
Heavy quark physics from
Fermilab/MILC collaboration

Alexei Bazavov
Department of Computational Mathematics, Science and Engineering

Department of Physics and Astronomy
Michigan State University



Precision tests of SM

2Aug 29, 2016Alexei Bazavov [Fermilab/MILC]

• Precision tests of the Standard Model seek to find 
deviations that may indicate new physics

• Unitarity of Cabibbo-Kobayashi-Maskawa (CKM) weak 
mixing matrix provides strong constraints

• Determination of the CKM matrix elements from 
experimental data relies on the knowledge of  hadronic 
form factors

• Hadronic form factors require non-perturbative methods, 
e.g. Lattice QCD 
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These leptonic and semileptonic decays (first two rows) or meson-antimeson os-
cillations (phase and third row) have one hadron in the initial state and one (or
none) in the final state. Thus, all of these flavor-changing amplitudes can be com-
puted in lattice QCD via Equations 4 or 5. Semileptonic transition form factors
for K → πℓν (74,75), B → πℓν (76,77), and B → D∗ℓν (78) are sensitive to the
mixing angles, and K0-K̄0 mixing (79,80,81,82) is sensitive to the CP -violating
phase. Together with calculations of D meson decays (83, 84, 85) and B0

(s)-B̄
0
(s)

mixing (86), the full suite of lattice QCD calculations overdetermines the CKM
matrix and, thus, tests for consistency. The semileptonic D decays are considered
crosschecks. Taking |Vcd| and |Vcs| from CKM unitarity (which is very precise),
one finds that lattice QCD calculations of the kinematic distributions (83) and
the normalization of the rate (84,85) agree with results from several experiments.

Non-SM particles could spoil this picture, which is why it is interesting to test
it in detail. With a fourth generation of quarks and leptons, the 3 × 3 subma-
trix generically would not be unitary. If other particles, such as supersymmetric
partners of the known particles, change quark flavor, then the SM relation be-
tween a flavor-changing process and V is spoiled. The off-diagonal elements are
small—|Vus| ∼ 0.2, |Vcb| ∼ 4 × 10−2, and |Vub| ∼ 3 × 10−3—so it is not out
of the question for (widely anticipated) TeV-scale particles to make detectable
contributions.

During the first decade of the twenty-first century, all simple lattice-QCD cal-
culations that are pertinent to the CKM matrix were carried out with 2+1 sea
quarks. In most cases, more than one collaboration has published results, and,
in many cases, the literature covers more than one fermion formulation for the
quarks. The calculations most directly connected to determining the CKM pa-
rameters have been combined—with an eye to correlations in the errors—in Ref-
erence 87. (Updates are available at http://latticeaverages.org/).

Despite the broad agreement between flavor-physics measurements and the
Standard Model, some tension appears in global fits to the four CKM parame-
ters (88). Some mild discrepancies also arise in a few isolated processes, and here
we consider two leptonic decays in which lattice QCD plays a key role.

Let us begin by noting that the semileptonic and leptonic determinations of
|Vus|, which rely on the matrix elements of References 74,75 and 90,91,92, respec-
tively, are completely compatible (89). The vector component of the W boson
mediates the former, and the axial current mediates the latter. Because these
determinations are compatible, nothing other than the SM W boson with its
V −A coupling is needed to account for these decays.

The present status of semileptonic and leptonic determinations of |Vub| is not
so tidy. Combining lattice QCD for the B → πℓν form factor (76, 77) with

Kronfeld (2012)
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Phys. Rev. D 92, 014024 (2015) [1503.07839]
Phys. Rev. D 92, 034506 (2015) [1503.07237]
Phys. Rev. D 93, 113016 (2016) [1602.03560]
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Two-point and three-point correlators are computed from
four equally spaced source times per configuration, but
with random offsets in time and space to reduce correla-
tions between successive gauge-field configurations within
an ensemble. We performed a blocking study to look for
residual autocorrelations, and found that the statistical
errors did not change significantly with block size. Thus
we do not block the data in this work. The masses of the
heavy valence quarks were tuned so that the kinetic masses
of the Ds and Bs mesons were equal to their physical
values. A detailed discussion of tuning is given in the
appendix of Ref. [5], where we show that we get good

agreement between the lattice values of the Ds and Bs
hyperfine splittings and their experimental values. The
simulation values of the heavy-quark masses are not
quite the same as our best-tuned values, which were
determined a posteriori. Postsimulation adjustment for
heavy-quark-mass tuning is described in Sec. III D.
After fixing the lattices to Coulomb gauge, two types

of interpolating operators for the D meson are used,
namely, a local operator and a smeared operator based
on a Richardson 1S wave function [39]. For the B meson
we use only the 1S operator. These two operators have
different overlap with excited states, so computing both

TABLE I. Parameters of the lattice-gauge-field ensembles. The columns from left to right are the approximate
lattice spacing in fm, the bare sea-quark masses in lattice units am̂0=am0s, the lightest pseudoscalar in MeV, the root-
mean-square (rms) mass of the pion taste multiplet in MeV, the dimensionless factor MP

πL, the dimensions of the
lattice in lattice units, the number of configurations in each ensemble (four sources each), and the tadpole-
improvement factor u0 (obtained from the average plaquette).

a (fm) am̂0=am0s MP
π (MeV) MRMS

π (MeV) MP
πL Lattice size Configs u0 data DOI

≈ 0.12 0.02=0.05 560 670 6.2 203 × 64 2052 0.8688 [25]
0.01=0.05 390 540 4.5 203 × 64 2259 0.8677 [26]

0.007=0.05 320 500 3.8 203 × 64 2110 0.8678 [27]
0.005=0.05 270 470 3.8 243 × 64 2099 0.8678 [28]

≈ 0.09 0.0124=0.031 500 550 5.8 283 × 96 1996 0.8788 [29]
0.0062=0.031 350 420 4.1 283 × 96 1931 0.8782 [30]

0.00465=0.031 310 380 4.1 323 × 96 984 0.8781 [31]
0.0031=0.031 250 330 4.2 403 × 96 1015 0.8779 [32]

0.00155=0.031 180 280 4.8 643 × 96 791 0.877805 [33]
≈ 0.06 0.0072=0.018 450 470 6.3 483 × 144 593 0.8881 [34]

0.0036=0.018 320 340 4.5 483 × 144 673 0.88788 [35]
0.0025=0.018 260 290 4.4 563 × 144 801 0.88776 [36]
0.0018=0.018 220 260 4.3 643 × 144 827 0.88764 [37]

≈ 0.045 0.0028=0.014 320 330 4.6 643 × 192 801 0.89511 [38]

TABLE II. Parameters of the heavy valence quarks. The approximate lattice spacing and bare sea-quark masses in
the first two columns identify the ensemble. The remaining columns show the coefficient of the clover term in the
SW action cSW, the bare hopping-parameter κ, and the rotation parameter in the current d1. The primes on κ
distinguish the simulation from the physical values.

≈a (fm) am̂0=am0s cSW κ0b d1b κ0c d1c

0.12 0.02=0.05 1.525 0.0918 0.09439 0.1259 0.07539
0.12 0.01=0.05 1.531 0.0901 0.09334 0.1254 0.07724
0.12 0.007=0.05 1.530 0.0901 0.09332 0.1254 0.07731
0.12 0.005=0.05 1.530 0.0901 0.09332 0.1254 0.07733
0.09 0.0124=0.031 1.473 0.0982 0.09681 0.1277 0.06420
0.09 0.0062=0.031 1.476 0.0979 0.09677 0.1276 0.06482
0.09 0.00465=0.031 1.477 0.0977 0.09671 0.1275 0.06523
0.09 0.0031=0.031 1.478 0.0976 0.09669 0.1275 0.06537
0.09 0.00155=0.031 1.4784 0.0976 0.09669 0.1275 0.06543
0.06 0.0072=0.018 1.4276 0.1048 0.09636 0.1295 0.05078
0.06 0.0036=0.018 1.4287 0.1052 0.09631 0.1296 0.05055
0.06 0.0025=0.018 1.4293 0.1052 0.09633 0.1296 0.05070
0.06 0.0018=0.018 1.4298 0.1052 0.09635 0.1296 0.05076
0.045 0.0028=0.014 1.3943 0.1143 0.08864 0.1310 0.03842

B → Dlν FORM FACTORS AT NONZERO … PHYSICAL REVIEW D 92, 034506 (2015)

034506-5

• MILC 2+1 asqtad improved staggered quarks
• Fermilab action for heavy quarks
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triangle, the opposite side jVub=Vcbj is poorly determined,
and the uncertainty is currently dominated by jVubj. This is
due to the fact that charmless decays of the B meson have
far smaller branching fractions than the charmed decays, as
well as the fact that the theoretical calculations are less
precise than for sin 2β, jVusj, or jVcbj. Currently the most
precise determination of jVubj is obtained from charmless
semileptonic B decays, using exclusive or inclusive
methods that rely on the measurements of the branching
fractions and the corresponding theoretical inputs.
Exclusive determinations require knowledge of the form
factors, while inclusive determinations rely on the operator
product expansion, perturbative QCD, and nonperturbative
input from experiments. There is a longstanding discrep-
ancy between jVubj determined from inclusive and exclu-
sive decays: the central values from these two approaches
differ by about 3σ. It was argued in Ref. [3] that this tension
is unlikely to be due to new physics effects, and it is
therefore important to examine the (theoretical and exper-
imental) inputs to the jVubj determinations. With the result
obtained in this paper, the tension is reduced to 2.4σ.
In the limit of vanishing lepton mass, the Standard

Model prediction for the differential decay rate of the
exclusive semileptonic B → πlν decay is given by

dΓðB → πlνÞ
dq2

¼ G2
FjVubj2

24π3
jpπj3jfþðq2Þj2; ð1:1Þ

where jpπj ¼ 1
2MB

½ðM2
B þM2

π − q2Þ2 − 4M2
BM

2
π&1=2 is the

pion momentum in the B-meson rest frame. To determine
jVubj, the form factor jfþðq2Þj must be calculated with
nonperturbative methods. The first unquenched lattice
calculations of jfþðq2Þj with 2þ 1 dynamical sea quarks
were performed by HPQCD [4] and the Fermilab/MILC
collaborations [5] several years ago. Here we extend and
improve Ref. [5] in several ways.
The most recent exclusive determination of jVubj from

the Heavy Flavor Averaging Group (HFAG) [6] is based on
combined lattice plus experiment fits and yields
jVubj ¼ ð3.28' 0.29Þ × 10−3, where the error includes
both the experimental and theoretical uncertainties. The
experimental data included in the average are the BABAR
untagged six-q2-bin data [7], the BABAR untagged twelve-
q2-bin data [8], the Belle untagged data [9], and the Belle
hadronic tagged [10] data. The theoretical errors on the
form factors from lattice QCD [5] are currently the
dominant source of uncertainty in jVubj [11]. Hence, a
new lattice calculation of fþðq2Þ with improved statistical
and systematic errors is desirable.1 To compare, the value of
jVubj from the inclusive method quoted by HFAG is about
ð4.40' 0.20Þ × 10−3 [6] using the theory of Ref. [15].

In this paper, we present a new lattice-QCD calculation
of the B → πlν semileptonic form factors and a determi-
nation of jVubj. Our calculation shares some features with
the previous Fermilab/MILC calculation [5] but makes
several improvements. We quadruple the statistics on the
previously used ensembles and improve our strategy for
extracting the form factors by including excited states in
our three-point correlator analysis. In addition, we include
twice as many ensembles in this analysis. The new
ensembles have smaller lattice spacings, with the smallest
lattice spacing decreased by half. This analysis also
includes ensembles with light sea-quark masses that are
much closer to their physical values (ml=ms ¼ 0.05 versus
0.1). The smaller lattice spacings and light-quark masses
provide much better control over the dominant systematic
error due to the chiral-continuum extrapolation. We find
that heavy-meson rooted staggered chiral perturbation
theory (HMrSχPT) in the SU(2) and hard-pion limits
provides a satisfactory description of our data. All
together, these improvements reduce the error on the
form factors by a factor of about 3. Finally, we introduce a
new functional method for the extrapolation over the full
kinematic range.
The determination of jVubj from a combined fit to our

lattice form factors together with experimental measure-
ments also yields a very precise determination of the vector
and scalar form factors over the entire kinematic range.
These form factors will be valuable input to other phe-
nomenological applications in the Standard Model and
beyond. An example is the rare decay B → πlþl−, which
we will discuss in a separate paper.
Because our primary goal in this work was a reliable and

precise determination of jVubj, we employed a blinding
procedure to minimize subjective bias. At the stage of
matching between the lattice and continuum vector cur-
rents, a slight multiplicative offset was applied to the data
that was only known to two of the authors. The numerical
value of the blinding factor was only disclosed after the
analysis and error-estimation procedure, including the
determination of jVubj, were essentially finalized.
This paper is organized as follows: In Sec. II, we present

our calculation of the form factors. We describe the lattice
actions, currents, simulation parameters, correlation func-
tions, and fits to extract the matrix elements, renormaliza-
tion of the currents, and adjustment of the form factors to
correct for quark-mass mistunings. In Sec. III, we present
the combined chiral-continuum extrapolation, followed by
an itemized presentation of our complete error budget in
Sec. IV. We then extrapolate the form factors to the full q2

range through the functional z expansion method in Sec. V.
We also perform fits to lattice and experimental data
simultaneously to obtain jVubj. We conclude with a
comparison to other results and discussion of the future
outlook in Sec. VI. Preliminary reports of this work can be
found in Refs. [16,17].

1Note that there are several other efforts with 2 [12] and 2þ 1
flavors of sea quarks [13,14].

JON. A. BAILEY et al. PHYSICAL REVIEW D 92, 014024 (2015)

014024-2

• Differential decay rate of the exclusive decay
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where P ¼ B, π labels the pseudoscalar meson, the
operators OPðO†

PÞ annihilate (create) the states with
the quantum numbers of the pseudoscalar meson P on
the lattice, and J ¼ Vμ, Tμν are the lattice currents.
For the B meson, we use a mixed-action interpolating

operator OB which is a combination of a Wilson clover
bottom quark and a staggered light quark [5]:

OBðxÞ ¼
X

y

ψ̄ðyÞSðy; xÞγ5ΩðxÞχðxÞ; ð2:11Þ

where ΩðxÞ ¼ γx11 γ
x2
2 γ

x3
3 γ

x4
4 , x ¼ ðx; tÞ, and Sðx; yÞ is a

smearing function. For the pion, we use the operator

OπðxÞ ¼ ð−1Þ
P

4

i¼1
xi χ̄ðxÞχðxÞ; ð2:12Þ

which is constructed from two 1-component staggered
quarks.
The current operators are constructed in a similar way:

VμðxÞ ¼ Ψ̄ðxÞγμΩðxÞχðxÞ and ð2:13Þ

TμνðxÞ ¼ Ψ̄ðxÞσμνΩðxÞχðxÞ; ð2:14Þ

where the heavy quark field spinor Ψ is rotated to remove
tree-level OðaÞ discretization effects, via [31]

ΨðxÞ ¼ ð1þ ad1γ · DlatÞψ : ð2:15Þ

Figure 2 illustrates the three-point correlation function
used to obtain the lattice form factors. The current operator
J is inserted between the b- and l-quark lines. The three-
point functions depend on both the current insertion time t
and the temporal separation T between the π and Bmesons.
The signal-to-noise ratio is largely determined by T. A
convenient approach is to fix the source-sink separation T
in the simulations and then insert the current operators at
every time slice in between. The source-sink separations T

at different lattice spacings, sea-quark masses, and recoil
momenta are chosen to be approximately the same in
physical units. To minimize statistical uncertainties and
reduce excited-state contamination, we tested data with
different source-sink separations before choosing those
shown in Table II. The B meson is at rest in our simulation,
while the daughter pion is either at rest or has a small three-
momentum. The light-quark propagator is computed from a
point source so that one inversion of the Dirac operator can
be used to obtain multiple momenta. The spatial source
location is varied randomly from one configuration to the
next to minimize autocorrelations. The b-quark source is
always implemented with smearing based on a Richardson
1S wave function [39] after fixing to Coulomb gauge. We
compute both the two-point function Cπðt; pÞ and the three-
point function CJðt; T; pÞ at several of the lowest possible
pion momenta in a finite box: p ¼ ð2π=LÞð0; 0; 0Þ,
ð2π=LÞð1; 0; 0Þ, ð2π=LÞð1; 1; 0Þ, ð2π=LÞð1; 1; 1Þ, and
ð2π=LÞð2; 0; 0Þ, where contributions from each momentum
are averaged over permutations of components. We find the
correlation functions with momentum ð2π=LÞð2; 0; 0Þ too
noisy to be useful, so we exclude these data from our
analysis.

D. Two-point and three-point correlator fits

In this subsection, we describe how to extract the desired
matrix element from two- and three-point correlation
functions. With our choice for the valence-quark actions
and for the interpolating operators, the two- and three-point
functions take the form [40]

CPðt; pÞ ¼
X∞

n¼0

ð−1Þnðtþ1ÞjZðnÞ
P ðpÞj2

× ½e−E
ðnÞ
P ðpÞt þ e−E

ðnÞ
P ðpÞðNt−tÞ&; ð2:16Þ

CJðt; T; pÞ ¼
X∞

m;n¼0

ð−1Þmðtþ1Þð−1ÞnðT−t−1ÞZðmÞ
π ðpÞ

×MðmnÞ
J ZðnÞ

B ð0Þe−E
ðmÞ
π ðpÞt−MðnÞ

B ðT−tÞ; ð2:17Þ

where Nt is the temporal length of the lattice, and

ZðnÞ
P ðpÞ ¼ jh0jOPjPðnÞðpÞijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðnÞ
p ðpÞ

q ; ð2:18Þ

MðmnÞ
J ¼ hπðmÞðpÞjJjBðnÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðmÞ
π ðpÞ

q ffiffiffiffiffiffiffiffiffiffiffiffi
2MðnÞ

B

q : ð2:19Þ

Note that due to the staggered action used for the light
quarks, the meson interpolating operators also couple to the
positive-parity (scalar) states which oscillate in Euclidean
times t and T with the factors ð−1Þnðtþ1Þ and ð−1ÞnðT−tÞ.

FIG. 2. Illustrative diagram for the three-point correlation
functions.
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were performed by HPQCD [4] and the Fermilab/MILC
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The most recent exclusive determination of jVubj from

the Heavy Flavor Averaging Group (HFAG) [6] is based on
combined lattice plus experiment fits and yields
jVubj ¼ ð3.28' 0.29Þ × 10−3, where the error includes
both the experimental and theoretical uncertainties. The
experimental data included in the average are the BABAR
untagged six-q2-bin data [7], the BABAR untagged twelve-
q2-bin data [8], the Belle untagged data [9], and the Belle
hadronic tagged [10] data. The theoretical errors on the
form factors from lattice QCD [5] are currently the
dominant source of uncertainty in jVubj [11]. Hence, a
new lattice calculation of fþðq2Þ with improved statistical
and systematic errors is desirable.1 To compare, the value of
jVubj from the inclusive method quoted by HFAG is about
ð4.40' 0.20Þ × 10−3 [6] using the theory of Ref. [15].

In this paper, we present a new lattice-QCD calculation
of the B → πlν semileptonic form factors and a determi-
nation of jVubj. Our calculation shares some features with
the previous Fermilab/MILC calculation [5] but makes
several improvements. We quadruple the statistics on the
previously used ensembles and improve our strategy for
extracting the form factors by including excited states in
our three-point correlator analysis. In addition, we include
twice as many ensembles in this analysis. The new
ensembles have smaller lattice spacings, with the smallest
lattice spacing decreased by half. This analysis also
includes ensembles with light sea-quark masses that are
much closer to their physical values (ml=ms ¼ 0.05 versus
0.1). The smaller lattice spacings and light-quark masses
provide much better control over the dominant systematic
error due to the chiral-continuum extrapolation. We find
that heavy-meson rooted staggered chiral perturbation
theory (HMrSχPT) in the SU(2) and hard-pion limits
provides a satisfactory description of our data. All
together, these improvements reduce the error on the
form factors by a factor of about 3. Finally, we introduce a
new functional method for the extrapolation over the full
kinematic range.
The determination of jVubj from a combined fit to our

lattice form factors together with experimental measure-
ments also yields a very precise determination of the vector
and scalar form factors over the entire kinematic range.
These form factors will be valuable input to other phe-
nomenological applications in the Standard Model and
beyond. An example is the rare decay B → πlþl−, which
we will discuss in a separate paper.
Because our primary goal in this work was a reliable and

precise determination of jVubj, we employed a blinding
procedure to minimize subjective bias. At the stage of
matching between the lattice and continuum vector cur-
rents, a slight multiplicative offset was applied to the data
that was only known to two of the authors. The numerical
value of the blinding factor was only disclosed after the
analysis and error-estimation procedure, including the
determination of jVubj, were essentially finalized.
This paper is organized as follows: In Sec. II, we present

our calculation of the form factors. We describe the lattice
actions, currents, simulation parameters, correlation func-
tions, and fits to extract the matrix elements, renormaliza-
tion of the currents, and adjustment of the form factors to
correct for quark-mass mistunings. In Sec. III, we present
the combined chiral-continuum extrapolation, followed by
an itemized presentation of our complete error budget in
Sec. IV. We then extrapolate the form factors to the full q2

range through the functional z expansion method in Sec. V.
We also perform fits to lattice and experimental data
simultaneously to obtain jVubj. We conclude with a
comparison to other results and discussion of the future
outlook in Sec. VI. Preliminary reports of this work can be
found in Refs. [16,17].

1Note that there are several other efforts with 2 [12] and 2þ 1
flavors of sea quarks [13,14].
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II. LATTICE-QCD SIMULATION

In this section, we describe the details of the lattice
simulation. We briefly describe the calculation of the form
factors in Sec. II A. We also calculate the tensor form
factor, which follows an analysis similar to that of the
vector and scalar form factors. The tensor form factor enters
the Standard Model rate for B → πlþl− decay, and our
final result for fT will be presented in a forthcoming paper.
In Sec. II B, we introduce the actions and simulation
parameters used in this analysis. This is followed, in
Sec. II C, by a brief discussion of the currents and lattice
correlation functions. The correlator fits to extract the
lattice form factors are provided in Sec. II D. In Sec. II E,
we discuss the renormalization of the lattice currents. In
Sec. II F, we correct the form factors a posteriori to account
for the mistuning of the simulated heavy b-quark mass.

A. Form-factor definitions

The vector and tensor hadronic matrix elements relevant
for B → π semileptonic decays can be parametrized by the
following three form factors:

hπðpπÞjVμjBðpBÞi ¼
!
pμ
B þ pμ

π −
M2

B −M2
π

q2
qμ
"
fþðq2Þ

þM2
B −M2

π

q2
qμf0ðq2Þ; ð2:1Þ

hπðpπÞjTμνjBðpBÞi ¼
2

MB þMπ
ðpμ

Bp
ν
π − pν

Bp
μ
πÞfTðq2Þ;

ð2:2Þ

where Vμ ¼ q̄γμb, and T μν ¼ iq̄σμνb. In lattice gauge
theory and in chiral perturbation theory, it is convenient
to parametrize the vector-current matrix elements by [18]

hπðpπÞjVμjBðpBÞi ¼
ffiffiffiffiffiffiffiffiffiffi
2MB

p
½vμf∥ðEπÞ þ pμ

π;⊥f⊥ðEπÞ&;

ð2:3Þ

where vμ ¼ pμ
B=MB is the four-velocity of the Bmeson and

pμ
π;⊥ ¼ pμ

π − ðpπ · vÞvμ is the projection of the pion
momentum in the direction perpendicular to vμ. The pion
energy is related to the lepton momentum transfer q2 by
Eπ ¼ pπ · v ¼ ðM2

B þM2
π − q2Þ=ð2MBÞ. With this setup,

we have

f∥ðEπÞ ¼
hπðpπÞjV4jBðpBÞiffiffiffiffiffiffiffiffiffiffi

2MB
p ; ð2:4Þ

f⊥ðEπÞ ¼
hπðpπÞjVijBðpBÞiffiffiffiffiffiffiffiffiffiffi

2MB
p 1

pi
π
; ð2:5Þ

fTðq2Þ ¼
MB þMπffiffiffiffiffiffiffiffiffiffi

2MB
p hπðpπÞjT 4ijBðpBÞiffiffiffiffiffiffiffiffiffiffi

2MB
p 1

pi
π
; ð2:6Þ

where no summation is implied by the repeated indices
here. The form factors fþ and f0 are

fþðq2Þ ¼
1ffiffiffiffiffiffiffiffiffiffi
2MB

p ½f∥ þ ðMB − EπÞf⊥&; ð2:7Þ

f0ðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffi
2MB

p

M2
B −M2

π
½ðMB − EπÞf∥ þ ðE2

π −M2
πÞf⊥&:

ð2:8Þ

B. Actions and parameters

The lattice gauge-field configurations we use have been
generated by the MILC Collaboration [19–21], and some of
their properties are listed in Table I. These twelve

TABLE I. Parameters of the MILC asqtad gauge-field ensembles used in this analysis. From left to right:
Approximate lattice spacing a in fm, the (light/strange)-quark mass ratio am0

l=am
0
h, the coupling constant β, the

tadpole parameter u0 determined from the plaquette, lattice volume, the number of configurations Ncfg, MπL (L is
the spatial length of the lattice), and the number of configurations of the four ensembles that were used in Ref. [5].

≈a (fm) am0
l=am

0
h β u0 Volume Ncfg MπL Ncfg (Ref. [5])

0.12 0.01=0.05 6.760 0.8677 203 × 64 2259 4.5 592
0.007=0.05 6.760 0.8678 203 × 64 2110 3.8 836
0.005=0.05 6.760 0.8678 243 × 64 2099 3.8 529

0.09 0.0062=0.031 7.090 0.8782 283 × 96 1931 4.1 557
0.00465=0.031 7.085 0.8781 323 × 96 984 4.1
0.0031=0.031 7.080 0.8779 403 × 96 1015 4.2
0.00155=0.031 7.075 0.877805 643 × 96 791 4.8

0.06 0.0072=0.018 7.480 0.8881 483 × 144 593 6.3
0.0036=0.018 7.470 0.88788 483 × 144 673 4.5
0.0025=0.018 7.465 0.88776 563 × 144 801 4.4
0.0018=0.018 7.460 0.88764 643 × 144 827 4.3

0.045 0.0028=0.014 7.810 0.89511 643 × 192 801 4.6

jVubj FROM B → πlν DECAYS AND … PHYSICAL REVIEW D 92, 014024 (2015)
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• Two-point and three-point correlation functions
• Fit including excited states
• Match lattice currents to continuum QCD
• Correct for possible heavy quark mistuning
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effects from the heavy b quark need a separate treatment.
Heavy-quark discretization errors arise from the short-
distance mismatch of higher-dimension Lagrangian and
current operators [41,42]. By power counting, such mis-
matches are of Oða2Λ2Þ or OðαsaΛÞ where Λ is a QCD
scale appropriate for the heavy-quark expansion. We follow
the same method for incorporating the heavy-quark dis-
cretization effects described in Ref. [37] and include the
following error function in Eq. (3.1):

δfHQJ ¼ ðzJEfE þ zJXfX þ zJYfYÞðaΛÞ2

þ ðzJBfB þ zJ3f3ÞðαsaΛÞ þ zJ0αsðaΛÞ2; ð3:15Þ

where the mismatch functions fE;X;Y;B;3 are given in the
appendix of Ref. [37]. The error functions fB;E arise from
mismatches of operators in the Lagrangian, while functions
fX;Y;3 arise from those of the vector current. The last term in
Eq. (3.15) accounts for higher-order heavy-quark and
generic light-quark and gluon errors not included in
Eq. (3.14), which is of the order αsðaΛÞ2. The fit

parameters are constrained with priors: 0% 1 for
zY; zB; z0 and 0%

ffiffiffi
2

p
for zX; z3; the latter two are wider

because the functions fX and f3 both appear twice [42].
To summarize, after incorporating the heavy-quark

discretization effects, the complete NNLO SU(2) hard-
pion HMrSχPT expression is

fNNLOþHQ
J ¼ fNNLOJ × ð1þ δfHQJ Þ; ð3:16Þ

where fNNLOJ is defined in Eq. (3.14). With this treatment,
the uncertainty due to truncating the chiral expansion at
NNLO (cf. Sec. IV below), NNLO light-quark and gluon
discretization effects, and LO heavy-quark discretization
effects are incorporated in the fit error of the chiral-
continuum extrapolation. The fits for f⊥, f∥, and fT to
Eq. (3.16) are shown in Fig. 11.
To examine the size of discretization effects, we plot the

form factors f⊥ and f∥ with light-quark mass m0
l ¼ 0.2m0

h
at each lattice spacing versus a2 in Fig. 12. As we can see
from the plots, the observed lattice-spacing dependence is
very mild, with the data points at the largest lattice spacing
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FIG. 11 (color online). Chiral-continuum extrapolation of lattice form factors f⊥ (upper left), f∥ (lower left), and fT (lower right) as
functions of Eπ , where all quantities are in r1 units. The colors denote the lattice spacings: 0.12 fm (gold), 0.09 fm (green), 0.06 fm
(blue), and 0.045 fm (violet). The symbols denote the light-quark masses m0

l=m
0
h: 0.05 (diamond), 0.1 (circle), 0.15 (square), 0.2

(downward-pointing triangle), and 0.4 (upward-pointing triangle). The colored lines correspond to the fit results evaluated at the
parameters of the ensembles. The physical-mass continuum-limit curve is shown as a black curve with cyan error band.
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(a ≈ 0.12 fm) only about two statistical σ away from the
continuum limit.

IV. SYSTEMATIC ERROR BUDGET

The error output from the central-value fit described in
Sec. III C already includes the systematic errors due to the
light- and heavy-quark discretization effects and the
uncertainty on gB!Bπ. We now discuss other sources of
systematic uncertainty. We tabulate systematic error budg-
ets for fþ and f0 at a representative kinematic point q2 ¼
20 GeV2 within the range of lattice data in Table X. We
also present the error budget for the full simulated lattice
momentum range in Fig. 17.

A. Chiral-continuum extrapolation

As discussed above, our central fit uses NNLO3 SU(2)
hard-pion HMrSχPT including contributions from heavy-
quark discretization effects and the uncertainty in gB!Bπ .
Here we consider variations of the fit function and the data
included to estimate truncation and other systematic effects.
First, we study the effects of truncating the chiral

expansion by adding next-to-NNLO (NNNLO) analytic
terms δfNNNLOJ;analytic in our fits with coefficients constrained
with the same priors as the NNLO coefficients. The
variations in fþ due to changing the order of the χPT
analytic terms are shown in Fig. 13. The fits of different
orders are consistent in the q2 region where most of the
simulation data are located. Although the central values and
errors differ noticeably between the NLO and NNLO fits,
the central values and errors of the NNNLO fit are very
close to the NNLO fit, indicating that the chiral extrapo-
lation has stabilized by NNLO. As discussed earlier, the

NLO coefficients are well determined by the data, and we
use well-motivated priors based on expectations from χPT
for the NNLO and higher-order terms. The fact that the
error saturates with NNLO shows that the preferred fit
already incorporates the uncertainty from truncating the
chiral expansion, and that we do not need to add an
additional systematic error. The NNLO fit error as a
function of q2 is shown in Fig. 14.
The standard soft-pion HMrSχPT fits of f⊥ have

reasonable confidence levels, but those of f∥ do not.
Here we estimate the effect of using the hard-pion formal-
ism by using standard HMrSχPT for f⊥ but still employing
hard-pion χPT for f∥. The resulting difference from the
preferred fit is small, less than 1% for fþ. The same
conclusion also holds for the form factor f0.
We use SU(2) χPT, instead of SU(3) χPT, for our central

fit. To estimate the effect of this choice, we restore the
strange-quark dependence of the logarithm and analytic
terms in Eq. (3.1). A practical issue arises with NNLO SU
(3) χPT, where the terms proportional to the sea-quark
mass, χsea, are not well constrained by our data because the
strange sea-quark mass m0

h is so similar on all of our
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FIG. 12 (color online). Discretization effects in the form factor f⊥ (left) and f∥ (right) at a few kinematic points. The plots show the
form factors on the m0

l ¼ 0.2m0
h ensembles at each lattice spacing versus a2 for various pion momenta (a slight extrapolation/

interpolation is applied to adjust the raw data to the same Eπr1). The range Eπr1 ∈ ½0.28; 1.2% is used in the q2 extrapolation to the full
kinematic range.

TABLE X. Error budgets of form factors fþ and f0 at
q2 ¼ 20 GeV2.

Uncertainty δfþ δf0

Statisticalþ χPTþ HQþ gB!Bπ 3.1 3.8
Scale r1 0.5 0.7
Nonperturbative ZV4

bb
0.4 0.6

Nonperturbative ZV4
ll

0.4 0.4
Perturbative ρ 1.0 1.0
Heavy-quark mass mistuning 0.4 0.4
Light-quark mass tuning 0.4 0.2
Total 3.4 4.13NLOþ NNLO analytic terms.
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• Lattice errors are smaller in the high-q2 region, while the 
experimental errors are smaller in the low-q2 region

• Use z-expansion to remap the lattice data
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calculations in Fig. 18. Our result for fþ agrees with
previous results obtained at q2 ≳ 17 GeV2 from
Refs. [4,5,13], but is more precise. Our result for f0 is
consistent with Ref. [13], but not with Ref. [4].

V. z EXPANSION AND DETERMINATION OF jVubj

The chiral-continuum extrapolation described in the
previous sections yields the form factors in the range
17 GeV2 ≤ q2 ≤ 26 GeV2. In this section, we extrapolate
them to the full kinematic range using the model-
independent z expansion. The form factors resulting
from the chiral-continuum extrapolation are functions
specified by a set of parameters. One could, in principle,
incorporate the z expansion with the χPT expansion from
the outset (see, e.g., Ref. [56]). With such an approach,
however, the coefficients of the z expansion will have a
nontrivial dependence on ml and a that must be derived
from the underlying chiral effective theory. Because the
dependence of the coefficients on a and ml is unknown,
we instead carry out the extrapolation in two steps, taking
the chiral-continuum-extrapolated results and feeding
them into the z expansion. We introduce a functional
method to perform the z expansion. We also apply the z
expansion to the experimental data and, after verifying
that the fits to experiment and to lattice QCD are
consistent, we carry out a combined fit to obtain
jVubj. A byproduct of the last step is a precise determi-
nation for fþðq2Þ constrained by lattice QCD at high q2

and experiment at low q2.

A. z expansions of heavy-light semileptonic form factors

The z expansion involves mapping the variable q2 to a
new variable z by [57]

zðt; t0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
− ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ; ð5:1Þ

where t% ¼ ðMB %MπÞ2, and t0 is chosen for convenience
below. This change of variables maps the whole complex
q2 plane onto the unit disk in the z plane, where the upper
(lower) path along the branch cut ½tþ;∞Þ is mapped to the
lower (upper) half of the circle enclosing the unit disk in the
complex z plane. Choosing t0 ¼ ðMB þMπÞð

ffiffiffiffiffiffiffi
MB

p
−ffiffiffiffiffiffiffi

Mπ
p

Þ2 centers the full kinematic range for semileptonic
B → πlν decay around the origin z ¼ 0 and, moreover,
restricts z to jzj < 0.28. The small, bounded interval,
together with a constraint from unitarity ensures conver-
gence of the expansion. As discussed below, we find in
practice that the convergence is rapid.
The form factors fþ and f0 are analytic in z except for

the branch cut ½tþ;∞Þ and poles in ½t−; tþ'. We can write

PiðzÞϕiðzÞfi ¼
X

n

anzn; ð5:2Þ

where PiðzÞ; i ¼ þ; 0, are the Blaschke factors, which are
introduced to remove the poles of fi in the region ½t−; tþ';
and ϕiðzÞ are the outer functions [57,58]. We choose simple
outer functions ϕþ;0 ¼ 1 and employ the following for-
mulas to expand the form factors:

fþðzÞ ¼
1

1 − q2ðzÞ=M2
B(

XNz−1

n¼0

bþj

"
zn − ð−1Þn−Nz

n
Nz

zNz

#
;

ð5:3Þ

f0ðzÞ ¼
XNz

n¼0

b0nzn: ð5:4Þ
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FIG. 18 (color online). Comparison of fþ (left) and f0 (right) from this work with previous lattice-QCD calculations by HPQCD [4],
Fermilab/MILC [5], and RBC/UKQCD [13].
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Model partial branching fraction is τBdΓ=dq2, where
dΓ=dq2 is defined in Eq. (1.1). The contribution from
f0 is negligible due to the small lepton mass. Given fþðq2Þ,
the branching fraction in the ith q2 bin ½q2i ; q2iþ1% is

ΔBfit
i ¼ C2

BjVubj2
Z

q2iþ1

q2i

jpπðq2Þj3jfþðq2Þj2dq2; ð5:23Þ

where C2
B ¼ ðτBG2

FÞ=ð24π3Þ is a constant. For the com-
bined lattice plus experiment z fit, we define a χ2 for the
experimental measurements ΔBexp

i as

χ2exp ¼
X

i;j

ðΔBexp
i − ΔBfit

i ÞCov
exp
ij ðΔBexp

j − ΔBfit
j Þ; ð5:24Þ

where ΔBexp
i is the experimentally measured branching

fraction in the ith q2 bin (i is a shorthand notation for each
bin in each experiment included in the fit) and Covexp is the
experimental covariance matrix, including the statistical
and all systematic errors.
We use the experimental results compiled by the Heavy

Flavor Averaging Group (HFAG) [6]: BABAR untagged

6-bin analysis (2011) [7], Belle untagged 13-bin analysis
(2011) [9], BABAR untagged 12-bin analysis (2012) [8],
and Belle tagged analysis with 13 bins for the B0 and 7 bins
for the B− mode (2013) [10]. For convenience in the fit, we
assume isospin symmetry to convert the Belle tagged B−

data to the B0 mode via

ΔBðB0 → πþl−νÞBelle;B− ¼ 2
τB0

τB−
ΔBðB− → π0l−νÞ;

ð5:25Þ

where τB0 ¼ 1.519ð7Þ ps and τB− ¼ 1.641ð8Þ ps are from
the PDG [66].
We omit systematic correlations between the BABAR and

Belle analyses, because they do not share any major
systematic errors. The BABAR 6-bin and 12-bin data have
very small overlaps in the selection of samples, so the
statistical errors can be considered approximately uncorre-
lated. There is some systematic correlation between the two
analyses, which is, however, supposed to be insignificant
[67]. The Belle untagged and tagged data are also largely
uncorrelated because the dominant source of systematic
errors in these two measurements are very different. In
summary, we take the four experimental analyses as
independent measurements.
On the other hand, there are systematic correlations

between the two isospin modes of the Belle tagged data,
which we estimate as follows: Let ΔB−

i and ΔB0
α be the

branching fractions in the ith and αth bin of the charged and
neutral decay modes, respectively. Let σ−x ; σ0x be the
systematic uncertainties of the two modes from source x,
and let r−0x be the correlation between them. Then we
estimate the off-block-diagonal elements of the systematic
error covariance matrix by

Siα ¼
X

x∈all sys
r−0x ðσ−x σ0xΔB−

i ΔB0
αÞ; ð5:26Þ

where the sum is over all sources of systematic errors.
That said, only a few of the systematic errors contribute
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FIG. 23 (color online). z-fit results for the form factors f0 and
fþ as functions of z.

TABLE XIV. Central values, errors, and correlation matrix of the coefficients of fþ and f0 from the Nz ¼ 4
lattice-only z fit with the kinematic constraint.

bþ0 bþ1 bþ2 bþ3 b00 b01 b02 b03
0.407(15) −0.65ð16Þ −0.46ð88Þ 0.4(1.3) 0.507(22) −1.77ð18Þ 1.27(81) 4.2(1.4)

bþ0 1 0.451 0.161 0.102 0.331 0.346 0.292 0.216
bþ1 1 0.757 0.665 0.430 0.817 0.854 0.699
bþ2 1 0.988 0.482 0.847 0.951 0.795
bþ3 1 0.484 0.833 0.913 0.714
b00 1 0.447 0.359 0.189
b01 1 0.827 0.500
b02 1 0.838
b03 1
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• Lattice errors are smaller in the high-q2 region, while the 
experimental errors are smaller in the low-q2 region

• Use z-expansion to remap the lattice data
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calculations in Fig. 18. Our result for fþ agrees with
previous results obtained at q2 ≳ 17 GeV2 from
Refs. [4,5,13], but is more precise. Our result for f0 is
consistent with Ref. [13], but not with Ref. [4].

V. z EXPANSION AND DETERMINATION OF jVubj

The chiral-continuum extrapolation described in the
previous sections yields the form factors in the range
17 GeV2 ≤ q2 ≤ 26 GeV2. In this section, we extrapolate
them to the full kinematic range using the model-
independent z expansion. The form factors resulting
from the chiral-continuum extrapolation are functions
specified by a set of parameters. One could, in principle,
incorporate the z expansion with the χPT expansion from
the outset (see, e.g., Ref. [56]). With such an approach,
however, the coefficients of the z expansion will have a
nontrivial dependence on ml and a that must be derived
from the underlying chiral effective theory. Because the
dependence of the coefficients on a and ml is unknown,
we instead carry out the extrapolation in two steps, taking
the chiral-continuum-extrapolated results and feeding
them into the z expansion. We introduce a functional
method to perform the z expansion. We also apply the z
expansion to the experimental data and, after verifying
that the fits to experiment and to lattice QCD are
consistent, we carry out a combined fit to obtain
jVubj. A byproduct of the last step is a precise determi-
nation for fþðq2Þ constrained by lattice QCD at high q2

and experiment at low q2.

A. z expansions of heavy-light semileptonic form factors

The z expansion involves mapping the variable q2 to a
new variable z by [57]

zðt; t0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
− ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ; ð5:1Þ

where t% ¼ ðMB %MπÞ2, and t0 is chosen for convenience
below. This change of variables maps the whole complex
q2 plane onto the unit disk in the z plane, where the upper
(lower) path along the branch cut ½tþ;∞Þ is mapped to the
lower (upper) half of the circle enclosing the unit disk in the
complex z plane. Choosing t0 ¼ ðMB þMπÞð

ffiffiffiffiffiffiffi
MB

p
−ffiffiffiffiffiffiffi

Mπ
p

Þ2 centers the full kinematic range for semileptonic
B → πlν decay around the origin z ¼ 0 and, moreover,
restricts z to jzj < 0.28. The small, bounded interval,
together with a constraint from unitarity ensures conver-
gence of the expansion. As discussed below, we find in
practice that the convergence is rapid.
The form factors fþ and f0 are analytic in z except for

the branch cut ½tþ;∞Þ and poles in ½t−; tþ'. We can write

PiðzÞϕiðzÞfi ¼
X

n

anzn; ð5:2Þ

where PiðzÞ; i ¼ þ; 0, are the Blaschke factors, which are
introduced to remove the poles of fi in the region ½t−; tþ';
and ϕiðzÞ are the outer functions [57,58]. We choose simple
outer functions ϕþ;0 ¼ 1 and employ the following for-
mulas to expand the form factors:

fþðzÞ ¼
1

1 − q2ðzÞ=M2
B(

XNz−1

n¼0

bþj

"
zn − ð−1Þn−Nz

n
Nz

zNz

#
;

ð5:3Þ

f0ðzÞ ¼
XNz

n¼0

b0nzn: ð5:4Þ
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FIG. 18 (color online). Comparison of fþ (left) and f0 (right) from this work with previous lattice-QCD calculations by HPQCD [4],
Fermilab/MILC [5], and RBC/UKQCD [13].
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Model partial branching fraction is τBdΓ=dq2, where
dΓ=dq2 is defined in Eq. (1.1). The contribution from
f0 is negligible due to the small lepton mass. Given fþðq2Þ,
the branching fraction in the ith q2 bin ½q2i ; q2iþ1% is

ΔBfit
i ¼ C2

BjVubj2
Z

q2iþ1

q2i

jpπðq2Þj3jfþðq2Þj2dq2; ð5:23Þ

where C2
B ¼ ðτBG2

FÞ=ð24π3Þ is a constant. For the com-
bined lattice plus experiment z fit, we define a χ2 for the
experimental measurements ΔBexp

i as

χ2exp ¼
X

i;j

ðΔBexp
i − ΔBfit

i ÞCov
exp
ij ðΔBexp

j − ΔBfit
j Þ; ð5:24Þ

where ΔBexp
i is the experimentally measured branching

fraction in the ith q2 bin (i is a shorthand notation for each
bin in each experiment included in the fit) and Covexp is the
experimental covariance matrix, including the statistical
and all systematic errors.
We use the experimental results compiled by the Heavy

Flavor Averaging Group (HFAG) [6]: BABAR untagged

6-bin analysis (2011) [7], Belle untagged 13-bin analysis
(2011) [9], BABAR untagged 12-bin analysis (2012) [8],
and Belle tagged analysis with 13 bins for the B0 and 7 bins
for the B− mode (2013) [10]. For convenience in the fit, we
assume isospin symmetry to convert the Belle tagged B−

data to the B0 mode via

ΔBðB0 → πþl−νÞBelle;B− ¼ 2
τB0

τB−
ΔBðB− → π0l−νÞ;

ð5:25Þ

where τB0 ¼ 1.519ð7Þ ps and τB− ¼ 1.641ð8Þ ps are from
the PDG [66].
We omit systematic correlations between the BABAR and

Belle analyses, because they do not share any major
systematic errors. The BABAR 6-bin and 12-bin data have
very small overlaps in the selection of samples, so the
statistical errors can be considered approximately uncorre-
lated. There is some systematic correlation between the two
analyses, which is, however, supposed to be insignificant
[67]. The Belle untagged and tagged data are also largely
uncorrelated because the dominant source of systematic
errors in these two measurements are very different. In
summary, we take the four experimental analyses as
independent measurements.
On the other hand, there are systematic correlations

between the two isospin modes of the Belle tagged data,
which we estimate as follows: Let ΔB−

i and ΔB0
α be the

branching fractions in the ith and αth bin of the charged and
neutral decay modes, respectively. Let σ−x ; σ0x be the
systematic uncertainties of the two modes from source x,
and let r−0x be the correlation between them. Then we
estimate the off-block-diagonal elements of the systematic
error covariance matrix by

Siα ¼
X

x∈all sys
r−0x ðσ−x σ0xΔB−

i ΔB0
αÞ; ð5:26Þ

where the sum is over all sources of systematic errors.
That said, only a few of the systematic errors contribute
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FIG. 23 (color online). z-fit results for the form factors f0 and
fþ as functions of z.

TABLE XIV. Central values, errors, and correlation matrix of the coefficients of fþ and f0 from the Nz ¼ 4
lattice-only z fit with the kinematic constraint.

bþ0 bþ1 bþ2 bþ3 b00 b01 b02 b03
0.407(15) −0.65ð16Þ −0.46ð88Þ 0.4(1.3) 0.507(22) −1.77ð18Þ 1.27(81) 4.2(1.4)

bþ0 1 0.451 0.161 0.102 0.331 0.346 0.292 0.216
bþ1 1 0.757 0.665 0.430 0.817 0.854 0.699
bþ2 1 0.988 0.482 0.847 0.951 0.795
bþ3 1 0.484 0.833 0.913 0.714
b00 1 0.447 0.359 0.189
b01 1 0.827 0.500
b02 1 0.838
b03 1
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yield an accurate description of the form factor over the
full-q2 range and hence a precise determination of jVubj.
The plot shows that the experimental data dominate the
determination of the form-factor shape in the large-z
(small-q2) region while the lattice-QCD form factor domi-
nates the small-z (large-q2) region. In the intermediate
region around q2 ∼ 20 GeV2 (z ∼ 0), the lattice-QCD and
experimental uncertainties are similar in size. This region
is decisive in determining jVubj and, hence, can be used
to estimate the separate contributions from lattice and
experimental data to the jVubj uncertainty. At q2 ¼
20 GeV2, the error on the lattice-QCD form factor fþ is
about 3.4% (see Table X), and the error on fþjVubj from
the experiment-only fit is 2.8% at the same momentum.
Adding these two errors in quadrature gives a total
uncertainty of 4.4%, which is consistent with the error
on jVubj obtained from the full fit, 4.3%. Another estimate
of the individual error contribution to jVubj can be obtained
from the uncertainty on the fit parameters from the separate
lattice-QCD and experiment fits. From the fit to all
experimental data in Table XV, the normalization is
jVubjb0 ¼ ð1.53$ 0.04Þ × 10−3. Similarly, the lattice-only
z fit gives the normalization b0 ¼ 0.407$ 0.015.
Assuming no correlation, one would obtain jVubj ¼
ð3.76$ 0.17Þ × 10−3, which is close to what we obtain
from the combined fit.

VI. RESULTS AND CONCLUSION

Our final result for jVubj, obtained from our preferred z
fit combining our lattice-QCD calculation of the B → πlν
form factor with experimental measurements of the corre-
sponding decay rate, is

jVubj ¼ ð3.72$ 0.16Þ × 10−3: ð6:1Þ

The error includes all experimental and lattice-QCD
uncertainties. The contribution from lattice QCD to the
total error is now comparable to that from experiment.
The error reported here, following HFAG [6], does not
apply the PDG prescription for discrepant data; that
prescription [66] would scale the error by a factor offfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ2=d:o:f:

p
¼ 1.2. As can be seen from Table XVII and

Fig. 26, the low fit quality is due to the tension between
the BABAR11 data set and the others. An inspection of all
the experimental data in Fig. 27 shows that the point near
z ¼ −0.1 in the BABAR11 data set is lower than the
others and a bit more precise than one might have
anticipated, but does not suggest that this or any of
the data sets have any systematic problems.
We compare our determination of jVubjwith other results

in Fig. 28. In particular, our result is consistent with the
recent determination from HFAG using our collaboration’s
2008 form-factor determination [5] obtained from a small
subset of the gauge-field ensembles used in this work. The
difference in the central values is due to a small shift in the
central values for the form factor fþ of this analysis
compared to our previous analysis [5]. As shown in
Fig. 18 (left), the form factor fþ from this analysis is
consistent within errors with the previous analysis, but
shifted slightly downward and with an error smaller by
roughly a factor of 3. The two analyses have very little
statistical and systematic correlation. Our result is also
compatible with Standard Model expectations from CKM
unitarity [70,71]. Although our determination of jVubj is
higher than that in Ref. [5], and thus closer to the
determination from inclusive B → Xu semileptonic decays
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• Lattice errors are smaller in the high-q2 region, while the 
experimental errors are smaller in the low-q2 region

• Use z-expansion to remap the lattice data
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|Vub| determination

[6], the inclusive-exclusive disagreement is still greater
than 2σ.
A byproduct of the combined lattice and experiment fit is

a more precise determination of the vector and scalar form

factors than from the lattice-QCD calculation alone. Both
form factors fþ and f0 are well determined from lattice
QCD in the high-q2 region, and fþ is strongly constrained
by experiment in the low-q2 region. This information is
then transferred to f0 via the kinematic constraint
f0ð0Þ ¼ fþð0Þ. The resulting form factors are shown in
Fig. 29. The corresponding z-expansion coefficients and
their correlations are given in Table XIX. These represent
the present best knowledge of the B → πlν form factors,
and can be used in other phenomenological applications or
to test other nonperturbative QCD calculations.
Future improvements in the determination of the B → π

semileptonic form factor fþ will further reduce the uncer-
tainty on jVubj. If the uncertainty of fB→πlν

þ at q2 ∼
20 GeV2 can be reduced further from 3.4% to 1.5%, we
would expect a precision of 3% in jVubj, using the current
experimental input. With the anticipated improvement in
the experimental rate measurement from Belle II, this error
would be reduced further. The reduction of uncertainty in
fB→πlν
þ is expected with the newly available MILC gauge

ensembles that are being generated using the highly
improved staggered quark (HISQ) action [72]. The new
HISQ ensembles have statistics similar to the asqtad
ensembles, but with much smaller light-quark discretiza-
tion effects. Further, the HISQ ensembles simulated at the
physical light-quark masses will remove the need for a
chiral extrapolation, thereby eliminating a significant
source of uncertainty in this work. These ensembles have
already helped to determine the form factor fK→πlν

þ ð0Þ [73]
and the leptonic decay constants fDðsÞ and fK [74], and
hence the relevant CKM matrix elements jVusj, jVcdj, and

3.2 3.6 4.0 4.4
|Vub| × 10

3

UTFit 2014, CKM unitarity

BLNP 2004 + HFAG 2014, B → Xulν
Detmold et al. 2015 + LHCb 2015, Λb → plν
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Imsong et al. 2014 + BaBar12 + Belle13, B → πlν
RBC/UKQCD 2015 + BaBar + Belle, B → πlν
Fermilab/MILC 2008 + HFAG 2014, B → πlν
This work + BaBar + Belle, B → πlν

FIG. 28 (color online). Determinations of jVubj. The squares
are obtained from B → πlν decay using theoretical form factors
from this analysis, our earlier work [5] (now superseded, but with
updated experimental input from HFAG 2014 [6]), a three-flavor
lattice calculation by RBC/UKQCD [13], light-cone sum rules
(orange square) [62], and HPQCD [4] (using the q2 > 16 GeV2

experimental data only). The blue upward-pointing triangle is
obtained from Λb → plν decay using lattice-QCD form factors
from Ref. [68] and experimental data from LHCb [69]. The black
diamond shows the inclusive determination using B → Xulν
decays [6] with the theoretical approach of Ref. [15]. Also shown
is the expectation from CKM unitarity [70] (green-filled circle).
For the exclusive determinations from B → πlν decay (squares),
all four experimental results [7–10] are used, except in the LCSR
z fit, where only the more recent BABAR [8] and Belle [10] data
are used.
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while the experiment-only z fit uses Nz ¼ 3. The experiment-only z-fit result has been converted from ðΔB=Δq2Þ1=2 to fþ using jVubj
from the combined fit.
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[6], the inclusive-exclusive disagreement is still greater
than 2σ.
A byproduct of the combined lattice and experiment fit is

a more precise determination of the vector and scalar form

factors than from the lattice-QCD calculation alone. Both
form factors fþ and f0 are well determined from lattice
QCD in the high-q2 region, and fþ is strongly constrained
by experiment in the low-q2 region. This information is
then transferred to f0 via the kinematic constraint
f0ð0Þ ¼ fþð0Þ. The resulting form factors are shown in
Fig. 29. The corresponding z-expansion coefficients and
their correlations are given in Table XIX. These represent
the present best knowledge of the B → πlν form factors,
and can be used in other phenomenological applications or
to test other nonperturbative QCD calculations.
Future improvements in the determination of the B → π

semileptonic form factor fþ will further reduce the uncer-
tainty on jVubj. If the uncertainty of fB→πlν

þ at q2 ∼
20 GeV2 can be reduced further from 3.4% to 1.5%, we
would expect a precision of 3% in jVubj, using the current
experimental input. With the anticipated improvement in
the experimental rate measurement from Belle II, this error
would be reduced further. The reduction of uncertainty in
fB→πlν
þ is expected with the newly available MILC gauge

ensembles that are being generated using the highly
improved staggered quark (HISQ) action [72]. The new
HISQ ensembles have statistics similar to the asqtad
ensembles, but with much smaller light-quark discretiza-
tion effects. Further, the HISQ ensembles simulated at the
physical light-quark masses will remove the need for a
chiral extrapolation, thereby eliminating a significant
source of uncertainty in this work. These ensembles have
already helped to determine the form factor fK→πlν

þ ð0Þ [73]
and the leptonic decay constants fDðsÞ and fK [74], and
hence the relevant CKM matrix elements jVusj, jVcdj, and
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|Vub| × 10

3

UTFit 2014, CKM unitarity

BLNP 2004 + HFAG 2014, B → Xulν
Detmold et al. 2015 + LHCb 2015, Λb → plν
HPQCD 2006 + HFAG 2014, B → πlν

Imsong et al. 2014 + BaBar12 + Belle13, B → πlν
RBC/UKQCD 2015 + BaBar + Belle, B → πlν
Fermilab/MILC 2008 + HFAG 2014, B → πlν
This work + BaBar + Belle, B → πlν

FIG. 28 (color online). Determinations of jVubj. The squares
are obtained from B → πlν decay using theoretical form factors
from this analysis, our earlier work [5] (now superseded, but with
updated experimental input from HFAG 2014 [6]), a three-flavor
lattice calculation by RBC/UKQCD [13], light-cone sum rules
(orange square) [62], and HPQCD [4] (using the q2 > 16 GeV2

experimental data only). The blue upward-pointing triangle is
obtained from Λb → plν decay using lattice-QCD form factors
from Ref. [68] and experimental data from LHCb [69]. The black
diamond shows the inclusive determination using B → Xulν
decays [6] with the theoretical approach of Ref. [15]. Also shown
is the expectation from CKM unitarity [70] (green-filled circle).
For the exclusive determinations from B → πlν decay (squares),
all four experimental results [7–10] are used, except in the LCSR
z fit, where only the more recent BABAR [8] and Belle [10] data
are used.
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FIG. 29 (color online). The form factors fþðzÞ (left) and f0ðzÞ (right) from the z fits to the lattice data (cyan band), to all experiments
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while the experiment-only z fit uses Nz ¼ 3. The experiment-only z-fit result has been converted from ðΔB=Δq2Þ1=2 to fþ using jVubj
from the combined fit.

jVubj FROM B → πlν DECAYS AND … PHYSICAL REVIEW D 92, 014024 (2015)

014024-29

|Vub| determination

yield an accurate description of the form factor over the
full-q2 range and hence a precise determination of jVubj.
The plot shows that the experimental data dominate the
determination of the form-factor shape in the large-z
(small-q2) region while the lattice-QCD form factor domi-
nates the small-z (large-q2) region. In the intermediate
region around q2 ∼ 20 GeV2 (z ∼ 0), the lattice-QCD and
experimental uncertainties are similar in size. This region
is decisive in determining jVubj and, hence, can be used
to estimate the separate contributions from lattice and
experimental data to the jVubj uncertainty. At q2 ¼
20 GeV2, the error on the lattice-QCD form factor fþ is
about 3.4% (see Table X), and the error on fþjVubj from
the experiment-only fit is 2.8% at the same momentum.
Adding these two errors in quadrature gives a total
uncertainty of 4.4%, which is consistent with the error
on jVubj obtained from the full fit, 4.3%. Another estimate
of the individual error contribution to jVubj can be obtained
from the uncertainty on the fit parameters from the separate
lattice-QCD and experiment fits. From the fit to all
experimental data in Table XV, the normalization is
jVubjb0 ¼ ð1.53$ 0.04Þ × 10−3. Similarly, the lattice-only
z fit gives the normalization b0 ¼ 0.407$ 0.015.
Assuming no correlation, one would obtain jVubj ¼
ð3.76$ 0.17Þ × 10−3, which is close to what we obtain
from the combined fit.

VI. RESULTS AND CONCLUSION

Our final result for jVubj, obtained from our preferred z
fit combining our lattice-QCD calculation of the B → πlν
form factor with experimental measurements of the corre-
sponding decay rate, is

jVubj ¼ ð3.72$ 0.16Þ × 10−3: ð6:1Þ

The error includes all experimental and lattice-QCD
uncertainties. The contribution from lattice QCD to the
total error is now comparable to that from experiment.
The error reported here, following HFAG [6], does not
apply the PDG prescription for discrepant data; that
prescription [66] would scale the error by a factor offfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ2=d:o:f:

p
¼ 1.2. As can be seen from Table XVII and

Fig. 26, the low fit quality is due to the tension between
the BABAR11 data set and the others. An inspection of all
the experimental data in Fig. 27 shows that the point near
z ¼ −0.1 in the BABAR11 data set is lower than the
others and a bit more precise than one might have
anticipated, but does not suggest that this or any of
the data sets have any systematic problems.
We compare our determination of jVubjwith other results

in Fig. 28. In particular, our result is consistent with the
recent determination from HFAG using our collaboration’s
2008 form-factor determination [5] obtained from a small
subset of the gauge-field ensembles used in this work. The
difference in the central values is due to a small shift in the
central values for the form factor fþ of this analysis
compared to our previous analysis [5]. As shown in
Fig. 18 (left), the form factor fþ from this analysis is
consistent within errors with the previous analysis, but
shifted slightly downward and with an error smaller by
roughly a factor of 3. The two analyses have very little
statistical and systematic correlation. Our result is also
compatible with Standard Model expectations from CKM
unitarity [70,71]. Although our determination of jVubj is
higher than that in Ref. [5], and thus closer to the
determination from inclusive B → Xu semileptonic decays
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FIG. 27 (color online). Left: Comparison of vector form factor fþðzÞ from z expansion fits to only the lattice-QCD data (cyan band),
and to only experimental data including all four measurements (gold band). Right: The similar plot for the partial branching fraction
dB=dq2. The fits including lattice results use Nz ¼ 4, while the experiment-only fit uses Nz ¼ 3. The experimental data points and the
experiment-only z-fit result in the left plot have been converted from ðΔB=Δq2Þ1=2 to fþ using jVubj from the combined fit. The lattice-
only fit result (cyan band) and the combined-fit result (red band) in the right plot are converted from the form factor with the same jVubj.
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[6], the inclusive-exclusive disagreement is still greater
than 2σ.
A byproduct of the combined lattice and experiment fit is

a more precise determination of the vector and scalar form

factors than from the lattice-QCD calculation alone. Both
form factors fþ and f0 are well determined from lattice
QCD in the high-q2 region, and fþ is strongly constrained
by experiment in the low-q2 region. This information is
then transferred to f0 via the kinematic constraint
f0ð0Þ ¼ fþð0Þ. The resulting form factors are shown in
Fig. 29. The corresponding z-expansion coefficients and
their correlations are given in Table XIX. These represent
the present best knowledge of the B → πlν form factors,
and can be used in other phenomenological applications or
to test other nonperturbative QCD calculations.
Future improvements in the determination of the B → π

semileptonic form factor fþ will further reduce the uncer-
tainty on jVubj. If the uncertainty of fB→πlν

þ at q2 ∼
20 GeV2 can be reduced further from 3.4% to 1.5%, we
would expect a precision of 3% in jVubj, using the current
experimental input. With the anticipated improvement in
the experimental rate measurement from Belle II, this error
would be reduced further. The reduction of uncertainty in
fB→πlν
þ is expected with the newly available MILC gauge

ensembles that are being generated using the highly
improved staggered quark (HISQ) action [72]. The new
HISQ ensembles have statistics similar to the asqtad
ensembles, but with much smaller light-quark discretiza-
tion effects. Further, the HISQ ensembles simulated at the
physical light-quark masses will remove the need for a
chiral extrapolation, thereby eliminating a significant
source of uncertainty in this work. These ensembles have
already helped to determine the form factor fK→πlν

þ ð0Þ [73]
and the leptonic decay constants fDðsÞ and fK [74], and
hence the relevant CKM matrix elements jVusj, jVcdj, and

3.2 3.6 4.0 4.4
|Vub| × 10

3

UTFit 2014, CKM unitarity

BLNP 2004 + HFAG 2014, B → Xulν
Detmold et al. 2015 + LHCb 2015, Λb → plν
HPQCD 2006 + HFAG 2014, B → πlν

Imsong et al. 2014 + BaBar12 + Belle13, B → πlν
RBC/UKQCD 2015 + BaBar + Belle, B → πlν
Fermilab/MILC 2008 + HFAG 2014, B → πlν
This work + BaBar + Belle, B → πlν

FIG. 28 (color online). Determinations of jVubj. The squares
are obtained from B → πlν decay using theoretical form factors
from this analysis, our earlier work [5] (now superseded, but with
updated experimental input from HFAG 2014 [6]), a three-flavor
lattice calculation by RBC/UKQCD [13], light-cone sum rules
(orange square) [62], and HPQCD [4] (using the q2 > 16 GeV2

experimental data only). The blue upward-pointing triangle is
obtained from Λb → plν decay using lattice-QCD form factors
from Ref. [68] and experimental data from LHCb [69]. The black
diamond shows the inclusive determination using B → Xulν
decays [6] with the theoretical approach of Ref. [15]. Also shown
is the expectation from CKM unitarity [70] (green-filled circle).
For the exclusive determinations from B → πlν decay (squares),
all four experimental results [7–10] are used, except in the LCSR
z fit, where only the more recent BABAR [8] and Belle [10] data
are used.
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form-factor results with those from our earlier work [15] in
the w range where we have simulation data. The curves
shown are output from the chiral-continuum extrapolation,
and therefore include the uncertainties from statistics, the
chiral-continuum extrapolation, and matching (for the
current work); they do not include the remaining systematic
uncertainties, which we add in quadrature a posteriori in
both works. We expect that the two results are largely
independent because they have only a small subset of
overlapping data (the earlier work included only four
ensembles), and the new work includes NNLO analytic
terms in the χPT fit function. The results are consistent for
both form factors over almost all simulated w values, and
diverge only slightly for f0 for w > 1.13. The central values
of the new form factors are slightly higher than in [15],
primarily due to explicit inclusion of the perturbative
correction factors ρViðwÞ=ρV4ðwÞ which have a bigger
effect on the form factor f0 than on fþ. The total errors
on the form factors in this work are similar in size to those
in Ref. [15], but the additional ensembles used in this work
enable a more detailed and reliable systematic error
analysis as described in Sec. IV. (Reference [15] focused
on form-factor ratios in which most of the systematic errors
are suppressed.)

IV. SYSTEMATIC ERRORS

In this section we discuss the sources of systematic error
in the lattice determinations of hþ and h− and their
propagation to the form factors fþ and f0. As can be seen
from Fig. 4, the magnitude of h− is about 5% of hþ for the
entire range of simulated w values. Further, the contribution
of h− to the vector form factor fþ is suppressed relative to
the contribution from hþ by the factor ð1 − rÞ=ð1þ rÞ ¼
0.477, while the contribution of h− to the scalar form
factor f0 is exactly zero at w ¼ 1 and grows linearly with
recoil as ðw − 1Þ. Thus even large percentage systematic

errors in h− lead to only small uncertainties in fþ and
f0. Figure 6 shows the momentum dependence of the
error contributions to fþðwÞ and f0ðwÞ, while Table VI
provides numerical values for a representative recoil
w ¼ 1.16.

A. Overview of systematic errors in fþ and f 0
As can be seen from Fig. 6, the dominant uncertainty in

both form factors arises from the chiral-continuum fit,
which includes contributions from statistics, matching
factors, and higher-order terms in the chiral expansion.
Although we cannot strictly disentangle the contributions
to the error from these sources, we can estimate their sizes
by repeating the chiral-continuum fit omitting either the
errors in the matching factors or the NNLO terms in the
chiral expansion, and take the quadrature difference of

FIG. 6 (color online). Error budgets for fþ and f0 as a function of the recoil w. The colored bands show the error contribution of each
uncertainty source to the quadrature sum. The corresponding error is provided on the right y axis. Our lattice simulation results are for
w ∈ ½0; 1.16&, i.e., to the left of the vertical line.

TABLE VI. Error budget (in percent) for fþ and f0 at
w ¼ 1.16, which is the largest recoil value used in our momentum
extrapolation to the full kinematic range and determination of
jVcbj (see Sec. V). The first row includes the combined error from
statistics, matching, and the error from truncating the chiral
expansion resulting from the chiral-continuum fit: errors in
parentheses are approximate subparts estimated as described in
the text. The total error is obtained by adding the individual errors
in quadrature. Not explicitly shown because they are negligible
are finite-volume effects, isospin-breaking effects, and light-
quark mass tuning.

Source fþð%Þ f0ð%Þ
Statistics þmatchingþ χPT cont extrap. 1.2 1.1
(Statistics) (0.7) (0.7)
(Matching) (0.7) (0.7)
(χPT=cont extrap.) (0.6) (0.5)
Heavy-quark discretization 0.4 0.4
Lattice scale r1 0.2 0.2
Total error 1.2 1.1
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(CLN) parametrization [11] to extrapolate the experimental
data to w ¼ 1. Caprini, Lellouch, and Neubert use
heavy-quark symmetry to derive more stringent constraints
on the coefficients of the z-parametrization through Oðz3Þ,
resulting in a function with only two free parameters, fþð0Þ
and ρ21:

fþðzÞ
fþð0Þ

¼ 1 − 8ρ21zþ ð51ρ21 − 10Þz2 − ð252ρ21 − 84Þz3:

ð5:6Þ

Use of the CLN parametrization in our analysis does not
reduce the quoted errors in jVcbj despite the introduction of
additional theoretical information.
The numerical values of the coefficients in Eq. (5.6) have

theoretical uncertainties which can be estimated from the
information given in tables and plots from Ref. [11]. To the
best of our knowledge, however, CLN fits to experimental
data do not incorporate the theoretical uncertainties dis-
cussed in Ref. [11], and may therefore be underestimating
the uncertainty in jVcbj. We have attempted to quantify the
uncertainty from the use of the CLN form by incorporating
the theoretical uncertainties in the CLN parameters via
Bayesian priors. We did not find any difference in the error
on jVcbj obtained from fits with and without including
these theoretical uncertainties at the current level of
precision. This is primarily because the B → Dlν data
displays little evidence of curvature in z within the present
errors, and does not constrain the coefficient of the z3 term.
Nevertheless, we do not quote the results of our CLN fits in
this work because we are more confident in the errors
obtained from the model-independent z parametrization,
Eq. (5.2), which can be used to obtain jVcbj even as the
experimental and lattice uncertainties become arbitrarily
more precise.

VI. DISCUSSION AND OUTLOOK

We obtain

jVcbj ¼ ð39.6% 1.7QCDþexp % 0.2QEDÞ × 10−3 ð6:1Þ

from our analysis of the exclusive decay B → Dlν at
nonzero recoil, where the first error combines systematic
and statistical errors from both experiment and theory and
the second comes from the uncertainty in the correction for
the final state Coulomb interaction in the B0 decays.
Because we provide the series coefficients of a z para-
metrization and their correlations, the result for jVcbj in
Eq. (6.1) can be updated whenever new experimental
information becomes available.
The combined error from lattice and experiment in jVcbj

is about 4%. Because this error is obtained from a joint z-fit,
the theory and experimental errors cannot be strictly
disentangled, but they can be estimated as follows. In
the right panel of Fig. 10 we plot the determinations of fþ
from separate z fits to the lattice form factors and to the
experimental data. Inspection of the error bands shows that
the combined error, which determines the uncertainty on
jVcbj, is smallest at about z ≈ 0.025 (w ≈ 1.2). At this point,
the experimental error is about 3.9% and the lattice error is
about 1.4%. (Note that combining them in quadrature
yields a total that is close to the 4% lattice+experiment
error on jVcbj from the joint fit.) Thus the experimental
error currently limits the precision on jVcbj from this
approach. The dominant uncertainty in the experimental
data is the assumed 3.3% systematic error, which is used for
all w values in the joint fit. Now that lattice-QCD results for
the B → Dlν form factors are available at nonzero recoil;
however, it is clearly worthwhile to study and improve the
systematic errors in the experimental data at medium and
large recoil.
It is interesting to compare the above nonzero-recoil result

with the result based on the standard method that uses only
the zero-recoil extrapolation of the experimental and theo-
retical form factors. The z expansion fit to lattice-only data
gives Gð1Þ ¼ 1.054ð4Þstatð8Þsyst. The BABAR Collaboration
quotes η̄EWjVcbjGð1Þ ¼ 0.0430ð19Þstatð14Þsyst [9] from its
B-tagged data, which gives jVcbj ¼ ð40.8% 0.3QCD%
2.2exp % 0.2QEDÞ × 10−3. The result is consistent with
the value from nonzero recoil, but the error is larger, as
expected. Our zero-recoil form factor is consistent with a
previous, preliminary Fermilab/MILC result of Gð1Þ ¼
1.074ð18Þstatð16Þsyst [14], but with significantly smaller
uncertainties due to the use of a much larger data set with
several lattice spacings and lighter pions. We also note that
the systematic error estimate for the earlier result did not
include an estimate of the heavy-quark discretization
errors, one of the larger contributions to the error in our
new result.

FIG. 11 (color online). Result of the preferred joint fit of the
BABAR experimental data together with the lattice form factors.
The plotted experimental points have been divided by our best-fit
value of η̄EWjVcbj and converted to fþ.
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We compare our result for jVcbj with other published
determinations from inclusive and exclusive decays in
Fig. 12. Our result is consistent with the determination
from our companion analysis of B → D!lν at zero recoil,
jVcbj¼ð39.04$0.53QCD$0.49exp$0.19QEDÞ×10−3 [5].
The errors on jVcbj from the current work are larger,
however, because of the larger errors in the experimental
data. Our result is 1.5σ lower than a recent inclusive
(nonlattice) determination, jVcbj ¼ ð42.2$ 0.8thyþexpÞ ×
10−3 [7] which is also based on several experiments and
employs data at nonzero recoil.
We also plot the result for jVcbj in Fig. 12 determined

from only our zero-recoil lattice data, but using the best
experimental knowledge of the extrapolated quantity
η̄EWjVcbjGð1Þ. The HFAG average value η̄EWjVcbjGð1Þ is
0.04264ð72Þstatð135Þsyst [3], which combines five exper-
imental measurements from ALEPH [65], Belle [66],
BABAR [9,67], and CLEO [68]. From this value we obtain
jVcbj ¼ ð40.0$ 0.3QCD $ 1.4exp $ 0.2QEDÞ × 10−3. This
error is smaller than that from the analysis at nonzero
recoil, thanks to the additional experimental information,
but only by about 10%. Thus combining lattice data at
nonzero recoil with a single experiment reduces the error on
jVcbj by almost as much as adding zero-recoil data from

several experiments. Clearly the error on jVcbj from B →
Dlν at nonzero recoil can be further reduced via a joint fit
of the lattice form-factor data with additional experimental
measurements once correlations are available.
An interesting byproduct of our combined z-expansion

fit to obtain jVcbj is an improved determination of the
B → D form factors fþðq2Þ and f0ðq2Þ. Because the lattice
form factors are most accurate at high q2, while the
experimental measurements are most accurate at low q2,
they provide complimentary constraints on the form-factor
shape. Table XI provides the z-fit coefficients and corre-
lation matrix from our preferred combined lattice-
experiment fit used to obtain our result for jVcbj quoted
in Eq. (6.1). These represent our current best knowledge of
fþðq2Þ and f0ðq2Þ for B → D semileptonic decays, and
can be used in other phenomenological applications. Here
we use the results in Table XI to update our calculation of
the ratio BðB → DτνÞ=BðB → DlνÞ in the Standard
Model [16]. We obtain

RðDÞ ¼ 0.299ð11Þ; ð6:2Þ

which agrees with our previous determination RðDÞ ¼
0.316ð12Þð7Þ in [16], but is 2.0σ lower than the BABAR
measurement RðDÞ ¼ 0.440ð58Þð42Þ [69]. The error in our
new determination of RðDÞ is about 20% smaller than in
Ref. [16], primarily due to the inclusion of the experimental
information on the shape of fþ from the joint z-fit.
The dominant errors in the lattice form factors come

from statistics, matching, and the chiral-continuum
extrapolation, and can be reduced through simulations at
smaller lattice spacings and at physical quark masses and
from further study of the matching factors. The MILC
Collaboration is currently generating (2þ 1þ 1)-flavor
HISQ ensembles with physical light quarks [70], which
we anticipate using for future calculations of B → Dð!Þ

form factors. Heavy-quark discretization errors are also
important. They can be reduced with a more improved

TABLE XI. Central values, errors, and correlation matrix for the parameters of the joint cubic fit to the synthetic lattice data for fþ and
f0 (including the kinematic constraint at q2 ¼ 0) and the experimental measurements of η̄EWjVcbjfþðwÞ. The coefficient a0;0 was
eliminated by the constraint, but we list it here for completeness. Its correlations with the other parameters are simply the coefficients of
the linear constraint relation.

Correlation matrix

Value aþ;0 aþ;1 aþ;2 aþ;3 a0;0 a0;1 a0;2 a0;3

aþ;0 001261(10) 1.00000 0.24419 −0.08658 0.01207 1.05212 0.23370 0.03838 −0.05639
aþ;1 −00963ð33Þ 1.00000 −0.57339 0.25749 0.06785 0.80558 −0.25493 −0.15014
aþ;2 037(11) 1.00000 −0.64492 0.00437 −0.44966 0.66213 0.05120
aþ;3 −005ð90Þ 1.00000 0.00028 0.11311 −0.20100 0.23714
a0;0 001142(14) 1.00000 −0.06448 −0.00416 −0.00027
a0;1 −00590ð28Þ 1.00000 −0.44352 0.02485
a0;2 019(10) 1.00000 −0.46248
a0;3 −003ð87Þ 1.00000

36 37 38 39 40 41 42 43 44

|Vcb| × 10
3

Alberti et al. ’14, B → Xc inclusive

Fermilab/MILC ’14 + HFAG ’14, B → D
*
, w = 1

Fermilab/MILC ’15 + HFAG ’14, B → D, w = 1

Fermilab/MILC ’15 + BaBar ’09, B → D, w ≥ 1

FIG. 12 (color online). Comparison of exclusive and inclusive
determinations of jVcbj × 103. Triangles denote an extrapolation
to zero recoil, while squares use data over a wide kinematic range.
The color code is black, blue (dark gray), and orange (light gray)
for B → Dlν, B → D!lν, and B → Xclν, respectively.
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(CLN) parametrization [11] to extrapolate the experimental
data to w ¼ 1. Caprini, Lellouch, and Neubert use
heavy-quark symmetry to derive more stringent constraints
on the coefficients of the z-parametrization through Oðz3Þ,
resulting in a function with only two free parameters, fþð0Þ
and ρ21:

fþðzÞ
fþð0Þ

¼ 1 − 8ρ21zþ ð51ρ21 − 10Þz2 − ð252ρ21 − 84Þz3:

ð5:6Þ

Use of the CLN parametrization in our analysis does not
reduce the quoted errors in jVcbj despite the introduction of
additional theoretical information.
The numerical values of the coefficients in Eq. (5.6) have

theoretical uncertainties which can be estimated from the
information given in tables and plots from Ref. [11]. To the
best of our knowledge, however, CLN fits to experimental
data do not incorporate the theoretical uncertainties dis-
cussed in Ref. [11], and may therefore be underestimating
the uncertainty in jVcbj. We have attempted to quantify the
uncertainty from the use of the CLN form by incorporating
the theoretical uncertainties in the CLN parameters via
Bayesian priors. We did not find any difference in the error
on jVcbj obtained from fits with and without including
these theoretical uncertainties at the current level of
precision. This is primarily because the B → Dlν data
displays little evidence of curvature in z within the present
errors, and does not constrain the coefficient of the z3 term.
Nevertheless, we do not quote the results of our CLN fits in
this work because we are more confident in the errors
obtained from the model-independent z parametrization,
Eq. (5.2), which can be used to obtain jVcbj even as the
experimental and lattice uncertainties become arbitrarily
more precise.

VI. DISCUSSION AND OUTLOOK

We obtain

jVcbj ¼ ð39.6% 1.7QCDþexp % 0.2QEDÞ × 10−3 ð6:1Þ

from our analysis of the exclusive decay B → Dlν at
nonzero recoil, where the first error combines systematic
and statistical errors from both experiment and theory and
the second comes from the uncertainty in the correction for
the final state Coulomb interaction in the B0 decays.
Because we provide the series coefficients of a z para-
metrization and their correlations, the result for jVcbj in
Eq. (6.1) can be updated whenever new experimental
information becomes available.
The combined error from lattice and experiment in jVcbj

is about 4%. Because this error is obtained from a joint z-fit,
the theory and experimental errors cannot be strictly
disentangled, but they can be estimated as follows. In
the right panel of Fig. 10 we plot the determinations of fþ
from separate z fits to the lattice form factors and to the
experimental data. Inspection of the error bands shows that
the combined error, which determines the uncertainty on
jVcbj, is smallest at about z ≈ 0.025 (w ≈ 1.2). At this point,
the experimental error is about 3.9% and the lattice error is
about 1.4%. (Note that combining them in quadrature
yields a total that is close to the 4% lattice+experiment
error on jVcbj from the joint fit.) Thus the experimental
error currently limits the precision on jVcbj from this
approach. The dominant uncertainty in the experimental
data is the assumed 3.3% systematic error, which is used for
all w values in the joint fit. Now that lattice-QCD results for
the B → Dlν form factors are available at nonzero recoil;
however, it is clearly worthwhile to study and improve the
systematic errors in the experimental data at medium and
large recoil.
It is interesting to compare the above nonzero-recoil result

with the result based on the standard method that uses only
the zero-recoil extrapolation of the experimental and theo-
retical form factors. The z expansion fit to lattice-only data
gives Gð1Þ ¼ 1.054ð4Þstatð8Þsyst. The BABAR Collaboration
quotes η̄EWjVcbjGð1Þ ¼ 0.0430ð19Þstatð14Þsyst [9] from its
B-tagged data, which gives jVcbj ¼ ð40.8% 0.3QCD%
2.2exp % 0.2QEDÞ × 10−3. The result is consistent with
the value from nonzero recoil, but the error is larger, as
expected. Our zero-recoil form factor is consistent with a
previous, preliminary Fermilab/MILC result of Gð1Þ ¼
1.074ð18Þstatð16Þsyst [14], but with significantly smaller
uncertainties due to the use of a much larger data set with
several lattice spacings and lighter pions. We also note that
the systematic error estimate for the earlier result did not
include an estimate of the heavy-quark discretization
errors, one of the larger contributions to the error in our
new result.

FIG. 11 (color online). Result of the preferred joint fit of the
BABAR experimental data together with the lattice form factors.
The plotted experimental points have been divided by our best-fit
value of η̄EWjVcbj and converted to fþ.
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(CLN) parametrization [11] to extrapolate the experimental
data to w ¼ 1. Caprini, Lellouch, and Neubert use
heavy-quark symmetry to derive more stringent constraints
on the coefficients of the z-parametrization through Oðz3Þ,
resulting in a function with only two free parameters, fþð0Þ
and ρ21:

fþðzÞ
fþð0Þ

¼ 1 − 8ρ21zþ ð51ρ21 − 10Þz2 − ð252ρ21 − 84Þz3:

ð5:6Þ

Use of the CLN parametrization in our analysis does not
reduce the quoted errors in jVcbj despite the introduction of
additional theoretical information.
The numerical values of the coefficients in Eq. (5.6) have

theoretical uncertainties which can be estimated from the
information given in tables and plots from Ref. [11]. To the
best of our knowledge, however, CLN fits to experimental
data do not incorporate the theoretical uncertainties dis-
cussed in Ref. [11], and may therefore be underestimating
the uncertainty in jVcbj. We have attempted to quantify the
uncertainty from the use of the CLN form by incorporating
the theoretical uncertainties in the CLN parameters via
Bayesian priors. We did not find any difference in the error
on jVcbj obtained from fits with and without including
these theoretical uncertainties at the current level of
precision. This is primarily because the B → Dlν data
displays little evidence of curvature in z within the present
errors, and does not constrain the coefficient of the z3 term.
Nevertheless, we do not quote the results of our CLN fits in
this work because we are more confident in the errors
obtained from the model-independent z parametrization,
Eq. (5.2), which can be used to obtain jVcbj even as the
experimental and lattice uncertainties become arbitrarily
more precise.

VI. DISCUSSION AND OUTLOOK

We obtain

jVcbj ¼ ð39.6% 1.7QCDþexp % 0.2QEDÞ × 10−3 ð6:1Þ

from our analysis of the exclusive decay B → Dlν at
nonzero recoil, where the first error combines systematic
and statistical errors from both experiment and theory and
the second comes from the uncertainty in the correction for
the final state Coulomb interaction in the B0 decays.
Because we provide the series coefficients of a z para-
metrization and their correlations, the result for jVcbj in
Eq. (6.1) can be updated whenever new experimental
information becomes available.
The combined error from lattice and experiment in jVcbj

is about 4%. Because this error is obtained from a joint z-fit,
the theory and experimental errors cannot be strictly
disentangled, but they can be estimated as follows. In
the right panel of Fig. 10 we plot the determinations of fþ
from separate z fits to the lattice form factors and to the
experimental data. Inspection of the error bands shows that
the combined error, which determines the uncertainty on
jVcbj, is smallest at about z ≈ 0.025 (w ≈ 1.2). At this point,
the experimental error is about 3.9% and the lattice error is
about 1.4%. (Note that combining them in quadrature
yields a total that is close to the 4% lattice+experiment
error on jVcbj from the joint fit.) Thus the experimental
error currently limits the precision on jVcbj from this
approach. The dominant uncertainty in the experimental
data is the assumed 3.3% systematic error, which is used for
all w values in the joint fit. Now that lattice-QCD results for
the B → Dlν form factors are available at nonzero recoil;
however, it is clearly worthwhile to study and improve the
systematic errors in the experimental data at medium and
large recoil.
It is interesting to compare the above nonzero-recoil result

with the result based on the standard method that uses only
the zero-recoil extrapolation of the experimental and theo-
retical form factors. The z expansion fit to lattice-only data
gives Gð1Þ ¼ 1.054ð4Þstatð8Þsyst. The BABAR Collaboration
quotes η̄EWjVcbjGð1Þ ¼ 0.0430ð19Þstatð14Þsyst [9] from its
B-tagged data, which gives jVcbj ¼ ð40.8% 0.3QCD%
2.2exp % 0.2QEDÞ × 10−3. The result is consistent with
the value from nonzero recoil, but the error is larger, as
expected. Our zero-recoil form factor is consistent with a
previous, preliminary Fermilab/MILC result of Gð1Þ ¼
1.074ð18Þstatð16Þsyst [14], but with significantly smaller
uncertainties due to the use of a much larger data set with
several lattice spacings and lighter pions. We also note that
the systematic error estimate for the earlier result did not
include an estimate of the heavy-quark discretization
errors, one of the larger contributions to the error in our
new result.

FIG. 11 (color online). Result of the preferred joint fit of the
BABAR experimental data together with the lattice form factors.
The plotted experimental points have been divided by our best-fit
value of η̄EWjVcbj and converted to fþ.
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a ≈ 0.045–0.12 fm. We quadruple the statistics on the
ensembles used in Ref. [15], while adding ensembles at
smaller lattice spacings and lighter sea-quark masses.
Although the average u, d-quark masses on the ensembles
used in this work are all larger than in nature, they extend
down to ml ≈ 0.05ms, which corresponds to a pion mass
Mπ ≈ 175 MeV that is close to the physical value. Finally,
we have changed the chiral-continuum extrapolation to
account for certain effects that arise from the use of
staggered light-valence quarks [55], thereby eliminating a
significant source of systematic uncertainty in Ref. [15].
These effects were discovered after a preliminary report [30]
on the current work appeared, so they were not included in
the chiral extrapolations and error budget at that time. We
now include this source of uncertainty, as well as all others.
We present our matrix-element results together with their
correlations to facilitate their use in other phenomenological
studies beyond this work. We also form several phenom-
enologically interesting combinations, including the SU(3)-
breaking ratio ξ and the corresponding bag parameters.
This paper is organized as follows. Section II presents

the theoretical background and definitions of the hadronic
matrix elements. Next, Sec. III provides details of the
numerical simulations, including the gauge-field ensem-
bles, the valence-quark actions, and the definitions of the
two- and three-point lattice correlation functions.
Section IV describes the fit functions and analysis proce-
dures used to extract the desired matrix elements from the
correlation functions. Section V summarizes the perturba-
tive matching of the lattice matrix elements to the con-
tinuum, while Sec. VI describes how we correct
a posteriori for small mistunings of the b-quark masses.
In Sec. VII, we extrapolate the matrix elements to the
physical light-quark masses and to the continuum limit.
Section VIII presents a detailed account of our systematic
error analysis. Our final results are discussed in Sec. IX,
where we also explore the implications of our results for
Standard-Model phenomenology. Section X provides a
summary and some outlook. The Appendixes contain
various details. In Appendix A, we tabulate our complete
matrix-element and bag-parameter results for all operators,
along with the correlations between them. In Appendix B,
we describe in detail our methods for measuring the
goodness of fits performed with Bayesian statistics.
Appendix C provides equations for translating the one-
loop chiral logarithm functions between the notation used
in this work and in the original papers [55,56].

II. THEORETICAL BACKGROUND

In the Standard Model, the leading-order electroweak
interactions responsible for Bq-meson mixing occur via the
box diagrams depicted in Fig. 1. The observables ΔMq and
ΔΓq are related to the off-diagonal elements of the time
evolution matrix, Mq

12 and Γq
12, as

ΔMq ≃ 2jMq
12j; ΔΓq ≃ 2jΓq

12j cosϕq; ð2:1Þ

up to corrections of order m2
b=m

2
W ∼ 10−3, while the

observable aqfs is given by

aqfs ¼
jΓq

12j
jMq

12j
sinϕq; ð2:2Þ

where the CP-violating phase ϕq ¼ arg ½−Mq
12=Γ

q
12%. The

mass and width differences provide complementary tests of
the Standard Model. The mass differences are calculated
from the dispersive part of the box diagram and are
therefore sensitive to potential contributions from virtual
heavy particles. On the other hand, the decay-width
differences are obtained from the absorptive part, which
predominantly receives contributions from light internal
particles. Even so, new-physics contributions can affect the
width differences.
The energy scale accessible in the loop of the box

diagram in Fig. 1 is of order MBq
and is far below the

characteristic scale of the electroweak interactions, the
W-boson mass mW . Using the operator-product expansion
(OPE) to treat this disparity of scales leads to a local
effective four-quark operator description of Bq mixing.
For extensions of the Standard Model that involve inter-
actions mediated by new heavy particles at the TeV scale or
above, the local effective four-quark operator remains a
convenient description. In this description, extending
generically beyond the Standard Model, the effective
Hamiltonian is

Heff ¼
X5

i¼1

CiO
q
i þ

X3

i¼1

~Ci
~Oq
i ; ð2:3Þ

where the Wilson coefficients Ci contain information
specific to the short-distance physics associated with the
flavor-changing interactions and Oq

i are the effective local
four-quark operators. A basis of effective local four-quark
operators is derived from the set of all Lorentz-invariant,
color-singlet current-current interactions among heavy-
light quark bilinears, reduced via discrete symmetries of
QCD and Fierz rearrangement [57–59], to

FIG. 1. Leading-order Feynman diagrams contributing to B0
q

mixing in the Standard Model.
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and similarly for ~Oq
i (i ¼ 1, 2, 3). Again, α and β are color

indices. With this choice, the leading discretization errors
from the four-fermion operator are of order αsaΛQCD and
ðaΛQCDÞ2 [15,55,106].
The continuum limit of the lattice four-quark operators in

Eqs. (3.4) is complicated by the spin and taste components
of the light quarks being “staggered” over a hypercube
[107–110], whereas all fields in Eqs. (3.4) reside at the
same site. In the Symanzik effective field theory for
staggered fermions [111], the operators take the form [55]

Ψ̄bΓiϒqΨ̄bΓ0
iϒq ≐ 1

4

X

Ξ

b̄ΓiΓΞqckb̄Γ0
iΓΞqdlΓck

Ξ Γdl
Ξ

þ opposite parity; ð3:5Þ

where Ξ runs over all 16 Dirac matrices, c and d are taste
indices, and k and l are copy indices. The fields on the left-
hand side of Eq. (3.5) are those in the lattice simulation,while
those on the right-hand side are defined in the continuum
[112]; the symbol ≐ can be read “has the same matrix
elements as.” Compared with the continuum operators Oq

i ,
the operators on the right-hand side of Eq. (3.5) have extra
species indices (taste and copy) in addition to flavor.
On the right-hand side of Eq. (3.5), the opposite-parity

contribution is familiar from heavy-light bilinears [105] and
can be removed during the correlator fits, as discussed in
Sec. IV. In the sumgiven explicitly, only the termswithΓΞ ¼
1 and γ5 return the Dirac structure of the left-hand side.
Following Ref. [55], we refer to the others as “wrong-spin
operators.” Because theOq

i and ~Oq
i form a complete set, the

same list of eight operators appears (with extra species
indices) after carrying out the sum in Eq. (3.5), and the
wrong-spin terms do not contain any new Dirac structures.
The Bq-meson interpolating operators are similarly

constructed from the fields ϒq and Ψb:

B†
qðx; tÞ ¼

X

x0
ϒ̄qðx; tÞSðx; x0Þγ5Ψbðx0; tÞ; ð3:6Þ

which creates (annihilates) a Bq (B̄q) meson. The spatial
smearing function Sðx; x0Þ to the b-quark propagator is
given by the ground-state 1S wave function of the
Richardson potential [113,114]. It provides good overlap
of the interpolating operator with the Bq-meson ground
state and suppresses unwanted contamination from excited
states. Further details on the smearing are given in
Ref. [101]. In analogy with Eq. (3.5), the interpolating
operator becomes

ϒ̄qγ5Ψb ≐ 1

2
q̄aiγ5bδai þ opposite parity ð3:7Þ

in the Symanzik effective theory after disentangling spin
and taste.

The matrix elements can be extracted from three-point
correlation functions with zero spatial momentum:

COq
i
ðtx; ty; t0Þ ¼

X

x;y

hB†
qðy; tyþ t0ÞO

q
i ð0; t0ÞB

†
qðx; txþ t0Þi:

ð3:8Þ

Despite the wrong-spin operators, the correlation function
in Eq. (3.8) is dominated by contributions with the intended
Dirac structure [55]. In the Symanzik-effective-theory
notation, the three-point correlation function contains four
terms of the form

htr½γ5Gðy; 0ÞΓiΓΞqcð0Þq̄aðxÞ&
× tr½γ5Gðy; 0ÞΓiΓΞqdð0Þq̄bðyÞ&iΓca

Ξ Γdb
Ξ ; ð3:9Þ

where a, b, c, d are taste indices, G is the heavy-quark
propagator, and the trace is over color and spin. When
ΓΞ ¼ 1, the desired operator is recovered. The other terms
arise only when a hard taste-changing gluon with some
momentum components near π=a is exchanged from one
staggered-quark line to the other. In the Symanzik
effective field theory, this effect is described by a four-
quark interaction (among light quarks). These contributions
are, thus, suppressed by a power of a2. Like any taste-
violating effect, the ΓΞ ≠ 1 terms lead to nonanalytic
behavior in the chiral limit that can be described in
staggered χPT [55]. As discussed in Sec. VII, we can
therefore account for them as part of the combined chiral-
continuum extrapolation.
Figure 3 shows the structure of COq

i
ðtx; ty; t0Þ. The local

four-fermion operator Oq
i is placed at a fixed location t0,

where t0 runs over the time sources, while the Bq mesons
are placed at all possible spacetime points x and y. In
practice, we construct the three-point correlators from two
open-meson propagators, corresponding to the Bq and B̄q

mesons at tx and ty, respectively, combining the free spin
and color indices at t0 as dictated by the spin-color structure
of each operator Oq

i . Because we average data from
multiple time sources at the outset of the analysis, we
henceforth drop the label t0 in the three-point correlator
COq

i
ðtx; ty; t0Þ and in the analogous two-point correlator

FIG. 3. Lattice three-point correlation function COq
i
ðtx; ty; t0Þ.

The double and single lines denote the bottom- and light-quark
propagators, respectively. The Bq meson created at tx þ t0 < t0
oscillates into a B̄q mesonvia theΔB ¼ 2 four-fermion operator at
time t0. This B̄q meson is subsequently annihilated at ty þ t0 > t0.
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a ≈ 0.045–0.12 fm. We quadruple the statistics on the
ensembles used in Ref. [15], while adding ensembles at
smaller lattice spacings and lighter sea-quark masses.
Although the average u, d-quark masses on the ensembles
used in this work are all larger than in nature, they extend
down to ml ≈ 0.05ms, which corresponds to a pion mass
Mπ ≈ 175 MeV that is close to the physical value. Finally,
we have changed the chiral-continuum extrapolation to
account for certain effects that arise from the use of
staggered light-valence quarks [55], thereby eliminating a
significant source of systematic uncertainty in Ref. [15].
These effects were discovered after a preliminary report [30]
on the current work appeared, so they were not included in
the chiral extrapolations and error budget at that time. We
now include this source of uncertainty, as well as all others.
We present our matrix-element results together with their
correlations to facilitate their use in other phenomenological
studies beyond this work. We also form several phenom-
enologically interesting combinations, including the SU(3)-
breaking ratio ξ and the corresponding bag parameters.
This paper is organized as follows. Section II presents

the theoretical background and definitions of the hadronic
matrix elements. Next, Sec. III provides details of the
numerical simulations, including the gauge-field ensem-
bles, the valence-quark actions, and the definitions of the
two- and three-point lattice correlation functions.
Section IV describes the fit functions and analysis proce-
dures used to extract the desired matrix elements from the
correlation functions. Section V summarizes the perturba-
tive matching of the lattice matrix elements to the con-
tinuum, while Sec. VI describes how we correct
a posteriori for small mistunings of the b-quark masses.
In Sec. VII, we extrapolate the matrix elements to the
physical light-quark masses and to the continuum limit.
Section VIII presents a detailed account of our systematic
error analysis. Our final results are discussed in Sec. IX,
where we also explore the implications of our results for
Standard-Model phenomenology. Section X provides a
summary and some outlook. The Appendixes contain
various details. In Appendix A, we tabulate our complete
matrix-element and bag-parameter results for all operators,
along with the correlations between them. In Appendix B,
we describe in detail our methods for measuring the
goodness of fits performed with Bayesian statistics.
Appendix C provides equations for translating the one-
loop chiral logarithm functions between the notation used
in this work and in the original papers [55,56].

II. THEORETICAL BACKGROUND

In the Standard Model, the leading-order electroweak
interactions responsible for Bq-meson mixing occur via the
box diagrams depicted in Fig. 1. The observables ΔMq and
ΔΓq are related to the off-diagonal elements of the time
evolution matrix, Mq

12 and Γq
12, as

ΔMq ≃ 2jMq
12j; ΔΓq ≃ 2jΓq

12j cosϕq; ð2:1Þ

up to corrections of order m2
b=m

2
W ∼ 10−3, while the

observable aqfs is given by

aqfs ¼
jΓq

12j
jMq

12j
sinϕq; ð2:2Þ

where the CP-violating phase ϕq ¼ arg ½−Mq
12=Γ

q
12%. The

mass and width differences provide complementary tests of
the Standard Model. The mass differences are calculated
from the dispersive part of the box diagram and are
therefore sensitive to potential contributions from virtual
heavy particles. On the other hand, the decay-width
differences are obtained from the absorptive part, which
predominantly receives contributions from light internal
particles. Even so, new-physics contributions can affect the
width differences.
The energy scale accessible in the loop of the box

diagram in Fig. 1 is of order MBq
and is far below the

characteristic scale of the electroweak interactions, the
W-boson mass mW . Using the operator-product expansion
(OPE) to treat this disparity of scales leads to a local
effective four-quark operator description of Bq mixing.
For extensions of the Standard Model that involve inter-
actions mediated by new heavy particles at the TeV scale or
above, the local effective four-quark operator remains a
convenient description. In this description, extending
generically beyond the Standard Model, the effective
Hamiltonian is

Heff ¼
X5

i¼1

CiO
q
i þ

X3

i¼1

~Ci
~Oq
i ; ð2:3Þ

where the Wilson coefficients Ci contain information
specific to the short-distance physics associated with the
flavor-changing interactions and Oq

i are the effective local
four-quark operators. A basis of effective local four-quark
operators is derived from the set of all Lorentz-invariant,
color-singlet current-current interactions among heavy-
light quark bilinears, reduced via discrete symmetries of
QCD and Fierz rearrangement [57–59], to

FIG. 1. Leading-order Feynman diagrams contributing to B0
q

mixing in the Standard Model.
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collisions. Evidence for new physics, however, may also be
found in indirect searches at low energies [1], where it
would appear as a discrepancy between Standard-Model
expectations and experimental measurements. Indirect
searches can probe, and in some cases are already probing,
new-physics scales that are orders of magnitude higher than
those accessible through direct searches [2–4]. Because we
do not know a priori the properties (masses, couplings,
quantum numbers) of the postulated new particles, indirect
searches are being pursued across all areas of particle
physics to provide as broad a search window as possible
[5–8]. The central challenge with this approach is the high
precision required from both theory and experiment to
definitively interpret any deviations seen as evidence for
new physics.
Neutral Bq-meson (q ¼ s, d) mixing is a particularly

interesting process for indirect new-physics searches in the
quark-flavor sector, since it is both loop and Glashow-
Iliopoulos-Maiani suppressed in the Standard Model. The
physical observables are the mass differences ΔMq and
decay-width differences ΔΓq between the heavy and light
neutral Bq-meson mass eigenstates, and the flavor-specific
CP asymmetries aqfs. The Bq-meson mass differences have
been measured at the subpercent level [9]. The measured
width differences and CP asymmetries have much larger
uncertainties [9] but are expected to improve in the next
several years [10,11].
Theoretical predictions of Bq-mixing observables in both

the Standard Model and beyond depend upon the hadronic
matrix elements of local four-fermion operators in the
effective weak Hamiltonian:

hOq
i iðμÞ ¼ hB̄0

qjO
q
i jB0

qiðμÞ; ð1:1Þ

where μ is the renormalization scale. These operators arise
after integrating out physics at energy scales above μ. Their
matrix elements can be calculated in lattice QCD with
standard methods. In the Standard Model, only one matrix
element, hO1i, contributes to the mass difference ΔMq.
Beyond the Standard Model (BSM), however, ΔMq can
receive contributions from five distinct operators. These
same five operators also contribute to the Standard-Model
width difference ΔΓq.
In this paper, we calculate, for the first time in three-

flavor lattice QCD, the matrix elements for all five local
operators in the Bd and Bs systems. Only a few lattice-QCD
results for Bq-mixing matrix elements exist to date [12–17],
with uncertainties of about 5%–15% that are much
larger than the corresponding experimental errors. Most
efforts have focused only on the Standard-Model Bq-
mixing matrix elements [12–15,17]. In Refs. [14,17], the
RBC and UKQCD Collaborations treat the b quark in the
static limit [18–20], which results in OðΛ=mbÞ errors. This
effect is included in the error budget of Refs. [14,17] via a

power-counting estimate and contributes significantly to
the total error. The HPQCD Collaboration [12,13,21] uses
nonrelativistic QCD (NRQCD) for the b-quark action
[22,23]. Their earlier calculations include three dynamical
sea quarks [12,13]. Recently, however, they presented
preliminary results [21] (with perturbatively improved
NRQCD [24]) from the first calculation of the Standard-
Model Bq-mixing matrix elements with four flavors of sea
quarks (up, down, strange, and charm), where the average
u, d-quark mass is at its physical value [25,26]. In Ref. [15],
the Fermilab Lattice and MILC Collaborations (Fermilab/
MILC) presented a calculation of the ratio of Bs-to-Bd
mixing matrix elements [ξ defined in Eq. (2.10)] using
relativistic b quarks with the Fermilab interpretation on a
small subset of the three-flavor ensembles generated by the
MILC Collaboration [27–29]. The ETM Collaboration [16]
published the first results for the complete set of Bq-mixing
matrix elements, based, however, on gauge-field configu-
rations with only two flavors of sea quarks. Preliminary
results from this project have been reported earlier [30];
those results are superseded by this work.
Given theoretical calculations of the hadronic matrix

elements, neutral Bq-meson mixing can be used both to
determine Standard-Model parameters and to search for
new physics. In the Standard Model, the mass differences
are proportional to the product of Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements jV$

tqVtbj2. Experimental
measurements of ΔMq can therefore be used to determine
these CKM combinations, assuming no new-physics con-
tributions. The ratio of CKMmatrix elements jVtd=Vtsj can
be obtained especially precisely from ΔMd=ΔMs, because
several correlated uncertainties in the Bd- and Bs-mixing
hadronic matrix elements largely cancel. For Standard-
Model tests, Bq mixing provides prominent constraints on
the apex of the CKM-unitarity triangle. For new-physics
searches, it constrains BSM parameter spaces and in some
cases enables discrimination between models. (For recent
reviews, see, for example, Refs. [3,4,31–36] and for
specific examples, see Refs. [37–52].) Further, several
small tensions are seen between experiment and theory
for ΔMs=ΔMd, ϵK , and the CP asymmetry SψKs

[53,54].
All of the above comparisons are presently limited by the
theoretical uncertainties on the hadronic matrix elements.
To sharpen them and potentially reveal new-physics effects,
better lattice calculations of the hadronic matrix elements
that can leverage the impressive experimental precision are
needed.
To that end, we improve upon the previous lattice Bq-

mixing matrix-element calculations in several ways. We
now compute the complete set of dimension-six ΔB ¼ 2
four-fermion operators with three sea-quark flavors.
We use the same valence- and sea-quark actions as in
our earlier calculation of the ratio ξ [15] but employ a
much larger subset of the MILC configurations, including
ensembles at four lattice spacings, covering a range of
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and similarly for ~Oq
i (i ¼ 1, 2, 3). Again, α and β are color

indices. With this choice, the leading discretization errors
from the four-fermion operator are of order αsaΛQCD and
ðaΛQCDÞ2 [15,55,106].
The continuum limit of the lattice four-quark operators in

Eqs. (3.4) is complicated by the spin and taste components
of the light quarks being “staggered” over a hypercube
[107–110], whereas all fields in Eqs. (3.4) reside at the
same site. In the Symanzik effective field theory for
staggered fermions [111], the operators take the form [55]

Ψ̄bΓiϒqΨ̄bΓ0
iϒq ≐ 1

4

X

Ξ

b̄ΓiΓΞqckb̄Γ0
iΓΞqdlΓck

Ξ Γdl
Ξ

þ opposite parity; ð3:5Þ

where Ξ runs over all 16 Dirac matrices, c and d are taste
indices, and k and l are copy indices. The fields on the left-
hand side of Eq. (3.5) are those in the lattice simulation,while
those on the right-hand side are defined in the continuum
[112]; the symbol ≐ can be read “has the same matrix
elements as.” Compared with the continuum operators Oq

i ,
the operators on the right-hand side of Eq. (3.5) have extra
species indices (taste and copy) in addition to flavor.
On the right-hand side of Eq. (3.5), the opposite-parity

contribution is familiar from heavy-light bilinears [105] and
can be removed during the correlator fits, as discussed in
Sec. IV. In the sumgiven explicitly, only the termswithΓΞ ¼
1 and γ5 return the Dirac structure of the left-hand side.
Following Ref. [55], we refer to the others as “wrong-spin
operators.” Because theOq

i and ~Oq
i form a complete set, the

same list of eight operators appears (with extra species
indices) after carrying out the sum in Eq. (3.5), and the
wrong-spin terms do not contain any new Dirac structures.
The Bq-meson interpolating operators are similarly

constructed from the fields ϒq and Ψb:

B†
qðx; tÞ ¼

X

x0
ϒ̄qðx; tÞSðx; x0Þγ5Ψbðx0; tÞ; ð3:6Þ

which creates (annihilates) a Bq (B̄q) meson. The spatial
smearing function Sðx; x0Þ to the b-quark propagator is
given by the ground-state 1S wave function of the
Richardson potential [113,114]. It provides good overlap
of the interpolating operator with the Bq-meson ground
state and suppresses unwanted contamination from excited
states. Further details on the smearing are given in
Ref. [101]. In analogy with Eq. (3.5), the interpolating
operator becomes

ϒ̄qγ5Ψb ≐ 1

2
q̄aiγ5bδai þ opposite parity ð3:7Þ

in the Symanzik effective theory after disentangling spin
and taste.

The matrix elements can be extracted from three-point
correlation functions with zero spatial momentum:

COq
i
ðtx; ty; t0Þ ¼

X

x;y

hB†
qðy; tyþ t0ÞO

q
i ð0; t0ÞB

†
qðx; txþ t0Þi:

ð3:8Þ

Despite the wrong-spin operators, the correlation function
in Eq. (3.8) is dominated by contributions with the intended
Dirac structure [55]. In the Symanzik-effective-theory
notation, the three-point correlation function contains four
terms of the form

htr½γ5Gðy; 0ÞΓiΓΞqcð0Þq̄aðxÞ&
× tr½γ5Gðy; 0ÞΓiΓΞqdð0Þq̄bðyÞ&iΓca

Ξ Γdb
Ξ ; ð3:9Þ

where a, b, c, d are taste indices, G is the heavy-quark
propagator, and the trace is over color and spin. When
ΓΞ ¼ 1, the desired operator is recovered. The other terms
arise only when a hard taste-changing gluon with some
momentum components near π=a is exchanged from one
staggered-quark line to the other. In the Symanzik
effective field theory, this effect is described by a four-
quark interaction (among light quarks). These contributions
are, thus, suppressed by a power of a2. Like any taste-
violating effect, the ΓΞ ≠ 1 terms lead to nonanalytic
behavior in the chiral limit that can be described in
staggered χPT [55]. As discussed in Sec. VII, we can
therefore account for them as part of the combined chiral-
continuum extrapolation.
Figure 3 shows the structure of COq

i
ðtx; ty; t0Þ. The local

four-fermion operator Oq
i is placed at a fixed location t0,

where t0 runs over the time sources, while the Bq mesons
are placed at all possible spacetime points x and y. In
practice, we construct the three-point correlators from two
open-meson propagators, corresponding to the Bq and B̄q

mesons at tx and ty, respectively, combining the free spin
and color indices at t0 as dictated by the spin-color structure
of each operator Oq

i . Because we average data from
multiple time sources at the outset of the analysis, we
henceforth drop the label t0 in the three-point correlator
COq

i
ðtx; ty; t0Þ and in the analogous two-point correlator

FIG. 3. Lattice three-point correlation function COq
i
ðtx; ty; t0Þ.

The double and single lines denote the bottom- and light-quark
propagators, respectively. The Bq meson created at tx þ t0 < t0
oscillates into a B̄q mesonvia theΔB ¼ 2 four-fermion operator at
time t0. This B̄q meson is subsequently annihilated at ty þ t0 > t0.
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a ≈ 0.045–0.12 fm. We quadruple the statistics on the
ensembles used in Ref. [15], while adding ensembles at
smaller lattice spacings and lighter sea-quark masses.
Although the average u, d-quark masses on the ensembles
used in this work are all larger than in nature, they extend
down to ml ≈ 0.05ms, which corresponds to a pion mass
Mπ ≈ 175 MeV that is close to the physical value. Finally,
we have changed the chiral-continuum extrapolation to
account for certain effects that arise from the use of
staggered light-valence quarks [55], thereby eliminating a
significant source of systematic uncertainty in Ref. [15].
These effects were discovered after a preliminary report [30]
on the current work appeared, so they were not included in
the chiral extrapolations and error budget at that time. We
now include this source of uncertainty, as well as all others.
We present our matrix-element results together with their
correlations to facilitate their use in other phenomenological
studies beyond this work. We also form several phenom-
enologically interesting combinations, including the SU(3)-
breaking ratio ξ and the corresponding bag parameters.
This paper is organized as follows. Section II presents

the theoretical background and definitions of the hadronic
matrix elements. Next, Sec. III provides details of the
numerical simulations, including the gauge-field ensem-
bles, the valence-quark actions, and the definitions of the
two- and three-point lattice correlation functions.
Section IV describes the fit functions and analysis proce-
dures used to extract the desired matrix elements from the
correlation functions. Section V summarizes the perturba-
tive matching of the lattice matrix elements to the con-
tinuum, while Sec. VI describes how we correct
a posteriori for small mistunings of the b-quark masses.
In Sec. VII, we extrapolate the matrix elements to the
physical light-quark masses and to the continuum limit.
Section VIII presents a detailed account of our systematic
error analysis. Our final results are discussed in Sec. IX,
where we also explore the implications of our results for
Standard-Model phenomenology. Section X provides a
summary and some outlook. The Appendixes contain
various details. In Appendix A, we tabulate our complete
matrix-element and bag-parameter results for all operators,
along with the correlations between them. In Appendix B,
we describe in detail our methods for measuring the
goodness of fits performed with Bayesian statistics.
Appendix C provides equations for translating the one-
loop chiral logarithm functions between the notation used
in this work and in the original papers [55,56].

II. THEORETICAL BACKGROUND

In the Standard Model, the leading-order electroweak
interactions responsible for Bq-meson mixing occur via the
box diagrams depicted in Fig. 1. The observables ΔMq and
ΔΓq are related to the off-diagonal elements of the time
evolution matrix, Mq

12 and Γq
12, as

ΔMq ≃ 2jMq
12j; ΔΓq ≃ 2jΓq

12j cosϕq; ð2:1Þ

up to corrections of order m2
b=m

2
W ∼ 10−3, while the

observable aqfs is given by

aqfs ¼
jΓq

12j
jMq

12j
sinϕq; ð2:2Þ

where the CP-violating phase ϕq ¼ arg ½−Mq
12=Γ

q
12%. The

mass and width differences provide complementary tests of
the Standard Model. The mass differences are calculated
from the dispersive part of the box diagram and are
therefore sensitive to potential contributions from virtual
heavy particles. On the other hand, the decay-width
differences are obtained from the absorptive part, which
predominantly receives contributions from light internal
particles. Even so, new-physics contributions can affect the
width differences.
The energy scale accessible in the loop of the box

diagram in Fig. 1 is of order MBq
and is far below the

characteristic scale of the electroweak interactions, the
W-boson mass mW . Using the operator-product expansion
(OPE) to treat this disparity of scales leads to a local
effective four-quark operator description of Bq mixing.
For extensions of the Standard Model that involve inter-
actions mediated by new heavy particles at the TeV scale or
above, the local effective four-quark operator remains a
convenient description. In this description, extending
generically beyond the Standard Model, the effective
Hamiltonian is

Heff ¼
X5

i¼1

CiO
q
i þ

X3

i¼1

~Ci
~Oq
i ; ð2:3Þ

where the Wilson coefficients Ci contain information
specific to the short-distance physics associated with the
flavor-changing interactions and Oq

i are the effective local
four-quark operators. A basis of effective local four-quark
operators is derived from the set of all Lorentz-invariant,
color-singlet current-current interactions among heavy-
light quark bilinears, reduced via discrete symmetries of
QCD and Fierz rearrangement [57–59], to

FIG. 1. Leading-order Feynman diagrams contributing to B0
q

mixing in the Standard Model.
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• Leading-order diagrams in the Standard Model

• Effective four-fermion operators

collisions. Evidence for new physics, however, may also be
found in indirect searches at low energies [1], where it
would appear as a discrepancy between Standard-Model
expectations and experimental measurements. Indirect
searches can probe, and in some cases are already probing,
new-physics scales that are orders of magnitude higher than
those accessible through direct searches [2–4]. Because we
do not know a priori the properties (masses, couplings,
quantum numbers) of the postulated new particles, indirect
searches are being pursued across all areas of particle
physics to provide as broad a search window as possible
[5–8]. The central challenge with this approach is the high
precision required from both theory and experiment to
definitively interpret any deviations seen as evidence for
new physics.
Neutral Bq-meson (q ¼ s, d) mixing is a particularly

interesting process for indirect new-physics searches in the
quark-flavor sector, since it is both loop and Glashow-
Iliopoulos-Maiani suppressed in the Standard Model. The
physical observables are the mass differences ΔMq and
decay-width differences ΔΓq between the heavy and light
neutral Bq-meson mass eigenstates, and the flavor-specific
CP asymmetries aqfs. The Bq-meson mass differences have
been measured at the subpercent level [9]. The measured
width differences and CP asymmetries have much larger
uncertainties [9] but are expected to improve in the next
several years [10,11].
Theoretical predictions of Bq-mixing observables in both

the Standard Model and beyond depend upon the hadronic
matrix elements of local four-fermion operators in the
effective weak Hamiltonian:

hOq
i iðμÞ ¼ hB̄0

qjO
q
i jB0

qiðμÞ; ð1:1Þ

where μ is the renormalization scale. These operators arise
after integrating out physics at energy scales above μ. Their
matrix elements can be calculated in lattice QCD with
standard methods. In the Standard Model, only one matrix
element, hO1i, contributes to the mass difference ΔMq.
Beyond the Standard Model (BSM), however, ΔMq can
receive contributions from five distinct operators. These
same five operators also contribute to the Standard-Model
width difference ΔΓq.
In this paper, we calculate, for the first time in three-

flavor lattice QCD, the matrix elements for all five local
operators in the Bd and Bs systems. Only a few lattice-QCD
results for Bq-mixing matrix elements exist to date [12–17],
with uncertainties of about 5%–15% that are much
larger than the corresponding experimental errors. Most
efforts have focused only on the Standard-Model Bq-
mixing matrix elements [12–15,17]. In Refs. [14,17], the
RBC and UKQCD Collaborations treat the b quark in the
static limit [18–20], which results in OðΛ=mbÞ errors. This
effect is included in the error budget of Refs. [14,17] via a

power-counting estimate and contributes significantly to
the total error. The HPQCD Collaboration [12,13,21] uses
nonrelativistic QCD (NRQCD) for the b-quark action
[22,23]. Their earlier calculations include three dynamical
sea quarks [12,13]. Recently, however, they presented
preliminary results [21] (with perturbatively improved
NRQCD [24]) from the first calculation of the Standard-
Model Bq-mixing matrix elements with four flavors of sea
quarks (up, down, strange, and charm), where the average
u, d-quark mass is at its physical value [25,26]. In Ref. [15],
the Fermilab Lattice and MILC Collaborations (Fermilab/
MILC) presented a calculation of the ratio of Bs-to-Bd
mixing matrix elements [ξ defined in Eq. (2.10)] using
relativistic b quarks with the Fermilab interpretation on a
small subset of the three-flavor ensembles generated by the
MILC Collaboration [27–29]. The ETM Collaboration [16]
published the first results for the complete set of Bq-mixing
matrix elements, based, however, on gauge-field configu-
rations with only two flavors of sea quarks. Preliminary
results from this project have been reported earlier [30];
those results are superseded by this work.
Given theoretical calculations of the hadronic matrix

elements, neutral Bq-meson mixing can be used both to
determine Standard-Model parameters and to search for
new physics. In the Standard Model, the mass differences
are proportional to the product of Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements jV$

tqVtbj2. Experimental
measurements of ΔMq can therefore be used to determine
these CKM combinations, assuming no new-physics con-
tributions. The ratio of CKMmatrix elements jVtd=Vtsj can
be obtained especially precisely from ΔMd=ΔMs, because
several correlated uncertainties in the Bd- and Bs-mixing
hadronic matrix elements largely cancel. For Standard-
Model tests, Bq mixing provides prominent constraints on
the apex of the CKM-unitarity triangle. For new-physics
searches, it constrains BSM parameter spaces and in some
cases enables discrimination between models. (For recent
reviews, see, for example, Refs. [3,4,31–36] and for
specific examples, see Refs. [37–52].) Further, several
small tensions are seen between experiment and theory
for ΔMs=ΔMd, ϵK , and the CP asymmetry SψKs

[53,54].
All of the above comparisons are presently limited by the
theoretical uncertainties on the hadronic matrix elements.
To sharpen them and potentially reveal new-physics effects,
better lattice calculations of the hadronic matrix elements
that can leverage the impressive experimental precision are
needed.
To that end, we improve upon the previous lattice Bq-

mixing matrix-element calculations in several ways. We
now compute the complete set of dimension-six ΔB ¼ 2
four-fermion operators with three sea-quark flavors.
We use the same valence- and sea-quark actions as in
our earlier calculation of the ratio ξ [15] but employ a
much larger subset of the MILC configurations, including
ensembles at four lattice spacings, covering a range of
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Oq
1 ¼ b̄αγμLqαb̄βγμLqβ; ð2:4aÞ

Oq
2 ¼ b̄αLqαb̄βLqβ; ð2:4bÞ

Oq
3 ¼ b̄αLqβb̄βLqα; ð2:4cÞ

Oq
4 ¼ b̄αLqαb̄βRqβ; ð2:4dÞ

Oq
5 ¼ b̄αLqβb̄βRqα; ð2:4eÞ

~Oq
1 ¼ b̄αγμRqαb̄βγμRqβ; ð2:4fÞ

~Oq
2 ¼ b̄αRqαb̄βRqβ; ð2:4gÞ

~Oq
3 ¼ b̄αRqβb̄βRqα; ð2:4hÞ

where b and q are continuum quark fields of given flavor, R
and L are right- and left-handed projection operators
ð1$ γ5Þ=2, respectively, Greek indices denote color, and
Dirac indices are implicit. The operators ~Oq

i are the parity
transforms ofOq

i , i ¼ 1, 2, 3. Because parity is a symmetry
of QCD, the pseudoscalar-to-pseudoscalar matrix elements
satisfy hOq

i i ¼ h ~Oq
i i. Below, we exploit this identity to

increase statistics.
The B0

q-mixing matrix elements have often been recast in

terms of bag parameters BðiÞ
Bq
, defined by [58]

hOq
1iðμÞ ¼ c1f2Bq

M2
Bq
Bð1Þ
Bq
ðμÞ; ð2:5Þ

hOq
i iðμÞ ¼ ci

! MBq

mbðμÞ þmqðμÞ

"
2

f2Bq
M2

Bq
BðiÞ
Bq
ðμÞ;

i ¼ 2; 3; ð2:6Þ

hOq
i iðμÞ ¼ ci

#! MBq

mbðμÞ þmqðμÞ

"
2

þ di

$
f2Bq

M2
Bq
BðiÞ
Bq
ðμÞ;

i ¼ 4; 5; ð2:7Þ

where ci ¼ f2=3;−5=12; 1=12; 1=2; 1=6g, d4 ¼ 1=6, and
d5 ¼ 3=2. Before reliable calculations of the nonperturba-
tive physics of the mixing matrix elements became avail-
able, the bag parameters were introduced, motivated by the
so-called vacuum saturation approximation (VSA) [60]
where BðiÞ

Bq
¼ 1. Other conventions for the B parameters of

the mixed-chirality operators are also used in the literature
[61], for example in other recent lattice-QCD calculations
[16,21]. With the definitions in Eq. (2.7), however, Bð4Þ

Bq
and

Bð5Þ
Bq

are indeed unity in the VSA.
The Standard-Model Bq-meson oscillation frequency

ΔMq is often expressed in terms of the renormalization-

group-invariant version of the bag parameter B̂ð1Þ
Bq
, as in

Eq. (2.9) below. Following the notation of Ref. [62], we

determine B̂ð1Þ
Bq

from Bð1Þ
Bq
ðμÞ (evaluated in the MS-NDR

scheme), to two-loop order, by

B̂ð1Þ
Bq

¼ αsðμÞ−γ0=ð2β0Þ
#
1þ αsðμÞ

4π

!
β1γ0 − β0γ1

2β20

"$
Bð1Þ
Bq
ðμÞ;

ð2:8Þ

where the coupling αsðμÞ is defined in the MS scheme and
β0 and β1 are the (scheme-independent) one- and two-loop
beta-function coefficients. The one- and two-loop anoma-
lous dimensions of O1 are γ0 ¼ 4 and γ1 ¼ −7þ 4

9Nf,
respectively; γ0 is scheme-independent, while γ1 is given in
the MS-NDR scheme [63].
In the Standard Model, only the matrix element hOq

1i
contributes to the mass difference:

ΔMq ¼
G2

Fm
2
WMBq

6π2
S0ðxtÞη2BjV&

tqVtbj2f2Bq
B̂ð1Þ
Bq
: ð2:9Þ

Here, the Inami-Lim function S0ðxtÞ [64] describes the
electroweak corrections and depends on the mass of the top
quark in the loop of Fig. 1 through xt ¼ m2

t =m2
W , while η2B

is the perturbative-QCD correction factor known at next-to-
leading order [63]. For the Standard-Model decay-width
difference ΔΓq [61,65], as well as in general theories
beyond the Standard Model, the mixing matrix elements (or
equivalently bag parameters) of operators hOq

i i (i ¼ 2–5)
are also needed. Together, the five matrix elements hOq

i i
(i ¼ 1–5) are sufficient to parameterize the hadronic con-
tributions to ΔMq in all possible BSM scenarios and
therefore enable model-specific predictions related to
mixing. More precise mixing matrix elements, of course,
provide stronger new-physics constraints.
In the Standard Model, both ΔMq and ΔΓq receive

contributions from higher-dimensional operators beyond
those in Eq. (2.4) that are not considered in this work.
Corrections to the OPE used to derive Eq. (2.9) are
negligible, because they are suppressed by m2

b=m
2
W. For

ΔΓq, however, a second OPE, the so-called heavy-quark
expansion [61], is needed to obtain a Standard-Model
prediction in terms of local operators, yielding a joint
power series in Λ=mb and αs. At leading order in the heavy-
quark expansion, the Standard-Model expression for ΔΓq

depends only on hOq
1i and either hOq

2i or hOq
3i. At

Oð1=mbÞ, however, ΔΓq also receives contributions from
the matrix elements hOq

4;5i. Further, at this order, matrix
elements of dimension-seven operators not calculated in
this work enter ΔΓq; their contributions are numerically
larger than those from the local matrix elements hOq

4;5i, and
their uncertainties, after the reduction of errors on hOq

1;2;3i
in this work, are the dominant source of error in the
Standard-Model width differences [66].
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Oq
1 ¼ b̄αγμLqαb̄βγμLqβ; ð2:4aÞ

Oq
2 ¼ b̄αLqαb̄βLqβ; ð2:4bÞ

Oq
3 ¼ b̄αLqβb̄βLqα; ð2:4cÞ

Oq
4 ¼ b̄αLqαb̄βRqβ; ð2:4dÞ

Oq
5 ¼ b̄αLqβb̄βRqα; ð2:4eÞ

~Oq
1 ¼ b̄αγμRqαb̄βγμRqβ; ð2:4fÞ

~Oq
2 ¼ b̄αRqαb̄βRqβ; ð2:4gÞ

~Oq
3 ¼ b̄αRqβb̄βRqα; ð2:4hÞ

where b and q are continuum quark fields of given flavor, R
and L are right- and left-handed projection operators
ð1$ γ5Þ=2, respectively, Greek indices denote color, and
Dirac indices are implicit. The operators ~Oq

i are the parity
transforms ofOq

i , i ¼ 1, 2, 3. Because parity is a symmetry
of QCD, the pseudoscalar-to-pseudoscalar matrix elements
satisfy hOq

i i ¼ h ~Oq
i i. Below, we exploit this identity to

increase statistics.
The B0

q-mixing matrix elements have often been recast in

terms of bag parameters BðiÞ
Bq
, defined by [58]

hOq
1iðμÞ ¼ c1f2Bq

M2
Bq
Bð1Þ
Bq
ðμÞ; ð2:5Þ

hOq
i iðμÞ ¼ ci

! MBq

mbðμÞ þmqðμÞ

"
2

f2Bq
M2

Bq
BðiÞ
Bq
ðμÞ;

i ¼ 2; 3; ð2:6Þ

hOq
i iðμÞ ¼ ci

#! MBq

mbðμÞ þmqðμÞ

"
2

þ di

$
f2Bq

M2
Bq
BðiÞ
Bq
ðμÞ;

i ¼ 4; 5; ð2:7Þ

where ci ¼ f2=3;−5=12; 1=12; 1=2; 1=6g, d4 ¼ 1=6, and
d5 ¼ 3=2. Before reliable calculations of the nonperturba-
tive physics of the mixing matrix elements became avail-
able, the bag parameters were introduced, motivated by the
so-called vacuum saturation approximation (VSA) [60]
where BðiÞ

Bq
¼ 1. Other conventions for the B parameters of

the mixed-chirality operators are also used in the literature
[61], for example in other recent lattice-QCD calculations
[16,21]. With the definitions in Eq. (2.7), however, Bð4Þ

Bq
and

Bð5Þ
Bq

are indeed unity in the VSA.
The Standard-Model Bq-meson oscillation frequency

ΔMq is often expressed in terms of the renormalization-

group-invariant version of the bag parameter B̂ð1Þ
Bq
, as in

Eq. (2.9) below. Following the notation of Ref. [62], we

determine B̂ð1Þ
Bq

from Bð1Þ
Bq
ðμÞ (evaluated in the MS-NDR

scheme), to two-loop order, by

B̂ð1Þ
Bq

¼ αsðμÞ−γ0=ð2β0Þ
#
1þ αsðμÞ

4π

!
β1γ0 − β0γ1

2β20

"$
Bð1Þ
Bq
ðμÞ;

ð2:8Þ

where the coupling αsðμÞ is defined in the MS scheme and
β0 and β1 are the (scheme-independent) one- and two-loop
beta-function coefficients. The one- and two-loop anoma-
lous dimensions of O1 are γ0 ¼ 4 and γ1 ¼ −7þ 4

9Nf,
respectively; γ0 is scheme-independent, while γ1 is given in
the MS-NDR scheme [63].
In the Standard Model, only the matrix element hOq

1i
contributes to the mass difference:

ΔMq ¼
G2

Fm
2
WMBq

6π2
S0ðxtÞη2BjV&

tqVtbj2f2Bq
B̂ð1Þ
Bq
: ð2:9Þ

Here, the Inami-Lim function S0ðxtÞ [64] describes the
electroweak corrections and depends on the mass of the top
quark in the loop of Fig. 1 through xt ¼ m2

t =m2
W , while η2B

is the perturbative-QCD correction factor known at next-to-
leading order [63]. For the Standard-Model decay-width
difference ΔΓq [61,65], as well as in general theories
beyond the Standard Model, the mixing matrix elements (or
equivalently bag parameters) of operators hOq

i i (i ¼ 2–5)
are also needed. Together, the five matrix elements hOq

i i
(i ¼ 1–5) are sufficient to parameterize the hadronic con-
tributions to ΔMq in all possible BSM scenarios and
therefore enable model-specific predictions related to
mixing. More precise mixing matrix elements, of course,
provide stronger new-physics constraints.
In the Standard Model, both ΔMq and ΔΓq receive

contributions from higher-dimensional operators beyond
those in Eq. (2.4) that are not considered in this work.
Corrections to the OPE used to derive Eq. (2.9) are
negligible, because they are suppressed by m2

b=m
2
W. For

ΔΓq, however, a second OPE, the so-called heavy-quark
expansion [61], is needed to obtain a Standard-Model
prediction in terms of local operators, yielding a joint
power series in Λ=mb and αs. At leading order in the heavy-
quark expansion, the Standard-Model expression for ΔΓq

depends only on hOq
1i and either hOq

2i or hOq
3i. At

Oð1=mbÞ, however, ΔΓq also receives contributions from
the matrix elements hOq

4;5i. Further, at this order, matrix
elements of dimension-seven operators not calculated in
this work enter ΔΓq; their contributions are numerically
larger than those from the local matrix elements hOq

4;5i, and
their uncertainties, after the reduction of errors on hOq

1;2;3i
in this work, are the dominant source of error in the
Standard-Model width differences [66].
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Certain combinations of the hadronic matrix elements
hOq

i i are especially useful for phenomenology. As dis-
cussed in the previous section, the theoretical uncertainties
on hOq

1i are currently much larger than the experimental
errors on ΔMq and therefore limit the precision with
which one can obtain the CKM combinations jV!

tqVtbj.
Many of the theoretical errors cancel, however, in the ratio
ξ, defined as

ξ2 ¼
f2Bs

B̂ð1Þ
Bs

f2Bd
B̂ð1Þ
Bd

; ð2:10Þ

thereby enabling a determination of the CKM-element ratio
jVtd=Vtsj from the corresponding ratio of mass differences:

!!!!
Vtd

Vts

!!!!
2

¼ ξ2
ΔMd

ΔMs

MBs

MBd

ð2:11Þ

that better leverages the experimental precision.
For Standard-Model calculations of the decay-width

differences, it is useful to define the 1=mb-suppressed
combination hRq

0i [65]:

hRq
0iðμÞ ¼ 2α2ðμÞhO

q
1iðμÞ þ 4hOq

2iðμÞ
þ 4α1ðμÞhO

q
3iðμÞ: ð2:12Þ

The coefficient functions α1;2ðμÞ are known at next-to-
leading order (NLO) in QCD [67] and are given in
Eqs. (9.4) and (9.5) of Sec. IX. Because the leading
contributions in the heavy-quark expansion cancel by
construction in the combination in Eq. (2.12), the calcu-
lation of hRq

0i suffers from a larger uncertainty than for the
individual matrix elements hOq

1;2;3i.
Finally, the decay-width differences are often parame-

terized in terms of the ratios of matrix elements hOq
i i=hO

q
1i

(i ¼ 2–5) because the theoretical uncertainties are reduced.
These same ratios can also contribute to the mass
differences in theories beyond the Standard Model.
Hence they are useful for Standard-Model and BSM
calculations of the ratio ΔΓq=ΔMq, as well as for pre-
dictions of Bq-mixing observables in new-physics scenar-
ios relative to their Standard-Model values.

III. LATTICE SIMULATION

Here we summarize the details of the numerical simu-
lations. First, in Sec. III A, we describe the ensembles of
gauge-field configurations and the light- and valence-quark
actions employed in the analysis. Next, in Sec. III B, we
define the lattice two-point and three-point correlation
functions used to obtain the desired Bq-meson mixing
matrix elements.

A. Gauge configurations and valence actions

Our calculation employs gauge-field configurations
generated by the MILC Collaboration with three dynamical
sea quarks [27–29]. These ensembles use the Symanzik-
improved gauge action [68–71] for the gluons and the
asqtad-improved staggered action [72–77] for the quarks.
Generic discretization errors from the light-quark and gluon
actions are of Oðαsa2Λ2

QCDÞ. In the numerical simulations,
the fourth root (square root) of the strange-quark (light-
quark) determinant is taken to reduce the number of
staggered-fermion species from four to one (two) [78].
Although this procedure violates unitarity and locality at
nonzero lattice spacing [79–83], a large body of numerical
and theoretical evidence indicates that the desired con-
tinuum-QCD theory is obtained when the lattice spacing is
taken to zero [80,84–92].
We analyze 14 ensembles of gauge-field configurations

with a range of pion masses and lattice spacings. Table I
provides details of the numerical simulation parameters. On
each ensemble, the two light sea-quark masses are set
equal. The smallest simulated pion mass is 177 MeV, so
only a short extrapolation to the value in nature is required.
For all ensembles, the strange sea-quark mass is tuned close
to its physical value. We analyze four lattice spacings
ranging from a ≈ 0.12 to 0.045 fm to guide the continuum
extrapolation. The spatial lattice volumes are sufficiently
large (MπL≳ 3.8 for all ensembles, where L is the lattice
spatial extent) that finite-volume errors are expected to be at
the subpercent level for heavy-light-meson matrix ele-
ments; we nevertheless include these effects in our sys-
tematic error analysis. All ensembles have more than 500
configurations, and several contain as many as 2000.
Figure 2 visually summarizes the range of pion masses,
lattice spacings, and the statistical sample sizes.
We also use the asqtad-improved staggered action for the

light-valence quarks. On each ensemble, we simulate with
several values of thevalence light-quarkmass. These partially
quenched data are useful for constraining the fit coefficients in
the chiral-continuum extrapolation in Sec. VII. For the b
quarks, we use the isotropic clover action [94] with the
Fermilab interpretation [95]. We fix the clover coefficient to
the tadpole-improved tree-level value cSW ¼ 1=u30, where u

4
0

is from the average plaquette.We tune the bare b-quarkmass,
or, equivalently, the hopping parameter κb, such that the Bs-
mesonmass agreeswith the experimental value, following the
general approach described in Ref. [96]. For this work, we
take the more recent and precise determinations of κb from
Ref. [97]. Table II provides details of the valence light- and
b-quark simulation parameters.
The lattice temporal extents are sufficiently large that we

can increase the statistics of our simulations by computing
valence-quark propagators starting from multiple source
locations on each configuration. In practice, we use four
equally spaced time sources on the majority of ensembles,
with the exception of the a ≈ 0.06 fm, m0

l=m
0
s ¼ 0.2
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and also show it separately in our results presented
in Sec. IX.

D. Error summary

In this subsection we present a summary of all system-
atic errors in our lattice-QCD calculation and then combine
them to obtain the total errors in the matrix elements and ξ.
Our base chiral-continuum fit function includes higher-
order terms constrained with Bayesian priors to account
for the dominant sources of systematic error. As illustrated
in Figs. 12 and 13, we consider over a dozen fit variations
to study residual truncation effects for the dominant
sources of uncertainty in our lattice calculation, including
chiral extrapolation, light- and heavy-quark discretization,
and renormalization effects. We conclude that the fit error
from our base chiral-continuum fit properly accounts for
these effects. Table IX gives an approximate breakdown of
the chiral-continuum fit error into separate contributions
for each matrix element and the ratio ξ as described in
Sec. VIII A. We then add in quadrature to the “fit total”
error all the significant contributions that are not already
included in the chiral-continuum fit uncertainty (i.e., those
from finite-volume effects, r1=a uncertainties, the physical
scale r1, and electromagnetic effects) to obtain the “Total”
error in Table XI. Errors associated with isospin breaking
are estimated to be negligible. In summary, the total error
of Table XI includes all significant contributions to the
matrix elements and ξ after all possible sources of
uncertainty have been considered with the exception of
our estimate of dynamical charm effects (discussed in
Sec. VIII C), which is listed separately in the last column
of the table. This separation will enable the errors on our
results to be easily adjusted in the future if more reliable

estimates of the size of charm-sea-quark contributions
become available.

IX. RESULTS

Here we present our final results with total uncertainties
that include all contributions to the errors considered in
the preceding section. As discussed there, we report
the charm-sea error separately from the total of the
statistical and all other systematic uncertainties. First, in
Sec. IX A, we give the Bq-mixing matrix elements. Next, in
Sec. IX B, we provide quantities that are derived from the
Bq-mixing matrix elements, such as the SU(3)-breaking

ratio ξ and the bag parameters BðiÞ
q . In both Secs. IX A and

IX B, we highlight a few main results—such as for
the renormalization-group-invariant quantities for the
Standard-Model operator Oð1Þ

q —and compare our results
with those from other calculations. Appendix A provides
our complete results for all matrix elements and bag
parameters, including their correlations. Finally, in
Sec. IX C we use the Bq-mixing matrix elements and
combinations thereof to compute phenomenologically
interesting observables and CKM matrix elements within
the Standard Model.
The tables inAppendixA present thematrix elements and

bag parameters for operatorsOq
2;3 (q ¼ d, s) corresponding

to both the BMU andBBGLN evanescent-operator schemes
discussed in Sec. V. These results are obtained from separate
chiral-continuum fits which employ different matching
coefficients for hOq

2;3i. Although the matching coefficients
for Oq

1;4;5 are identical in the two schemes, the fitted matrix
elements hOq

1;4;5i can differ slightly due to correlations with
hOq

2;3i. In practice, the results for hO
q
1;4;5i differ by at most 1

in the least significant digit reported. We therefore present
results for hOq

1;4;5i and the corresponding bag parameters
from only the BBGLN fit.

A. Matrix elements

We convert our final results for the Bq-mixing matrix
elements hOq

i i (q ¼ d, s; i ¼ 1–5), obtained in the
MS-NDR scheme, to the combination f2Bq

BðiÞ
Bq
ðm̄bÞ via

Eqs. (2.5)–(2.7), taking the MS quark masses in
Eqs. (2.6) and (2.7) from Table XII. Here, and in the rest
of the paper, we choose μ ¼ m̄bðm̄bÞ ¼ 4.18ð3Þ GeV. Our
final results for f2Bq

BðiÞ
Bq
ðm̄bÞ are listed in Table XIII of

Appendix A. They are the complete set needed to describe
neutral B-meson mixing in the Standard Model and all
extensions thereof. To facilitate their use in other phenom-
enological analyses, we provide the matrix of correlations
between their values in Table XIV.
Figure 14 compares our results for the full set of Bq-

mixing matrix elements with those of the ETM
Collaboration [16], which were obtained using two

TABLE XI. Total error budget for matrix elements converted to
physical units of GeV3 and for the dimensionless ratio ξ. The
error from isospin breaking, which is estimated to be negligible at
our current level of precision, is not shown. Entries are in percent.

Fit total FV r1=a r1 EM Total Charm sea

hOd
1i=MBd

7.7 0.2 2.5 2.1 0.2 8.3 2.0

hOd
2i=MBd

8.0 0.3 2.8 2.1 0.2 8.8 2.0

hOd
3i=MBd

19.0 <0.1 2.5 2.1 0.2 19.3 2.0

hOd
4i=MBd

6.4 <0.1 2.1 2.1 0.2 7.1 2.0

hOd
5i=MBd

9.1 <0.1 2.2 2.1 0.2 9.6 2.0

hOs
1i=MBs

5.4 0.1 1.9 2.1 0.2 6.1 2.0

hOs
2i=MBs

5.5 0.1 2.1 2.1 0.2 6.2 2.0

hOs
3i=MBs

13.0 <0.1 1.9 2.1 0.2 13.3 2.0

hOs
4i=MBs

4.8 <0.1 1.7 2.1 0.2 5.5 2.0

hOs
5i=MBs

6.7 <0.1 1.8 2.1 0.2 7.2 2.0

ξ 1.4 <0.1 0.6 0 0.04 1.5 0.5
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B. Derived quantities

We now present quantities that are derived from the
Bq-mixing matrix-element results in Table XIII that are
especially useful for Standard-Model phenomenology.

1. Ratios and other combinations of matrix elements

The SU(3)-breaking ratio ξ, defined in Eq. (2.10), is
needed for obtaining the ratio of CKM matrix elements
jVtd=Vtsj from experimental measurements of the oscil-
lation frequencies. The uncertainties on the individual
matrix elements hOq

1i (q ¼ d, s) in Table XIII are about
6%–9% and are still substantially larger than the exper-
imental errors on ΔMq. Because the results for hOd

1i and
hOs

1i are correlated, however, both the statistical and
systematic uncertainties largely cancel in their ratio. We
obtain

ξ ¼ 1.206ð18Þð6Þ; ð9:3Þ

where again the first error is from the quadrature sum of the
statistical and systematic uncertainties (the column labeled
“Total” in Table XI) except for the charm-sea error, which is
listed separately as a second error. Our result in Eq. (9.3) is
consistent with the previous Fermilab/MILC result [15],
ξ ¼ 1.268ð63Þ, but about 3 times more precise due to the
substantially increased data set and the inclusion of wrong-
spin operators in the chiral-continuum extrapolation.
Figure 15 (right) compares our result with other unquenched
lattice-QCD calculations.
We also present matrix-element combinations that enter

the Standard-Model expression for the width difference
ΔΓq. Following Ref. [61], we compute the 1=mb-
suppressed quantity hR0i, which is a linear combination
of the matrix elements hOq

1;2;3i. The expression for hR0i is
given in Eq. (2.12), where the NLO perturbative coeffi-
cients evaluated at the renormalization scale μ ¼ m̄b in the
MS-BBGLN scheme are [61]

α1ðm̄bÞ ¼ 1þ 2
ᾱsðm̄bÞ

π
; ð9:4Þ

α2ðm̄bÞ ¼ 1þ 13

6

ᾱsðm̄bÞ
π

: ð9:5Þ

We obtain

hRd
0iðm̄bÞ ¼ −0.09ð21Þ GeV4; ð9:6Þ

hRs
0iðm̄bÞ ¼ −0.21ð21Þ GeV4; ð9:7Þ

where the errors are from the hadronic mixing matrix
elements. The uncertainties from the parametric inputs
ᾱsðm̄bÞ and MBq

and the omission of charm-sea quarks are
negligible. Because the combination of operators in
Eq. (2.12) is by construction 1=mb-suppressed, our results
for hRq

0i have larger relative errors than hOq
1;2;3i (which are

of order 1 in the heavy-quark expansion) and may also be
more sensitive to the systematic-uncertainty contributions
considered previously. The stability of our results for hRq

0i

1

2

3

4

5

f 2
Bd

BBd

(i) (m−b) i

0.02 0.03 0.04 0.05
GeV2

f 2
Bs

BBs

(i) (m−b)

0.03 0.04 0.05 0.06 0.07
GeV2

FIG. 14. Comparison of our full set of Bq-mixing matrix
elements (filled symbols) with the two-flavor results from
ETM [16] (open symbols) converted to our definition of the
bag parameters in Eqs. (2.5)–(2.7); the quoted ETM uncertainties
do not include an error from omitting strange sea quarks. For
f2Bq

Bð2;3Þ
Bq

ðm̄bÞ, we use the BMU scheme to enable direct
comparison with the values in Table 4 of that paper. The error
bars on our results do not include the estimated charm-sea
uncertainties, which are too small to be visible.
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Nf = 2+1
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ξ
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FIG. 15. Comparison of the Bq-mixing matrix elements for Oq
1

obtained in this work (filled symbols and vertical bands) with
other unquenched lattice-QCD calculations [13,15–17,30]. (Left)
The RGI combination f2Bq

B̂ð1Þ
Bq

for q ¼ d, s. We do not show the
matrix-element results from RBC because their estimated un-
certainties due to the use of static b quarks are larger than the
displayed range. (Right) The SU(3)-breaking ratio ξ. The quoted
ETM uncertainties do not include an error due to quenching the
strange sea quark, while the quoted HPQCD and Fermilab/MILC
11 uncertainties do not include a contribution from the omission
of wrong-spin operators in the chiral-continuum extrapolation.
The error bars on our results do not include the estimated charm-
sea uncertainties, which are too small to be visible.
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sea-quark flavors. Our matrix-element errors range from
about 5% to 15% and are larger for Bd operators due to the
need to extrapolate to the physical d-quark mass. The
uncertainties quoted by ETM are similar but do not include
an uncertainty due to omitting the strange sea quark in their
error budget. Our results for hOq

1;2;3i agree with those of
ETM, while those for hOq

4;5i differ by about 2σ.
It is common to express the Standard-Model oscillation

frequency ΔMq in terms of the renormalization-group-

invariant (RGI) combination f2Bq
B̂ð1Þ
Bq
, which is related to

f2Bq
Bð1Þ
Bq
ðμÞ at two loops by Eq. (2.8). Taking ᾱsðm̄bÞ ¼

0.2271ð22Þ from Table XII, we obtain

f2Bd
B̂ð1Þ
Bd

¼ 0.0518ð43Þð10Þ GeV2; ð9:1Þ

f2Bs
B̂ð1Þ
Bs

¼ 0.0754ð46Þð15Þ GeV2; ð9:2Þ

where the first error is from the column labeled “Total” in
Table XI and the second is our estimated error from the

omission of charm-sea quarks.2 As shown in Fig. 15 (left),
our results in Eqs. (9.1) and (9.2) agree with those from
previous unquenched lattice-QCD calculations but have
smaller uncertainties. Compared with the other three-flavor
calculations by the HPQCD [13] and RBC/UKQCD
Collaborations [17], our data set includes lighter pions
and finer lattice spacings. The RBC/UKQCD errors are
dominated by their estimate of the neglected contributions
of order 1=mb due to their use of the static approximation.
We note that the HPQCD results [13] and the preliminary
matrix elements from Fermilab/MILC [30] are compatible
with our new values in Eqs. (9.1) and (9.2), despite the fact
that these earlier works do not include contributions from
wrong-spin operators in the chiral-continuum extrapolation
or include an uncertainty due to this omission in their error
budgets, suggesting that the earlier uncertainty estimates
were sufficiently conservative.

TABLE XII. Numerical inputs used in the calculations of observables in this paper. Top panel: The masses,
lifetimes, and coupling constants are taken from the PDG [102] unless otherwise specified. The MS top-quark mass
is obtained from the pole mass mt;pole ¼ 173.21ð87Þ GeV using the four-loop relation from Ref. [152]. The MS
down- and strange-quark masses are obtained by four-loop running [153,154] of the values m̄dð2 GeVÞ ¼
4.68ð16Þ MeV and m̄sð2GeVÞ¼93.8ð2.4ÞMeV [62] to the scale m̄bðm̄bÞ. The strong coupling ᾱsðm̄bÞ is obtained
by four-loop running [155,156] of ᾱsðMZÞ ¼ 0.1185ð6Þ to the scale m̄bðm̄bÞ. Middle panel: The coefficient cRGI is
the combination of factors in Eq. (2.8) needed to convert the bag parameters in the MS-NDR scheme BBq

ðm̄bÞ to the
RGI values B̂Bq

. The expressions for the electroweak loop function S0ðxtÞ and the QCD factor η2B in the MS-NDR
scheme are given in Eqs. (XII.4) and (XIII.3) of Ref. [157], respectively. The Wilson coefficient CAðμbÞ
includes both NLO electroweak and NNLO QCD corrections and is given at the scale μb ¼ 5 GeV in Eq. (4) of
Ref. [158]. Bottom panel: The CKM combinations are obtained using the most recent determinations of the
Wolfenstein parameters from CKMfitter group’s unitarity-triangle analysis including results through EPS 2015
[159], where the errors have been symmetrized. For the calculations of Bq-mixing observables, we take the
parameters from the fit including only tree-level quantities which excludes ΔMq [160]: fλ; A; ρ̄; η̄gtree ¼
f0.22541ðþ30

−21Þ; 0.8212ð
þ66
−338Þ; 0.132ð

þ21
−21Þ; 0.383ð

þ22
−22Þg. For the calculations of the Bq → μþμ− branching fractions,

we take the parameters from the full fit: fλ; A; ρ̄; η̄gfull ¼ f0.22543ðþ42
−31Þ; 0.8227ð

þ66
−136Þ; 0.1504ð

þ121
−62 Þ; 0.3540ð

þ69
−76Þg.

mW ¼ 80.385ð15Þ GeV mZ ¼ 91.1876ð21Þ GeV
MBd

¼ 5.27961ð16Þ GeV MBs
¼ 5.36679ð23Þ GeV

m̄dðm̄bÞ ¼ 3.93ð13Þ × 10−3 GeV m̄sðm̄bÞ ¼ 79.1ð2.0Þ × 10−3 GeV

m̄bðm̄bÞ ¼ 4.18ð3Þ GeV m̄tðm̄tÞ ¼ 163.53ð83Þ GeV
τBd

¼ 1.520ð4Þ ps τHs
¼ 1.604ð10Þ ps [9]

ᾱsðm̄bÞ ¼ 0.2271ð22Þ GF ¼ 1.1663787ð6Þ × 10−5 GeV−2

ℏ ¼ 6.58211928ð15Þ × 10−25 GeV · s mμ ¼ 105.6583715ð35Þ × 10−3 GeV

cRGI ¼ 1.5158ð36Þ CAðμbÞ ¼ 0.4694ð36Þ
S0ðxtÞ ¼ 2.322ð18Þ η2B ¼ 0.55210ð62Þ

jV%
tsVtbjtree ¼ 40.9ð1.0Þ × 10−3 jV%

tdVtbjtree ¼ 8.92ð30Þ × 10−3

jVtd=Vtsjtree ¼ 0.2180ð51Þ
jV%

tsVtbjfull ¼ 41.03ð52Þ × 10−3 jV%
tdVtbjfull ¼ 8.67ð14Þ × 10−3

jVtd=Vtsjfull ¼ 0.2113ð22Þ

2The first error also includes a 0.2% uncertainty estimate for
converting from MS-NDR to RGI.
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B. Derived quantities

We now present quantities that are derived from the
Bq-mixing matrix-element results in Table XIII that are
especially useful for Standard-Model phenomenology.

1. Ratios and other combinations of matrix elements

The SU(3)-breaking ratio ξ, defined in Eq. (2.10), is
needed for obtaining the ratio of CKM matrix elements
jVtd=Vtsj from experimental measurements of the oscil-
lation frequencies. The uncertainties on the individual
matrix elements hOq

1i (q ¼ d, s) in Table XIII are about
6%–9% and are still substantially larger than the exper-
imental errors on ΔMq. Because the results for hOd

1i and
hOs

1i are correlated, however, both the statistical and
systematic uncertainties largely cancel in their ratio. We
obtain

ξ ¼ 1.206ð18Þð6Þ; ð9:3Þ

where again the first error is from the quadrature sum of the
statistical and systematic uncertainties (the column labeled
“Total” in Table XI) except for the charm-sea error, which is
listed separately as a second error. Our result in Eq. (9.3) is
consistent with the previous Fermilab/MILC result [15],
ξ ¼ 1.268ð63Þ, but about 3 times more precise due to the
substantially increased data set and the inclusion of wrong-
spin operators in the chiral-continuum extrapolation.
Figure 15 (right) compares our result with other unquenched
lattice-QCD calculations.
We also present matrix-element combinations that enter

the Standard-Model expression for the width difference
ΔΓq. Following Ref. [61], we compute the 1=mb-
suppressed quantity hR0i, which is a linear combination
of the matrix elements hOq

1;2;3i. The expression for hR0i is
given in Eq. (2.12), where the NLO perturbative coeffi-
cients evaluated at the renormalization scale μ ¼ m̄b in the
MS-BBGLN scheme are [61]

α1ðm̄bÞ ¼ 1þ 2
ᾱsðm̄bÞ

π
; ð9:4Þ

α2ðm̄bÞ ¼ 1þ 13

6

ᾱsðm̄bÞ
π

: ð9:5Þ

We obtain

hRd
0iðm̄bÞ ¼ −0.09ð21Þ GeV4; ð9:6Þ

hRs
0iðm̄bÞ ¼ −0.21ð21Þ GeV4; ð9:7Þ

where the errors are from the hadronic mixing matrix
elements. The uncertainties from the parametric inputs
ᾱsðm̄bÞ and MBq

and the omission of charm-sea quarks are
negligible. Because the combination of operators in
Eq. (2.12) is by construction 1=mb-suppressed, our results
for hRq

0i have larger relative errors than hOq
1;2;3i (which are

of order 1 in the heavy-quark expansion) and may also be
more sensitive to the systematic-uncertainty contributions
considered previously. The stability of our results for hRq

0i
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FIG. 14. Comparison of our full set of Bq-mixing matrix
elements (filled symbols) with the two-flavor results from
ETM [16] (open symbols) converted to our definition of the
bag parameters in Eqs. (2.5)–(2.7); the quoted ETM uncertainties
do not include an error from omitting strange sea quarks. For
f2Bq

Bð2;3Þ
Bq

ðm̄bÞ, we use the BMU scheme to enable direct
comparison with the values in Table 4 of that paper. The error
bars on our results do not include the estimated charm-sea
uncertainties, which are too small to be visible.
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FIG. 15. Comparison of the Bq-mixing matrix elements for Oq
1

obtained in this work (filled symbols and vertical bands) with
other unquenched lattice-QCD calculations [13,15–17,30]. (Left)
The RGI combination f2Bq

B̂ð1Þ
Bq

for q ¼ d, s. We do not show the
matrix-element results from RBC because their estimated un-
certainties due to the use of static b quarks are larger than the
displayed range. (Right) The SU(3)-breaking ratio ξ. The quoted
ETM uncertainties do not include an error due to quenching the
strange sea quark, while the quoted HPQCD and Fermilab/MILC
11 uncertainties do not include a contribution from the omission
of wrong-spin operators in the chiral-continuum extrapolation.
The error bars on our results do not include the estimated charm-
sea uncertainties, which are too small to be visible.
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complete description of nature, we use the experimentally
measured oscillation frequencies to determine the associ-
ated CKM matrix elements jVtdj, jVtsj, and their ratio.
Finally, we compute the total Standard-Model branching
fractions for the rare decays Bq → μþμ−. Table XII pro-
vides the numerical inputs used for the calculations in this
section.

1. Oscillation frequencies ΔMq

The physical observables associated with the neutral Bq-
meson system are the mass difference ΔMq and the decay-
width difference ΔΓq between the two mass eigenstates. Of
these, the former have been measured at the subpercent
level [9]:

ΔMd ¼ ð0.5055$ 0.0020Þ ps−1;
ΔMs ¼ ð17.757$ 0.021Þ ps−1; ð9:12Þ

while the width differences have been measured with larger
uncertainties [9]:

ΔΓd

Γd
¼ ð0.001$ 0.010Þ; ΔΓs

Γs
¼ ð0.124$ 0.009Þ:

ð9:13Þ

The average for ΔMd from the Heavy Flavor Averaging
Group in Eq. (9.12) is based on over 30 measurements and
is dominated by results from the Belle, BABAR, and LHCb
experiments [166–168], while the average for ΔMs is
obtained from measurements from the CDF and LHCb
experiments [169–173]. The ΔΓd average is obtained from
measurements by the Delphi, BABAR, Belle, D0, and
LHCb experiments [174–179] and the ΔΓs average is
based on measurements by the CDF, ATLAS, CMS, and
LHCb experiments [173,180–183].
Equation (2.9) gives the expression for the mass differ-

ence in the Standard Model. Using the hadronic matrix
elements from Table XIII and ξ from Eq. (9.3) and other
numerical inputs from Table XII, we obtain

ΔMSM
d ¼ 0.630ð53Þð42Þð5Þð13Þ ps−1; ð9:14Þ

ΔMSM
s ¼ 19.6ð1.2Þð1.0Þð0.2Þð0.4Þ ps−1; ð9:15Þ

!
ΔMd

ΔMs

"
SM

¼ 0.0321ð10Þð15Þð0Þð3Þ; ð9:16Þ

where the errors shown are from the theoretical errors on
the mixing matrix elements, the CKM matrix elements, the
remaining parametric inputs to Eq. (2.9), and the omission
of charm-sea quarks, respectively. Note that, for the CKM
parameters, we use the determination from the CKMfitter
group’s analysis including only tree-level observables

because it does not utilize the constraints from Bq-meson
mixing.
The Standard-Model values for ΔMq above have sig-

nificantly larger uncertainties than the experimental aver-
ages quoted in Eqs. (9.12). The dominant error in the
theoretical calculation of ΔMd stems from the hadronic
mixing matrix elements. For ΔMs and ΔMd=ΔMs, the
hadronic matrix-element and CKM uncertainties are com-
mensurate. Our results for ΔMd, ΔMs, and ΔMd=ΔMs
differ from experiment by 1.8σ, 1.1σ, and 2.0σ,
respectively.

2. CKM matrix elements jVtdj and jVtsj
In the Standard Model, the neutral Bq-meson oscillation

frequencies ΔMq [Eq. (2.9)] are proportional to the
combination of CKM matrix elements jV&

tqVtbj.
Therefore experimental measurements of ΔMd and ΔMs
enable determinations of jVtdj, jVtsj, and their ratio, within
the Standard-Model CKM framework. At present, the
errors on these determinations [102] are limited by the
theoretical uncertainties on the hadronic Bq-mixing matrix
elements [13,15]. Here we improve upon them using our
new, more precise matrix-element calculations.
We take the results for f2Bq

B̂ð1Þ
Bq

(q ¼ d, s) from Table XIII
and for ξ from Eq. (9.3) and use the experimental averages
for ΔMd;s in Eq. (9.12) [9]. The other numerical inputs that
enter the expressions for ΔMq are given in Table XII. To
infer values for the individual matrix elements jVtdj and
jVtsj, we take jVtbj ¼ 0.99912 from CKM unitarity [159],
where the error is of Oð10−5Þ and hence negligible. We
obtain

jVtdj ¼ 8.00ð33Þð2Þð3Þð8Þ × 10−3; ð9:17Þ

jVtsj ¼ 39.0ð1.2Þð0.0Þð0.2Þð0.4Þ × 10−3; ð9:18Þ

jVtd=Vtsj ¼ 0.2052ð31Þð4Þð0Þð10Þ; ð9:19Þ

where the errors are from the lattice mixing matrix
elements, the measured ΔMq, the remaining parametric
inputs to Eq. (2.9), and the omission of charm-sea quarks,
respectively. The uncertainty on jVtd=Vtsj is 2–3 times
smaller than those on jVtdj and jVtsj individually because
the hadronic uncertainties are suppressed in the ratio. The
theoretical uncertainties from the Bq-mixing matrix ele-
ments are still, however, the dominant sources of error in all
three results in Eqs. (9.17)–(9.19).
Figure 16 compares our results for jVtdj, jVtsj, and their

ratio in Eqs. (9.17)–(9.19) with other determinations. Our
results are consistent with the values from Bq-meson
mixing in the PDG review [102], which are obtained using
approximately the same experimental inputs, and lattice-
QCD calculations of the f2Bq

B̂ð1Þ
Bq

and ξ from Refs. [13] and
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complete description of nature, we use the experimentally
measured oscillation frequencies to determine the associ-
ated CKM matrix elements jVtdj, jVtsj, and their ratio.
Finally, we compute the total Standard-Model branching
fractions for the rare decays Bq → μþμ−. Table XII pro-
vides the numerical inputs used for the calculations in this
section.

1. Oscillation frequencies ΔMq

The physical observables associated with the neutral Bq-
meson system are the mass difference ΔMq and the decay-
width difference ΔΓq between the two mass eigenstates. Of
these, the former have been measured at the subpercent
level [9]:

ΔMd ¼ ð0.5055$ 0.0020Þ ps−1;
ΔMs ¼ ð17.757$ 0.021Þ ps−1; ð9:12Þ

while the width differences have been measured with larger
uncertainties [9]:

ΔΓd

Γd
¼ ð0.001$ 0.010Þ; ΔΓs

Γs
¼ ð0.124$ 0.009Þ:

ð9:13Þ

The average for ΔMd from the Heavy Flavor Averaging
Group in Eq. (9.12) is based on over 30 measurements and
is dominated by results from the Belle, BABAR, and LHCb
experiments [166–168], while the average for ΔMs is
obtained from measurements from the CDF and LHCb
experiments [169–173]. The ΔΓd average is obtained from
measurements by the Delphi, BABAR, Belle, D0, and
LHCb experiments [174–179] and the ΔΓs average is
based on measurements by the CDF, ATLAS, CMS, and
LHCb experiments [173,180–183].
Equation (2.9) gives the expression for the mass differ-

ence in the Standard Model. Using the hadronic matrix
elements from Table XIII and ξ from Eq. (9.3) and other
numerical inputs from Table XII, we obtain

ΔMSM
d ¼ 0.630ð53Þð42Þð5Þð13Þ ps−1; ð9:14Þ

ΔMSM
s ¼ 19.6ð1.2Þð1.0Þð0.2Þð0.4Þ ps−1; ð9:15Þ

!
ΔMd

ΔMs

"
SM

¼ 0.0321ð10Þð15Þð0Þð3Þ; ð9:16Þ

where the errors shown are from the theoretical errors on
the mixing matrix elements, the CKM matrix elements, the
remaining parametric inputs to Eq. (2.9), and the omission
of charm-sea quarks, respectively. Note that, for the CKM
parameters, we use the determination from the CKMfitter
group’s analysis including only tree-level observables

because it does not utilize the constraints from Bq-meson
mixing.
The Standard-Model values for ΔMq above have sig-

nificantly larger uncertainties than the experimental aver-
ages quoted in Eqs. (9.12). The dominant error in the
theoretical calculation of ΔMd stems from the hadronic
mixing matrix elements. For ΔMs and ΔMd=ΔMs, the
hadronic matrix-element and CKM uncertainties are com-
mensurate. Our results for ΔMd, ΔMs, and ΔMd=ΔMs
differ from experiment by 1.8σ, 1.1σ, and 2.0σ,
respectively.

2. CKM matrix elements jVtdj and jVtsj
In the Standard Model, the neutral Bq-meson oscillation

frequencies ΔMq [Eq. (2.9)] are proportional to the
combination of CKM matrix elements jV&

tqVtbj.
Therefore experimental measurements of ΔMd and ΔMs
enable determinations of jVtdj, jVtsj, and their ratio, within
the Standard-Model CKM framework. At present, the
errors on these determinations [102] are limited by the
theoretical uncertainties on the hadronic Bq-mixing matrix
elements [13,15]. Here we improve upon them using our
new, more precise matrix-element calculations.
We take the results for f2Bq

B̂ð1Þ
Bq

(q ¼ d, s) from Table XIII
and for ξ from Eq. (9.3) and use the experimental averages
for ΔMd;s in Eq. (9.12) [9]. The other numerical inputs that
enter the expressions for ΔMq are given in Table XII. To
infer values for the individual matrix elements jVtdj and
jVtsj, we take jVtbj ¼ 0.99912 from CKM unitarity [159],
where the error is of Oð10−5Þ and hence negligible. We
obtain

jVtdj ¼ 8.00ð33Þð2Þð3Þð8Þ × 10−3; ð9:17Þ

jVtsj ¼ 39.0ð1.2Þð0.0Þð0.2Þð0.4Þ × 10−3; ð9:18Þ

jVtd=Vtsj ¼ 0.2052ð31Þð4Þð0Þð10Þ; ð9:19Þ

where the errors are from the lattice mixing matrix
elements, the measured ΔMq, the remaining parametric
inputs to Eq. (2.9), and the omission of charm-sea quarks,
respectively. The uncertainty on jVtd=Vtsj is 2–3 times
smaller than those on jVtdj and jVtsj individually because
the hadronic uncertainties are suppressed in the ratio. The
theoretical uncertainties from the Bq-mixing matrix ele-
ments are still, however, the dominant sources of error in all
three results in Eqs. (9.17)–(9.19).
Figure 16 compares our results for jVtdj, jVtsj, and their

ratio in Eqs. (9.17)–(9.19) with other determinations. Our
results are consistent with the values from Bq-meson
mixing in the PDG review [102], which are obtained using
approximately the same experimental inputs, and lattice-
QCD calculations of the f2Bq

B̂ð1Þ
Bq

and ξ from Refs. [13] and
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[15], respectively. Our errors on jVtdj, jVtsj are about 2
times smaller, however, and on jVtd=Vtsj they are more than
3 times smaller, due to the reduced theoretical errors on the
hadronic matrix elements.
The CKM matrix elements jVtdj and jVtsj can be

obtained independently from rare semileptonic B-meson
decays because the Standard-Model rates for BðB →
πðKÞμþμ−Þ are proportional to the same combination
jV$

tdðsÞVtbj. Until recently, these determinations were not
competitive with those from Bq-meson mixing due to both
large experimental and theoretical uncertainties. In the past
year, however, the LHCb Collaboration published new
measurements of BðB → πμþμ−Þ and BðB → Kμþμ−Þ
[185,186], and we calculated the full set of B → π and
B → K form factors in three-flavor lattice QCD [132,187].
Using these results, Ref. [184] obtains

jVtdjB→πμμ ¼ 7.45ð69Þ × 10−3; ð9:20Þ

jVtsjB→Kμμ ¼ 35.7ð1.5Þ × 10−3; ð9:21Þ

jVtd=Vtsj
B→πμμ
B→Kμμ ¼ 0.201ð20Þ; ð9:22Þ

where the errors include all sources of uncertainty. These
determinations of jVtdj and jVtd=Vtsj agree with our Bq-
mixing results in Eqs. (9.17) and (9.19), while jVtsj above
differs from Eq. (9.18) by about 1.6σ.
It is instructive to compare these results for jVtdj, jVtsj,

and jVtd=Vtsj from Bq mixing and rare semileptonic B
decays with expectations from CKM unitarity. These
processes, being mediated by flavor-changing-neutral cur-
rents (FCNCs), may receive observable contributions from
new physics. Figure 16 shows two sets of CKM elements
inferred from unitarity, labeled “full” and “tree,” which are
obtained, respectively, from CKMfitter’s full global uni-
tarity-triangle fit using all inputs [159] and from a fit
including only observables that are mediated at the tree
level of the weak interactions [160]. With the improve-
ments in this paper for the Bq-mixing matrix elements, and
in Refs. [132,184–187] for rare semileptonic B decay form
factors, a discrepancy between FCNC and tree-level proc-
esses may be emerging. Quantitatively, the Bq-mixing
results for jVtdj and jVtsj differ from the tree-fit values
by 2.0σ and 1.2σ and their ratio by 2.1σ.3 Similarly, the
FCNC semileptonic B decays yield values of jVtdj and jVtsj
that lie, respectively, 2.0σ and 2.9σ below the CKM tree-fit
results. (The comparison of jVtd=Vtsj from FCNC semi-
leptonic B decays is not yet useful because of the large
experimental uncertainties.) The overall impression does
not change qualitatively when comparing with the results of

the full CKM-unitarity-triangle fit: jVtdj, jVtsj, and
jVtd=Vtsj from Bq mixing differ by 1.8σ, 1.5σ, and 1.5σ,
respectively; jVtdj and jVtsj from FCNC semileptonic B
decays differ by 1.7σ and 3.4σ, respectively. It would be
interesting to see whether new flavor-changing-neutral
currents could explain this pattern, but such a study lies
beyond the scope of this work.

3. Branching ratios for Bq → μþμ−

The rare decays Bq → μþμ− (q ¼ d, s) also proceed via
flavor-changing-neutral currents and are therefore similarly
sensitive to physics beyond the Standard Model. Revealing
the presence of such effects, however, requires both precise
experimental measurements and reliable theoretical pre-
dictions with commensurate uncertainties. Here we calcu-
late the Standard-Model rates for Bq → μþμ− using our
calculations of the B-mixing matrix elements in Table XIII.
The expression for the Standard-Model rate BðBdðsÞ →

μþμ−Þ is given in, e.g., Eq. (3) of Ref. [158], and depends
upon the leptonic decay constant fBq

and the combination
of CKM matrix elements jV$

tqVtbj. The Standard-Model
predictions receive substantial error contributions from
both the CKM matrix elements and the decay constants,
as shown in Eqs. (9.31) and (9.32) below. Buras pointed out
[188], however, that the same CKM matrix elements
also enter the Standard-Model expression for the neutral
Bq-mixing oscillation frequency ΔMq. Thus, the ratio
BðBq → μþμ−Þ=ΔMq is independent of both jV$

tqVtbj
and fBq

, although it still depends upon the hadronic bag

parameter B̂ð1Þ
Bq
. Assuming that new physics does not alter

|Vtd |  × 103 |Vts |  × 103

7 8 9 35 39 43

∆Mq:

this work

PDG

B K(π)µ+µ−

CKM unitarity:

full

tree

|Vtd  / Vts |  

0.18 0.19 0.20 0.21 0.22 0.23

FIG. 16. (Left) Recent determinations jVtdj and jVtsj and (right)
their ratio. The filled circles and vertical bands show our new
results in Eqs. (9.17)–(9.19), while the open circles show the
previous values from Bq mixing [102]. The squares show the
determinations from semileptonic B → πμþμ− and B → Kμþμ−

decays [184], while the plus symbols show the values inferred
from CKM unitarity [159]. The error bars on our results do not
include the estimated charm-sea uncertainties, which are too
small to be visible.

3These CKM discrepancies are not distinct from those ob-
served forΔMq in Eqs. (9.14)–(9.16), but the CKM perspective is
convenient for contrasting the role of different observables.
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• With the input of |Vtb| and experimental 𝚫Mq determine

complete description of nature, we use the experimentally
measured oscillation frequencies to determine the associ-
ated CKM matrix elements jVtdj, jVtsj, and their ratio.
Finally, we compute the total Standard-Model branching
fractions for the rare decays Bq → μþμ−. Table XII pro-
vides the numerical inputs used for the calculations in this
section.

1. Oscillation frequencies ΔMq

The physical observables associated with the neutral Bq-
meson system are the mass difference ΔMq and the decay-
width difference ΔΓq between the two mass eigenstates. Of
these, the former have been measured at the subpercent
level [9]:

ΔMd ¼ ð0.5055$ 0.0020Þ ps−1;
ΔMs ¼ ð17.757$ 0.021Þ ps−1; ð9:12Þ

while the width differences have been measured with larger
uncertainties [9]:

ΔΓd

Γd
¼ ð0.001$ 0.010Þ; ΔΓs

Γs
¼ ð0.124$ 0.009Þ:

ð9:13Þ

The average for ΔMd from the Heavy Flavor Averaging
Group in Eq. (9.12) is based on over 30 measurements and
is dominated by results from the Belle, BABAR, and LHCb
experiments [166–168], while the average for ΔMs is
obtained from measurements from the CDF and LHCb
experiments [169–173]. The ΔΓd average is obtained from
measurements by the Delphi, BABAR, Belle, D0, and
LHCb experiments [174–179] and the ΔΓs average is
based on measurements by the CDF, ATLAS, CMS, and
LHCb experiments [173,180–183].
Equation (2.9) gives the expression for the mass differ-

ence in the Standard Model. Using the hadronic matrix
elements from Table XIII and ξ from Eq. (9.3) and other
numerical inputs from Table XII, we obtain

ΔMSM
d ¼ 0.630ð53Þð42Þð5Þð13Þ ps−1; ð9:14Þ

ΔMSM
s ¼ 19.6ð1.2Þð1.0Þð0.2Þð0.4Þ ps−1; ð9:15Þ

!
ΔMd

ΔMs

"
SM

¼ 0.0321ð10Þð15Þð0Þð3Þ; ð9:16Þ

where the errors shown are from the theoretical errors on
the mixing matrix elements, the CKM matrix elements, the
remaining parametric inputs to Eq. (2.9), and the omission
of charm-sea quarks, respectively. Note that, for the CKM
parameters, we use the determination from the CKMfitter
group’s analysis including only tree-level observables

because it does not utilize the constraints from Bq-meson
mixing.
The Standard-Model values for ΔMq above have sig-

nificantly larger uncertainties than the experimental aver-
ages quoted in Eqs. (9.12). The dominant error in the
theoretical calculation of ΔMd stems from the hadronic
mixing matrix elements. For ΔMs and ΔMd=ΔMs, the
hadronic matrix-element and CKM uncertainties are com-
mensurate. Our results for ΔMd, ΔMs, and ΔMd=ΔMs
differ from experiment by 1.8σ, 1.1σ, and 2.0σ,
respectively.

2. CKM matrix elements jVtdj and jVtsj
In the Standard Model, the neutral Bq-meson oscillation

frequencies ΔMq [Eq. (2.9)] are proportional to the
combination of CKM matrix elements jV&

tqVtbj.
Therefore experimental measurements of ΔMd and ΔMs
enable determinations of jVtdj, jVtsj, and their ratio, within
the Standard-Model CKM framework. At present, the
errors on these determinations [102] are limited by the
theoretical uncertainties on the hadronic Bq-mixing matrix
elements [13,15]. Here we improve upon them using our
new, more precise matrix-element calculations.
We take the results for f2Bq

B̂ð1Þ
Bq

(q ¼ d, s) from Table XIII
and for ξ from Eq. (9.3) and use the experimental averages
for ΔMd;s in Eq. (9.12) [9]. The other numerical inputs that
enter the expressions for ΔMq are given in Table XII. To
infer values for the individual matrix elements jVtdj and
jVtsj, we take jVtbj ¼ 0.99912 from CKM unitarity [159],
where the error is of Oð10−5Þ and hence negligible. We
obtain

jVtdj ¼ 8.00ð33Þð2Þð3Þð8Þ × 10−3; ð9:17Þ

jVtsj ¼ 39.0ð1.2Þð0.0Þð0.2Þð0.4Þ × 10−3; ð9:18Þ

jVtd=Vtsj ¼ 0.2052ð31Þð4Þð0Þð10Þ; ð9:19Þ

where the errors are from the lattice mixing matrix
elements, the measured ΔMq, the remaining parametric
inputs to Eq. (2.9), and the omission of charm-sea quarks,
respectively. The uncertainty on jVtd=Vtsj is 2–3 times
smaller than those on jVtdj and jVtsj individually because
the hadronic uncertainties are suppressed in the ratio. The
theoretical uncertainties from the Bq-mixing matrix ele-
ments are still, however, the dominant sources of error in all
three results in Eqs. (9.17)–(9.19).
Figure 16 compares our results for jVtdj, jVtsj, and their

ratio in Eqs. (9.17)–(9.19) with other determinations. Our
results are consistent with the values from Bq-meson
mixing in the PDG review [102], which are obtained using
approximately the same experimental inputs, and lattice-
QCD calculations of the f2Bq

B̂ð1Þ
Bq

and ξ from Refs. [13] and
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the observed tension between tree-level and loop-induced
processes [159]. Figure 17 shows the current status of the
CKM-unitarity triangle using our new result for ξ plus
recent determinations of jVubj ¼ 3.72ð16Þ × 10−3 and
jVcbj ¼ 40.8ð1.0Þ × 10−3 from our calculations of the B →
πlν and B → Dlν form factors [132,198].4 At present, the
experimental measurements are compatible with the
Standard Model at p ¼ 0.32. The overall precision still
leaves ample room for BSM flavor-changing-neutral cur-
rents that may be observable with anticipated theoretical
improvements such as those discussed below, in conjunc-
tion with more precise experimental measurements
expected from the LHC upgrade [10,202] and Belle II [11].
Despite the improvement in the Bq-mixing elements

obtained in this paper, the theoretical hadronic errors are still
the limiting source of uncertainty in all calculations of
observables in Sec. IX. In a forthcoming paper, we will
report bag-parameter results from a combined analysis of the
mixing matrix elements presented here with our collabora-
tion’s companion decay-constant calculation using the same
lattice ensembles and parameters [149].We anticipate that the
inclusion of statistical and systematic correlations between
the matrix elements and decay constants will reduce the

bag-parameter errors, thereby enabling better predictions of
the Bq → μþμ− decay rates and other observables.
Additional work is still needed, however, to reduce the

QCD uncertainties to the level of experimental measure-
ments. The dominant errors in our current matrix-element
results stem from statistics and heavy-quark discretization
errors. The contribution from the chiral extrapolation is also
significant for the Bd matrix elements and ξ. We plan to
reduce these uncertainties by using the newly generated
gauge-field ensembles by the MILC Collaboration [25,26]
with four flavors of highly improved staggered quarks
(HISQ) [208]. Ensembles with physical-mass pions at four
lattice spacings are already available, the use of which will
render the chiral extrapolation unnecessary and eliminate
the associated systematic uncertainty. In addition, the
inclusion of charm quarks in the sea will eliminate the
least-well-quantified source of error in our current calcu-
lation. The inclusion of ensembles at an even finer lattice
spacing will be particularly important for reducing heavy-
quark discretization effects. Such a fine lattice spacing will
also be useful in calculations that employ the HISQ action
for the b quark [161]. Finally, because the matrix elements
are dimensionful, they also receive error contributions from
the lattice-spacing uncertainty, which will become rela-
tively more important as the other errors discussed above
are reduced. Recently several new scale-setting quantities
have been introduced [26,209–211] that can be obtained
more directly and precisely than r1, one of which has
already been employed in our calculation of charmed and
light pseudoscalar-meson decay constants on the HISQ
ensembles [212].
Once the matrix-element errors reach the few-percent

level, it will be important to provide the Bd-mixing matrix
elements at the correct physical d-quark mass. This can be
done straightforwardly, as we have shown in this work, by
including partially quenched data in the analysis and then
evaluating the chiral fit function with the valence-quark
mass equal to md and the sea-quark masses equal to the
average up-down quark mass. For calculations where only
full-QCD data are available, the corrections listed in
Table X can be used to adjust the isospin-averaged
B-mixing matrix elements for valence isospin breaking.
Neutral B-meson mixing provides a powerful test

of the Standard Model and stringent constraints on new,
high-scale physics [2,16,41]. Our work reveals several
∼2σ deviations between the Standard Model and experi-
ment in B-meson oscillations and rare leptonic B decays.
Similar-sized tensions have been observed in rare semi-
leptonic B decays [184,213–216], which also proceed via
b → d and b → s flavor-changing-neutral currents. The full
basis of ΔB ¼ 2 mixing matrix elements, including their
correlations, provided here will allow these interesting
tensions to be better explored, leading to sharper tests of
the Standard Model and tighter constraints on allowed new
physics.

FIG. 17. Global CKM-unitarity-triangle fit using the new
determination of ξ from this work as well as jVubj and jVcbj
based on our calculations of the B → πlν and B → Dlν form
factors on the same gauge-field configurations [132,198,199].
The constraint from B-meson mixing (solid green band) is
approximately 3 times smaller than that obtained using our
previous result for ξ [15] (dashed gray lines). For the remaining
hadronic matrix elements, we use the preliminary (2þ 1)-flavor
FLAG III average B̂K ¼ 0.7627ð97Þ [203], and the 2015 PDG
averages fK% ¼ 155.6ð0.4Þ MeV and fB% ¼ 187.1ð4.2Þ MeV
[151], which include (2þ 1)- and (2þ 1þ 1)-flavor lattice-
QCD results. The QCD contributions to εK from charm- and
top-quark loops are taken from Refs. [63,204,205], while all
experimental inputs are from the PDG [102]. Plot courtesy of E.
Lunghi [206] using the procedures of Ref. [207].

4We obtain this value of jVcbj from a fit similar to the one in
Ref. [199] including the recent B → Dlν measurements from
Belle [200], earlier measurements from BABAR [201], and our
lattice-QCD form factors from Ref. [132].
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Unitarity triangle

• Lattice determination of |Vub|/|Vcb| and 𝚫Ms/𝚫Md tightens  

the constraints on the apex of the unitarity triangle
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Conclusions

• We have calculated hadronic form factors for semileptonic 
decays of B meson in Lattice QCD

• Variety of lattice spacings and quark masses allows for 
chiral-continuum fits with controlled systematics

• Combining lattice form factors with experimental data we 
determine CKM matrix elements |Vub| and |Vcb|

• We also calculate B(s)-mixing matrix elements and with 
additional input determine the oscillation frequencies

• These quantities allow to tighten the constraints on the 
apex of the CKM unitarity triangle

• Future improvements: HISQ, isospin and EM effects, ...
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