
The non-perturbative unquenched
quark model

XIIth Quark Confinement and the Hadron Spectrum

Thessaloniki, September 2016

D.R. Entem, P.G. Ortega, F. Fernández

University of Salamanca

CONF12– p. 1



Introduction

The naive quark model has been very successful classifying the particle spectra

However higher Fock components should be included (already considered in the Cornell model)

Unquenching the quark model includes these effects in a similar way as lattice unquenched

calculations using dynamical quarks

The higher Fock components became more relevant in 2003 with the X(3872) an other XYZ

states

The X(3872) → J/Ψππ decay is a clear indication that it can not be a pure cc̄ state and can be

naturally explained if a DD∗ component is present.

Excited states can be close to a hadron-hadron threshold and the multiquark component can be

enhanced

One expects ground states (usually far from thresholds) to have small multiquark components
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Introduction

Different approaches

Mass shift and mixing (as Phys. Rev. D17, 3090)

Systems of one or more qq̄ coupled with close two meson channels (as Phys. Rev. D21, 772)

Unitarized quark models including two meson loops (as Phys. Rev. D29, 110)

Models usually study the influence of two-meson loops on the cc̄ states

E. Eichten et al., Phys. Rev. D21 203

E. van Beveren and G. Rupp, hep-ph/0304105

J. Ferreti et al., Phys. Rev. D90 054010

A slightly different point of view P.G. Ortega et al., PRD 81, 054023

The influence on the dynamics of two meson channels of qq̄ states is studied

This allows to study the shifts in mass and width of naive quark model states but also generates

new states.

The qq̄ components are always expanded as an expansion on the Eigenstates of the qq̄

Hamiltonian.

Naive quark model states have to be chosen a priori

In this contribution we propose a new method to include all states leaving the qq̄ wave function

as an unknown, in order to check the convergence of the expansion on Eigenstates.
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The Cornell Model

E. Eichten et al., Phys. Rev. D 17, 3090

The Hamiltonian is

HI =
1

2

∫

d
3
xd

3
y : ρa(~x)

3

4
V (~x− ~y)ρa(~y) :

ρa(~x) =
∑

flavors

ψ
†
(~x)

1

2
λaψ(~x)
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Framework

The needed pieces are

The interaction between quarks: the Chiral Quark Model

The interaction between mesons: obtained from the quark interactions using the RGM

Coupling between one meson and two meson states: the 3P0 model

Solve the coupled system: Different approaches

Perturbatively: Mass shifts, widths and mixing

Study the two meson dynamics including coupling coupling with the one meson sector

Solving the coupled equations allows to obtain states above threshold
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The Chiral Quark Model

J. Vijande et al., J. Phys. G 31

Spontaneous Chiral Symmetry Breaking →
→ Goldstone bosons

M = Ψ̄(iγ
µ
∂µ −MU

γ5 )Ψ

U
γ5 = e

iπaλaγ5/fπ ∼ 1 +
1

fπ
γ5λ

a
π
a − 1

2f2
π

π
a
π
a

→ Goldstone bosons exchange

→ Scalar boson exchanges

π0

η

K0 K+

K− K̄+

π− π+

Gluon coupling

Lgqq = i
√
4παsΨ̄γµG

µ
c λ

c
Ψ

→ One gluon exchange

Confinement

Interactions:

Vqiqj
=















qiqj = nn ⇒ VCON + VOGE + VGBE + VSBE

qiqj = nQ ⇒ VCON + VOGE

qiqj = QQ ⇒ VCON + VOGE
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The RGM

The hadron wave function

ψH = φH(~pξH )χSF ξc

The two hadron wave function

ψH1H2
= A

[

χ(~P )ψSF
H1H2

]

= A
[

φH1 (~pξH1
)φH2 (~pξH2

)χ(~P )χSF
H1H2

ξc

]

Rayleigh-Ritz variational principle (Resonating Group Method)

(H− ET ) |ψ 〉 = 0 ⇒ 〈 δψ | (H− ET ) |ψ 〉 = 0
(

~P
′ 2

2µ
− E

)

χ(~P
′
) +

∫

(

RGMVD(~P
′
, ~Pi) +

RGMK(~P
′
, ~Pi)

)

χ(~Pi)d~Pi = 0

Tα′
α (z; p′, p) = V α′

α (p′, p) +
∑

α′′
∫

dp′′ p′′2 V α′
α′′ (p

′, p′′) 1
z−Eα′′ (p′′)T

α′′
α (z; p′′, p)

Lippmann-Schwinger Equation
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The M1M2 system

Quark interactions → Cluster interaction.

For the DD∗ system only direct RGM Potential:

RGMVD(~P ′, ~Pi) =
∑

i∈A,j∈B

∫

d~pξ′
A
d~pξ′

B
d~pξAd~pξB

φ∗

A(~pξ′A)φ
∗

B(~pξ′B )Vij(~P
′, ~Pi)φA(~pξA)φB(~pξB )

φC(~pC) is the wave function for cluster C solution of Schrödinger’s

equation using Gaussian Expansion Method.
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The M1M2 system

Quark interactions → Cluster interaction.

For the DD∗ system only direct RGM Potential:

RGMVD(~P ′, ~Pi) =
∑

i∈A,j∈B

∫

d~pξ′
A
d~pξ′

B
d~pξAd~pξB

φ∗

A(~pξ′A)φ
∗

B(~pξ′B )Vij(~P
′, ~Pi)φA(~pξA)φB(~pξB )

φC(~pC) is the wave function for cluster C solution of Schrödinger’s

equation using Gaussian Expansion Method.

Rearrangement processes (like DD∗ → J/ψω)
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3P0 model

Pair creation Hamiltonian:

H = g

∫

d
3
xψ̄(x)ψ(x)

Non relativistic reduction:

T = −3
√
2γ

′ ∑

µ

∫

d
3
pd

3
p
′
δ
(3)

(p+ p
′
)

[

Y1

(

p− p′

2

)

b
†
µ(p)d

†
ν(p

′
)

]C=1,I=0,S=1,J=0

with γ′ = 25/2π1/2γ, γ = g
2m

(in the light quark sector)

Transition potential:

〈

φM1
φM2

β
∣

∣T |ψα〉 = Phβα(P )δ(3)(~Pcm)

|qq̄ >α

|AB >β
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3P0 model

J. Segovia, DRE, F. Fernández, Phys. Lett. B 715, 322 (2012)

Running coupling

γ(µ) =
γ0

log( µ
µ0

)

γ0 = 0,81 ± 0,02

µ0 = (49,84 ± 2,58) MeV
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3P0 model
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Coupling qq̄ and qq̄q̄q sectors

Hadronic state: |Ψ〉 =
∑

α cα |ψ〉 + ∑

β χβ(P ) |φM1φM2β〉

Solving the coupling with cc̄ states → Schrödinger type equation:

∑

β

∫

(

H
M1M2
β′β (P

′
, P ) + V

eff

β′β (P
′
, P )

)

χβ(P )P
2
dP = Eχβ′ (P

′
)

with

V
eff

β′β (P
′
, P ) =

∑

α

hβ′α(P ′)hαβ(P )

E −Mα

qq̄
A

B

A′

B′

The cc̄ amplitudes are given by,

cα =
1

E −Mα

∑

β

∫

hαβ(P )χβ(P )P
2
dP
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Resonance states

Lippmann-Schwinger equation

T
β′β

(E;P
′
, P ) = V

β′β
T (P

′
, P )+

∑

β′′

∫

dP
′′
P

′′2
V

β′β′′
T (P

′
, P

′′
)

1

E − Eβ′′ (P ′′)
T

β′′β
(E;P

′′
, P )

with V β′β
T (P ′, P ) = V β′β(P ′, P ) + V β′β

eff (P ′, P ), V eff

β′β (P ′, P ) =
∑

α

h
β′α(P ′)hαβ(P )

E−Mα



Resonance states

Lippmann-Schwinger equation

T
β′β

(E;P
′
, P ) = V

β′β
T (P

′
, P )+

∑

β′′

∫

dP
′′
P

′′2
V

β′β′′
T (P

′
, P

′′
)

1

E − Eβ′′ (P ′′)
T

β′′β
(E;P

′′
, P )

with V β′β
T (P ′, P ) = V β′β(P ′, P ) + V β′β

eff (P ′, P ), V eff

β′β (P ′, P ) =
∑

α

h
β′α(P ′)hαβ(P )

E−Mα

Solution (Baru et al. Eur. Phys. Jour. A 44, 93 (2010))

T
β′β

(E;P
′
, P ) = T

β′β
V (E;P

′
, P ) +

∑

α,α′
φ
β′α′

(E;P
′
)∆

−1

α′α(E)φ̄
αβ

(E;P )

Non resonant contribution

Resonant contribution

with

T
β′β
V (E;P

′
, P ) = V

β′β
(P

′
, P ) +

∑

β′′

∫

dP
′′
P

′′2
V

β′β′′
(P

′
, P

′′
)

1

z − Eβ′′ (P ′′)
T

β′′β
V (E;P

′′
, P )
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Resonance states

−

|qq̄ >α

|AB >β

|qq̄ >α

|AB >β|AB >β′

Solution (Baru et al. Eur. Phys. Jour. A 44, 93 (2010))

T
β′β

(E;P
′
, P ) = T

β′β
V (E;P

′
, P ) +

∑

α,α′
φ
β′α′

(E;P
′
)∆

−1

α′α(E)φ̄
αβ

(E;P )

Non resonant contribution

Resonant contribution

with

φαβ′
(E;P ) = hαβ′ (P ) − ∑

β

∫ Tβ′β
V (E;P, q)hαβ(q)

q2/2µ− E
q2 dq,

φ̄αβ(E;P ) = hαβ(P ) − ∑

β′
∫ hαβ′ (q)Tβ′β

V (E; q, P )

q2/2µ− E
q2 dq
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Resonance states

−

|qq̄ >α

|AB >β

|qq̄ >α′ |qq̄ >α

|AB >β |AB >β′

|qq̄ >α′

Solution (Baru et al. Eur. Phys. Jour. A 44, 93 (2010))

T
β′β

(E;P
′
, P ) = T

β′β
V (E;P

′
, P ) +

∑

α,α′
φ
β′α′

(E;P
′
)∆

−1

α′α(E)φ̄
αβ

(E;P )

Non resonant contribution

Resonant contribution

with

∆
α′α

(E) =
{

(E −Mα)δ
α′α

+ Gα′α
(E)

}

Gα′α(E) =
∑

β

∫

dqq2
φαβ(q, E)hβα′ (q)

q2/2µ− E
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Resonance states

Resonance mass (pole position)

∣

∣

∣
∆α′α(Ē)

∣

∣

∣
=

∣

∣

∣
(Ē −Mα)δ

α′α + Gα′α(Ē)
∣

∣

∣
= 0

Bare cc̄ probabilities

{

Mαδ
αα′

− Gα′α(Ē)
}

cα′(Ē) = Ē cα(Ē)

Molecular wave function

χβ′(P ′) = −2µβ′
∑

α

φβ′α(E;P ′)cα

P ′2 − k2β′

Normalization
∑

α

|cα|
2 +

∑

β

< χβ |χβ >= 1
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Non-perturbative version

Hadronic state: |Ψ〉 =
∑

α Nα |ψα〉 + ∑

β χβ(P ) |φM1φM2β〉

Here α doesn’t mean a bare cc̄ state but a cc̄ partial wave (for example 3P1 or 3P2 and 3F2 for

a coupled case)

We don’t make an expansion of the cc̄ component in Eigenstates of the cc̄ Hamiltonian but in a

basis (the GEM basis):

|ψα〉 =

nmax
∑

n=1

c
α
nφ

G
nl(r)|ljm〉|ξc〉

We follow the same procedure but now the vertex function is

hβα(P ) =

nmax
∑

n=1

c
α
nh

n
βα(P )

And the Equations become

∑

α,n

[

Hα′α
n′n − G0α′α

n′n (E)
]

c
α
n = EN

α′
n′nc

α′
n

∑

β

∫

Hβ′β(P
′
, P )χβ(P )P

2
dP +

∑

α

hβ′α(P
′
) = Eχβ′ (P

′
)

with

G0α′α
n′n (E) = −δα

′α
δn′n

∑

β

∫

h
n′
α′β(P )χβ(P )P

2
dP
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Non-perturbative version

Again we use the solution TV

T
β′β
V (E;P

′
, P ) = V

β′β
(P

′
, P )+

∑

β′′

∫

dP
′′
P

′′2
V

β′β′′
(P

′
, P

′′
)

1

z − Eβ′′ (P ′′)
T

β′′β
V (E;P

′′
, P )

Now

φαβ′ (E;P ) = hαβ′ (P ) −
∑

β

∫

Tβ′β
V (E;P, q)hαβ(q)

q2/2µ− E
q
2
dq

and so

φ
n
αβ′ (E;P ) = h

n
αβ′ (P ) −

∑

β

∫

Tβ′β
V (E;P, q)hn

αβ(q)

q2/2µ− E
q
2
dq

We end up with an Schrödinger like equation

∑

α,n

[

Hα′α
n′n − Gα′α

n′n (E)
]

c
α
n = EN

α′
n′nc

α′
n

with the energy-dependent complete mass-shift matrix

Gα′α
n′n (E) =

∑

β

∫

dqq
2
φn′
α′β(q, E)hn

βα(q)

q2/2µ− E − i0+
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Non-perturbative version

Molecular wave function

χβ′(P ′) = −2µβ′

nmax
∑

α,n=1

φβ′α(E;P ′)cαn
P ′2 − k2β′ − i0+

Normalization

∑

α′,α

nmax
∑

n′,n=1

cα
′
∗

n′ Nα′α
n′n c

α
n +

∑

β

< χβ |χβ >= 1
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The 1
++ sector

Charge symmetry breaking is included with the right threshold positions of charged

states

|D±
D

∗∓〉 =
1

√
2

(

|DD
∗
I = 0〉 − |DD

∗
I = 1〉

)

|D0
D

∗0〉 =
1

√
2

(

|DD
∗
I = 0〉 + |DD

∗
I = 1〉

)

Lower states in the 1++ channel

γ3P0 M(MeV ) cc̄ D0D∗0 D±D∗± I=0 I=1

3949 56,71% 22,47% 20,82% 43,10% 0,25%

0.260 3867 30,22% 51,37% 18,40% 64,72% 5,06%

3468 95,70% 2,18% 2,12% 4,30% 0,0%

3944 56,82% 22,10% 21,07% 42,89% 0,51%

0.218 3871 3,94% 93,46% 2,61% 55,79% 38,90%

3481 97,10% 1,47% 1,43% 2,9% 0,0%

In order to obtain the correct binding energy of the X(3872) we fine tune γ

CONF12– p. 18



The 1
++ sector

We can project on the naive quark model basis

γ3P0 M(MeV ) cc̄ 13P1 23P1 33P1 43P1

3949 56,71% 1,61% 96,33% 1,28% 0,78%

0.260 3867 30,22% 1,80% 98,14% 0,06% 0,0%

3468 95,70% 99,99% 0,01% 0,0% 0,0%

3944 56,82% 0,61% 99,01% 0,38% 0,0%

0.218 3871 3,94% 2,11% 97,75% 0,14% 0,0%

3481 97,10% 100,0% 0,0% 0,0% 0,0%
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The 1
++ sector

χc1(1P )

 3465

 3470

 3475

 3480

 3485

 3490

 3495

 3500

 3505

 0  0.05  0.1  0.15  0.2  0.25

M
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s 
(M
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)

γ

Old
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 3869.5

 3870

 3870.5
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 0.21  0.22  0.23  0.24  0.25  0.26

M
as

s 
(M

eV
)

γ

Old
New

Coupling only with 1P and 2P bare states in the old approach

Coupling with all states in the new approach
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The 1
++ sector

X(3940)

 3942

 3943

 3944

 3945

 3946
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M
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M
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Summary

The unquenched quark model is a useful tool to study the XY Z states

In the unquenched quark model we include

The qq̄ interaction to obtain naive quark model states.

The interaction between meson derived from the same quark interaction

through the RGM.

The coupling between one meson and two meson states using the 3P0 model.

We have developed the framework to include all states of the bare Hamiltonian on

the qq̄ content of physical states

On the small coupling limit the two approaches agree

In the charmonium sector the coupling is small an only small variations on

previous results are found.

We will study lighter sectors where the coupling is bigger
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