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Motivation: Why =N scattering?

@ Low energies: test chiral dynamics in the baryon sector
= low-energy theorems e.g. for the scattering lengths

@ Higher energies: resonances, baryon spectrum

@ Input for NN scattering: LECs c;, NN coupling
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@ Crossed channel = — NN: nucleon form factors
— ~
Ve N
= probe the structure of the nucleon (
> scalar form factors (S-wave) N P
~ — 7T7TNN

> electromagnetic form factors (P-waves)

> generalized PDF (D-waves)
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The pion-nucleon o-term

Scalar form factor of th_e nucleon:
a(t) = (N(p)|i (Gu + dd) IN(p))  t=(p'—p)®  oxn =0(0) J

@ o,y measures the light-quark contribution to the
nucleon mass

@ Unfortunately, no direct experimental access to it

@ Only very recent precise lattice results

2
T

u I M;

@ Linked to 7N via the Cheng-Dashen theorem
[Cheng, Dashen 1971]

F2D*(v =0,t =2M?) = o(2M2) +Ap
N’

F2 (dgy+2M2 dg;)+Ap orNtAo
|AF1" 5 2 MeV [Bernard, Kaiser, MeiBner 1996]
Ap — Ay, =(—1.8+£0.2) MeV [Hoferichter et al. 2012]
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Phenomenological status

@ Karlsruhe/Helsinki partial-wave analysis KH80 Hohler et al. 1980s
— comprehensive analyticity constraints, old data

@ Formalism for the extraction of o via the Cheng—Dashen low-energy theorem
— “canonical value” oy ~ 45 MeV, based on KH80 input Gasser, Leutwyler, Locher, Sainio 1988,1991

@ GWU/SAID partial-wave analysis Pavan, Strakovsky, Workman, Arndt 2002
— much larger value o = (64 &+ 8) MeV

@ More recently: ChPT in different regularizations (w/ and w/o A) Alarcon et al. 2012

< fit to PWASs, o,y = 59 = 7 MeV
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Phenomenological status

@ Karlsruhe/Helsinki partial-wave analysis KH80 Hohler et al. 1980s
— comprehensive analyticity constraints, old data

@ Formalism for the extraction of o via the Cheng—Dashen low-energy theorem
— “canonical value” o,y ~ 45 MeV, based on KH80 input Gasser, Leutwyler, Locher, Sainio 1988,1991

@ GWU/SAID partial-wave analysis Pavan, Strakovsky, Workman, Arndt 2002
— much larger value o,y = (64 + 8) MeV

@ More recently: ChPT in different regularizations (w/ and w/o A) Alarcon et al. 2012

< fit to PWAs, o,y = 59 + 7 MeV

@ This talk: two new sources of information on low-energy =N scattering
o Precision extraction of =N scattering lengths from hadronic atoms Baru et al. 2011

e Roy-equation constraints: analyticity, unitarity, crossing symmetry
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Hadronic atoms: constraints for 7N

e 7H/xD: bound state of 7~ and p/d
spectrum sensitive to threshold 7N
amplitude

47 Z
@ Combined analysis of 7H and 7 D: ¢ % %//%//é// Wfl"‘)} .

level shift of 7D

aj =a" = (7.5+3.1)-1073M;"
a, =a =(86.0+0.9)-103M;"

— Large a* suggests a large o,
width of mH

@ But: a' very sensitive to isospin breaking, =
PWA based on 7% p channels —a~ /10731

-82
Baru etal. 2011

—_— ——3 —3d

— use instead
a, ., +a,
PP = (0.9 1.4)-1070M; !

@ Isospin breaking in oy could be important

1s
@ We revisit the Cheng-Dashen low-energy I}Fh
theorem
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Motivation: Why Roy-Steiner equations?

Roy(-Steiner) egs. =  Partial-Wave (Hyberbolic) Dispersion Relations
coupled by unitarity and crossing symmetry

@ Respect all symmetries: analyticity, unitarity, crossing

@ Model independent =- the actual parametrization of the data is irrelevant once it is used in
the integral.

@ Framework allows for systematic improvements (subtractions, higher partial waves, ...)

@ PW(H)DRs help to study processes with high precision:

o ww-scattering: Ananthanarayan et al. (2001), Garcia-Martin et al. (2011)
o mK-scattering: Bittiker et al. (2004)
@ Yy —» T scattering: Hoferichter et al. (2011)
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Warm up: Roy-equations for 7

@ mm — 7w = fully crossing symmetric in Mandelstam variables s, t, and u = 4M, — s — t

@ Start from twice-subtracted fixed-t DRs of the generic form

T!(s, t)fc(t)+1

o dg’ s
425’2 (s —s) (s—u)

] ImT/(s, t)

@ Subtraction functions c(t) are determined via crossing symmetry
— functions of the 1=0,2 scattering lengths: a3 and a3
@ PW-expansion of these DRs yields the Roy-equations Roy (1971)
th(s) = ST/(s +Z(2J’ + 1) 3 / ds'K!, (s, s)im t!) ()
J'=0 =0,1,2

o KU, (s, s) = kernels = analytically known
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Roy—Steiner equations for 7NN: differences to 7= Roy equations

Key differences compared to =« Roy equations

@ Crossing: coupling between 7N — 7N (s-channel) and == — NN (t -channel)
= need a different kind of dispersion relations Hite, Steiner 1973, Bilttiker et al. 2004

@ Unitarity in t-channel, e.g. in single-channel approximation

~ >

~ ~
\ / N
Y (1) = o7 1L ()1}(0)" @
A N %
e ~ 5 -
= Watson’s theorem: phase of f{(t) equals J; Watson 1954
< solution in terms of Omnés function [Muskhelishvili 1953, Omnés 1958]

@ Large pseudo-physical region in t -channel

— KK intermediate states for s-wave in the region of the f,(980)
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Roy—Steiner equations for 7 N: flow of information

Limited range of validity

Vs < /Sm = 1.38GeV Vt < /tm = 2.00GeV
Input/Constraints Output
@ S- and P-waves above matching point @ S- and P-wave phase-shifts at low energies
s> sm (t > tm) s<sm(t<tm)
@ Inelasticities @ Subthreshold parameters
@ Higher waves (D-, F-, - --) > Pion-nucleon o-term
@ Scattering lengths from hadronic atoms > Nucleon form factor spectral functions
Baru et al. 2011 > ChPT LECS
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Uncertainties: s-channel pw

15 - N
S e == SEON Sa1
10 _— -10
-20
o s e
0 " " " " 150 F " " " =
1 g Py | Py //’
5 ] 100
-3 1 50
-4 “\\\ . ///
S I
0 —
40 / T
P]] ,’/ T~ P31
30 /]
20 VAR
10 .
o -10
[ e — . X X X X X X X B
1.1 115 12 125 13 135 1.1 115 1.2 125 13 135

W [GeV] W [GeV]

J. Ruiz de Elvira (HISKP) Roy-Steiner-equation analysis 7 N scattering QCHSXII, Thessaloniki, August 29th, 2016 11



Uncertainties: Imaginary part t-channel pw
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Results for the sigma-term

OxN = Fg (d&) +2M72rdar1) + Ap — As — Ap

@ subthreshold parameters output of the Roy—Steiner equations
dyy = —1.36(3)Mz ' [KH: —1.46(10)M; ']

dy = 1.16(2QM:2  [KH: 1.14(2)M;°]
© Ap—A, =—(1.8+0.2) MeV [MH at . 2012)
|Ag| < 2MeV [Bernard, Kaiser, MeiBner 1996]
@ Isospin breaking in the CD theorem shifts o,y by +3.0 MeV

@ Final results:

\ ooy = (59.1 + 1.9zs + 3.0 5r) MeV=(59.1 & 3.5) MeV

[MH, JRE, Kubis, MeiBner]

@ o,y depends linearly on the scattering lengths

o =591+ c,Aap,

Is
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o-N: comparison with KH80 and SAID

Comparison with KH80

@ RS egs. with KH80 input — o,y = 46 MeV

< to be compared with o,y = 45 MeV

Gasser, Leutwyler, Socher, Sainio 1988, Gasser, Leutwyler, Sainio 1991

—KHB80 is internally consistent but at odd with the modern SL determinations

How are df; and dj; extracted in KH80 and SAID?

@ Standard approach:

Gasser, Leutwyler, Locher, Sainio 1988
replace djj, and dj; in favor of threshold parameters: 2}, and a,

— corrections from PWA via DRs (D* and E* )

Born &, a, D' EY I4=F2 <d§, + 2M,2rd(;)

KH80  -133 -7 +352 91 -72 50
SAID  -127 0 +351 -88 -69 67
diff +6 7 -1 +3 +3 17

@ difference with KH80 due the ag+

@ large weight of a1++ = It has to be known extremely accurately!
—» the difference 132.7 (SAID)/131.2 (RS) translates in 5 MeV in the o
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Comparison with lattice oy results

@ Recent lattice determination of oy at (almost) the physical point
> BMW o,y = 38(3)(3)MeV
> XQCD o,y = 44.4(3.2)(4.5)MeV
> ETMC oy = 37.22(2.57)(1)MeV
> RQCD o,y = 35(6)MeV

Durr et al. 2015
Yang et al. 2015
Abdel-Rehim et al. 2015
Bali etal. 2016

@ The linear dependence of o,y on the scattering lengths introduces an additional constraint

sl level shift of 7D width of 717

ol level shift of mH_

xQCD

2
-0 Y
3

!"|||||||||||||||||||‘|||||||‘|||""mlm""||||||ii||||||||||||||||||||-|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||
L
290 -88

I
84 8

86 -
—a” [107°M "]
— Fully inconsistent with the hadronic atom phenomenology
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Comparison with experimental cross-section data

@ Discrepancies concentrated in the 7+ p — 7« p channel

RS KH80
ay/? [10-M; ] 169.8 + 2.0 173+3
ay?[10-3m;'] [“8e3£18 [“io1£4

@ Study 7 p — 7 p total cross-section
> Generate RS cross-section solutions for different scattering lenghts
> below T = 50 MeV uncertantities dominated by scattering length errors
> compare with the =N data base

XHA = 0.8,  XxkHso = 4.7
Preliminary
— Hadronic atom solution compatible with experimental results
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Matching to Chiral Perturbation Theory

Matching to ChPT at the subthreshold point:

@ Chiral expansion expected to work best at subthreshold point
> Maximal distance from threshold singularities
> wN amplitude can be expanded as polynomial

@ Preferred choice for NN scattering due to proximity of relevant kinematic regions

Express the subthreshold parameters in terms of the LECs to O(p*)

gt — 2M2 (28 — &) N g (3+8g2)M3 yt [ 16818 201 — o
oo = F2 647 F4 Tl F2 16m2F4

@ Chiral 7N amplitude to O(p*) depends on 13 low-energy constants
@ Roy-Steiner system contains 10 subtraction constants
> Calculate remaining 3 from sum rules

> Invert the system to solve for LECs
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Chiral low-energy constants

NLO N2LO N3LO
c1 [Gev™T] —0.74 +0.02 —1.07 +0.02 —1.11 4+ 0.03
o [GevTT] 1.81 +0.03 3.20 + 0.03 3.13+0.03
o3 [GevTT] —3.61+0.05 —5.32 +0.05 —5.61 4 0.06
¢y [GeV™T] 2.17 +£0.03 3.56 + 0.03 4.26 + 0.04

dy + dp [GeV 2] — 1.04 + 0.06 7.42 + 0.08
ds [GeV 2] — —0.48 4 0.02 —10.46 & 0.10
ds [GeV 2] — 0.14 +0.05 0.59 + 0.05
dys — di5[GeV 2] — —1.90 + 0.06 —12.18 £ 0.12

84 [GeV Y — — 0.89 + 0.04
815 [GeV 7] — — ~0.97 + 0.06
816 [GeV 7] — — —2.61+0.03
817 [GeV 7] — — 0.01 £ 0.06
815 [GeV 7] — — ~4.20 £ 0.05

@ Subthreshold errors tiny, chiral expansion dominates uncertainty
@ d; at N3LO increase by an order of magnitude
< due to terms proportional to g3(cz — ¢4) = —16 GeV~'
— mimic loop diagrams with A degrees of freedom
@ What's going on with chiral convergence?
— look at convergence of threshold parameters with LECs fixed at subthreshold point
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Convergence of the chiral series

NLO N2LO n3Lo RS
ag, 1073m1) 238 0.2 ~7.9 —0.9+ 1.4
. o—3m; 1 79.4 92.9 59.4 85.4 + 0.9
a, 1o—3m 3 102.6 121.2 131.8 131.2 £ 1.7
a, 07 3m8) —es.2 —75.3 —89.0 —80.3 £ 1.1
al_ [o73mz% —4s0 —47.0 —72.7 —50.9+ 1.9
a; (1073m7% 112 -2.8 —22.6 —9.9+1.2
by, Mo=3m-%  —70.4 —23.3 —44.9 —45.0 + 1.0
by, [10—3m-3 20.6 23.3 —64.7 49+0.8

@ N3LO results bad due to large Delta loops
@ Conclusion: lessons for few-nucleon applications
1- either include the A to reduce the size of the loop corrections work in progress
or use LECs from subthreshold kinematics

2- error estimates: consider chiral convergence of a given observable, difficult to assign a global chiral
error to LECs
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The “ruler plot” vs. ChPT

Lattice QCD simulations can be performed at different quark/pion masses

Pion mass dependence of my up to NNNLO in ChPT, using

@ Input from Roy—Steiner solution

T T T /%’i
A
131 T ,{ 1
12t 3}’ ,%
5
SRRl q
g Ruler approximation
1 « LHCP 2008 1
« YQCD 2012
09 + ETMC 2014 ]
085 o1 02 03 04 05
M, [GeV]

— range of convergence of the chiral expansion is very limited

— huge cancellation amongst terms to produce a linear behavior

J. Ruiz de Elvira (HISKP)
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Summary & Outlook

Summary
@ Derived a closed system of Roy—Steiner equations for 7N
@ Numerical solution and error analysis of the full system of RS egs.
@ Precise determination of the oy
> Roy—Steiner formalism reproduces KH80 result with KH80 input
> With modern input for scattering lengths and coupling constant o . increases
@ Precise determination of threshold parameters
@ Extraction of the ChPT LECs
@ Study of the chiral convergence

Outlook
@ Dispersive determination of A pole parameters
@ Matching to ChPT with explicit A’s
> LECs extraction and study of the chiral convergence
> Large-N¢ constraints on A LECs
@ mr-continuum contribution to the nucleon form factors
> update of Héhler spectral functions, including also isospin breaking criticism by Lee et al. 2015
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Roy-Steiner equations for =N: flow of information

Higher partial waves
Imffy, 122, 8< su

s-channel partial waves
solve Roy-Steiner equations for s < sp,

[

Subtraction 7N coupling
constants constant

L]

t-channel partial waves
solve Roy-Steiner equations for ¢ < ¢,

Goscee

High-energy
Im f{
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Solving Roy-equations: flow information

Roy-equations rigorously valid for a finite energy range

= introduce a matching point sm

only partial waves with J < Jmax are solved

@ assume isospin limit

@ Input
o High-energy region: Imf,(s) for s > sy and for all J

o Higher partial waves: Imtj(s) for J > Jnax and for all s

Output
@ Self-consistent solution for §;,(s) for J < Jnax and s,y < s < spy

@ Constraints on subtraction constants
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wN-scattering basics

m4(q) + N(p) — 7°(q') + N(p')
@ Isospin Structure:
Tha — sbaT+ + eabT—

@ Lorentz Structure: / € {+, -}

T = u(p') (A + 452 B') u(p)
D' =A'+uB!, v=22Y

4m
@ Isospin basis: /s € {1/2,3/2}
{TH,T-} & TV, T78/2

@ PW projection:
s-channel pw: f/_
t-channel pw: f{

2

x

u /M

Bose symmetry = even/odd J & | = +/—

J. Ruiz de Elvira (HISKP)
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wIN-scattering basics: partial waves

@ s-channel projection:

fla(w) = m#w{(ﬂm)[A!(s)+(w—m>s,’<s)} +(E=m)[ = ALy (s)+ (W+m)Bl ()]}

/ dzs P(zs)X'(s, t)) for X € {A, B} and W = /5

t=1(s,2s)=—2¢2(1—2s)

@ McDowell symmetry: f/ (W) = —f!

oy (W) ¥I>0

@ t-channel projection:

;
P> m
dz; Py(z Al(s, t - _zB(st } vJ>0
/ gl ’){ qr)J sz ™ o 22 Doz =
1
1 Id+1) 1

()= — P —-P B > 1
Y0 = 3551 0/ 0z [Psi(e) ~ Prs(2)]B(s.0| V=

@ Bose symmetry = even/odd J < [ = +/—
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mwIN-scattering basics: Unitarity relations

@ s-channel unitarity relations (/s € {1/2,3/2}):

~ -~

Is 2 s N 3

o t-channel unitarity relations: 2-body intermediate states: wm + KK + - - -

Im £ (t) = of (t1(0) "L (1) 6(t — tx) +2cV2 K ol (91(1)) W (1) 6 (t - t)

K

™
- > < T - N —~ -~ T -
N o \ - N o
@ + h! gt
s < S / N K Ve SO
S T N S T

@ Only linear in f{ (t) = less restrictive
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Roy-Steiner equations for 7N: HDR’s

@ Hyperbolic DRs: (s — a)(u—a)=b= (s’ —a)(v —a)witha,be R

1 1 ImA* (s, t

At (s, t; @) /d [ - ]lmA*(stH /dt#
s _s'y_u s-a —t
1 1 1 ImBJr N

B'(s,t;a) = N*(s, 1) + 7/ds/ [ ] Im B (s, ) /dt' v )
T s’f—s s —-u —t

N'(s,t) = 2 ( ! — L) similar for A, B~ and N [Hite/Steiner (1973
s =g m?_s P y [Hite/Steiner ( )]

@ Why HDR?
@ Combine all physical regions = crucial for t-channel projection

o Evade double-spectral regions = the PW decompositions converge
@ Range of convergence can be maximized by tuning the free hyperbola parameter a

o No kinematical cuts, manageable kernel functions
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Roy-Steiner equations for = N: derivation

@ Recipe to derive Roy-Steiner equations:
e Expand imaginary parts in terms of s- and t-channel partial waves

@ Project onto s- and t-channel partial waves

e Combine the resulting equations using s- and t-channel PW unitarity relations
@ Similar structure to #m Roy equations

@ Validity: assuming Mandelstam analyticity
o s-channel = optimal for a = —23.2M?
se sy =(m+M;)?97.30M2] < We[W, =1.08GeV,1.38GeV]
o t-channel = optimal for a = —2.71M2

te(te =4M2,205.45 2] < Vie [Vt =0.28GeV,2.00GeV].
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Roy-Steiner equations for 7N: subtractions

@ Subtractions are necessary to ensure the convergence of DR integrals
= asymptotic behavior

@ Can be introduced to lessen the dependence of the low-energy solution on the high-energy
behavior

@ Parametrize high-energy information in (a priori unknown) subtraction constants
= matching to ChPT

@ Subthreshold expansion around v =t =0

F0= 3 apne B = 3 b,
m,n=0 m,n=0
- el _ (oo}
A=, )= > apm" B~ (v,)= > bp"t",
m,n=0 m,n=0
where
At(s,t) = At(s,t) — g—z Bf(s,t) = Bf(s,t) — ¢ 1
7 ’ m ’ ’ m—s m2—u]’
A=(s,t) = A (s,1) B (s.t) =B (s,0)— | —5— + —° el
T Y e ' I me—s " m—ul " 2me>
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RS-egs for 7#N: subthreshold expansion

@ Subthreshold expansion around v =t = 0
+ _ 92 + + + 2 2, 2
A(v, t) = = + dgy + Ogit + ajor” + O (v, )

A7 (v, t) = vagy + ag vt + a(oua + O(Vs, v, I/St)

4mv
B0 ="z gt + O vt) :
t
- 2
B (v,t)=¢ Pl P R 2m2 +b00+b01t++b10u +O(V VAt t)

@ pseudovector Born terms: D' = A + vB!
Dt — g+ + + 2
Dt =djy + df;t + ;v

d$n = amn + b Amn = @mn + bn -

—1,n>

@ Sum rules for subthreshold parameters:

dt’
dfh = -= + /ds ho(s") [ImA* (s, zs)](00 + - / ImA*(tﬂz,’)](O’O)

2 1
s'—s s —a

g
=
(D\
NG
I
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Solving Roy-Steiner equations for #N: Recoupling schemes

@ s-channel subproblem:

o Kernels are diagonal for I € {+, —}, but unitarity (f o \\<—>j\/f Y \‘\<—>j’f s ) ...
relations are diagonal for Is € {1/2,3/2} = all ) ! ' ! ) ’
partial-waves are interrelated

@ Once the t-channel PWs are known N N Vi
= Structure similar to == Roy-equations (for o fy <«

@ t-channel subproblem:
@ Only higher PWs couple to lower ones

@ Only PWs with even or odd J are coupled

o No contribution from 7 to £/

= Leads to Muskhelishvili-Omnés problem A A
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Roy-Steiner equations for wN: s-channel

s-channel RS equations

17 =
fL(W) = N (W) + — /dvv’ > { Kb (W, W) Im (W) + K (W, = W) Im £y (W)}
W, I'=0

l 7 ’ / J (4! ’ J (4
% “/dt XJ:{G,J(W,t)ImQ(t)+H,J(W,t )Im £ (t )}

= _f(’” 1) (—Ww) VI>0, [Hie/Steiner (1973)]

° e Kl (W, W), Gy(W,t') and Hy(W, t')-Kernels: analytically known,

eg. KI,(W,W) = e +... YI,I'>0,

@ Validity: assuming Mandelstam analyticity
= optimal for a = —23.2M2

s€ s =(m+M:)?2,97.30 M2] & We[W,; =1.08GeV,1.38 GeV]
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Roy-Steiner equations for wN: t-channel

t-channel RS equations

Y 1 7 ’ = ~ ’ — ’
) =N+ - /dw > {Gult, W Im Al (W) + But, =Wy Im (W)}
A =0
1 7 ’ i ’ JLryr 2 ’ W e
— K Im f K Im £ >
4+ ﬂt/dt ;{ ) Im e () + K2, (8, ') Im ,(t)} VJ>0,
1=0

" 17 CON N
.ty = N () + - /dW’Z{HJ,(t, W) Im fl, (W') + Hy(t, —W') Im f(',+1)7(W’)}
Wi

oo
1 3
- /dt’ZKjJ,(t, Oymel () vJI>1,
T
tr J!

@ Validity: assuming Mandelstam analyticity
= optimal for a = —2.71M2

te[tr =4M2,205.45M2] < Vite[vt: =0.28GeV,2.00 GeV] .

J. Ruiz de Elvira (HISKP) Roy-Steiner-equation analysis 7 N scattering QCHSXII, Thessaloniki, August 29th, 2016



Solving t-channel: single channel

@ Elastic-channel approximation: generic form of the integral equation

Im £(t)
(12 — 4m2)(t' — 1)

f(t) = A(t) + (a+ bt)(t — 4mP) + (( ;4"72) /dt,
tr

@ A(t): Born terms, s-channel integrals, higher t -channel partial waves
= left-hand cut

@ Introduce subtractions at v = t = 0 = subthreshold parameters a, b
@ Solution in terms of Omnés function:

(1) =A(t) + (t — 4m?)Q(1)(1 — t2(0))a + t(t — 4m?)Q(1)b

2it—am?) [ T ., A@)mo) () Im ()
- (0 - {/dt t2(t — 4mR) (t’ /dt v — am2)(t' — 1)

4M:

Q(Ozexp{ﬂfd; tf(,)t}

0
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Solving t-channel: input and subtractions

@ elastic channel approximation: v/t,, = 0.98 — 1.1 GeV, for t > tm Im fj[(t) =0
@ First step: check consistency with KH80 Hohler 1983

@ Input needed:

@ T phase shifts: Caprini, Colangelo, Leutwyler, (in preparation), Madrid group
o 7N phase shifts: SAID,KH80 Arndt et al. 2008, Hohler 1983
e 7N at high energies: Regge model Huang et al. 2010

o 7N parameters: KH80

60 —r : : : : : 200 — : : : : : : : :
| — 0-5ub — 0-sub
- J \ &
0-sub(y/fm = 1.1 GeV) ' - Osub(y/A — L1Ge)
sl | — l-sub \ — l—sub
\“ . :lsul»(\/I—ll(‘«V) =l \ 1 (\/E—IIG(V)
! N sub i \ PN
(l // \ —— 2-sub(y/T, = 1.1GeV)] 1 N 275“1)(\/E — 1.1GeV)
1 J \\ 3-sub 2 N \x KHSO
| o 3-sub(V = 11Ge V) ] \
\ \x KH80 1 100 b
|=
50 B
10 1
0 0‘.3 0.4 0.5 0.6 0‘.7 018 0.9 1 1‘.1 1.2 0 013 0.4 0.5 0‘.6 0‘.7 0‘.8 019 1 11 1.2
Vit | GeV Vit | GeV
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Solving t-channel: P-wave results

0 2M, VAOM,. V. 200 2M, VIOM, Vi,
0-sub(Ja] —'00) ~m- 5 0-sub(Ja] = 'o0) v
0-sub 0-sub
1-sub(ja] = 00) -~~~ 1-sub(la| = 00) -~~~
20 -sub -sub
2-subf(Ja] — o) - 2-sub(ja| — 00)
-sub —— 150 2sub ——
H0  x KH80  x

100

-10 0
03 04 05 06 07 08 09 10 11 03 04 05 06 07 08 09 10 11
Vi [ Gev Vi [ Gev

% 2M, VAOM, 0.98 11 200 2M, VAOM, 0.98 11
0-sub(y/Fm = 1.1GeV) - - O-stb (v = 1.1GeV) -

0-sub 0-sub
T-sub(y/m = 1.1GeV) - I-sub(yfm = 1.1GeV) -~

50 L-sub 1-sub

2-sub(y/Fy = 1.1GeV) R 2-sub(v/F = 1.1GeV)

e 150 . 2-sub

KH80  x

KH80 x

0.3 0.4 0.5 0.6 0.8

0.7
Vi [ Gev

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 11
Vi [ GeV

MO solutions in general consistent with KH80 results
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Solving t-channel: P, D and F waves up to NN

1

Im f

J. Ruiz de Elvira (HISKP)

Roy-Steine

equatio

n analysis

Vi [GeV]

4




Solving t-channel: coupled channels

@ Generic coupled-channel integral equation

=am+ /d t)):t)f(t) /d Imft’

@ Formal solution as in the single-channel case (now with Omnés matrix Q(t))
= Two-channel Muskhelishvili-Omnes problem
0= 0 ) me=rorEwan
@ Two linearly independent solutions €, 2, Muskhelishili 1953

@ In general no analytical solution for the Omnes matrix
but for its determinant Moussallam 2000

m
t , t
detQ(t):exp{;/dt %} .
tr
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Solving t-channel S-wave equations: input

@ Input needed:

@ 7 S-wave partial waves: Caprini, Colangelo, Leutwyler, (in preparation)
o KK s-wave partial waves: Bilttiker. (2004)
o wN and KN s-wave pw: SAID, KH80 Arndt et al. 2008, Hohler 1983,
e 7N at high energies: Regge model Huang et al. 2010

o 7N parameters: KH80
o Hyperon couplings from Jillich model 1989

o KN subthreshold parameters neglected
@ Two-channel approximation beaks down at v/fy = 1.3 GeV = 4x channel

@ From {y to t = 2 GeV, different approximations considered
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Solving t-channel: S-wave results

0.4 0.6 08 1 12 14 16 18 0.4 0.6 0.8 1 12 14 16 18
VI [ GeV VE [ GeV
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Solving t-channel: S-wave results

Re fO(t) / GeV
Im fU(t) / GeV

1o 0.4 06 0.8 1 1.2 1.4 1.6 1.8

Vit [ GeV

MO solutions in general consistent with KH80 results
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Solving s-channel: S-wave results

@ General form of the s-channel integral equation

fl.(W) = Al (W) + = /dW/Z{K,j,(W W')Im £l (W) + K, (W, =W') Im ), W')}
//

= form of =7 Roy-Equations

A[, (W) = t-channel contribution and pole term
@ valid up to Wy, = 1.38 GeV

@ Input:
@ RS t-channel solutions for S and P waves
@ s-channel partial waves for J > 1 SAID analysis
@ s-channel partial waves for W, < W < 2.5 GeV SAID analysis
@ high energy contribution for W > 2.5 GeV: Regge model Huang et al. 2010
@ Output:

o Self-consistent solution for S and P waves for J < Jpx and sy, < s < spy
@ Constraints on subtraction constants = subthreshold parameters
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Solving s-channel: subtractions

@ Existence and uniqueness of solutions Gasser, Wanders 1999

=- no-cusp condition for each pw + 2 additional constraints are needed

@ Take advantage of the precise data for pionic atoms Gotta et al. 2005, 2010
= Impose as a constraint scattering lengths from a combined analysis of pionic hydrogen
and deuterium Baru et al. 2011

ay? = (169.8 £2.0)1073M; ! a)/? = (~86.3+£1.8)107 M

Ref/ (s) =q? (afi +b 0%+ )

10 subthreshold parameters are needed to match d.o.f
= three subtractions J
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Solving s-channel: strategy

@ Parameterize S and P waves upto W < Wi,
@ Using SAID partial waves as starting point

@ Impose as constraints the hadronic atom scattering lengths

@ Introduce as many subtractions as necessary to match d.o.f [Gasser, Wanders 1999]

Minimize difference between LHS and the RHS on a grid of points W;

v (Re s (W) - FIAEI(W))”
2=y I I+

Is
Ils, %+ j=1 Re f5 (W)

FIf5](W}) = right hand side of RS-equations

@ Parametrization and subthreshold parameters are the fitting parameters
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Solving s-channel: results

L3 r— y y y g . 0.5 — . . . .
12 PR s11(s) 1 -06F. $31(s)
LI S3s 1 07 F
Lt 1 -08
09 | 1 09F I
08 | { a1t S ]
07 e o T een] -LLE e anana———] blue/red
06 lr——_ o T
LHS/RHS
0 N 3 DI ) ) ) after the fit
005 F P13() 2 | TN P33(8)
0.1 e L o S .
0.15 | gray/black
02 f R B 1 03
1025 | 1 atf . ] LHS/RHS
-0.3 : : . i : . 2 . . . PRttt before the fit
12°F 0= ) ) ) j ) Notation: L,
1F o2 | .{_\_::\ p31(5) otation: Lo/
08 el
0.6 | 041 e
04 | poll]
el 0.6
ot 08|
02 Lk 1 <

1.1 1.15 12 125 13 135 1.1 1.15 12 125 13 135
Vs (GeV) Vs (GeV)
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Results: s-channel PWs

1.3 p— T T T T T -0.5 T T T T y
1.2 Sy $11(8) 1 06 [ $31(8)
L1LE S 1 -0.7

1} \I:::\ 1 -0.8
09 S 1 -09
08 RSN 1 -1
07 | Treeeeo] L1 blue/red
0.6 : . . . - — 12 - - - - - - (3

LHS/RHS

0 < 3 gy )
005 | \\ p13(S) ) | //r \\ p33(S) after the fit
-0.1 A \\\\\\ 11 o \“ ]
-0.15 | NG 0 o 5\ 1 gray/black
02} ST
} [ ST ] -1t N ;
0.25 S} LHS/RHS
0.3 : . . . - - -2 - - - - . -

before the fit
12 F ' 0=
L S L2278 SSssol S

0,213 ] pll( ) /::,/ -0.2 \::::__\ p3l( ) Notation: Lp ooy
06 F A -0.4 e R 1
04 | L 206 Tl T E
b | 08
02 b Srmm==spt 4 -

1.1 1.15 1.2 125 13 1.35 1.1 1.15 12 125 1.3 1.35
s (GeV) Vs (GeV)
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Results: s-channel PWs

T T -0.5 T T T T T
s e 19 1 sizable
0.8 O A ©(1275) effect
-0.? i 1 blue/re
] -1 - g
L L = -12 L L L L L L
0 - 3 LHS/RHS
20.05 | \\\ p13(S) 2 | //”-\\ p33(s) after the fit
-0.1 \‘\::\\ il // ‘\\ 1
0.15 T ol N\ |1 gray/black
02 S e ] \\ :H:
025 f 1 17 A ]
03 P L L 2 L L L L iniuirid n LHS/RHS
before the fit
12 F 0 T T y T Notation: Ly; o/
0213 L pp(s) Pt ) \:;:::::\ p31(8) g
06 | 7 -0.4 T .
04 P 20.6 T T E
02 E Ss=s===sIioTT N N L] 1 N N N N N L
1.1 115 1.2 125 13 135 1.1 115 12 125 13 1.35

s (GeV) Vs (GeV)
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Results: t-channel PWs

2 Imi” (9
3
0

6 blue
9 T
before the fit

: red
Imf" _(s) )

after the fit

KH80

1
Jt (GeV) Vt (GeV)
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Solving the full RS system: strategy

@ Full solution: self-consistent, iterative solution of the full RS system
= consistent set of s- and t-channel PWs & low-energy parameters

@ However:

e t-channel RS egs. depend only weakly on s-channel PWs
@ resulting s-channel PW change little from SAID

A full solution can be achieved including in the s-channel RS egs. the t-channel dependence on
the subthreshold parameters J
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@ Statistical errors (at intermediate energies)
> important correlations between subthreshold parameters
> shallow fit minima

= Sum rules for subthreshold parameters become essential to reduce the errors

@ Input variation (smai)
> small effect for considering s-channel KH80 input
very small effects from L > 5 s-channel PWs
small effect from the different S-wave extrapolation for t > 1.3 GeV
negligible effect of p’ and p’’

very significant effects of the D-waves (f,(1275))

vV V.V VvV V

F-waves shown to be negligible

@ matching conditions (close to W)

o scattering Iength (SL) €ITOrS (on S-waves and subthreshold parameters)
> very important for the o .n
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Uncertainties: Real part t-channel pw

[ I
Vi [GeV] Vi [GeV]
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Decomposition of s-channel RS pw

I I I I
H5.(W) = NS (W) + KsTIW)S_ + K T(W))S, + DT(W)EE
, Su Sy

[GeV™!]

Re f3*

[GevT!]

/2

S
=
= -4
-6
1.1 1.15 12 1.25 13 135
Py
3 -
1
=
<
B
>
1.1 1.15 12 1.25 13 1.35 11 1.15 12 N 1.25 13 135
W [GeV] W [GeV]
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Comparison with KH80

@ Karlsruhe-Helsinki analysis KH80 Hohler et al. 1980
e comprehensive analyticity constraints based on fixed-t dispersion relations

o old experimental data

@ Here, an update of KH80 results with modern input
@ HDR increase the range of validity of the equations

o 7N scattering length extracted from hadronic atoms =- essential for the o

o Goldberger-Miyazawa-Oehme sum rule:

Gon/4m =13.7+0.2 Baru et al. 2011
compare: g2iy/Am =14.28 Hohler et al. 1983
@ s-channel PWs from SAID

o f>(1275) included =- sizable effect

@ KH80 is internally consistent = RS reproduces KH80 results with KH80 input
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Results: s-channel PWs with KH80 input
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Results: t-channel PWs with KH80 input

9
6 Imi’ ()
3
0
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Threshold parameters

o Threshold parameters defined as: Re f/, (s) = ¢?{al,_ + bl q® +--}

@ Extracted from hyperbolic sum rules

RS KH80
af, [1073m; "] —09+1.4 97417
a; [1073M;"] 85.4 + 0.9 91.3+1.7
af, [1073M %] 131.2+1.7 132.7 £1.3
a; [1073M 9] —80.3+1.1 —81.3+1.0
al_ [107°m3) —50.9+1.9 —56.7+£1.3
a; [1073M3) —994+1.2 —11.7+£1.0
by, [1073M; 2% —45.0+£1.0 —443+6.7
by, [1073M%] 49408 13.3+£6.0

@ Reasonable agreement with KH80 but for the scattering lengths

@ Disagreement in the scattering lengths in ~ 40
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RS-egs for #N: Range of convergence

@ Assumption: Mandelstam analyticity Mandelstam (1958,1959)
= T(s,t) can be written in terms double spectral densities: pS;, Psu, Put
/
Ts ) = /dsd psus u') /d[d _pw(u) /dsdt pst(s )
YWu' — u) u’ —u) )

— integration ranges defined by the support of the double spectral densities p

@ Boundaries of p are given lowest lying intermediate
states

u M}

@ They limit the range of validity of the HDRS:
o Pw expansion converge
= z = cos § € Lehmann ellipses Lehmann (1958)
o the hyperbolae (s — a)(u — a) = b does not enter any
double spectral region
= for a value of a, constraints on b yield ranges in s & t s M2
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Dispersion relation for the scalar form factor of the nucleon

@ Unitarity relation: Im o(t) = ﬁ{%a}f (F3() () + otK(F;?(t))*hg(t)}

- N o~ N
Im(%i:lm(g 1:E+Im® @
~ - 7 ~ _ <

—

o0
@ Once subtracted dispersion relation: o(t) = o,y + % Jdt’ ,I,"(‘;’,(ft))
tr

14 —

A, [ MeV

0.4 0.6 0.8

0 A, =c(2M2) —o.n
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Dispersion relation for the 7N amplitude

@ t-channel expansion of the subtracted pseudo-Born amplitude

_ 1 - 5 ,- 27 - 56
D(u—o,t>—4w{p2fJ(r)+2qff;(t>+Sp?q;‘f:() 2RET 0+ }
t

@ Insert t-channel RS equations for Born-term-subtracted amplitudes ?j(t)

Im?*(t’)
—4m2)(t —t)

D(v=0,t)=df+ —16¢2 /dt’ 0 + {J > 2} + {s-channel integral}

® Ap=F2(D(v=0,t) — df, + dj;t) from evaluation at t = 2M2
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Summary: o-term corrections

@ Nucleon scalar form factor

A, = (13.9 £ 0.3) MeV

2
vz (i - 14.28) + 2 (oG M +1.46) + Zs (oG M2 — 1.14) + Zu (by M2 +3.54)
47
7, =036MeV, Z =057MeV, Z=120MeV, Z = —0.81MeV
o 7N amplitude
Ap = (12.1 £ 0.3) MeV
2
e N 5 3 N
+2 (E - 14.28) + 2o (o M +1.48) + 25 (cy MS — 1.14) + Z4 (b5 M3 +3.54)

2y = 0.42MeV , Z, = 0.67MeV , Z3 = 12.0MeV , Zy = —0.77 MeV

— most of the dependence on the =N parameters cancels in the difference

Full Correction

Ap— A, = (—1.8+0.2) MeV
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Cheng-Dashen theorem in the presence of isospin breaking

@ Define as isoscalar as

1
Xt xP = —(x
2

and “isospin limit” by proton and charged pion
@ Assume virtual photons to be removed

— scenario closest to actual 7N PWA

rtp—sntp

+ X

= pm—p)s X €D doo,dor. gy -}

@ Calculate IV corrections in SU(2) ChPT, mainly due to A, = M2 — M72.—0

o For the o term no differences at O(p®)

362 M
OxN = 0p = 0N = —4C Mio -

@ Slope of the scalar form factor

3g2M°3
P _ 2 _ AV
AL =o0p(2M]) — 0p = B4 P2

o Similarly for AP

Ap = F72\'{Dp(07 2M72r) — O — 2M72rdcl;1}

J. Ruiz de Elvira (HISKP)

2
0
Sipe (@Mx £ M o) + O(M})

2

IaM A

ZATTET (L7 421 22 M

(28eF? (=7 + V2109(3 + 2v2)) + O(M})
_ 23¢2M3 | @Mgpnn

384:F72‘_ + %

256 F2

(3+4v2log (1+ v2)) + O(M¢)

Roy-Steiner-equation analysis = N scattering
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Cheng-Dashen theorem in the presence of isospin breaking

@ Taking everything together

oan =F2(df, +2M2af)) — Ag+ Ap — A + (A — Ap) — (AP — A,)
+0p(2MZ) + FZD(0,2MZ)

8192M A, = €
2 2 e 2
=Fz(dgy +2M205) — Ap + Ap— Ao+ + S Fr(4h 4 )

<OMeV  (—1.840.2)Mey —mm— ———
~ ( e 3.4MeV (—0.4+2.2)MeV

— sizable corrections from A increasing the value of the oy
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Nucleon strangeness

@ relate o, to strangeness content of the nucleon:

M (N|Gu+ dd — 28s|N) oo 2(N|3s|N)

2mn 1=y 1=y Y= Njau+ dan)

(ms — m) (Tu + dd — 25s) C LQCD produces SU(3) mass splittings:

o m
Oan= —2 o= ——— (M= + my — 2my) ~ 26 MeV
1—y ms — m
higher-order corrections: oo — (36 +7) MeV Borasoy, MeiBner 1997
@ potentially large effects
> from the decuplet Alarcon et al. 2013, Siemens et al. 2016

> from relativistic corrections (EOMS vs. heavy-baryon)
< may increase to oy = (58 4 8) MeV
@ Conclusion:

> o.n = (59.1 & 3.5) MeV not incompatible with small y
> chiral convergence of o (hence (N|3s|N)) very doubtful
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Chiral Low Energy Constants with A’s

HB-NN HB-wN covariant

N2LO Q? &3 Q? &3 Q? &3
o —1.08(2) —1.25(3) —1.08(2) —1.24(3) —1.00(2) —1.19(4)
o 3.26(3) 1.71(1.01) 3.26(3) 1.13(1.02) 2.55(3) 1.14(19)
c3 —5.39(5)  —2.68(84) —5.39(5)  —2.75(84) —4.90(5)  —2.56(40)
s 3.62(3) 1.57(16) 3.62(3) 1.58(16) 3.08(3) 1.33(20)
diyp 1.02(6) 0.14(17) 1.02(6)  —0.07(18) 1.78(6) 0.62(16)
s —0.46(2)  —0.84(14) —0.46(2)  —0.48(15) —1.12(2) —1.45(5)
ds 0.15(5) 0.80(7) 0.15(5) 0.47(6) —0.05(5) 0.29(6)
dis_15 —1.85(6)  —1.09(30) —1.856)  —0.72(31) —2.27(6)  —0.98(13)

N3Lo ot &4 ot &4 ot &4
c —1.11(3) —1.11(3) —1.11(3) —1.11(3) —1.12(3) —1.10(3)
c 3.61(4) 1.41(38) 3.17(3) 1.28(20) 3.35(3) 1.16(20)
c3 —5.60(6)  —1.88(45) —5.67(6)  —2.04(39) —5.70(6)  —2.10(39)
cs 4.26(4) 2.03(28) 4.35(4) 2.07(29) 3.97(3) 1.91(27)
0142 6.37(9) 1.78(31) 7.66(9) 2.90(30) 4.70(7) 1.78(24)
dy —9.18(9)  —3.64(36)  —10.77(10)  —5.91(50) —5.26(5)  —3.25(14)
ds 0.87(5) 1.52(7) 0.59(5) 1.03(7) 0.31(5) 0.66(6)
dig_q5 ~ —12.56(12)  —4.38(54)  —13.44(12)  —5.17(55)  —8.84(10)  —3.41(41)
14 1.16(4) 1.64(10) 0.85(4) 1.12(16) 1.17(4) 1.28(11)
e15 —2.26(6)  —4.95(15) —0.83(6)  —3.30(25) —2.58(7)  —3.07(13)
e16 —0.29(3) 4.21(16) —2.75(3) 1.92(43) —1.77(3) 1.71(17)
617 —0.17(6) —0.44(8) 0.03(6) —0.39(7) —0.45(6) —0.51(7)
e1g —3.47(5) 1.34(29) —4.48(5) 0.67(31) —1.68(5) 1.30(17)
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Threshold kinematics from subthreshold with A’s

HB-NN HB-7wN covariant RS
N2LO a® 3 ® 3 leld 3

++[1o*3M;1] 0.5 —9.8(10.9) 0.5 —0.409.2) —14.8 1.0(17.3) —0.9(1.4)
301[10_3’”;1] 92.2 92.7(1.0) 92.9 90.5(9) 89.9 81.7(1.6) 85.4(9)
a;r+[10*3M;3] 113.8 125.8(16.7) 121.7 127.2(18.4) 116.4 128.5(9.6) 131.2(1.7)
a;r[1o*3M;3] —74.8 —77.4(2.5) —75.5 —78.4(2.6) —75.1 —79.7(3.0) —80.3(1.1)
al_ [10—3m-3 —54.1 —53.4(14.1) —47.0  —52.5(15.8)  —55.5 —52.5(8.5) —50.9(1.9)
a_ [0—3m-3 —14.1 —13.1(2.7) —25 —7.8(3.0) —10.4 —9.7(4.1) —9.9(1.2)
bar+[1o*3M;3] —45.7 —38.1(9.6) —22.1 —23.7(14.4)  —50.9  —384.7(12.1) —45.0(1.0)
bojr[w—sm,ﬁ] 35.9 26.4(1.0) 22.6 17.6(8) 21.6 14.2(2.0) 4.9(8)
aar+[10_3M;1] —1.5 —1.5(8.5) —8.0 1.2(20.4) —5.7 —0.8(10.3) —0.9(1.4)
a(;r[10*3M;1] 68.5 96.3(2.0) 58.6 70.0(3.3) 83.8 83.6(1.9) 85.4(9)
a;r+[1o*3M;3] 134.3 136.0(9.7) 132.1 135.2(8.7) 128.0 132.7(9.0) 131.2(1.7)
a1—+[1o*3M;3] —80.9 —80.0(3.4) —90.1 —86.4(2.7)  —78.1 —81.1(3.6) —80.3(1.1)
al_[1073m3) —55.7  —47.5(10.5) —73.7 —56.9(7.1)  —53.5 —51.4(7.9) —50.9(1.9)
a; [1073m3) —10.0 —5.6(4.9) —23.7 —14.4(6.5) —11.8 —10.4(5.7) —9.9(1.2)
b++[1o*3M;3] —42.2 —31.4(8.1) —445  —32.6(21.3) —54.7 —33.9(8.5) —45. 0(1 0)
b01[10_3M;3] —31.6 7.1(2.3) —65.2 —34.1(5.7) 2.3 2.9(2.1) .9(8)
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Goldberger-Miyazawa-Oehme sum rule

@ Fixed-t dispersion relations at threshold — GMO sum rule

@ [ (mp+my 2_ M\ My B oM
47r_<(M7r ) 1 1+ﬁp T(aﬁfp aﬂp) 7J

=13.69+£0.12+0.15

J- = A / - dkw
472 Jo \/W
@ J known very accurately Ericson et al. 2002, Abaev et al. 2007

@ other determinations

de Swartetal. 97  Arndtetal. 94  Ericsonetal. 02 Buggetal. 73  KH80
method NN N GMO N N
9% /4n 13.54 + 0.05 13.75 £ 0.15 14.11 £ 0.20 14.30 £ 0.18  14.28

@ With KH80 scattering lengths g2 /47 = 14.28 is reproduced exactly

— discrepancy related to old scattering length values
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Spin-independent WIMP—nucleon scattering

o Effective Lagrangian

ssMq _  ~ v Mg _ = AS OS
L= qu F xx4q9 + qu ﬁ X x qvuq + ngﬁXXGH’/GMU

@ WIMP x Dirac fermion and SM singlet
@ Spin—independent cross section at vanishing momentum transfer

2
si_ Hx |(MN
g N (chq q

2
SS (N S (N VV (N
V=5 1 - 12nC5 1Y) + Cl 1)

my My N N oxn(1 =€) N
== f'=2 f'=-"T——=71Af
Hx my+my 9 a my a

@ nucleon-matrix elements dominated by oy
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Roy-equations: 77 results

Solution for the 7w SO0-wave

T T T
L 0

| i LT |
[ 5© 1 T T T | T
r 0
SR LT
[ * Old K decay data
[ o Nadg2 =

2000 A K27 decay J 3
t ~ Kaminski etal. ! +
F < Grayeretal. Sol.B 4
r o Grayeretal. Sol. C | s

150 +  Grayeretal. Sol. D ]
L = Hyamsetal. 73 05k Il
t v Cohenetal.
r o Etkinetal. fmr—KK

100~ L} 7 s Wetzel et al.
[ ] » Hyamsetal. 75
r L,0id © Kaminski et al.

sl s {{ ] = Hyamsetal. 73  |[-7n—> 7
r 52 v Protopopescu et al.
[ - CFD
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Outlook: mr-continuum contribution to the nucleon form factors

@ Proton Radius Puzzle
< strong constraints from analyticity and unitarity

@ first inelastic correction — 7w continuum, rigorous constraint fixed from:

> RS t-channel partial waves
> pion form factor

@ update of Hohler spectral functions, including also isospin breaking criticism by Lee et al. 2015
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