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Intro duction

The phase diagram of strongly interacting matter is largely unknown

[http://www.bnl.gov/rhic/news]
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Intro duction

The phase diagram of strongly interacting matter is largely unknown

Con�nement and chiral symmetry breaking observed, mechanism still

unknown. [Schaefer and Shuryak, 96]

At �
B

! 0 , it is now well known from lattice there is a crossover transition.

[Bielefeld-BNL collab oration 05, MILC collab oration, 05, Budap est-Wupp ertal collab oration, 06, HotQCD, 11]

But can we see hints of the criticality due to the light quarks present.

[http://www.bnl.gov/rhic/news]
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U

A

( 1 ) ! not a symmetry yet may a�ect the order of phase transition for

N

f

= 2 [Pisarski & Wilczek, 84] .
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Where do we stand now!

Perturbative RG studies on

sigma mo dels with same

symmetries as N

f

�avour QCD:

N

f
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= 2 : If U

A

( 1 ) e�ectively

restored ) 1st or 2nd order with

U

L

( 2 ) � U

R

( 2 ) ! U

V

( 1 ) criticality

[Pisarski & Wilczek, 84, Butti, Pelissetto & Vicari, 03, 13, Nakayama & Ohtsuki, 15]
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� 3 : 1st order phase transition

indep endent of U
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( 1 ) .

N

f

= 2 : If U

A

( 1 ) broken ) 2nd

order transition with O ( 4 ) critical

exp onents.

[Pisarski & Wilczek, 84, Butti, Pelissetto & Vicari, 03, 13, Nakayama & Ohtsuki, 15]
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Where do we stand now!

Perturbative RG studies on

sigma mo dels with same

symmetries as N

f

�avour QCD:

N

f

� 3 : 1st order phase transition

indep endent of U

A

( 1 ) .

Imp ortant to get insight from

lattice.

[Pisarski & Wilczek, 84, Butti, Pelissetto & Vicari, 03, 13, Nakayama & Ohtsuki, 15]
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Routes to solve the puzzle

Not an exact symmetry ! what observables to lo ok for?

Degeneracy of the 2-p oint correlators [Shuryak, 94] ! higher p oint correlation

functions imp.
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Routes to solve the puzzle

In terms of integrated correlators:

� � =
Z

d

4

x hi � + ( x ) i � � ( 0 )i

O�-Diagonals of the meson sp ectra: � � � � � = � 2 �
disc

Furthermore � � � � � = � 2 �
5 ; disc

When chiral symmetry is restored � � $ � � , � � $ � �
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! �
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.

From de�nition,

�
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;
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New fermionic observable when �
SB

restored!
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Routes to solve the puzzle

Not an exact symmetry ! what observables to lo ok for?
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Lo oking at Sp ectral density in QCD at T 6= 0

Very little known. Only recently studied in detail [Aoki, Fukaya & Taniguchi, 12] .
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Lo oking at Sp ectral density in QCD at T 6= 0

Very little known. Only recently studied in detail [Aoki, Fukaya & Taniguchi, 12] .

Assuming � (�; m ) to b e analytic in �; m

2

, lo ok at Ward identities of

n -p oint function of scalar & pseudo-scalar currents when chiral

symmetry is restored.
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, lo ok at Ward identities of
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A
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upto 6-p oint correlation functions.
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Lo oking at Sp ectral density in QCD at T 6= 0

Very little known. Only recently studied in detail [Aoki, Fukaya & Taniguchi, 12] .

Assuming � (�; m ) to b e analytic in �; m

2

, lo ok at Ward identities of

n -p oint function of scalar & pseudo-scalar currents when chiral

symmetry is restored.

� (�; m ! 0 ) � � 3 ) U

A

( 1 ) breaking e�ects invisible in this sector for

upto 6-p oint correlation functions.

Non-analyticities in the infrared part of the sp ectrum+analytic form of

the bulk.
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Lattice studies so far!

Improved Staggered fermions: Large 32

3 � 8 lattice ! U

A

( 1 ) broken

[Ohno et. al. 12 ]

Same observation noted earlier for smaller lattice [Chandrasekharan & Christ 96 ]

Recent results on screening mass with improved Wilson fermions

M � � M � = � 81 ( 282 ) MeV ! U

A

( 1 ) e�ectively restored at T

c

. Lattice

volumes rather small ( 2 fm ) 3

[B. Brandt et. al., 16 ]

Issues with lattice artifacts?

Exact chiral invariance is not maintained
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Lattice studies so far!

Dynamical overlap fermions with exact chiral symmetry on lattice ! U

A

( 1 )
restored [Cossu et. al, JLQCD collab oration, 11, 12 ]

Pion mass 220 MeV. E�ects of �xing the top ology? Thermo dynamic limit?
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Lattice studies so far!
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Dynamical domain wall fermions with b etter chiral symmetry ! U

A

( 1 )
broken [Bucho� et. al. 13 ] Low statistics in the lower end of sp ectrum?

Optimal domain wall fermions: On small lattice ! U

A

( 1 ) restored

[Chiu et. al. 13 ]

Small eigenvalues in small volumes related to �
SB

. Reweighting them

! U

A

( 1 ) restored. [G. Cossu et. al. 15 (JLQCD collab oration. ]

Sayantan Sharma XI I Quark Con�nement and the Hadron Sp ectrum, Thessaloniki Slide 10 of 33



Consequence: Constituents of the hot QCD medium

Near T

c

, a medium consisting of interacting instantons can explain

chiral symmetry breaking ) Instanton Liquid Mo del

[Shuryak, 82, Schaefer & Shuryak, 96]

At T >> T

c

, medium is like a dilute gas of instantons?

[Gross, Pisarski & Ya�e, 81] .

What is the medium made up of for T

c

� T � 2 T

c

?

At what T is DIGA is valid?

Finite T instantons have substructures instanton-monop oles ! carry

electric and magnetic charges. Can we detect them on lattice..

First signals observed! [Ilgenfritz, Michael Mueller-Preussker et. al 02, 06, 13, 14] .
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The major issues with the lattice studies so far

Finite volume e�ects ! ensure presence of top ological objects in a

b ox.

Sayantan Sharma XI I Quark Con�nement and the Hadron Sp ectrum, Thessaloniki Slide 12 of 33



The major issues with the lattice studies so far

Finite volume e�ects ! ensure presence of top ological objects in a

b ox.

Most studies done with lattice fermions with only a remnant of

continuum chiral symmetry + absence of �avor singlet U

A

( 1 )
[S. Chandrasekharan, 96, H. Ohno et. al 12, V. Dick et. al., 15, B. Brandt et. al., 16] .
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A
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Studies done with chiral fermions are in a �xed top ological sector+
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The major issues with the lattice studies so far

Finite volume e�ects ! ensure presence of top ological objects in a

b ox.

Most studies done with lattice fermions with only a remnant of

continuum chiral symmetry + absence of �avor singlet U

A

( 1 )
[S. Chandrasekharan, 96, H. Ohno et. al 12, V. Dick et. al., 15, B. Brandt et. al., 16] .

Studies done with chiral fermions are in a �xed top ological sector+

small volume [JLQCD collab oration, 13] .

Lattice cut-o� e�ects need careful consideration for near-zero

eigenvalues [G. Cossu et. al, 15]
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Techniques used on lattice

To measure the lo calized top ological structures ! remove the ultraviolet

�uctuations

Two known metho ds: Gauge op erator & Fermionic op erator

Co oling to the classical action or smearing UV mo des and then measure F

~
F

[Ilgenfritz, Michael Mueller-Preussker et. al 06, 13, Bonati, M. D'Elia et. al., 13, 14 ]

Controlled smearing metho d ! Wilson �ow [M. Luscher, 09, 10] .

May cause disapp earance of small instantons, density / � � 5

.
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Techniques used on lattice

To measure the lo calized top ological structures ! remove the ultraviolet

�uctuations

Two known metho ds: Gauge op erator & Fermionic op erator

Co oling to the classical action or smearing UV mo des and then measure F

~
F

[Ilgenfritz, Michael Mueller-Preussker et. al 06, 13, Bonati, M. D'Elia et. al., 13, 14 ]

Controlled smearing metho d ! Wilson �ow [M. Luscher, 09, 10] .

May cause disapp earance of small instantons, density / � � 5

.

Alternative: Use the index theorem from fermion zero mo des
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Index theorem on the lattice

It is imp ossible to de�ne chiral fermions on lattice which are (ultra)lo cal.

[Nielsen & Ninomiya, 82]

Overlap fermions [Narayanan & Neub erger, 94, Neub erger, 98] have exact chiral

symmetry on the lattice.

D

ov

= M ( 1 + 

5

sgn (

5

D

W

(� M ))) ; sgn ( A ) = A =
p

A :A :

It satis�es the Ginsparg-Wilson relation f 

5

; D

ov

g = a D

ov



5

D

ov

[Ginsparg & Wilson, 82]

D

ov

has an exact index theorem like in the continuum ) the zero mo des of

D

ov

related to top ological structures of the underlying gauge �eld.

[Hasenfratz, Laliena & Niedermeyer, 98]

Sayantan Sharma XI I Quark Con�nement and the Hadron Sp ectrum, Thessaloniki Slide 14 of 33



Index theorem on the lattice

Our 4D world Other end 5D torus

Domain wall

0
N55D

One can also start from 5D world+ put a defect to lo calize chiral fermions

on the 4D brane.

Domain wall fermions [Kaplan 92, Shamir 95] in the limit N

5

! 1
D

DW

= M ( 1 � 

5

sgn ( ln j T j)) ; T = ( 1 + a

5



5

D

W

P + )� 1 ( 1 � a

5



5

D

W

P � ):
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The technique we use

Metho d I: Use overlap as valence op erator to prob e the infrared

sp ectrum.

Sea quarks in background ! HISQ and domain wall fermions

We lo ok at the eigenvalue distribution of D

ov

on the ensembles.

Zero mo des of D

ov

related to top ological structures of sea quarks.

Infrared part of eigenvalue distribution gives us idea ab out the

�
SB

; U

A

( 1 ) and the top ological structures that contribute to them.
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Metho d I I Use Wilson �ow on staggered fermions ! continuum limit
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The technique we use

Metho d I: Use overlap as valence op erator to prob e the infrared

sp ectrum.

Sea quarks in background ! HISQ and domain wall fermions

We lo ok at the eigenvalue distribution of D

ov

on the ensembles.

Zero mo des of D

ov

related to top ological structures of sea quarks.

Infrared part of eigenvalue distribution gives us idea ab out the

�
SB

; U

A

( 1 ) and the top ological structures that contribute to them.

Metho d I I Use Wilson �ow on staggered fermions ! continuum limit

First we present results with staggered (HISQ) quarks and then with

�chiral� domain wall fermions.
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Our Set-up

V = N

3

a

3

, T = 1

N � a

.

Box size: m � V

1 =3 > 4

Input m

s

physical � 100 MeV and m � = 160 ; 110 MeV (staggered)

m � = 200 ; 135 MeV (domain wall fermions)
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Eigenvalue distribution near T

c

General features: Near zero mo de p eak +bulk.

We �t the � (� ) to ansatz: � (� ) = A �
� 2 + A

+ B � 


[ V. Dick, F. Karsch, E. Laermann, S. Mukherjee and S.S, PRD 91, 15].

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8

r (l )ms/T4

 l /ms

~ Tc

Nt=8
Nt=6

Bulk rises linearly as � , consistent with �
PT

predictions. No gap seen.
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Eigenvalue distribution near T

c

General features: Near zero mo de p eak +bulk.

We �t the � (� ) to ansatz: � (� ) = A �
� 2 + A

+ B � 


[ V. Dick, F. Karsch, E. Laermann, S. Mukherjee and S.S, PRD 91, 15].

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8

r (l )/T3

l /T

~ Tc

mp=160 MeV
mp=110 MeV

No gap even when quark mass reduced! Peak height increases as mass lowered.
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At higher temp eratures..

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8
 l /ms

r (l )ms/T4 1.2 Tc

Nt=8
Nt=6

Near zero mo de p eak shows little cut-o� dep endence. Bulk rises as � 2

.
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At higher temp eratures..

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

r (l )/T3 1.5 Tc

l /T

At 1 :5 T

c

, the bulk and the near zero p eak decouples completely

Bulk rises as � 3

.

Breaking of U

A

( 1 ) from the near-zero mo des? Are these physical?
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Robustness of near zero mo des

The infrared part could b e a�ected by unphysical dislo cations. ! partial

quenching + rough con�gurations.

These have smaller classical action than instantons. ! lattice cut-o� e�ect.

HYP smearing [Hasenfratz & Knechtli, 02] exp ected to eliminate such structures.
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Smearing do es not eliminate the near zero mo des.

At this temp erature, ro oting is insigni�cant.

Di�erence? Smearing may suppress small instantons.
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What we found till now...

The near-zero mo des survive till 1 :5 T

c

.
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The bulk mo des have very distinct rise..changes from j� j to � 2

as

T

c

! 1 :2 T

c
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The near-zero mo des survive till 1 :5 T

c

.
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as
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! 1 :2 T
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b oth conspire to break U

A

( 1 ) .
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What we found till now...

The near-zero mo des survive till 1 :5 T

c

.

The bulk mo des have very distinct rise..changes from j� j to � 2

as

T

c

! 1 :2 T

c

b oth conspire to break U

A

( 1 ) .

Near zero mo des are physical ! not artifacts even at 1 :5 T

c

.

[ V. Dick, F. Karsch, E. Laermann, S. Mukherjee and S.S, PRD 91, 15 ].
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What we found till now...

The near-zero mo des survive till 1 :5 T

c

.

The bulk mo des have very distinct rise..changes from j� j to � 2

as

T

c

! 1 :2 T

c

b oth conspire to break U

A

( 1 ) .

Near zero mo des are physical ! not artifacts even at 1 :5 T

c

.

[ V. Dick, F. Karsch, E. Laermann, S. Mukherjee and S.S, PRD 91, 15 ].

How robust are these characteristics? Do fermions with exact chiral

symmetry show similar trends?
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Sensitivity to fermion discretization

Use of fermions exact chiral symmetry and U

A

( 1 ) ! much clear

interpretation of the top ology issues.

First results for domain wall fermion sp ectrum exciting!

[ V. Dick et. al., 1602.02197, in prep]

Near zero p eak p ersists at T > T

c

+bulk shows the exp ected rise

Insensitive to quark mass e�ects.
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Sensitivity to fermion discretization

The near-zero mo de falls by more than a third at 1 :2 T

c

.

First 50 eigenvalues of the Dirac op erator contribute signi�cantly to

U

A

( 1 ) breaking. [ V. Dick et. al., 1602.02197, in prep]
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Eigenvalue sp ectra of di�erent lattice fermions

How do the HISQ and Domain wall sp ectra compare?
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Eigenvalue sp ectra of di�erent lattice fermions

How do the HISQ and Domain wall sp ectra compare?

The bulk HISQ sp ectra with Goldstone pion mass 160 MeV consistent with

DW with m � = 200 MeV at 1 :2 T

c

.
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Eigenvalue sp ectra of di�erent lattice fermions

How do the HISQ and Domain wall sp ectra compare?

The bulk HISQ sp ectra with Goldstone pion mass 160 MeV consistent with

DW with m � = 200 MeV at 1 :2 T

c

.

More near-zero states in HISQ than domain wall..redundant symmetries due

to ro oting?

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

1.2 Tc

m
s r

/T
4

l /ms

DW,mp=135 MeV
DW,mp=200 MeV

HISQ

Sayantan Sharma XI I Quark Con�nement and the Hadron Sp ectrum, Thessaloniki Slide 23 of 33



Top ological susceptibility: di�erent lattice fermions

Are continuum symmetries recovered for staggered fermions for a ! 0 ?
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Top ological susceptibility: di�erent lattice fermions

Are continuum symmetries recovered for staggered fermions for a ! 0 ?

Results from QCD with �chiral� fermions agree well with continuum

extrap olated results using staggered fermions.

[ P. Petreczky, H-P Schadler, SS, 1606.03145]
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Top ological susceptibility: Staggered fermions using Wilson

�ow

Wilson �ow on improved staggered fermion (HISQ) ensembles ! remove

ultra-violet �uctuations.

Q measured using lattice de�nition of F

~
F .

Using � 1 =4

t

= AT

� B

. Fit to the data shows very distinct slop es.

B = 0 :9 � 1 :2 for T < 250 MeV. Agrees well with another indep endent work

[ Bonati et. al, 1512.06746]
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Top ological susceptibility at high T

Using the �t ansatz:

� 1 =4

t

( T ; N � ) = ( a

0

+ a

2

=N

2

� + a

4

=N

4

� ) � ( T

c

=T ) b + b

2

=N

2

� + b

4

=N

4

� + b

6

=N

6

�

T > 300 MeV: Continuum extrap olated b = 1 :85 ( 15 ) in agreement with

Dilute instanton gas .

Also in agreement with an indep endent lattice work [ Borsanyi et. al, 1606.07494]

For details see talk by Sandor Katz, Monday 19:30, Session G2
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Top ological susceptibility at high T

At T > 300 MeV top ological �uctuations are rare.
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Top ological susceptibility at high T

At T > 300 MeV top ological �uctuations are rare.

Another check: m

2

l

�
disc

= �
t

.
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Top ological susceptibility at high T

At T > 300 MeV top ological �uctuations are rare.

Another check: m

2

l

�
disc

= �
t

.

Cut-o� e�ects are very di�erent. But have the same continuum limit.

[ P. Petreczky, H-P Schadler, SS, 1606.03145]
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Indep endent con�rmation: near-zero mo des

 0
 1

 2
 3

 4

x (fm)  0 1 2 3 4 y (fm)

 0

 0.02

 0.04

 0.06

y +y

 0

 0.02

 0.04

 0.06

 0
 1

 2
 3

 4

x (fm)  0 1 2 3 4 y (fm)

-0.06
-0.04
-0.02

 0
 0.02
 0.04
 0.06

y +g5y

-0.06
-0.04
-0.02
 0
 0.02
 0.04
 0.06

Near-zero mo des of QCD Dirac op erator due to a weakly interacting

instanton-antiinstanton pair!
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The nature of the infrared mo des at 1 :5 T

c

If n=total no. of instantons+antiinstantons and form a dilute gas,

P ( n ; hn i ) = hn i n

e

�h n i =n !

For �= T < 0 :44 , the value of hn i = 4 :2 = hn

2 i ) density ' 0 :147 ( 7 ) fm

� 4

.

This is much more dilute than an instanton liquid with density 1 fm

� 4

.

[ V. Dick, F. Karsch, E. Laermann, S. Mukherjee and S.S, PRD 91, 15 ].
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Lo calization prop erties of near zero mo des near T

c
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Combination of L and M instanton-monop oles of di�erent chiralities?
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Top ological susceptibility and its �uctuations

Higher order �uctuations:

< Q

4 > � 3 < Q

2 > 2

< Q

2 >

At T = 0 QCD consistent with large N

c

expansion of �
t

[M. Unsal, 08] .

Departure from large N

c

exp ectations but a slow rise towards DIG

& T

c

! e�ects of residual interactions? [Work in progress] .

For an indep endent measurement and conclusions see talk by Massimo

D'Elia, Monday, 18:45 Session E2.
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DIGA and Axion dark matter

Slow roll of axion �eld at the b ottom of the p otential: �
t

= 9 f

2

a

H

2 = m

2

a

Assuming axion density � dark matter density ) f

a

� 1 :2 � 10

12

GeV.

Need a scaling factor to match lattice results with 1-lo op DIGA predictions

! major uncertainty from estimates of m

Debye

.

[ P. Petreczky, H-P Schadler, SS, 1606.03145]
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Outlo ok

The U

A

( 1 ) is not e�ectively restored near T

c

.
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Both near-zero+ bulk eigenvalues of QCD break U

A

( 1 ) explicitly.
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Outlo ok

The U

A

( 1 ) is not e�ectively restored near T

c

.

Both near-zero+ bulk eigenvalues of QCD break U

A

( 1 ) explicitly.

Top ological susceptibility is measured for a large temp erature range in the

continuum...agreement with the fermions with go o d �chiral� prop erties on

the lattice.
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Both near-zero+ bulk eigenvalues of QCD break U

A

( 1 ) explicitly.

Top ological susceptibility is measured for a large temp erature range in the

continuum...agreement with the fermions with go o d �chiral� prop erties on

the lattice.

Dilute gas scenario for instantons sets in already at T � 300 MeV.
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Outlo ok

The U

A

( 1 ) is not e�ectively restored near T

c

.

Both near-zero+ bulk eigenvalues of QCD break U

A

( 1 ) explicitly.

Top ological susceptibility is measured for a large temp erature range in the

continuum...agreement with the fermions with go o d �chiral� prop erties on

the lattice.

Dilute gas scenario for instantons sets in already at T � 300 MeV.

Top ological prop erties in QCD near T

c

still needs to b e understo o d.
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