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Multiple scales of QCD and Lattice simulations

QCD, αs(MZ) = 0.1185(6)
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a unique (bare) Lagrangian LQCD with input (at all scales)

g2
0 , mu, md, ms, mc, . . .

bound states are non-perturbative (physical spectrum)

mπ0 , mK0 , mD0 , mB0 , . . .

Fixed window for physics from the lattice [can’t take µ = 1/a]

ΛIR � µhad, mπ0 , mK0 , mD0 , . . .� ΛUV

Non-perturbative renormalization: ⇒ ḡ2(µhad), m̄u,d,s,...(µhad) with µhad � mZ

Issue: series truncation & asymptotic nature of pQCD !
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QCD parameters and the renormalization group

QCD, αs(MZ) = 0.1185(6)
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are valid beyond PT

formal solution: RGIs Λ, M

cannot control PT truncation, β(g)
ḡ→0∼ −ḡ3(b0 + b1ḡ

2 + b2ḡ
4 + . . .), at low-Q

← non-perturbative effects (instantons, renormalons, …, you name it)

Λ ≡ µ
[
b0ḡ

2(µ)
]−b1/(2b2

0) e−1/(2b0ḡ
2(µ)) exp

{
−
∫ ḡ(µ)

0
dg
[

1
β(g) + 1

b0g3 −
b1
b20g

]}
Mi ≡ mi(µ)

[
2b0ḡ2(µ)

]−d0/(2b0) exp
{
−
∫ ḡ(µ)

0
dg
[
τ(g)
β(g) −

d0

b0g

]}

GOAL: fully non-perturbative determination of Mi ← µ ≥ µhad
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Q

m

∂

∂Q
m(Q)≡ τ(ḡ)
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Non-perturbative β-function(s)
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{FINAL}

Note: • 2 non-perturbative couplings ⇔ 2 renormalization schemes
• GF and SF schemes matched non-perturbatively at ≈ 4 GeV
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General strategy Capitani et.al.[5]

1 compute current quark mass at some hadronic scale µhad, renormalize & take CL

mi(µhad) = lim
a→0

[
ZA(g2

0)
ZP(g2

0 , aµhad)
mi

fhad

]
× fphys

had

using some scale-setting observable fhad ∈ {fK, . . .}
2 connect to RGI mass

Mi = M

m(µhad) ×mi(µhad)

RG running factor to µ =∞ (continuum, flavour-independent)
hadronic computation

3 convert to any scheme you want, say MS

Tools:

massless finite-volume renormal. scheme µ = 1/L (Schrödinger functional, SF)
non-perturbative couplings: SF [3] and gradient flow (GF) [4]

(continuum) recursive finite size scaling : L→ sL→ s2L→ . . . (s = 2)
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Computing M/m(µhad)
Impose a renormalization condition for the non-singlet pseudoscalar current in L and 2L:

Lattice step-scaling function:

ΣP(u, a/L) =
ZP(g0, 2L/a)
ZP(g0, L/a)

, ZP ∝ Z−1
m ,

{
µ = 1/L fixed
L/a varies

Step-scaling function:

σP(u) = exp
[
−
∫ ḡ(µ/2)

ḡ(µ)
dg

τ(g)
β(g)

]
ḡ2(µ)=u

= lim
a→0

ΣP(u, a/L)

For the two schemes determine

m(µswi)
m(µhad)

∝
N∏
i

σP(ui) ,
m(µpert)
m(µswi)

∝
M∏
j

σP(uj)

Combine everything

GF-NP SF-NP SF-PT

M

m(µhad)
=
m(µswi)
m(µhad)

×
m(µpert)
m(µswi)

×
M

m(µpert)

µhad ≈ 200 MeV
µswi ≈ 4 GeV
µpert ≈ 60 GeV
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Step-scaling function I
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Step-scaling function II
statistical accuracy in continuum limit: ∆[σP] . 1h
current systematic uncertainties: δsys . 1h
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Non-perturbative mass anomalous dimension(s)
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Summary & Outlook
We have computed the Nf = 3 running quark mass for 200 MeV . µ . 60 GeV
with overall non-perturbative uncertainty . 1%.
1st time: running in 2 schemes, matched non-perturbatively (at µ ≈ 4 GeV)
1st time: “effective” mass anomalous dimension extracted non-perturbatively,
1st time: thanks to high accuracy of SF- and GF-based schemes in the high and low
1st time: energy regime, respectively
Missing: final analysis (more data at 2 strongest couplings + global fits)
Missing: connection to spectrum (mπ, mK) to determine quark masses mud,ms

Future:
renormalization group running of the
non-singlet tensor current in Nf = 3
QCD along the same lines [6]

Take home message:
we can assign a trustworthy uncertainty
to the RG running from first principles
calculations

{PR
EL
IM
IN
AR
Y}

M

m̄(µ)

∣∣∣∣
µ≈213 MeV

= 0.9088(78)

Thank you for
your attention!
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Appendix
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Renormalization Group Invariant (RGI) parameters
RG equations for running coupling and quark mass (mass-independent scheme)

q
∂

∂q
ḡ(q)= β(ḡ)

ḡ→0∼ −ḡ3(b0 + b1ḡ
2 + b2ḡ

4 + . . .)

q

m

∂

∂q
m(q)= τ(ḡ)

ḡ→0∼ −ḡ2(d0 + d1ḡ
2 + . . .)

b0, b1, d0 are universal and bi>1, dj>0 scheme-dependent coeff.s

integrated over renormalization scale q ∈ [µ,∞]

Λ ≡ µ
[
b0ḡ

2(µ)
]−b1/(2b2

0) e−1/(2b0ḡ
2(µ)) exp

{
−
∫ ḡ(µ)

0
dg
[

1
β(g) + 1

b0g3 −
b1
b20g

]}

Mi ≡ mi(µ)
[
2b0ḡ2(µ)

]−d0/(2b0) exp
{
−
∫ ḡ(µ)

0
dg
[
τ(g)
β(g) −

d0

b0g

]}
encode information about fundamental parameters of QCD

defined without relying on perturbation theory
RGI masses Mi independent of renormalization scheme, (Λ trivial dep.)
allow for easy conversion (at high µ) between renorm. mass/coupling in diff.
schemes
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Finite renormalizations between massless schemes

Sint,Weisz [7]
Assuming a diagonal quark mass matrix in two massless schemes, one can write

µ′ = cµ, c > 0, g′R = gR
√
Xg(gR),

m′R,s = mR,sXm(gR), s = 1, . . . , Nf

Invariance of a physical observable P under this change of variables implies

P ′
(
µ′(µ), g′R(gR), {m′R,s(gR,mR,s)}

)
= P (µ, gR, {mR,s}),

where P ′ satisfies the Callan-Symanzik equation in the primed scheme w.r.t.

β′(g′R) =
{
β(gR)∂g

′
R

∂gR

}
gR=gR(g′

R
)

τ ′(g′R) =
{
τ(gR) + β(gR) ∂

∂gR
lnXm(gR)

}
gR=gR(g′

R
)
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