
Neutron Matter from Low to High Density 

J. Carlson - LANL

• Very low density:  
   relation to cold fermions

• Moderate density: 
    nuclear symmetry energy

• 1-2 times saturation density: 
    neutron star mass/radius

• Color superconducting quark matter
• Outlook



QCD Phase Diagram



Very Low Density

Neutrons: Cold atoms:

Equation of State

Neutron Matter from Low to High Density 5

0 0.1 0.2 0.3 0.4 0.5
kF [fm-1]

0.4

0.5

0.6

0.7

0.8

0.9

1

E 
/ E

FG

QMC s-wave
QMC AV4
Cold Atoms

0 2 4 6 8 10
- kF a

0.4

0.5

0.6

0.7

0.8

0.9

1

E 
/ E

FG

Lee-Yang

(a)

6

0 0.1 0.2 0.3 0.4 0.5
kF [fm-1]

0.5

0.6

0.7

0.8

0.9

1

E 
/ E

FG

QMC s-wave
QMC AV4

0 2 4 6 8 10
- kF a

0.5

0.6

0.7

0.8

0.9

1

E 
/ E

FG

Lee-Yang

FIG. 3: (color online) Equation of state for neutron matter
using di↵erent potentials. Shown are QMC results for the
s-wave potential (circles) and for the AV4 (squares). Also
shown is the analytic expansion of the ground-state energy of
a normal fluid (line).

below) [28], a Dirac-Brueckner-Hartree-Fock calculation
[12], a lattice chiral EFT method at next to leading or-
der [14] (see also Ref. [15]), and an approach that makes
use of chiral N2LO three-nucleon forces.[16] Of these,
Refs. [9], [28], and [16] include a three-nucleon inter-
action, though at the densities we consider, these are not
expected to be significant. Qualitatively all of these re-
sults agree within 20%.

A series of ab initio calculations for neutron matter us-
ing the AFDMC method have been published beginning
in 2005.[25] After our analysis of the finite-size e↵ects –
described for BCS in section II B and for QMC in Refs.
[32, 38] – was published in late 2007, the AFDMC group
repeated their calculations for larger systems, [28, 30]
bringing them closer to our results, though still, as can
be seen from Fig. 4 the results are distinct. Given the
ab initio nature of the powerful AFDMC method, [43] we
have attempted to compare results more extensively. The
advantage of the AFDMC approach is that it includes an
interaction which is more complete than the simpler ones
used here. The disadvantage of the AFDMC approach is
that it does not provide a variational bound to the energy,
and hence the wave functions are chosen from another
approach. In the calculations of Refs. [25, 28, 30] the
wave function was taken from a Correlated-Basis Func-
tion (CBF) approach that included a BCS-like initial
state. The pairing in that variational state is unusually
large, and in fact increases as a fraction of EF when the
density is lowered.

The QMC AV4 results use a wave function that has
been variationally optimized. QMC thus gives ener-
gies that are considerably lower than the AFDMC re-
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FIG. 4: (color online) Equation of state for neutron matter
compared to various previous results. Despite quantitative
discrepancies, all calculations give essentially similar results.
Our lowest density corresponds to kF a = �1.

sults. As both the wave functions and the interactions
are di↵erent in the previous QMC and AFDMC results,
we have repeated our calculations using the same input
wave function [44] used by the AFDMC group (which
comes from the same Correlated-Basis Function calcula-
tion) at kF = 0.4 fm�1 and at kF a = �10. We find that
in QMC the AV4 results for the optimized wave func-
tion [0.5866(6) MeV and 0.5870(3) MeV, respectively] are
consistently lower in energy than those using the CBF as
input [0.6254(9) MeV and 0.6014(7) MeV, respectively].
This means that they are closer to the true ground-state
energy for the Hamiltonian we consider. It would be
worth studying in more detail the di↵erences arising from
the di↵erent Hamiltonians; the most important remain-
ing di↵erences are likely the spin-orbit and pion-exchange
terms in the p-wave interaction. Extensions of previous
GFMC calculations [10] to lower densities would help to
resolve these issues.

It is interesting to note that at the lowest densities con-
sidered, the AFDMC and QMC results are still distinct.
At those densities contributions of p- and higher partial
waves in the Hamiltonian should be very small, and thus
the two methods should give identical results. The three-
nucleon interaction included in the AFDMC calculations
is one possible source of the di↵erence, though this ap-
pears unlikely at the smallest densities considered. This
suggests that the CBF wave function at very low densi-
ties is problematic; additional studies with Jastrow-BCS
or other wave functions would be useful.

(b)

Figure 1: The equation of state of low-density neutron matter compared to that
of cold atoms at the same value of Fermi momentum times scattering length
(kFa). The left side compares cold atoms and neutron matter (see text), and the
right panel shows neutron matter results for di↵erent methods over a wider range
of kFa. Figures taken from (21,22).

Fermi Gas wave function. The radial form of the function �(r) and f(r) are
determined in variational calculations.

These calculations have a fixed-node approximation that implies they provide
variational upper bounds to the true energy. They have proven to be very accuate
in studies of cold atom systems, where accurate lattice calculations without a
fixed-node approximation are available (3). These calculations are also in very
good agreement with cold atom experiments (2).

The results of the equation-of-state calculations are shown in Fig. 1. The
left panel compares neutron matters and cold atoms at very low density. The
vertical axis indicates the ratio of fully interacting energy to the energy of the free
Fermi gas at the same density, the horizontal axis is the Fermi momentum times
the scattering length kFa; on the upper axis the equivalent Fermi momentum
for neutron matter is indicated. At extremely low densities, or equivalently small
value of kFa, analytic results are available (24,25), and the higher-order Lee-Yang
result is plotted as a line in the figure.

Results for cold atoms with zero e↵ective range are plotted as filled blue circles,
in the limit of infinite kFa these should approach 0.37. Cold atom results for the
dependence on the e↵ective range are also available, the equation of state can be
expanded in terms of kF :

E /EFG = ⇠ + S kF re + ..., (5)

where S = 0.12(3) is a universal constant that has been determined in the lattice
calculations and in Di↵usion Monte Carlo (3, 26). Using the above equation of
including the experimental neutron-neutron e↵ective range re gives the dashed
line in the figure.

re ⇡ 2.7fm
ann ⇡ �18 fm a from 0! 1 ! 0

re ! 0
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der [14] (see also Ref. [15]), and an approach that makes
use of chiral N2LO three-nucleon forces.[16] Of these,
Refs. [9], [28], and [16] include a three-nucleon inter-
action, though at the densities we consider, these are not
expected to be significant. Qualitatively all of these re-
sults agree within 20%.

A series of ab initio calculations for neutron matter us-
ing the AFDMC method have been published beginning
in 2005.[25] After our analysis of the finite-size e↵ects –
described for BCS in section II B and for QMC in Refs.
[32, 38] – was published in late 2007, the AFDMC group
repeated their calculations for larger systems, [28, 30]
bringing them closer to our results, though still, as can
be seen from Fig. 4 the results are distinct. Given the
ab initio nature of the powerful AFDMC method, [43] we
have attempted to compare results more extensively. The
advantage of the AFDMC approach is that it includes an
interaction which is more complete than the simpler ones
used here. The disadvantage of the AFDMC approach is
that it does not provide a variational bound to the energy,
and hence the wave functions are chosen from another
approach. In the calculations of Refs. [25, 28, 30] the
wave function was taken from a Correlated-Basis Func-
tion (CBF) approach that included a BCS-like initial
state. The pairing in that variational state is unusually
large, and in fact increases as a fraction of EF when the
density is lowered.

The QMC AV4 results use a wave function that has
been variationally optimized. QMC thus gives ener-
gies that are considerably lower than the AFDMC re-
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sults. As both the wave functions and the interactions
are di↵erent in the previous QMC and AFDMC results,
we have repeated our calculations using the same input
wave function [44] used by the AFDMC group (which
comes from the same Correlated-Basis Function calcula-
tion) at kF = 0.4 fm�1 and at kF a = �10. We find that
in QMC the AV4 results for the optimized wave func-
tion [0.5866(6) MeV and 0.5870(3) MeV, respectively] are
consistently lower in energy than those using the CBF as
input [0.6254(9) MeV and 0.6014(7) MeV, respectively].
This means that they are closer to the true ground-state
energy for the Hamiltonian we consider. It would be
worth studying in more detail the di↵erences arising from
the di↵erent Hamiltonians; the most important remain-
ing di↵erences are likely the spin-orbit and pion-exchange
terms in the p-wave interaction. Extensions of previous
GFMC calculations [10] to lower densities would help to
resolve these issues.

It is interesting to note that at the lowest densities con-
sidered, the AFDMC and QMC results are still distinct.
At those densities contributions of p- and higher partial
waves in the Hamiltonian should be very small, and thus
the two methods should give identical results. The three-
nucleon interaction included in the AFDMC calculations
is one possible source of the di↵erence, though this ap-
pears unlikely at the smallest densities considered. This
suggests that the CBF wave function at very low densi-
ties is problematic; additional studies with Jastrow-BCS
or other wave functions would be useful.
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(kFa). The left side compares cold atoms and neutron matter (see text), and the
right panel shows neutron matter results for di↵erent methods over a wider range
of kFa. Figures taken from (21,22).

Fermi Gas wave function. The radial form of the function �(r) and f(r) are
determined in variational calculations.

These calculations have a fixed-node approximation that implies they provide
variational upper bounds to the true energy. They have proven to be very accuate
in studies of cold atom systems, where accurate lattice calculations without a
fixed-node approximation are available (3). These calculations are also in very
good agreement with cold atom experiments (2).

The results of the equation-of-state calculations are shown in Fig. 1. The
left panel compares neutron matters and cold atoms at very low density. The
vertical axis indicates the ratio of fully interacting energy to the energy of the free
Fermi gas at the same density, the horizontal axis is the Fermi momentum times
the scattering length kFa; on the upper axis the equivalent Fermi momentum
for neutron matter is indicated. At extremely low densities, or equivalently small
value of kFa, analytic results are available (24,25), and the higher-order Lee-Yang
result is plotted as a line in the figure.

Results for cold atoms with zero e↵ective range are plotted as filled blue circles,
in the limit of infinite kFa these should approach 0.37. Cold atom results for the
dependence on the e↵ective range are also available, the equation of state can be
expanded in terms of kF :

E /EFG = ⇠ + S kF re + ..., (5)

where S = 0.12(3) is a universal constant that has been determined in the lattice
calculations and in Di↵usion Monte Carlo (3, 26). Using the above equation of
including the experimental neutron-neutron e↵ective range re gives the dashed
line in the figure.

BCS        BEC

Slightly higher densities

Gezerlis, JC, PRC 2010
Gandolfi, Gezerlis, JC,  ARNPS 2015
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E. Pairing gap and quasiparticle spectrum

We have also performed calculations for the zero-
temperature pairing gap using the AV4 interaction.
These follow from our knowledge of the ground-state en-
ergy, through the use of the the odd-even staggering for-
mula:

� = E(N + 1) � 1

2
[E(N) + E(N + 2)] , (29)

where N is an even number of particles. The results for
the gap are shown in Fig. 5. The main conclusion is that
the gap remains essentially unchanged with the inclusion
of the p-wave interactions. Even at the highest density
examined, kF a = �10, the gap is within statistical errors
the same comparing s-wave and AV4 interactions. This
implies that the dominant contributions to the gap come
from the s-wave part of the interaction.

Our results indicate that the gap is suppressed by
approximately a factor of two from the BCS value at
kF a = �1, roughly consistent with the Gorkov and
Melik-Barkhudarov, Eq. (3), polarization suppression.
In cold atoms, this suppression from BCS is reduced as
the density increases, with a smoothly growing fraction
of the BCS results as we move from the BCS to the
BEC regime. At unitarity the measured pairing gaps
[45–47] are 0.45(0.05) of the Fermi energy, for a ratio
�/�BCS ⇡ 0.65, in agreement with predictions by QMC
methods.[32, 41, 48] In neutron matter, though, the finite
range of the potential reduces �/EF as the density in-
creases. We find a ratio �/�BCS that increases slightly
from |kF a| = 1 to 2.5, but thereafter remains roughly
constant.
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FIG. 5: (color online) Superfluid pairing gap versus kF a for
neutron matter using di↵erent potentials. Shown are QMC
results for the s-wave potential (circles) and for the AV4
(squares). Also shown is the mean-field BCS result (line).

TABLE I: Gap di↵erences at various kF a calculated in per-
turbation theory. Perturbative estimates based on AV4 cal-
culations.

kF a kF [fm�1] �(AV4) [MeV] �(AV4) - �(s) [MeV]

-5.0 0.27 0.48 (0.04) 0.012 (0.008)

-7.5 0.40 0.77 (0.08) 0.11 (0.03)

-10.0 0.54 1.05 (0.11) 0.16 (0.06)

We also used our AV4 calculations to compute the dif-
ference between s-wave and AV4 interaction gaps in per-
turbation theory, in an attempt to isolate the e↵ects of
the addition of the p-wave interaction. This perturba-
tion theory may not be accurate for the highest density
considered, since the s-wave and AV4 ground states are
somewhat di↵erent in energy. It should give an accurate
picture at lower densities, though, and in particular iso-
late the sign of the change arising from the p-wave terms
in the interaction. Using perturbation theory yields much
smaller statistical errors than comparing the separate s-
wave and AV4 calculations. Table I shows that the p-
wave interactions increase the pairing gap modestly over
the range of densities considered. The p-wave interac-
tions apparently decrease the magnitude of the polariza-
tion corrections, though the change is only approximately
15 % at the highest density considered.

In Fig. 6 we compare our results to selected previous
results: a Correlated-Basis Function calculation by Chen
et al. [20], an extension of the polarization-potential
model by Wambach et al. [21], a medium-polarization
calculation by Schulze et al. [22], a renormalization group
calculation by Schwenk et al. [23], a Brueckner calcula-
tion by Cao et al. [26], a determinantal lattice QMC ap-
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FIG. 6: (color online) Superfluid pairing gap versus kF a for
neutron matter compared to previous results.

(b)

Figure 2: The pairing gap of low-density neutron matter compared to that of
cold atoms at the same value of Fermi momentum times scattering length (left).
Comparison of di↵erent calculations of the neutron matter gap (right). Figures
taken from (20,22).

The calculations of neutron matter with the spin singlet s-wave interaction
from AV18 gives the solid red points, correcting the p-wave interactions from
AV4 gives the green squares. At very low densities all these calculations are very
similar. At slightly higher densities the correction from the p-wave interaction
is slightly repulsive, and is in good agreement with the e↵ective range expansion
above.

The right panel shows a comparison of various methods for the neutron matter
equation of state over a somewhat wider range of densities. Methods include
Fermi Hypernetted chain resummation techniques (27,28), the Brueckner-Bethe-
Goldstone expansion (29), e↵ective field theory (30) and several Quantum Monte
Carlo methods including Green’s function Monte Carlo (31) and Auxiliary field
di↵usion Monte Carlo (32,33). All the calculations are in reasonable agreement,
indicating a soft neutron matter equation of state at low density.

2.2 Superfluid Pairing

Neutron pairing at low density is important in both neutron-rich nuclei and in the
crust of neutron stars. Pairing in nuclei and matter has been a long-studied topic,
see a review by Dean and Hjorth-Jensen (34). For pairing at low density, recent
work in cold atom systems, both theoretical and experimental, has advanced our
understanding of pairing in the strongly superfluid regime. Experiments and
calculations indicate that the pairing gap in neutron matter is quite substantial,
reaching a peak of approximately 30 per cent of the Fermi energy. This is the
largest Fermion pairing gap known in nature, and only slightly smaller than the
45 per cent pairing found in cold atoms at unitarity (4, 5, 6).

The pairing gap for matter can be calculated by computing the energy of

Neutron matter : largest pairing gap in nature : �/EF ⇡ 0.3

Cold atoms at unitarity : �/EF = 0.45(0.05)

Gezerlis, JC, PRC 2010
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like the fixed-node algorithm for spin-independent inter-
action, involves discarding configurations that have zero
overlap with the trial wave function. As such, they are
exact for the case when the trial wave function is exact
and are therefore variational. However, unlike the fixed-
node case, the constrained path method does not provide
upper bounds (Wiringa et al., 2000).

To address the possible bias introduced by the con-
straint, all the configurations (including those that would
be discarded) for a previous number of steps Nuc are used
when evaluating energies and other expectation values.
Nuc is chosen to be as large a number of time steps as
feasible with reasonable statistical error (again typically
20 to 40 steps). Tests using di↵erent trial functions and
very long runs indicate that energies in p-shell nuclei are
accurate to around one per cent using these methods.
This has been tested in detail in Wiringa et al. (2000),
where the use of di↵erent wave functions is discussed.

Expectation values other than the energy are typically
calculated from “mixed” estimates; for diagonal matrix
elements this is:

hO(⌧)i ⇡ 2
h T |O| (⌧)i
h T | (⌧)i � h T |O| T i

h T | T i . (46)

The above equation can be verified by assuming that
the true ground state is well represented by the vari-
ational wave function and a small perturbation, i.e.,
| (⌧)i ⇡ | T i+ �| i, and � is a small parameter. Since
the variational wave functions are typically very good the
extrapolation is quite small. This can be further tested
by using di↵erent trial wave functions to extract the same
observable, or using the Hellman-Feynman theorem. For
the case of simple static operators, improved methods are
available that propagate both before and after the inser-
tion of the operator O (Liu et al., 1974), i.e. directly
calculating operators with  (⌧) on both sides. However
these techniques might be very di�cult to apply for non-
local operators.

Because a Hamiltonian commutes with itself, the total
energy of the Hamiltonian used to construct the propa-
gator [Eq. (42)] is not extrapolated; thus this total en-
ergy is not the sum of its extrapolated pieces, rather the
sum di↵ers by the amount the  T energy was improved.
As was noted above, the full AV18 NN potential can-
not be used in the propagator; rather an H 0 containing
the AV80 approximation to AV18 is used. In practice
AV80 gives slightly more binding than AV18 so the the
repulsive part of the 3N potential is increased to make
hH 0i ⇡ hHi. The di↵erence hH � H 0i must be extrap-
olated by Eq. (46). The best check of the systematic
error introduced by this procedure is given by comparing
GFMC calculations of 3H and 4He energies with results
of more accurate few-nucleon methods; this suggests that
the error is less than 0.5% (Pudliner et al., 1997).

In the case of o↵-diagonal matrix elements, e.g., in
transition matrix elements between initial  i and final

 f wave functions, Eq. (46) generalizes to:

hO(⌧)i ⇡ h f
T |O| i(⌧)i

h i
T | i(⌧)i

| i
T |

| f
T |

+
h f (⌧)|O| i

T i
h f (⌧)| f

T i
| f

T |
| i

T |

�h f
T |O| i

T i
| f

T || i
T |

. (47)

Technical details can be found in Pervin et al. (2007).
Recently, the capability to make correlated GFMC

propagations has been added (Lovato et al., 2015). In
these calculations, the values of R for every �⌧ time step,
the corresponding weights W , and other quantities are
saved during an initial propagation. Subsequent propa-
gations for di↵erent initial  T or di↵erent nuclei (such
as isobaric analogs) then follow the original propagation
and correlated di↵erences of expectation values can be
computed with much smaller statistical errors than for
the individual values.

C. Auxiliary Field Di↵usion Monte Carlo

The GFMC method works very well for calculating the
low lying states of nuclei up to 12C. Its major limitation
is that the computational costs scale exponentially with
the number of particles, because of the full summations
of the spin-isospin states. An alternative approach is to
use a basis given by the outer product of nucleon posi-
tion states, and the outer product of single nucleon spin-
isospin spinor states. An element of this overcomplete
basis is given by specifying the 3A Cartesian coordinates
for the A nucleons, and specifying four complex ampli-
tudes for each nucleon to be in a |si = |p ", p #, n ", n #i
spin-isospin state. A basis state is then defined

|RSi = |r1s1i ⌦ |r2s2i · · ·⌦ |rnsni . (48)

The trial functions must be antisymmetric under inter-
change. The only such functions with polynomial scaling
are Slater determinants or Pfa�ans (BCS pairing func-
tions), for example,

hRS|�i = A [hr1s1|�1ihr2s2|�2i . . . hrAsA|�ni] (49)

or linear combinations of them. Operating on these with
the product of correlation operators, Eq. (23), again gives
a state with exponential scaling with nucleon number. In
most of the AFDMC calculations, these wave functions
include a state-independent, or central, Jastrow correla-
tion:

hRS| T i = hRS|
2

4
Y

i<j

f c(rij)

3

5�i . (50)

Calculations of the Slater determinants or Pfa�ans scale
like A3 when using standard dense matrix methods, while

Beyond very low density 
Method: Auxiliary Field Diffusion Monte Carlo

sampling spins/isospins with diffusion for coordinates
introduced by Schmidt and Fantoni

|sii = | cos(✓i) exp[i�i]

sin(✓i) exp[�i�i]
i

and similarly for isospin,
auxiliary fields used to propagate with spin-dependent interaction
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the central Jastrow requires A2 operations if its range is
the same order as the system size. These trial functions
capture only the physics of the gross shell structure of
the nuclear problem and the state-independent part of
the two-body interaction. Devising trial functions that
are both computationally e�cient to calculate and that
capture the state-dependent two- and three-body corre-
lations that are important would greatly improve both
the statistical and systematic errors of QMC methods
for nuclear problems.

The trial wave functions above can be used for varia-
tional calculations. However, the results are poor since
the functions miss the physics of the important tensor
interactions. More recently the improved form

hRS| T i =

hRS|
2

4
Y

i<j

f c(rij)

3

5

2

41 +
X

i<j

Fij +
X

i<j<k

Fijk

3

5 |�i ,

(51)

has been employed, where f c are spin-isospin indepen-
dent correlations, and the correlations F have a form
similar to those discussed in the previous sections. These
wave functions can be used as importance functions for
AFDMC calculations where they have been found ade-
quate for this purpose in a variety of problems.

Using the basis state as in Eq. (48) requires the use of
a di↵erent propagator, with at most linear spin-isospin
operators. The propagator can be rewritten using the
Hubbard-Stratonovich transformation:

e�O2/2 =
1p
2⇡

Z 1

�1
dx e�x2/2exO , (52)

where the variables x are called auxiliary fields, and O
can be any type of operator included in the propagator.

It is helpful to apply the auxiliary field formalism to
derive the well known central potential di↵usion Monte
Carlo algorithm (Anderson, 1976). The Hamiltonian is

H =
AX

n

p

2
n

2m
+ V (R) , V (R) =

X

i<j

v(rij) , (53)

and v(rij) is a generic potential whose form depends on
the system. Making the short-time approximation, the
propagator can be written as

e�(H�E
0

)�⌧ ⇡ exp

 
�

AX

n

p

2
n

2m
�⌧

!
exp [�(V (R)� E0)�⌧ ] .

(54)
Since the Hamiltonian does not operate on the spin, the
spin variables can be dropped from the walker expressions
to leave just a position basis |Ri. Operating with the
local-potential term gives just a weight factor:

e�[V (R)�E
0

]�⌧ |Ri = W |Ri . (55)

The kinetic energy part of the propagator can be applied
by using the Hubbard-Stratonovich transformation:

exp
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◆
(56)

=
Y
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1

(2⇡)3/2

Z
dxne

�x2

n

/2 exp

 
� i

~pnxn

r
~2�⌧
m

!
.

This propagator applied to a walker |Ri generates a new
position |R+�Ri, where each particle position is shifted
as

r

0
n = rn +

~2�⌧
m

xn . (57)

This is identical to the standard di↵usion Monte Carlo
algorithm without importance sampling. Each particle is
moved with a Gaussian distribution of variance ~2�⌧/m,
and a weight of exp[�(V (R) � E0)�⌧ ] is included. The
branching on the weight is then included to complete the
algorithm.
The NN potential in the general form of Eq. (4) can

be written as

V =
X

i<j

vp(rij)O
p
ij =

1

2

X

i,j

O↵
i Ai↵,j�O

�
j =

1

2

X

n

�nO2
n

(58)
where O↵

i are �i, ⌧ i or similar combinations; see Gandolfi
(2007) for more details. The new operators O are defined

On =
X

j�

 (n)
j� O�

j . (59)

Here  (n)
j� and �n are the eigenvectors and eigenvalues

obtained by diagonalizing the matrix Ai↵,j� .
It is easy to see that applying the Hubbard-

Stratonovich transformation consists in a rotation of the
spin-isospin states of nucleons:
Y

i<j

e�V
ij

�⌧ |RSi = (60)

Y

n

1

(2⇡)3/2

Z
dxne

�x2

n

/2 e
p��

n

�⌧x
n

O
n |RSi = |RS0i ,

The propagation is performed by sampling the auxiliary
fields from the probability distribution exp(�x2

n/2), and
applying the rotations to the nucleon spinors. At order
�⌧ the above propagator is the same as that described in
the previous sections. The advantage of this procedure is
that a wave function with the general spin-isospin struc-
ture of Eq. (49) can be used, at a much cheaper compu-
tational cost than that of including all the spin-isospin
states of Eq. (31). However, one must then solve the inte-
gral in Eq. (52), which is done by Monte Carlo sampling
of the auxiliary fields x.
The inclusion of importance sampling within the auxil-

iary fields formalism is straightforward, and is currently

 0 = exp[�H⌧ ]  T

Lattice methods also used extensively
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Various approaches agree precisely at low densities,
start to diverge near saturation densities
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Figure 7: Equation-of-state of intermediate density neutron matter using both
NN interactions and 3NF as input. Shown are results for di↵erent chiral EFT
potentials, di↵erent orders in the chiral expansion, and di↵erent quantum many-
body methods. (a) The standard APR results, along with Coupled Cluster and
Auxiliary-Field Quantum Monte Carlo results (b) Many-body perturbation the-
ory, Self-Consistent Green’s Function, and pp ladder approximation results. De-
tails on the interactions employed are given in the main text.

provides a direct comparison between di↵erent frameworks for the nuclear Hamil-
tonian. Although the maximum mass of neutron stars is dominated by the EOS
at very high densities, their radius is determined by the pressure in the region of
about 1 to 2 ⇢

0

, and then measurements of radii of neutron stars can be used to
constrain the EOS.

We show in Fig. 7 results for the equation of state of neutron matter at some-
what smaller densities, following from calculations that use both nucleon-nucleon
and three-nucleon interactions as input. Specifically, we show we show MBPT re-
sults using EM and EGM N2LO interactions as input (the lower end of this band
is shown using a dashed line), (58) MBPT results using N3LO EM potentials,
(58) results following from a particle-particle ladder approximation using N2LO
EM potentials, (61) as well as pp ladder results using an N2LO EM potential,
(61) self-consistent Green’s functions (SCGF) results using N2LO

opt

, (60) as well
as SCGF results using EM N3LO as input, (60) Coupled-Cluster with doubles
and including some triples e↵ects, CCD(T), results using the N2LO

opt

interaction,
(62) Auxiliary-Field Quantum Monte Carlo (AFQMC) results using an N3LO EM
potential, (65) as well as the frequently cited Akmal-Pandharipande-Ravenhall
results using AV18 plus UIX (74).

The most obvious feature of Fig. 7 in comparison to Fig. 4 is that three-nucleon
interactions in neutron matter are repulsive, i.e. the energy goes up: this is in
contradistinction with what holds in light and medium-mass nuclei. Another
general aspect of this figure relates to the transition from N2LO to N3LO: in

Gandolfi, Gezerlis, JC,  ARNPS 2015
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in the limit of infinite cuto↵, they contribute for finite
cuto↵s. In Fig. 3 we show results for the neutron mat-
ter energy per particle as a function of the density calcu-
lated with the AFDMC method described in Refs. [3, 34].
We show the energies for R

0

= 1.0 fm for the NN and
full 3N interactions. We use VD2

and the three di↵erent
VE structures: VE⌧ (blue band), VE (red band), and
VEP (green band). The error bands are determined as in
the light nuclei case. The VEP interaction fits A = 4, 5
with a vanishing cD; hence, this choice of VE leads to
an equation of state identical to the equation of state
with NN+ VC as in Ref. [24] (the projector P is zero for
pure neutron systems), and qualitatively similar to pre-
vious results using chiral interactions at N2LO [35] and
next-to-next-to-next-to-leading order [36].

As discussed, the contributions of VD and VE are only
regulator e↵ects for neutrons. However, they are sizable
and result in a larger error band. At saturation den-
sity n

0

⇠ 0.16 fm�3, the di↵erence of the central value
of the energy per neutron after inclusion of the 3N con-
tacts VE or VE⌧ is ⇠ 2 MeV, leading to a total error
band with a range of ⇠ 6.5 MeV when considering di↵er-
ent VE structures. This relatively large uncertainty can
be qualitatively explained when considering the following
e↵ects. Because the expectation value h

P
i<j ⌧ i ·⌧ ji has

a sign opposite to that of the expectation value h i in
4He, cE will also have opposite signs in the two cases to

FIG. 2. Ground-state energies and point proton radii for A =
3, 4 nuclei calculated at NLO and N2LO (with VD2 and VE⌧ )
compared with experiment. Blue (red) symbols correspond
to R0 = 1.0 fm (R0 = 1.2 fm). The errors are obtained as
described in the text and also include the GFMC statistical
uncertainties.
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FIG. 3. The energy per particle in neutron matter as a
function of density for the NN and full 3N interactions at
N2LO with R0 = 1.0 fm. We use VD2 and di↵erent 3N contact
structures: The blue band corresponds to VE⌧ , the red band
to VE , and the green band to VEP . The green band coincides
with the NN+ 2⇡-exchange-only result because both VD and
VE vanish in this case. The bands are calculated as described
in the text.

fit the binding energy. However, in neutron matter both
operators are the same, spreading the uncertainty band.
A similar argument was made in Ref. [37].

With the regulators used here, the Fierz-
rearrangement invariance valid at infinite cuto↵ is
only approximate at finite cuto↵, and hence the di↵erent
choices of VD and VE can lead to di↵erent results.
The di↵erent local structures can lead to finite relative
P -wave contributions. These can be eliminated by
choosing VEP , which has a projection onto even-parity
waves (predominantly S waves). The usual nonlocal
regulator in momentum space does not couple S and P
waves.

In conclusion, we find for the first time that chiral in-
teractions can simultaneously fit light nuclei and low-
energy P -wave n-↵ scattering and provide reasonable es-
timates for the neutron matter equation of state. Other
commonly used phenomenological 3N models do not pro-
vide this capability. These chiral forces should be tested
in light p-shell nuclei, medium-mass nuclei, and isospin-
symmetric nuclear matter to gauge their ability to de-
scribe global properties of nuclear systems.

We also find that the ambiguities associated with
contact-operator choices can be significant when mov-
ing from light nuclei to neutron matter and possibly to
medium-mass nuclei, where the T = 3

2

triples play a

Neutron Matter w/ chiral 2N and 3N interactions at N2LO 
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FIG. 1. (a) Couplings cE vs cD obtained by fitting the 4He binding energy for di↵erent 3N-operator forms. Triangles are
obtained by using VD1 and VE⌧ , while the other symbols are obtained for VD2 and three di↵erent VE-operator structures. The
blue and green lines (lower and upper) correspond to R0 = 1.0 fm, while the red lines (central) correspond to R0 = 1.2 fm. The
GFMC statistical errors are smaller than the symbols. The stars correspond to the values of cD and cE which simultaneously
fit the n-↵ P -wave phase shifts (see Table I and the right panel). No fit to both observables can be obtained for the case with
R0 = 1.2 fm and VD1. (b) P -wave n-↵ elastic scattering phase shifts compared with an R-matrix analysis of experimental data.
Colors and symbols correspond to the left panel. We also include phase shifts calculated at NLO which clearly indicate the
necessity of 3N interactions to fit the P -wave splitting.

TABLE I. Fit values for the couplings cD and cE for di↵erent
choices of 3N forces and cuto↵s.

V3N R0 (fm) cE cD

N2LO (D1, E⌧)
1.0 �0.63 0.0

1.2

N2LO (D2, E⌧)
1.0 �0.63 0.0

1.2 0.09 3.5

N2LO (D2, E ) 1.0 0.62 0.5

N2LO (D2, EP) 1.0 0.59 0.0

results in n-↵ P -wave scattering show a substantial sen-
sitivity: VD1

appears to have a smaller e↵ect than VD2

.

In Fig. 2, we show ground-state energies and point pro-
ton radii for A = 3, 4 nuclei at NLO and N2LO using VD2

and VE⌧ for R
0

= 1.0 fm and R
0

= 1.2 fm, in compar-
ison with experiment. The ground-state energies of the
A = 3 systems compare well with experimental values.
The ground-state energy of 4He is used in fitting cD and
cE , and so it is forced to match the experimental value to
within ⇡ 0.03 MeV. The point proton radii also compare
well with values extracted from experiment. The theo-
retical uncertainty at each order is estimated through the
expected size of higher-order contributions; see Ref. [32]
for details. We include results from LO, NLO, and N2LO

in the analysis using the Fermi momentum and the pion
mass as the small scales for neutron matter (discussed
below) and nuclei, respectively. The error bars presented
here are comparable to those shown in Ref. [33], although
it is worth emphasizing that our calculations represent a
complete estimate of the uncertainty at N2LO since we
include 3N interactions. Other choices for 3N structures
give similar results.

It is noteworthy that NN and 3N interactions derived
from chiral EFT up to N2LO have su�cient freedom such
that n-↵ scattering phase shifts in Fig. 1(b) and proper-
ties of light nuclei in Fig. 2 can be simultaneously de-
scribed. The failures of the Urbana IX model in under-
binding nuclei and underpredicting the spin-orbit split-
ting in neutron-rich systems, including the n-↵, system
were among the factors motivating the addition of the
three-pion exchange diagrams in the Illinois 3N mod-
els [7]. Our results show that chiral 3N forces at N2LO,
including the shorter-range parts in the pion exchanges,
allow the simultaneous fit. These interactions should be
tested further in light p-shell nuclei.

Finally, we study the full chiral N2LO forces, includ-
ing all 3N contributions, in neutron matter to extend the
results from Ref. [24]. More specifically, we examine the
e↵ects of di↵erent VD and VE structures on the equation
of state of neutron matter. Although these terms vanish

• TNI fit to A=4 binding, n-
alpha scattering;  A=5 includes 
T=3/2 triplets

• Significant uncertainties from 
regulators, Fierz 
rearrangements, …

• How to reduce uncertainties?

Lynn, et al., PRL 2016
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FIG. 2. (Color online) Energy of the unitary Fermi gas in a
periodic potential versus strength of the interaction for q =
kF /2 (lower curves) and q = kF (upper curves). Quantum
Monte Carlo calculations are shown as symbols. The bands
are density functional results for E2 using c2 = 0.30(5) and
for E4 with c2 and c4 extracted from fits to all the bulk QMC
data. See the text for details. The error ellipse obtained for
c2 and c4 from the fit is shown in the inset.

blue solid line indicates results expected in the local den-
sity approximation without gradient terms, entirely de-
termined by ⇠. The break in this line represents the point
at which the density separates into quasi two-dimensional
sheeets. The results of the DMC and AFMC calculations
are shown as open and closed symbols respectively.

Using the coe�cient c2 obtained for weak external
fields, the QMC calculated energies for q = 0.5 kF are
well reproduced by this density functional for the whole
range of V0 (lower solid band). This simple density func-
tional is expected to work very well for systems where
|r⇢/(kF ⇢)| << 1 everywhere. In Fig. 2 it is evident that
for the larger q = kF , the E2 density functional begins to
fail, particularly at larger V0. In this region the higher
order gradient corrections are becoming important.

The first correction to the simple gradient density func-
tional E2 (Eq. 3) is of order q4 [27]. It is natural to find
the energies at higher momenta smaller than those given
by E2, this behavior would be expected based on the typi-
cal roton-phonon spectrum [3, 33]. Using the scale invari-
ance of the density functional and a Negele-Vautherin[34]
expansion for the density functional in terms of gradients,
we add another term

E4 = E2 + c4
r2⇢1/2r2⇢1/2

⇢2/3
, (4)

with the same dimensions as E2. This additional term is
attractive (c4 < 0) since the quasiparticle spectrum lies
lower than the simple linear behavior with increasing q.

We perform a simultaneous fit of c2 and c4 in E4 to all
the AFMC data to obtain the error ellipse shown in the
inset of Fig. 2. For each pair of values c2 and c4 a stan-
dard DFT calculation of the density is first performed
setting c4 = 0, then the energy contribution from the c4
term in E4 is calculated perturbatively from this density

FIG. 3. (Color online) Densities of the unitary Fermi gas
in external potentials of frequency kF /2 (upper row) and kF
(middle row) for potential strengths V0 = 0, 0.25, 0.4, and
0.8 from left to right. The lower row shows the predicted
density distributions (in the z=0 plane) for systems of 8, 14,
30, and 50 fermions (left to right) in a harmonic trap. Scale
invariance requires the energies depend only upon the shape
of the density distribution, except for an overall scale of ⇢2/3.

distribution. Since the q4 term in E4 term is attractive,
we must evaluate it perturbatively as it is unstable to
high-frequency oscillations. Higher-order terms includ-
ing those associated with the contact would stabilize the
system [35].
The extracted error ellipse for these parameters shows

a strong correlation since a larger value of c2 requires
a more attractive value of c4. The solid and vertical
hatched regions give the error bands for E2 and E4, re-
spectively. The E4 density functional provides an excel-
lent fit to all the data, with a �2 per degree of freedom
near one. The width of the bands in the main figure
represent varying the coe�cients within the quoted un-
certainties (the inset ellipse for E4).
The density functional can then be used to predict

the densities of inhomogeneous matter and properties of
small numbers of fermions trapped in harmonic wells.
Observing the densities in an external field should be
an accurate way to measure the coe�cients in the den-
sity functional. The densities for both inhomogeneous
matter and small trapped systems are shown in Fig. 3.
The upper two rows illustrate the transition from three
towards two dimensional systems with increasing V0 for
external potentials of momenta kF /2 and kF , and the
bottom row shows the densities of small systems trapped
in a harmonic potential.
To check the predictions for trapped fermions, we cal-

culate systems of fermions at unitarity in a harmonic trap
from 4 to 80 particles (Fig. 4). The square of the ratio
of the energy at unitarity to the Thomas Fermi energy
for free fermions, ETF = !(3N)4/3/4, is plotted as a
function of the number of particles. This ratio should
approach the bulk (LDA) limit as the size of the sys-
tem increases. The DMC results are shown as blue open
circles in the figure, and the AFMC results are shown
as diamonds. For N > 8, both our DMC and AFMC
results are significantly lower than those obtained previ-
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kF /2 (lower curves) and q = kF (upper curves). Quantum
Monte Carlo calculations are shown as symbols. The bands
are density functional results for E2 using c2 = 0.30(5) and
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data. See the text for details. The error ellipse obtained for
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termined by ⇠. The break in this line represents the point
at which the density separates into quasi two-dimensional
sheeets. The results of the DMC and AFMC calculations
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Using the coe�cient c2 obtained for weak external
fields, the QMC calculated energies for q = 0.5 kF are
well reproduced by this density functional for the whole
range of V0 (lower solid band). This simple density func-
tional is expected to work very well for systems where
|r⇢/(kF ⇢)| << 1 everywhere. In Fig. 2 it is evident that
for the larger q = kF , the E2 density functional begins to
fail, particularly at larger V0. In this region the higher
order gradient corrections are becoming important.

The first correction to the simple gradient density func-
tional E2 (Eq. 3) is of order q4 [27]. It is natural to find
the energies at higher momenta smaller than those given
by E2, this behavior would be expected based on the typi-
cal roton-phonon spectrum [3, 33]. Using the scale invari-
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expansion for the density functional in terms of gradients,
we add another term
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with the same dimensions as E2. This additional term is
attractive (c4 < 0) since the quasiparticle spectrum lies
lower than the simple linear behavior with increasing q.

We perform a simultaneous fit of c2 and c4 in E4 to all
the AFMC data to obtain the error ellipse shown in the
inset of Fig. 2. For each pair of values c2 and c4 a stan-
dard DFT calculation of the density is first performed
setting c4 = 0, then the energy contribution from the c4
term in E4 is calculated perturbatively from this density
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density distributions (in the z=0 plane) for systems of 8, 14,
30, and 50 fermions (left to right) in a harmonic trap. Scale
invariance requires the energies depend only upon the shape
of the density distribution, except for an overall scale of ⇢2/3.

distribution. Since the q4 term in E4 term is attractive,
we must evaluate it perturbatively as it is unstable to
high-frequency oscillations. Higher-order terms includ-
ing those associated with the contact would stabilize the
system [35].
The extracted error ellipse for these parameters shows

a strong correlation since a larger value of c2 requires
a more attractive value of c4. The solid and vertical
hatched regions give the error bands for E2 and E4, re-
spectively. The E4 density functional provides an excel-
lent fit to all the data, with a �2 per degree of freedom
near one. The width of the bands in the main figure
represent varying the coe�cients within the quoted un-
certainties (the inset ellipse for E4).
The density functional can then be used to predict

the densities of inhomogeneous matter and properties of
small numbers of fermions trapped in harmonic wells.
Observing the densities in an external field should be
an accurate way to measure the coe�cients in the den-
sity functional. The densities for both inhomogeneous
matter and small trapped systems are shown in Fig. 3.
The upper two rows illustrate the transition from three
towards two dimensional systems with increasing V0 for
external potentials of momenta kF /2 and kF , and the
bottom row shows the densities of small systems trapped
in a harmonic potential.
To check the predictions for trapped fermions, we cal-

culate systems of fermions at unitarity in a harmonic trap
from 4 to 80 particles (Fig. 4). The square of the ratio
of the energy at unitarity to the Thomas Fermi energy
for free fermions, ETF = !(3N)4/3/4, is plotted as a
function of the number of particles. This ratio should
approach the bulk (LDA) limit as the size of the sys-
tem increases. The DMC results are shown as blue open
circles in the figure, and the AFMC results are shown
as diamonds. For N > 8, both our DMC and AFMC
results are significantly lower than those obtained previ-
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ously by Endres, et al.[36], Blume, et al.[37], Chang and
Bertsch[38], and by Mukherjee and Alhassid[39]. The
AFMC calculations extend to much lower temperature
T than previous lattice calculations, and are averaged
from !/T ⇡ 4� 10.

The DMC calculations include a more sophisticated
trial wave function than used previously. It includes pair-
ing both in a single-particle orbitals as typically used in
atomic nuclei and pairing based upon the local density
approximation. The variational wave function for the
system in the trap has pairing orbitals with the following
form:

�(r1, r2) =

"
X

i

di�
HO
ni

(↵ir1)�
HO
ni

(↵ir2)

#
e�(�1+�2)R

2

+ �[kF (R) r]e�
m!
2~ R2

(1� e��2R
2

) . (5)

where ni are HO quantum numbers of the i-th state,
R = |r1 + r2|/2, r = |r1 � r2|, and the function kF (R)
is the local momentum as a function of the center of

mass of the pair: kF (R) =
h

1
~⇠ (⇠EF � !2R2/2)

i1/2
, and

the function �(r) has the same form of Ref. [23]. The
variational parameters di, ↵i and �i are optimized, and
simulations at di↵erent e↵ective ranges to extract the
zero-range limit. If we simplify our calculations to the
simple trial function used in [37] and [38], we reproduce
their higher energies.

The AFMC lattice calculations are exact but subject to
finite lattice size errors. Two sets of AFMC calculations
are shown, one using the q2 dispersion relation, the other
using the q2 + q4 dispersion discussed in [13]. The finite-
size energy correction for the q2 dispersion is proportional
to the e↵ective range and to the lattice spacing, it is given
by:

�EHO(N)/ETF = �2048N1/6!1/2Sre
525⇥ 35/6⇡⇠3/4

. (6)

Numerically this yields �E(N)/ETF ⇡ 0.0388 !1/2N1/6

for S = 0.12, ⇠ = 0.37, and re = 0.337a (a is the lattice
spacing), the correction is approximately a 2% lowering
of the QMC energy. The value of S is extracted from
Refs. [13, 40]. Similar corrections have been applied in
the bulk, they are significantly smaller than the statisti-
cal errors.

Similarly the q4 propagator requires a correction from
pairs of finite momentum, which for small lattice sizes
lowers the energy from the continuum behavior. Cal-
culating the energy of a pair with finite momentum
yields a correction �E(N)/E = ⇣2a2(5/6)hK2k2i, where
⇣ = 0.16137 is the coe�cient of the k4 term in the prop-
agator, and k2 and K2 are the average square momenta
of particles and pairs respectively. The former can be
estimated from the simulation and the latter from the
calculated total energy using the virial theorem. In this
case the correction yields an approximately 1% increase
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FIG. 4. (Color online) Ground-state energy (E(N)/ETF )
2 of

trapped fermions at unitarity vs. particle number N. Present
DMC calculations are shown as open circles, and AFMC cal-
culations as diamonds. Density functional results E2 and E4

are shown (see text). The inset shows the extrapolation of
the same data to the bulk (large N) limit.

in the energy. This correction is numerically consistent
with zero for homogeneous systems as shown by calcula-
tions of two species of unequal mass [41, 42]. The two
sets of AFMC energies calculated with di↵erent disper-
sions agree within error bars. The corrections for the
periodic external potential are much smaller than the er-
ror bars since the external interaction confines the system
in only one dimension.

The QMC results for small clusters are compared with
the predictions from the two di↵erent density functionals
E2 and E4 in Fig. 4. In the local density approximation
the ratio of squared energies is a constant ⇠ for any N, the
arrow indicates the bulk value of ⇠ applicable in the large
N limit. The results for E2 are shown as the upper solid
band, and the predictions from E4 are shown as the lower
vertical hatched band. This density functional provides
an excellent description of the small trapped systems, the
c4 term is much more important in this case.

As we can see in Fig. 4 our calculations yield no sig-
nificant shell e↵ects or breaks in the curve of E/ETF

curve versus the number of particles. In the BCS limit
there would be sharp breaks of the energy with particle
number, with closed shells at N = 2, 8, 20, 40, ... for a
harmonic oscillator external potential. Shell closures are
a natural expectation for many fermionic systems, even
those with significant pairing like atomic nuclei or inho-
mogeneous neutron matter [43]. In the unitary Fermi
gas, however, the shell breaks appear quite small, fur-
ther justifying the density functional in terms of the lo-
cal density and its gradients. This is to be expected
for large systems, where the coherence length is much
smaller than the system size. Even for small systems,
it would appear that unpaired fermions cannot propa-
gate significantly. This physics has a natural analogue in
neutron-rich atomic nuclei, where the pairing gaps play
an increasingly important role compared to shell gaps as
the number of neutrons increase.

In summary, we find find that the density functional of
the Unitary Fermi gas is strongly constrained by the scale
invariance of the system and the large pairing gap for sin-

Inhomogeneous Matter 

Density functionals and small clusters
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FIG. 2. Neutron-matter energy per particle as a function of
one-body potential strength at a density of n = 0.10 fm�3,
using NN+NNN interactions and a one-body potential pe-
riodicity q = 4⇡/L. Circles correspond to AFDMC results,
while the solid line follows from the SLy4 energy-density func-
tional. The dashed line shows SLy4 results with a modified
isovector gradient term. Inset: AFDMC and SLy4 results in
the absence of a one-body potential.

filling starts to be considerably di↵erent from the homo-
geneous matter (plane-wave orbital) case. We computed
the energy for an open-shell case (70 particles) using dif-
ferent fillings of the single-particle orbitals, finding no
appreciable change. As a result, we chose the one-body
strengths 2vq = 0.25, 0.30, 0.35, 0.50, 0.75 times EF .

In addition to AFDMC results denoted by circles,
Fig. 2 also shows results using the Skyrme SLy4 energy-
density functional [24] in the local-density approximation
(solid line). As a reminder, the energy density for a large
class of Skyrme EDFs can be given in the isospin T rep-
resentation:

E =
X

T=0,1

h
(Cn,a

T + Cn,b
T n�

0

)n2

T + C�n
T nT�nT + C⌧

TnT ⌧T

i

(3)
along with an external potential-energy term (possibly
also dependent on the isospin projection)

P
T nTVext,T ,

as well as a kinetic-energy term, which for simplicity can
be taken to be an isoscalar: ~2⌧

0

/2m. The SLy4 C values
used to produce Fig. 2 are one possible (standard) choice,
though several others are being explored [52].

At first sight, Fig. 2 appears to be rather uninter-
esting: the AFDMC results are always more repulsive
than the SLy4 ones, as found in QMC studies of neutron
drops [35]. It is noteworthy, however, that the separation
between the AFDMC and SLy4 results depends on the
one-body strength. Specifically, the isovector gradient
term, C�n

1

n
1

�n
1

, which is absent in homogeneous neu-
tron matter, has the e↵ect of bringing the SLy4 results
closer to the AFDMC ones as 2vq is increased.

Upon closer inspection, we realize that the more re-
pulsive nature of the AFDMC results merely tracks the
unperturbed (vq = 0) relationship between AFDMC and
SLy4 results (though at very large 2vq the gradient term
becomes strong enough to change this). This crucial ob-
servation implies that, at di↵erent densities, for many
values of the one-body strength the modulated EOS un-
der SLy4 will have the same relationship to the AFDMC
EOS as in the unmodulated (vq = 0) case. This is il-
lustrated in the inset to Fig. 2, where the homogeneous
neutron matter energy versus density in AFDMC and
SLy4 is plotted. The AFDMC results are more repulsive
at densities above 0.06 fm�3, while below that density the
SLy4 ones are more repulsive. We have explicitly checked
that the modulated interacting neutron system behaves
as described at low density, for a variety of nuclear-force
inputs.
Thus, the assumption that, since Skyrme function-

als are fit to ab initio results for homogeneous matter,
the di↵erence between QMC and EDF in inhomogeneous
neutron systems must come from the isovector gradient
term alone [35] is unwarranted. In other words, at a finite
one-body potential strength the di↵erence between QMC
and EDF comes partly from the gradient term and partly
from the bulk/homogeneous matter mismatch in energy.
Thus, in order to separate the two contributions while
also respecting the homogeneous-matter properties, one
should modify the isovector gradient parameter C�n

1

so
that the new Skyrme values match not the AFDMC ones,
but a new set (here more attractive than the original)
that is always as far away from the AFDMC perturbed
value as the di↵erence between the unperturbed AFDMC
and SLy4 energies. The result is the dashed line in Fig. 2;
this required a modification to C�n

1

from -16 to -28 MeV
fm5, using only the lowest-strength results as constraints
in the new fit.
The density dependence shown in the inset to Fig. 2,

taken together with our low-density findings mentioned
above, suggest a corresponding need for a density depen-
dence in the adjustment to C�n

1

. In other words, if one is
to carefully disentangle bulk from gradient contributions,
the isovector gradient coe�cient C�n

1

has to become den-
sity dependent (cf. the bulk term(s) Cn in Eq. (3)), in
addition to necessitating a global refit of all the Skyrme
parameters. (This is consistent with what is found using
the density-matrix expansion [53, 54].) Another (possi-
bly equivalent) option is to consider gradient terms of
di↵erent form [47].

The calculations reported on in Figs. 1 & 2 varied
the density n and one-body potential strength 2vq, re-
spectively, but kept the one-body potential periodicity q
fixed. We have also carried out calculations where the q
is varied and thereby computed the linear density-density
static response function of neutron matter.

We first establish the notation [52, 55]. Let the un-
perturbed system be characterized by a Hamiltonian Ĥ

0

JC, Gandolfi, PRA, 2014

Bruaczynski, Gezerlis, PRL 2016

Cold Atoms

Neutrons
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Figure 5: Energies for neutrons trapped in a harmonic oscillator with ! = 10
MeV for di↵erent interactions and methods compared to Monte Carlo calculations
for cold atoms at unitarity (open symbols) and two local density approximations
(solid and dashed lines). In the right panel results for the AV8’ + UIX interaction
are compared to several pre-existing density functionals.

modest. For larger N, though, the central density in a harmonic trap can be
quite large and the three-nucleon interaction makes a considerable di↵erence.
Results are also shown for no-core shell model (NCSM) calculations using chiral
interactions and the JISP16 NN interaction. The chiral interactions are very
similar to the AV8’ results without a three-nucleon interaction; the energies for
all interactions and methods agree within a few percent.

These calculations show significant shell closures, in contrast to the cold atom
results. These shell closures arise because of the e↵ective range in the neutron-
neutron interaction, and the concominant smaller size of the superfluid pairing
gap. In cold atoms only superfluid pairs propagate across the whole system, while
for neutrons the shell closures indicate the single-particle picture still survives to
some degree. The shell closures are not as strong as in nuclei, however. Pair-
ing gaps are also evident from the odd-even staggering, spin-orbit, and gradient
corrections have been examined in many of these studies (84,85).

In the right-hand panel, results for the AV8’+UIX interaction are compared
with a variety of previously existing density functionals. These funtionals do not
fully describe the neutron drop results, in general their energy is too low and
spin-orbit and pairing are not completely correct. Modest modifications to the
isovector (full neutron) gradients, pairing and spin orbit give density functional
results in the full black line, labeled SLY4-adj. These do a good job of repro-
ducing results in both 5 and 10 MeV frequency traps except for the smallest
systems considered. More recently it has been shown that new density function-
als, i.e. UNEDF0 (87) and UNEDF1 (88), can be created that simultaneously
fit nuclei with accuracy comparable or better than the existing functionals, and
also reproduce the neutron drop results.

In figure 6 we show results in a Wood-Saxon well. These more nearly mimic

Inhomogeneous Systems: Neutrons vs. Cold Atoms

Neutrons

Cold Atoms

Gandolfi, Gezerlis, Carlson; Ann. Rev. Nucl. Part. Sci. 65, 303 (2015)Shell structure very different
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Figure 8: The equation of state of neutron matter obtained by using various
models of three-neutron force as described in the text. For each model we impose
that the energy at saturation is 17.7(1) MeV (blue band), or 16.0(1) MeV (green
band). The results are compared with the equations of state obtained with the
AV80 and AV80+UIX Hamiltonians. In the legend we indicate the corresponding
symmetry energy at saturation. Figure taken from (93).

30 31 32 33 34 35 36
E

sym
 (MeV)

30

35

40

45

50

55

60

65

70

L
 (

M
e
V

)

AV8’+UIX

E
sym

=33.7 MeV

E
sym

=32.0 MeV

AV8’

Figure 9: The value of L as a function of E
sym

obtained from various EOS. The
green and blue points with error bars correspond to the various EOS indicated
by the two colored areas of Fig. 8, and red and black points show the results
obtained using a two-body force alone and combined with the UIX model. The
square symbols correspond to results obtained by independently changing the
cuto↵ parameters entering in VR and in the three-pion rings of the three-neutron
force. Figure taken from (93).
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models of three-neutron force as described in the text. For each model we impose
that the energy at saturation is 17.7(1) MeV (blue band), or 16.0(1) MeV (green
band). The results are compared with the equations of state obtained with the
AV80 and AV80+UIX Hamiltonians. In the legend we indicate the corresponding
symmetry energy at saturation. Figure taken from (93).
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obtained from various EOS. The
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Higher Density and the Three Neutron Interaction

Strong Correlation between S and L (symmetry energy and slope)

Gandolfi, JC, and Reddy (2012):  
arXiv 1101.1921
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Fig. 2.— Summary of constraints on symmetry energy parameters. The filled ellipsoid indicate joint S v � L
constraints from nuclear masses (Kortelainen et al. 2010). Filled bands show constraints from neutron
skin thicknesses of Sn isotopes (Chen et al. 2010), the dipole polarizability of 208Pb (Piekarewicz et al.
2012), giant dipole resonances (GDR) (Trippa, Coló and Vigezzi 2008), and isotope di↵usion in heavy ion
collisions (HIC) (Tsang et al. 2009). The hatched rectangle shows constraints from fitting astrophysical
M �R observations (Steiner, Lattimer and Brown 2010, 2013). The two closed regions show neutron matter
constraints (H is Hebeler et al. (2010) and G is Gandolfi, Carlson and Reddy (2012)). The enclosed white
area is the experimentally-allowed overlap region.

Experimental Constraints near Saturation Density
Also parity-violating e scattering:

PREX, CREX: neutron radius
(similar to proton radius from

elastic electron scattering)

γ 0Z
−e −e

+
2

≈σ

208Pb  

PREX     and     
48Ca  

Lattimer
Theory: Schwenk et al., Gandolfi et al.



Observations: Neutron Star Masses

Demorest, et al
Nature 467: 2081 (2010)

from Lattimer



Neutron Star Mass/Radius Relations: History

For many years only ~1.4-1.5 solar mass neutron stars observed
2010:   Two solar mass neutron stars
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Figure 10: The mass-radius relation for neutron stars based on the QMC neutron
matter results above. Results are presented for the di↵erent EOS given in Fig. 8.
The numbers indicate the value of E
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of the various EOS.

By using the EOS obtained from di↵erent nuclear Hamiltonian, we can study
the e↵ect to the neutron star structure. The results of the M-R diagram of
neutron stars obtained from the EOS calculated in the previous section are shown
in Fig. 10. Since the radii of neutron stars are almost determined by the EOS
slightly above ⇢

0

(98), future measurements will provide strong constraints to the
nuclear Hamiltonian. In particular, radii are directly connected to the pressure
of neutron matter at ⇢

0

, and then there is a natural correlation between E
sym

and L and radii. In the figure the two bands correspond to the EOS described
in the previous section (the corresponding values of the symmetry energy are
also indicated in the figure). The red and black curves correspond to the EOS
calculated with the AV80 two-body interaction alone, and combined with the UIX
three-neutron potential. The relation between E

sym

and the radius is evident,
as the increasing of E

sym

predicts a neutron star with a larger radius. In the
figure, the density of the neutron matter inside the star is indicated with the
orange lines. As anticipated, even at large masses the radius of the neutron star
is mainly governed by the equation of state of neutron matter between 1 and 2
⇢
0

(98).
As is clear from the figure, the AV80 Hamiltonian alone does not support the

recent observed neutron star with a mass of 1.97(4)M� (9) and 2.01(4)M� (10).
the addition of a three-body force to AV80 can provide su�cient repulsion to be
consistent with all of the constraints. The results also suggest that the most mod-
ern neutron matter EOS imply a maximum neutron star radius not larger than
13.5 km, unless a drastic repulsion sets in just above the saturation density (75).
This rules out EOS with large values of L, typical of Walecka-type mean-field
models without higher-order meson couplings which can decrease L. We note
that our analysis suggests it is unlikely that neutron stars have radii lower than

Mass-Radius Relation for Neutron Stars

Gandolfi, et al, 2012
Hyperons?  see S. Gandolfi’s talk



from USQCD.org

Impressive lattice QCD at μ = 0, and exploratory studies at μ > 0
Little work at T ~ 0 for large μ 

What about QCD ?



Fermion Sign Problem
Exponential decay in signal to noise for quantum fermi systems
Ubiquitous:   electrons, cold atoms, helium, cold atoms, NP, LQCD

Decay proportional to Bose minus Fermi Energy 
    QCD :    A  ( MN - (3/2) M ) 
    Nucleons:   A x Fermi Energy

No general solution - exponentially difficult for large systems
                             - believed to be NP hard

Try small A - make direct comparisons 
                to lattice at moderate to high densities
                not necessary to go through S-matrix

Advantages:  small boxes give large gaps, high excitation energies
                   can probe different N, boundary conditions, quantum numbers,…

Can we calibrate nuclear interactions?
Can we extrapolate to matter?
Can we begin to identify the phase transition?



Neutron Matter from Low to High Density 17

0 10 20 30 40 50
N

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95
E 

/ (
 ω

 N
4/

3 )
AV8'
AV8' + TNI
Chiral  NN + NNN
JISP16
Cold Atoms

(a)

0.7

0.8

0.9

1

1.1

E
 /

 ω
N

4
/3

0 10 20 30 40 50 60
N

0.7

0.8

0.9

1

1.1

E
 /

 ω
N

4
/3

AFDMC
GFMC
SLY4
SLY4-adj

SKM*
SKP
BSK17

5 MeV

10 MeV

(b)

Figure 5: Energies for neutrons trapped in a harmonic oscillator with ! = 10
MeV for di↵erent interactions and methods compared to Monte Carlo calculations
for cold atoms at unitarity (open symbols) and two local density approximations
(solid and dashed lines). In the right panel results for the AV8’ + UIX interaction
are compared to several pre-existing density functionals.

modest. For larger N, though, the central density in a harmonic trap can be
quite large and the three-nucleon interaction makes a considerable di↵erence.
Results are also shown for no-core shell model (NCSM) calculations using chiral
interactions and the JISP16 NN interaction. The chiral interactions are very
similar to the AV8’ results without a three-nucleon interaction; the energies for
all interactions and methods agree within a few percent.

These calculations show significant shell closures, in contrast to the cold atom
results. These shell closures arise because of the e↵ective range in the neutron-
neutron interaction, and the concominant smaller size of the superfluid pairing
gap. In cold atoms only superfluid pairs propagate across the whole system, while
for neutrons the shell closures indicate the single-particle picture still survives to
some degree. The shell closures are not as strong as in nuclei, however. Pair-
ing gaps are also evident from the odd-even staggering, spin-orbit, and gradient
corrections have been examined in many of these studies (84,85).

In the right-hand panel, results for the AV8’+UIX interaction are compared
with a variety of previously existing density functionals. These funtionals do not
fully describe the neutron drop results, in general their energy is too low and
spin-orbit and pairing are not completely correct. Modest modifications to the
isovector (full neutron) gradients, pairing and spin orbit give density functional
results in the full black line, labeled SLY4-adj. These do a good job of repro-
ducing results in both 5 and 10 MeV frequency traps except for the smallest
systems considered. More recently it has been shown that new density function-
als, i.e. UNEDF0 (87) and UNEDF1 (88), can be created that simultaneously
fit nuclei with accuracy comparable or better than the existing functionals, and
also reproduce the neutron drop results.

In figure 6 we show results in a Wood-Saxon well. These more nearly mimic

Small quantum systems can identify important degrees of freedom

Neutrons

Cold Atoms

Gandolfi, Gezerlis, Carlson; Ann. Rev. Nucl. Part. Sci. 65, 303 (2015)
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Degrees of freedom can have a huge impact: 
 

comparison of neutrons to free quarks



P-wave states for N = 4:

� = A["1#2 [sin[k
x

· r34] + i sin[k
y

· r34]] "3"4]

original (BCS s-wave) state:

new (p-wave) state:

rho E_s (MeV)  E_p (MeV)

0.08 71.0(.5) 65.0(.5)

0.16 117(2) 92.0(1.2)

very large energy differences; still exploring other states

� = A
Y

[�(rij)("i#j � #i"j)]

1S0 pair
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Conclusions: Neutron Matter 

Want to determine the QCD EOS at high density and low T 
Low density regime well constrained
More precise knowledge at saturation density required
Phase transitions - what densities in relation to neutron stars ?

 Want to understand properties of neutron stars / supernovae 
     EOS at zero and finite T  
     Weak rates and neutron star cooling  
     Neutrinos in supernovae (quantum coherence /matter)  

Critical role of observations:
      x-rays
      neutrinos
      gravitational waves
      …  


