(ϕ)

}

=

∫

Dφ exp

{

i
~

[

S(φ) + i~ ln
(

1+ sΛ(φ)
)]}

=
∫

Dφ exp

{

i
~

[

S0(A) + s ψ(φ) + s δψ(φ)
]}

= Zψ+δψ(0)

where we introduced δψ(φ) = i~Λ(φ)
(

sΛ(φ)
)−1

ln
(

1+ sΛ(φ)
)

≃ i~Λ(φ)

so that s δψ(φ) = i~ ln
(

1+ sΛ(φ)
)

the inversion sΛ(φ) = exp
{
1
i~s δψ

}

− 1

is solved by Λ(φ) = δψ (s δψ)−1
(

exp
{
1
i~s δψ

}

− 1
)

= 1
i~ δψ

∞∑

n=0

1
(n+1)!

(
sδψ
i~

)n
≃ δψ

i~ + δψ sδψ
2(i~)2

+ . . .

14



an example: Rξ gauges, defined by

ψ(φ) = C̄a
(

∂µAaµ+ ξ
2B

a
)

go from Rξ to Rξ+δξ gauge by

δψ = 1
2δξ C̄

aBa =⇒ s δψ = 1
2δξ B

2 with B2 = BaBa

the corresponding field-dependent BRST transformation parameter reads

Λ(φ) = C̄aBa(B2)−1
(

exp
{
δξ
2i~B

2
}

− 1
)

= δξ
2i~ C̄

aBa
{

1 + 1
2!
δξ
2i~B

2 + 1
3!

(
δξ
2i~B

2
)2

+ 1
4!

(
δξ
2i~B

2
)3

+ . . .

}

in a power series expansion in δξ (and B2/~)
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Gribov horizon beyond the Landau gauge

(non-local) Gribov horizon functional in the Landau gauge

H(A) = fabcAbµ(K
−1)adfdecAeµ − d(n2−1)

value of the Gribov parameter γ is determined self-consistently by

∂ lnZ(0)
∂γ (γ) = 0 ⇔

〈

H(A)
〉

γ
= 0 ‘horizon condition’

(non-local) action of the Gribov-Zwanziger model

SH(φ) = S(φ) + γ2H(A) = S0(A) + sψ(φ) + γ2H(A)

is not BRST invariant due to non-vanishing of

sH(A,C) = fabcfcde
[

2Dbq
µ C

q(K−1)ad−fmpnAbµ(K
−1)amKpqCq(K−1)nd

]

Aeµ

⇒ gauge dependence of effective action and thus physical S-matrix even on-shell?
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change to general Rξ gauge by variable change via field-dep’t BRST transformation

φA 7−→ φA+(sφA)Λξ(φ) with Λξ(φ) = C̄aBa (B2)−1
(

exp
{
ξ
2i~B

2
}

−1
)

Zψ(0) =

∫

Dφ exp

{
i

~

(

S0(A) + sψ(φ) + γ2H(A)
)}

=

∫

Dφ exp

{
i

~

(

S0(A) + sψξ(φ) + γ2Hξ(φ)
)}

=: Zψ+δψ(0)

ψξ(φ) = C̄a
(

∂µAaµ+ ξ
2B

a
)

and Hξ(φ) = H(A) +
(

sH(A,C)
)

Λξ(φ)

this proposes horizon functional Hξ(φ) in a more general gauge
in such a way that gauge invariance is restored in the vacuum functional:

γ2
〈

δH(φ)
〉

γ
+

〈

s δψ(φ)
〉

γ
= 0 under ψ 7→ ψ+ δψ

explicit form:

Hξ(φ) = fabcAbµ(K
−1)adfdecAeµ − d(n2−1)

+ fabcf cde
[
2Dbq

µ C
q(K−1)ad − fmpnAbµ(K

−1)amKpqCq(K−1)nd
]
AeµC̄ℓBℓ(B2)−1

(
e

ξ

2i~
B2

−1
)
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local form of the Gribov-Zwanziger model, by further extending the field space to
{

ΦA
}

=
{

φA , ϕacµ , ϕ̄acµ , ωacµ , ω̄acµ
}

(local) Gribov-Zwanziger action

SGZ(Φ) = S0(A) + sψ(φ) + Sγ(A,ϕ, ϕ̄, ω, ω̄)

Sγ = ϕ̄acµ K
abϕµbc − ω̄acµ K

abωµbc + 2iγfabcAbµ

(

ϕµac+ ϕ̄µac
)

+ γ2 d(n2−1)

new fields form two BRST doublets

δλϕ
ac
µ = ωacµ λ δλϕ̄

ac
µ = 0

δλω
ac
µ = 0 δλω̄

ac
µ = −ϕ̄acµ λ

BRST invariance is (softly) broken

sSγ = fadb
[

ϕ̄acµ K
deCeϕµbc+ω̄acµ K

deCeωµbc+2iγ
(

Dde
µ C

e(ϕµab+ϕ̄µab)+Adµω
µab

)]
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but gauge invariance can be restored by defining (for general Rξ gauges)

Sγξ(Φ) = Sγ(A,ϕ, ϕ̄, ω, ω̄) +
(

sSγ(A,C, ϕ, ϕ̄, ω, ω̄)
)

Λξ(φ)

so that the action changes via corresponding field-dep’t BRST transformation

SGZ(Φ) 7−→ S0(A) + sψξ(φ) + Sγξ(Φ)

which is a harmless change of variables in the functional integral

again:

sSγ(Φ) 6= 0 but δSγ(Φ) = sSγ(Φ)Λξ(φ) balances s δψ(φ)
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Outlook

from a reference gauge ψ0 to a desired gauge ψ via field-dep’t BRST transformation

Λψ(φ) = (ψ−ψ0)
(

s(ψ−ψ0)
)−1(

exp
{
1
i~s(ψ−ψ0)

}

− 1
)

= 1
i~(ψ−ψ0)

∞∑

n=0

1
(n+1)!

(
1
i~s(ψ−ψ0)

)n

propose corresponding change of the horizon functional

Hψ(φ)−H0(φ) =
(

sH0(φ)
)

Λψ(φ)

from Landau to Coulomb gauge?

relate Rξ to unitary gauge in spontaneously broken Yang–Mills

investigate gauge variation of Greens functions, VEVs and S-matrix elements using

Zψ+δψ(J) = Zψ(J) − i
~
JA

〈

(sφA)Λδψ(φ)
〉

J
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THANK YOU !
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