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Motivations

Motivations:

I Theoretical: Structural and dynamical properties of proteins
are strongly correlated with their function and the
understanding of this relation is of fundamental importance
for deciphering the molecular mechanisms of life.

I Fundamental: We do not know how at specific physical
conditions the tertiary and quaternary structure of the protein
can be deduced from the DNA sequence. Since the biological
function of the protein is closely related to its form, the
problem of protein folding is one of the most important
unsolved problems in science.

I Practical: Misfolding tertiary and quaternary structure of
certain proteins causes a variety of neurodegenerative diseases
such as Alzheimers, Parkinsons and Creutzfeldt-Jakobs
diseases, type 2 diabetes, and many cancers.
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Motivations

Existing approaches:

I Molecular dynamics: mimic protein structure and dynamics on
the atomic level. Much progress in understanding protein
function.
However: MD is limited concerning both the system size and
the attainable time scales. Computing power by 5-6 orders of
magnitude greater than is technically achievable in nearest
future is needed for a molecular dynamics realistic simulations
of the tertiary and quaternary structures on large spatial and
temporal scales.

I Coarse grain modelling: Can successfully describe protein
structure in terms of effective building blocks without huge
computing power needed.
However: Fundamental ground for the basic structures is
needed
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Frenet Frames protein geometry and gauge symmetries

An example is the highly structured peptide monomer protegrin-1, with 18 residues arranged
into two anti-parallel �-strands [14]. It tends to form oligomers in membranes that can cause
disrupting pores with both antibacterial and antiviral e↵ects, in Gram-negative bacteria and
enveloped viruses. But the detailed mechanism of the oligomer formation and the oligometric
action, remain way too complex to be followed with the available computational techniques.

Moreover, there are many antimicrobial peptides that are intrinsically unstructured in
their monomeric form. As such they are not yet amenable to existing atomic level molecular
modelling techniques. The in silico time that can be reached to probe the unstructured
conformational landscape remains too short, even in the case of relatively short peptides.
Furthemore, existing all-atom force-fields are still far from being accurate, and often appear
to have a tendency to ”fold” svn such proteins that do not have any folded native state.

Many naturally occurring proteins with antimicrobial activity, like lipopolysaccharide bind-
ing protein with its 481 amino acids are also way too complex for any molecular force field
simulation to analyse, with sub-atomic precision. This hinders the detailed modelling of mech-
anisms which need to be understood for in silico development of such peptides and proteins
that have the potential to biologically incapacitate their bacterial and viral targets.

For these, and various other reasons, we need to develop conceptually new approaches. A
conceivable approach starts with an identification and detailed analysis of a clear molecular
target, that can be engineered to render a given bacteria or virus biologically inactive. Then,
one proceeds to design a peptide or protein that has a high a�nity and specificity to the chosen
target, with the ability to incapacitate it e.g. by blocking or by instigating a misfolding
transition. Furthermore, ideally one wants to design an antimicrobial composite which is
specific to the given, or only to a few, bacterial and viral strains.

• Methods: We first outline the underlying mathematical framework. We then proceed to
describe how our toolkit of theoretical, computational and experimental methods can be used.

Kink: Our development of the general mathematical framework starts with the choice of an
order parameter. The concept of an order parameter is used widely, to describe the phase state
of statistical and thermodynamical systems. It originates from the theory of phase transitions.
In the case of a protein we know that the structure tends to determine the function. Thus,
the appropriate structural order parameters are the C↵ backbone bond (i) and torsion (⌧i)
angles. See Figure 1. The bond lengths, and in particular the C↵-C↵ distance, is rigid in the

FIG. 1: Definition of C↵ backbone bond () and torsion (⌧) angles. .

case of proteins. Hence these two angles specify the shape of the protein backbone. They form
a complete set of thermodynamical order parameters: There are well-tested methods such as
Maxsprout [15] and Pulchra [16] that enable one to deduce the entire all-atom structure from
the knowledge of the skeletal C↵ bond and torsion angles with a good precision, both for
the backbone and the side chains atoms. Thus, all relevant thermodynamical variables of a
protein can be computed in terms of the chosen set of order parameters.
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Figure: Definition of Cα

backbone bond (κ) and
torsion (τ) angles

Protein is described as a one-
dimensional manifold in three dimen-
sional space. Variables:

I l - coordinate of a point from
the begining of line (i - number
of an amino-acid in the discreet
case)

I κ(l) - bending angle at the
point l (κi in the discreet case)

I τ(l) - torsion angle at the point
l (τi in the discreet case)
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Frenet Frames protein geometry and gauge symmetries

The geometry of the string is defined by the Frenet equations:





dt
ds = κn

dn
ds = −κt + τb

db
ds = −τn

Fig. 1. Rotation between the Frenet frames and generic frames on the normal plane of the string.

Remarkably, by interpreting κ(s) as the modulus of a complex quantity

κ
η−→ κeiη, (19)

we can consider the transition of κ and τ in (17) as a one-dimensional example of U(1) gauge transforma-

tion (1) with the curvature identified as the Higgs field and the torsion identified as the gauge field,

κ ∼ φ → κeiη ≡ φeiη,

τ ∼ Ai → τ + ηs ≡ Ai + ηs.
(20)

We note that the choice

η(s) = −
! s

0

ds̃ τ(s̃) (21)

leads to the unitary gauge, which corresponds to the parallel transport framing [11]. Unlike the Frenet

framing, which cannot be defined at points (or segments) where (11) vanishes, the parallel transport framing

can still be defined continuously [12]. But there is a lurking anomaly, which we soon reveal.

5. Spinor Frenet equation

It is occasionally profitable to recognize that the Frenet equation admits a spinor representation [10].

For this, we introduce a two-component complex spinor

ψ =

"
z1

z2

#
. (22)

We also introduce the conjugate spinor ψ̄; the two are related by the charge conjugation operation C,

ψ̄ = Cψ = −iσ2ψ∗ =

"
−z∗

2

z∗
1

#
. (23)

We note that C2 = −I. We impose the normalization condition

ψ†ψ ≡ ⟨ψ, ψ⟩ = 1, ψ̄†ψ̄ = ⟨ψ̄, ψ̄⟩ = 1, ⟨ψ, ψ̄⟩ = 0. (24)

1239

where

t =
dr

ds
, n =

d2r

ds2
b = [t× n]

First equation does not contain b and n explicitly, thus the string
remains unchanged upon rotation around direction of t.
For the ideal free chain the frame rotation exhibits local SU(2)
symmetry dynamical properties of the amino acids brakes the
SU(2) symmetry to the U(1) - Abelian Higgs model
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N-terminus C-terminus

Water
Dipeptide

Amino acid (1) Amino acid (2)

Peptide bond

Figure: Peptide bond formation
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Figure: Bending is defined by the amino group angles
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Figure: D and L Alanine

Protein chiral symmetry locally broken by 3D structure of
amino-acids. Famous example - left handed amino-acids are
poisonous for right handed organisms due to protein misfolding.
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The analogy between the the U(1) symmetry and the Frenet
Frame rotation:

d

ds




e1

e2

t


 =




0 (τ + ηs) −κcos(η)
(τ + ηs) 0 κsin(η)
κcos(η) −κsin(η) 0


×




e1

e2

t




This symmetry transformation can be written as gauge U(1)
transformation of the gauge and Higgs field:

κ ∼ φ→ κe−iη ≡ φe−iη
τ ∼ Ai → τ + ηs ≡ Ai + ηs

The SU(2) theory with the local gauge and chiral symmetry
intrinsically broken by the structure of an amino acid
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Thus, the Abelian Higgs Model Hamiltonian takes the form:

H =

L∫

0

ds(|(∂s + ieτ)κ|2 + λ(|κ|2 −m2)2 + aτ)

term aτ is the Chern-Simons term ensuring chirality breaking -
domination of the right hand alpha-helices.
It allow us to use full power of the field theory approach to study
protein structure and dynamics in terms of the collective degrees of
freedom
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Topological sectors of the vacuum (structures in the protein):

α-helices (broken chiral symmetry, negative parity):

{
κ ' π

2

τ ' 1

β-strands (restored chiral symmetry, positive parity):

{
κ ' 1

τ ' π
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Integrable model of protein: Soliton solutions

Figure: Inflection point: curve
flattening

It is impossible to determine
bending and torsion in a such
point

Z2 symmetry
:

κ→ −κ
τ → τ + π

Figure: One-dimensional structure
(vortex at 1+1 space-time) at the
inflection point
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Integrable model of protein: Soliton solutions

Real part of the Abelian Higgs Model Hamiltonian:

Hκ =

∞∫

−∞

ds(κ2
s + λ(κ2 −m2)2)

contains soliton solutions:

κ(s) = mtanh(m
√
λ(s − s0))

energy of the kink:

E =

∫
ds(κ2

s + λ(κ2 −m2)2 − aτ − bκ2τ +
c

2
τ2 +

d

2
κ2τ2)
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Integrable model of protein: Soliton solutions

Simple example:

Figure: Willin described by two solitons. Green - PDB data, pink -
two-soliton configuration ( Chernodub M., Hu S., Niemi A.J., Phys. Rev.
E82 011916 (2010))



Protein phase structure study within gauge field theory model

Soliton structure of myoglobin

Myoglobin structure:

Figure: Bending and torsion of myoglobin molecule
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Soliton structure of myoglobin

α-helix criteria:

I Bending fluctuates around π
2

I Torsion does not has fluctuations larger than π
2

β-strand criteria:

I Bending fluctuates around 1

I Torsion has absolute value π with sign changing.

Soliton center criteria:

I Bending has sharp local minimum

I Torsion changes more than 3π
4
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Soliton structure of myoglobin

Figure: Bending and torsion of myoglobin molecule with soliton structure
defined



Protein phase structure study within gauge field theory model

Soliton structure of myoglobin

Figure: Structure of myoglobin described by solitons.Left - original PDB
structure, right - soliton structure
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atomic level considerations [23]. The parameters are
protein specific, and F needs to be trained to model a
given C↵ backbone as a minimum energy conformation
[26, 35]. It turns out that the number of parameters
is commonly much smaller than the number of amino
acids [26, 27] and thus the Landau approach gains a high
level of predictability: Along regular structures such as
↵-helices and �-strands, the parameter values are essen-
tially constant and loops are modeled by a soliton so-
lution of the generalised discrete nonlinear Schrödinger
equation [26, 34, 35] that determines a minimum energy
configuration of (1). The solitons gives rise to the famil-
iar modular composition of the protein, e↵ectuating long
range interactions and significantly reducing the number
of parameters. We determine the parameters in (1) us-
ing the ProPro package [37]. We find that 96 parameters
describe the entire 1ABS backbone of 154 amino acids
with the very high 0.7 Å RMSD (root-mean-square-
deviation) precision. This is close to the typical Debye-
Waller fluctuation distance, in case of high resolution
crystallographic protein structures. (See Supplementary
Material for numerical values.)

Experiments mostly utilise denaturants to study the
unfolding and folding dynamics of myoglobin. But in
a computational approach it is more convenient to use
the ambient temperature as the variable, and for this we
utilise the Glauber protocol. We start our simulations
from the minimum energy configuration that models the
crystallographic structure 1ABS, with the Glauber tem-
perature factor value log10 T = �17 at which the initial
conformation is thermally stable. Our simulations ex-
tend to the high temperature factor value log10 T = �4,
where the structure resembles a random chain. Note that
the Glauber temperature factor T does not coincide with
the physical temperature factor kB✓ with kB the Boltz-
mann factor and ✓ measured in Kelvin scale. Instead,
in the low temperature collapsed regime general renor-
malisation group arguments propose that the Glauber
temperature factor relates to the physical temperature
factor as follows [38],

ln T / kB✓ + . . .

In our production run, we simulate the heating with 6
million Monte Carlo steps, and we perform 100 indepen-
dent full length heating simulations. We have tested sev-
eral alternative scenarios, to conclude that the one we
use here is representative and stable over a wide range
of parameter values including number of heating steps.
In particular the heating is fully reversible: Upon cool-
ing the system from the high temperature value back to
the original low temperature value the structure folds
back to the native conformation. The simulations are
extremely time e�cient, and mostly performed using a
MacPro workstation. A complete heating process takes
around 3.5 seconds of in silico time in a single processor.
By comparison, the experimentally observed folding time

of apomyoglobin is around 2.5 seconds [4].
We define a C↵ atom centered at ri to be in an ↵-

helical position when |ri+4 � ri| ⇡ 6.2 ± 0.5 Å and
|⌧i � ⌧0| < 0.6 (rad) where ⌧0 is the experimental average
value of the ↵-helical torsion angle; we deduce these val-
ues from a statistical analysis of PDB structures. Figure
1 shows the simulated evolution of ↵-helical content as
a function of the logarithmic Glauber temperature. The
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FIG. 1: Simulated ↵-helical content (in %) as a function
of Glauber temperature T : The dashed grey line estimates ⇠
25oC, the dashed red line estimates ⇠ 75oC and the dashed
yellow line estimates ⇠ 90oC in Figure 2 of [19].

result is qualitatively very similar to the experimentally
observed circular dichroism data shown in Figure 2 of
reference [19]. According to [19] the heme becomes irre-
versibly damaged at around ⇠ 75�80 oC (the red dashed
line in Figures 1-3), but we point out that the struc-
tural stability of myoglobin varies between species; the
myoglobin in [19] is from horse heart. We conclude that
the combination of Landau theory with Glauber protocol
correctly describes the observed reversible myoglobin un-
folding dynamics below log10 Tc ⇡ �8.0. In particular we
observe a folding intermediate between log10 TL ⇡ �12.8
and log10 TH ⇡ �9.5, in line with the experiments.

The Figure 2 shows the evolution of Rg (radius of gy-
ration) during heating. The folding intermediate is again
visible between log10 TL ⇡ �12.8 and log10 TH ⇡ �9.5.
The ensemble average value Rg ⇡ 24 Å of the folding

FIG. 2: The dependence of radius of gyration as a function
of Glauber temperature factor. The blue line is average value
and the orange band denotes the one standard deviations fluc-
tuation distance.The dashed grey, red and yellow lines are as
in Figure 1.

intermediate is very close to the experimentally observed

Figure: The dependence of radius of gyration as a function of Glauber
temperature factor. The blue line is average value and the orange band
denotes the one standard deviations fluctuation distance. The dashed
grey line estimates 25oC, the dashed red line estimates 75oC and the
dashed yellow line estimates 90oC (A. Niemi at al.)
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Folding and unfolding: Temperature

Figure: Dependence of mean value of bending κ as a function of Glauber
temperature factor

Temperature dependence exhibits two crossovers: native state -
molten globule, molten globule - self avoiding random walk with
constant bending
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Folding and unfolding: Temperature

Figure: Absolute value of twisting
angle τ as a function of Glauber
temperature factor

Figure: Mean value of twisting
angle τ as a function of Glauber
temperature factor

Self avoiding random walk with constant bending exhibits chiral
symmetry restoration at high temperature
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Conclusions:

I Local amino-acids structure leads to gauge and chiral
symmetry breaking in proteins that defines its secondary and
tertiary structure

I The protein structure can be reproduced in terms of
topological solutions superposition

I Temperature dependence exhibits two crossovers: native state
- molten globule, molten globule - self avoiding random walk
with constant bending
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