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• for a collection of key works until AD1993: Brezin and Wadia “The large N 

expansion in QFT and statistical physics”

• review: Moshe-Moshe & Zinn-Justin

• recent review: Lucini and Panero “SU(N) gauge theories at large N”

• chiral Lagrangians at large N: paper by Kaiser and Leutwyler

• baryons at large N reviews: Manohar, lectures on large N QCD; Jenkins

• ... and very many papers....

Useful bibliography with details to learn large N



Origins: spin model - Stanley (1968)

LARGE N EXPANSIONS: ORIGINS

Introduced in statistical mechanics by Stanley (1968)

Berlin-Kac spherical model (1947): exactly solvable

Stanley showed that    FH  = FHSM   when N

! 
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Spin chain model Spherical model: a one-site spin model exactly solvable

FH → FHSM for N → ∞

expansion in 1/N works well if N>8 (Wilson; Ma (1970’s))

Shows a new kind of expansion in # of degrees of freedom; simplifies picture of system and 
organizes its physics in powers of 1/N

Why large N?

N is number of degrees of freedom (dof)



O(N) σ model

g2 ∼ 1/N

Higgs and Nambu-Goldstone phases depending dimensionality and on value of 

refs: “Gauge fields and strings” Polyakov
“Vector models in large N” Zinn-Justin

Ng2/Λ2−d

exactly solvable at leading order: a saddle point approximation becomes exact as             :     
                 ; theory becomes semiclassical for the auxiliary field that imposes the 
constraint               and in its ground state behaves as an effective mass^2

N → ∞
�n2 = 1

QFT

large body of work on the statistical mechanics of vector and matrix 
sigma models using large N expansions

expansion in 1/N captures non-perturbative effects in g; even more, a perturbative 
expansion in g can be further pruned to include 1/N expansion



Large N limit simplifies picture and allows to capture non-
perturbative dynamics with controlled approximations

Non-analytic effects in 1/N in general not understood yet 

In theories with no mass scale and with running coupling, the only 
genuine expansion parameter  is 1/N (aside from EFT level 
expansion ratios such as 

1/N expansion can be implemented at effective theory level and 
thus it is useful for phenomenology

p/Λ

general picture of 1/N



Basic principles of 1/N expansions

number of d.o.f. related typically to a symmetry G(N) (gauge or global)

coupling(s) are made N dependent in such a way that a large N limit 
exists and is “non trivial”

typical case: interacting theory with scale invariant Lagrangian, non-
vanishing       - 1/N becomes the only genuine expansion parameterβ(g)

g → g0N
ν such that

β0(g0) ≡
∂g0

∂ logµ
= O(N0) �= 0

expansion in 1/N can capture non-perturbative physics w.r.t. expansion 
in g; is the 1/N expansion the whole deal?: in general not, e.g. instantons 
are genuinely non-analytic in 1/N and other examples (later)



QCD   SU(3) → SU(N)

β(g) = − 1
16π2 (

11
3 N − 2

3Nf )g3

g(N) = g0/
√
N

structure of 1/N expansion in QCD (similar to most vector and matrix models)

‘tHooft notation

g0/
!
N

"tHooft

etc

(‘t Hooft 1974)

’tHooft expansion: N → ∞, Nf fixed

λ = αsN ’tHooft coupling

LQCD = −1

4
GaµνGa

µν + q̄(iDµγµ −Mq)q



MESONS AND GLUEBALLS

‘tHooft notation

1/Nc counting at level of Feynman diagrams

1/Nc counting: Euler characteristic of Feynman diagram:

N dependence from Feynman diagrams

diagrams can be expanded in 1/N: power determined by their topology

leading order only gluons: planar O(N2)

topolgy=sphere

leading order one quark loop: planar O(N)

topolgy=sphere with hole

non-planar diagrams: pay a price 1/N2 for each ”handle”

1/N power counting of Feynman diagrams determined by topology of surface needed to be drawn

N
χ

χ = 2− 2H − L is the Euler characteristic of the surface

O(N0) O(1/N)



q

= ! + +

O(N) O(N0) O(1/N)

O(N) terms ∼
�

n

F 2
n

i

q2 −M2
n

Mn = O(N0) ⇒ Fn = O(
√
N)

First important consequences:   weakly interacting color singlets

correlation functions of color-singlet operators of dim              dominated 
by tree-diagrams at meson/glueball level

O(N0)

use the topology counting to determine N scalings at hadronic level

in pure gluedynamics expansion is in 1/N2

=

2-point

=
O(1/

√
N)

3-point



a famous example: QCD2 - ‘tHooft model

soluble exactly at leading order (planar) for meson spectrum

gluons are not dynamical

baryons can be analyzed but no analytic bottom up solution 
is possible

real life QCD is however much more complicated



• Main facts about 1/Nc in mesons and glueballs

Mesons Glueballs
M = O(N0

c ) M = O(N0
c )

! = O(1/Nc) ! = O(1/N2
c )

FM = O(
!

Nc) FM = O(Nc)
OZI rule: !OZI = O(1/N3

c ) OZI rule: !OZI = O(1/N2
c )

! = O(1/N2
c ) G-meson mixing= O(1/

!
Nc)

nonet symmetry
M2

!! = O(Nf/Nc) in " limit

Phenomenological evidence: multiple excited mesons with
widths O(100 MeV)

OZI: in # meson and quarkonia for instance

Test of 1/N2
c corrections to mG/

!
! in Lattice gluodynamics

1/Nc suppression of certain LECs in ChPT

José L. Goity Hampton University/Je!erson Lab The 1/Nc Expansion for Baryons

 scalings in ‘tHooft large N limit

OZI
!

"

"

O(N0)

A(φ → ππ) = O(N0)/(FφF
2
π ) = O(1/N3/2)

single flavor trace correlation functions dominate; 
multiple trace functions suppressed by factor 
if no mesons can be exchanged between traces

N−nTr



Semiclassical theory of mesons and glueballs

expansion in 1/N becomes loop expansion at the level of mesons 
and glueballs; states become narrow. 

General feature of large N expansion: large N dof lead to weakly 
interacting singlets of large N symmetry (if singlets have 
masses             ) O(N0)

key characteristics in large N



@ large N: what one expects from ‘tHooft power counting

The non-perturbative side of QCD

•confinement unchanged: pure gluedynamics 

•chiral symmetry spontaneous breaking: ‘tHooft anomaly matching 
  requires it

•trace anomaly and gluon condensation:

• pure glue topological susceptibility

string tension σ = O(N0) can be used to scale fix (define) the 1/N expansion

�q̄q� = O(N)

θµµ = β(λ)
λ GaµνGa

µν + mq q̄q
= O(N2) + O(N)

χYM =
lim−−−→
q→0

�
�Q(x)Q(0)�eiqxd4x = O(N0)

understanding the physics of these non-perturbative elements 
of QCD remains a present challenge, even in large N!



Chiral dynamics at large N

mu,d,s → 0 : chiral symmetry SUL(3)× SUR(3)× UA(1)× UB(1)

�q̄q� < 0 : Goldstone Bosons π±, π0, K±, K0, K̄0, η, η�

...but wait: UA(1) is anomalous
∂µq̄(x)γµγ5q(x) = NfQ(x) = Nf

αs
8πGG̃(x)

η� is not a GB in chiral limit

what happens at large N?

Q =

�
d4xQ(x) = integer

lectures by Hagop Sazdjian

one of the most beautiful deductions using large N
and the θ dependency of the vacuum energy



Axial U(1) and Witten-Veneziano

ZE
QCD(θ) =

�
DG Dψ Dψ̄ e−SQCD+i θ Q

�
ZE

QCD(θ) = ZE
QCD(θ + 2π)

�

Massless quarks: no θ dependence due to axial anomaly

eiα ∈ UA(1)⇒ θ → θ + α

F (θ) = 1
V4

logZE
QCD(θ)

χQCD = ∂2

∂θ2F (θ) = limq→0
�Q2�
V4

=
�
�Q(x)Q(0)�eiqxd4x

χYM = O(N0)

dependence vanishes in pert theory; if determined by sum of planar diagramsθ

χQCD = χYM� �� � +
�

n

c2n
−M2

n
� �� �

O(1) O(1/N)?

−−−−→
Mq→0

0 η� to the rescue



in chiral limit:

∂µ�0 | Aµ | η�� =
�

NfFη�M2
η�

�0 | Q | η�� = cη�

cη� = 1√
Nf

M2
η�Fη�

assume η� couples like a GB

Witten-VenezianoM2
η� =

Nf

F 2
η�
χYM = O(

Nf

N
)

η� becomes GB in large N

... but, do we understand χYM = O(N0) ?



ChPT @ large N

Chiral Lagrangian includes       and is expanded in p and 1/N η�

since M2
η� ∼ Nf/N combined expansion in p and 1/N necessary

Herrera-Siklody et al; Kaiser & Leutwyler

L2 = F 2
π
4 (�DµU †DµU� − �χU† + χ†U�) + χ

Y M
2 (ilogdetU − θ)2

lowest order chiral Lagrangian implementing WV

U = exp(iπ
aλa

Fπ
+ i

�
2
3

η�

Fπ
)



octet GB sector: LECs have 1/N power expansion

Z Gasser, 14. Leutwyler/ ('hiral perturbation theory 481 

The efIective lagrangian of  order p2 then simplifies to 

~ ,  = ~ F~{tr (V,, U+V ~' U) + tr (X* U + x U  + )}, (6.14) 

and the constraint which eliminates the U( l )  field associated with the z/' becomes 

det U = 1 . ( 6 . 1 5 )  

Since we need the lagrangian ~-2 only at tree graph level, we may use the classical 
field equations (5.9) obeyed by U to simplify the general expression of order p4. 
Using the procedure outlined in sect. 3 to impose gauge invariance, Lorentz invari- 
ance, P and C, one finds the following expression for the general lagrangian of 
order p4: 

~2 = L , ( V ~ ' U ' V , U )  2 + L 2 ( V , U ~ V , , U ) ( V " U ~ V ' U )  

+ L3(V~'U+V~,UV'~U "V,,U)+ L4(W' U + V u U ) ( x  + U + x U  +) 

+ L ~ ( V " U W , , U ( x  + U + U+x) )  

+ L6( X '  U + x U + ) 2 +  L7( X '  U - x U + )  2 

+ L s ( x ~ U x  ~ U + x U * x U ' )  
• R p. v + - F,,~V U V U) tLo(FuvV U V  U + t. ~, + 

FL Fv-vL'~ + L , o ( U * F ~ U F C ~ ' ~ ) +  ~,,,\-,̀ ~-I'~R "c~'vR+ _,,,~_ , + H2(x~X) , (6.16) 

R L where CA) stands for the trace of the matrix A. The field strength tensors F,~, F~,~ 
are defined in (3.8). 

At leading order two constants Fo, Bo suffice to determine the low-energy behaviour 
of the Green functions (recall that we disregard the singlet vector and axial currents) - 
at first nonleading order we need l0 additional low-energy coupling constants 
L j , . . . ,  L,o. (Although the contact terms Hi, /42 are of no physical significance, 
they are needed as counterterms in the renormalization of  the one-loop graphs.) 

7. L o o p s  

To evaluate the one-loop graphs generated by the iagrangian .~.~ we consider the 
neighbourhood of the solution O(x) to the classical equations of motion. Denoting 
the square root of this solution by u ( x )  

13 = u 2 (7.1) 

we write the expansion around tJ in the form 

U = u(!  + i~- ~ 2 + . .  ")u, (7.2) 

where ~(x) is a traceless hermitian matrix. The number of flavours does not play a 
crucial role in the following analysis. We perform the one-loop calculations for the 

O(N2 ! 1/N) O(N2 ! 1/N2)

1/N dominance by tree level contributions

chiral loops are suppressed by factor 1/N- counterterm 
scale dependence is therefore suppressed by 1/N

NLO Lagrangian



µ = .77GeV, M̄S

LEC order in N value × 103 ResSat
L1 1 1.0(1) .9
L2 1 1.6(2) 1.8

2L1 − L2 0 .4(2) 0
L3 1 −3.8(3) −4.8
L4 0 0 0
L5 1 1.2(1) 1.1
L6 0 0 0
L7 0 − −
L8 1 .5(2) .54
L9 1 6.9(7) 7.2
L10 1 −5.2(1) −5.4

LECs and their status Bijnens, 2014

1/N suppressions evident; resonance saturation by lowest resonance works almost perfectly!

Pheno?



LQCD @ large N

Large N Michael Teper

N-dependence: while it is O(N0) for the former one can show [16] that it is O(1/N) for the latter.
In practice the observed decrease [16] is closer to O(1/

!
N). So for QCDN there is a gain.

In summary: the cost of pure gauge calculations is ! N3 while that of (quenched) QCD is
! N1.5 or even ! N, unless one goes to very large N, where it will revert to N3.

There are other less quantifiable gains at larger N. The existence of a first order strong-weak
coupling transition for N " 5 means that one has some confidence about where one can start apply-
ing weak-coupling (Symanzik-type) analyses. The rapid disappearance of instantons with " #O(a)
as N $ [17] means that exceptional configurations (with their accompanying ‘exceptional’ fixes)
should rapidly disappear. Also, the fact that finite volume corrections disappear as N % # means
that we can work on smaller volumes. And the fact that excited states become stable means that
they will be much easier to identify.

Pure gauge lattice calculations, with continuum limits and large N extrapolations of these, can
and have been carried out on a few PC’s. The quenched QCD calculations have used small clusters
(or equivalents).

5. $ = g2N fixed as N% #?

Counting diagrams tells us that to have a smooth N % # limit we should keep g2N constant.
For a running coupling that means keeping g2N(µ) constant at constant µ/

!
% . That is to say, if

we plot g2N(µ) against µ/
!
% the result should not depend on N up to 1/N2 corrections. In Fig 4

we show how the (mean-field improved) bare coupling g2
I N (a running coupling on the length scale

a) varies with the scale, and it displays exactly such an N-independence [13]. In [18] it has been
shown how the usual & -function with modest lattice corrections describes the running in Fig 4 and
this allows the calculation of 'MS for all N.

1 10
E (GeV)

1

1.5

2

2.5

3

g2

Numerical data
One-loop beta function
Two-loop beta function

µ = 1
a
!
%

g2
I (µ)N

121086420

6.5

5.5

4.5

3.5

Figure 4: SF running coupling for SU(4) (left); bare ’t Hooft running coupling for N & [2,8] (right).

Of course it would be nice to have a continuum & -function calculation at larger N. That has
recently been provided in [19] for SU(4) using the Schrodinger functional definition. I reproduce
it in Fig 4. Coupled with earlier SU(2) and SU(3) results, this leads to [19]

'MS!
%

= 0.528(40)+
0.18(36)

N2 (5.1)

6

Lucini & Moraitis

LQCD is key tool to investigate N scalings in QCD

Text

pure gluedynamics

Large N Michael Teper

which is entirely consistent with the values obtained in [18].
Question: does the N = ! SF coupling acquire non-perturbative jumps at the Narayanan-

Neuberger [4] finite volume phase transitions?

6. Hot gauge theories at large-N

Calculations [20] for N ! [2,8] show that the deconfining transition is first order for N " 3
with a latent heat of O(1) when expressed in natural units. Now, at Tc the free energies of the gluon
plasma and the confined ensembles are equal: Fgp

T=Tc= Fcon f . So, since we expect Fgp " N2 we
are only interested in the " N2 piece of Fcon f at Tc when N # ! . The only piece in the confined
phase that has this dependence on N is the vacuum energy density, which provides one conventional
definition of the gluon condensate. (Without this we could expect Tc # 0 as N # !.) So if the
gluon plasma was weakly coupled, we could use the usual Stefan-Boltzmann (SB) expression for
Fgp and thus obtain Tc in terms of the vacuum energy density and the gluon condensate – which
would be a very nice prediction! Unfortunately for us (fortunately for our AdS/CFT colleagues -
see below) the plasma turns out to be strongly coupled near Tc.

The deconfining temperature is shown as a function of 1/N2 in Fig. 5 [20]. We see modest
corrections to the N = ! limit: the fit is Tc/

$
# = 0.597(4)+ 0.45(3)/N2 . Remarkably this even

fits SU(2), where the transition is second order.

1/N2

Tc$
#

0.30.250.20.150.10.050

1

0.8

0.6

0.4

0.2

0

N

#cd
T 3c

1098765432

0.8

0.6

0.4

0.2

0

Figure 5: N-dependence of the deconfining temperature (left) and the interface tension (right).

We also show in Fig. 5 the interface tension [20] between the confined and deconfined phases.
We see that the SU(3) value is strongly suppressed: indeed the fit shown is #cd/T 3c = 0.0138N2%
0.104 N=3& 0.020. This suppression is much stronger than the modest suppression of the SU(3) latent
heat, and is presumably the real reason why that transition has looked so ‘weakly’ first order in the
past.

One finds a very similar pattern of results in D= 2+1 [21] except that now it is SU(4) that is
weakly first order and, as expected, Tc is larger, Tc/

$
# = 0.903(3)+0.88(5)/N2.

For quite a large range of T above Tc we have a non-trivial strongly coupled (quark-)gluon
plasma, that is being probed by experiments at RHIC and (soon) LHC. Calculating the kinetic
properties of this plasma has become the area of choice for gauge-gravity applications [22]: we

7

pure gluedynamics critical temperature; Lucini Teper & Wenger

only one scale
√
σ and corrections 1/N2

Large N Michael Teper

1/N2

m!
!

0.250.20.150.10.050

8
7
6
5
4
3
2
1
0

Figure 2: Continuum glueball masses in units of the string tension versus 1/N2.

3. QCD : N = "

Because quarks are in the fundamental, some corrections to QCD are O(1/N) rather than
O(1/N2), i.e. the size of the corrections might be closer to those of SU(2) than SU(3) in Fig. 2.
Even so, we see from Fig. 2 that this is modest.

Since QCD" is a (unitary) quenched theory, we can approach it through a sequence of quenched
calculations of increasing N. These will generally have O(1/N2) corrections. If one calculates
hadron masses at various N and extrapolates to N = " at various fixed values of mq, one can then
do the usual chiral extrapolation in that limit.

A first step might be to do calculations not in the continuum limit but at some fixed small value
of a

!
! . And, if the calculation is not trying to be too precise, one can do chiral extrapolations at

fixed N without worrying about the subtleties. In this way one gets the hadron spectrum atN =", in
units of

!
! or r0. One can then compare it either to experiment or to full QCD lattice calculations,

to see how large are the O(1/N) corrections.
There have recently been two pioneering calculations of the latter kind [15, 16] that calculate

m#/
!
! . (Also m$ , but that is traded for the physical mq.) In Fig. 3 I show some figures from [16].

On the left is a chiral plot of m# versus m2$ for N " [2,6] and on the right is the large N extrapolation
of m#/

!
! . The N-dependence is clearly very weak, but this is expected for the quenched theory.

More to the point, the N = " chiral value is
m#!
!

= 1.670(24) # 735MeV ;
!
! $ 440MeV (3.1)

which is within # 35MeV # %#/4 of the experimental value. These calculations [15, 16] thus
provide explicit evidence that, as long hoped, QCD is close to QCD".

Let me list a few of the many interesting questions that larger scale N%" calculations of this
kind could address:
• Scalar mesons as N % " : do the & 1GeV states disappear?
• The scalar nonet and the place of lightest scalar glueball?
• Flavour singlet tensor and pseudoscalar mesons and glueballs?

4

0++ vs 2++ glueball masses; Lucini & TepermGB√
σ



χY M (q2) = −i

�
�TQ(x)Q(0)�eiqxd4x

= χY M + q2χ�
Y M

+
q4

π

�
ImχY M (s)

s2(s− q2)
ds

it cannot be determined by glueball physics: it would give            negative! 
it requires topological effects: instantons, but at large N instantons become 
exponentially suppressed-   not a clear picture for explaining 
no definite understanding so far, but LQCD can calculate it!

χY M

χY M

Panagopoulos & Vicari: review

long and technical history on different methods to extract 
pure gauge study of 2P function, WV using Ginsparg-Wilson 
Dirac operators, etc

χY M

χY M



indicates 

comparison with pheno (WV): 

χY M = O(N0) +O(1/N2)

χY M

σ2
|phen ∼ (180MeV)4

(520MeV)4
= 0.014

0.00 0.02 0.04 0.06 0.08 0.10 0.12
1/N2

0.00

0.01

0.02

0.03

0.04

C

N=3N=4N=5N=6N=8

Figure 11: Results for C ! !/"2 versus 1/N2, for N = 3, 4, 5, 6, 8. We show MC data taken from Refs. [195]
(filled circle, by cooling), [375] (square, by cooling), [379] (diamonds, by cooling), [164] (left triangle, by
overlap), [191] (cross, by overlap), [30] (triangle, by heating), [222] (open circle, by HYP smoothing). The
result on the y-axis, indicated by an asterisk, shows the extrapolations to N = " obtained in Ref. [195].
Some data have been slightly shifted along the x-axis to make them more visible.
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Figure 12: The instanton size density, D($), for N = 2(#), 3(+), 4(#), 8(•) on 164 lattices with a $ 1/8Tc.
From Ref. [379].

36

χY M

σ2

WV pheno

from Panagopoulos & Vicari review

... not bad! 

Table 1: MC results for the topological susceptibility of the 4D SU(3) pure gauge theory. We report the
type of lattice action (Wilson action [545] (WA), improved action introduced in Ref. [333] (IA), tadpole
improved Lüscher-Weisz action [19,165,389] (TILW), one-loop Symanzik improved (1lSI), classically perfect
action [434] (FP), doubly blocked Wilson action [511] (DBW2)), the method employed to determine the
topological susceptibility, the scaling quantities C ! !/"2 and !r40 (where r0 is the length scale defined
in [503]), and the value of !1/4 in MeV, which is often derived by using the typical value

"
" = 440 MeV

(some authors prefer
"
" = 420 MeV) or r0 = 0.5 fm. The data marked by an asterisk have been derived by

us (the original references do not report them), using also results for " and r0 in the literature, such as the
estimate [434] "1/2r0 = 1.193(10) (thus "2r40 = 2.03(7)), and values for "a2 at various #-values [375].

Ref. year Lattice action Method C ! !/"2 !r40 !1/4(MeV)
[222] 2007 WA # = [5.9, 6.3] HYP smearing 0.0259(10)! 0.0524(13) 193(9)
[90] 2006 WA # = 5.85 overlap HF 0.035(2)! 0.071(3) 190(3)!

[85] 2006 DBW2 # = 0.87 APE smearing 0.028(2)! 0.056(4) 179(4)!

[191] 2005 WA # = [5.8, 6.2] overlap 0.029(2)! 0.059(3) 191(5)
[33] 2005 WA # = 6.0 heating 0.0263(8)! 0.053(3)! 173.4(1.7)+1.1

"0.2

[187] 2005 TILW # = 7.2 overlap 0.027(4)! 0.055(7) 191
[198] 2004 WA # = [5.9, 6.1] overlap 0.025+2

"10 0.055(10) 188(17)
[276] 2003 WA # = [5.84, 6.14] overlap 0.029(3)! 0.059(5) 195(4)!

[83] 2003 1lSI # = 8.0, 8.4 Boulder/HYP 0.030(3)! 0.061(5) 183(4)!

[360] 2003 WA # = 5.94 APE smearing 0.030(2)! 0.061(3) 183(3)!

[360] 2003 WA # = 5.94 overlap 0.031(2)! 0.063(3) 185(3)!

[142] 2003 WA # = 6.0 overlap 0.026(3)! 0.052(6)! 175(6)
[164] 2002 WA # = 5.9 overlap 0.0211(53) 0.043(11)! 168(11)!

[195] 2002 WA # = [5.9, 6.2] cooling 0.0282(12) 0.057(3)! 180(2)
[271] 2002 TILW # = [8.1, 8.6] overlap 191(5)
[306] 2002 FP # = [3.0, 3.2] overlap 0.030(4)! 0.0612(75) 196(6)
[185] 2002 WA # = 5.9 overlap 0.043(6)! 0.087(13)! 213(7)
[375] 2001 WA # = [5.7, 6.2] cooling 0.035(3) 0.072(7)! 191(4)!

[21] 2001 IA # = [1.8, 2.1] cooling 0.0333(27) 0.0570(43) 197+13
"16

[300] 2000 WA # = 6.0 APE smearing 193(4)
[67] 2000 WA # = 5.7 fermionic 0.0263(24)! 0.053(5)! 188(5)

[230] 1999 WA # = [5.7, 6.0] overlap 0.038(8)! 0.077(16)! 194(10)
[303] 1998 WA # = [5.85, 6.1] APE smearing 0.036(4) 0.074(9)! 203(5)
[174] 1998 WA # = [5.85, 6.0] improved cooling 183(10)
[501] 1998 WA # = [6.0, 6.4] cooling 0.032(9) 0.065(19)! 187(22)
[30] 1997 WA # = [5.9, 6.1] heating 0.028(4)! 0.057(8)! 170(7)

[534] 1995 WA # = 6.0 heating 0.04(1) 0.08(2)! 190(12)
[282] 1988 WA # = 6.0 geometrical 0.047(5)! 0.095(11)! 205(5)!

[515] 1988 WA # = [5.6, 6.2] cooling 0.033(3) 0.067(7)! 179(4)
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defining 1/N expansion

e.g. fix: σ, Mπ, MK

Mesons
numerous works at N>3 (quenched approx)

dimensionless ratios of observables. As mentioned earlier,
F
!
0!Nc" will be used to define these dimensionless ratios.

Recently, the FLAG Collaboration [48] has carried out a
detailed study providing average values, namely,

F
!
!!FLAG" # 86$ 1 MeV; !9"

l̄4!FLAG" # 4.4$ 0.4: !10"

In the present work only a subset of lattice data sets is used.
In order to check consistency with the world averages, an
analysis of those sets is performed. In the unquenched case,
for Nc # 3, F

!
0 is obtained from lattice results using the

second-order results in ChPT [47],

M2
! # M

!
2
!

!
1% M

!
2
!

32!2F
!
!

!
log

M
!
2
!

"2
% 64!2l3!""

""
; !11"

F! # F
!
!

!
1 ! M

!
2
!

16!2F
!
!

!
log

M
!
2
!

"2
! 64!2l4!""

""
; !12"

where " is the renormalization scale andM
!
! and F

!
! are the

lowest-order values of these quantities, in particular
M
!
2
! # 2Bmq. The LECs are given by

l3!"" # ! 1

64!2
!l̄3 % log !!138 MeV"2="&MeV'2""; !13"

l4!"" #
1

64!2
!l̄4 % log!!138 MeV"2="&MeV'2""; !14"

where from phenomenology and recent LQCD calculations
the values of the LECs l̄3 # 3.16 and l̄4 # 4.03 are
obtained.

To the order of accuracy needed, M
!
! can be replaced by

M! in Eq. (12). In addition, the ratioM
!
!=M! remains close

to unity for the whole range of pion masses. The results of
the fits to unquenched LQCD are shown in Table VIII.
The results in Table VIII are quite compatible with the

FLAG ones. With that agreement it is reasonable to choose
a common F

!
! given in Eq. (9) for all the unquenched

LQCD results in what follows.
Now we turn to the quenched data set. Recall that we

need a value for F
!
0 to scale our baryon masses. The

difference between the quenched data sets, plus the
curvature of the Nc # 3 data of Ref. [12], make us
suspicious of the quality of the quenched data for F! at
small quark mass. We adopt a more phenomenological
approach to obtain F

!
0: It is obvious that quenching effects

become more important at small pion masses. However, the
differences between quenched and unquenched results
should become smaller as the pion mass increases. This
effect is noticed in comparing the quenched with the PACS-
CS and MILC results in the left panel of Fig. 2. It is then
reasonable to give preference to the large pion mass results
of [12] at varying Nc, where quenched and full LQCD are

FIG. 2 (color online). Left panel: F0 " F!

###########
3=Nc

p
vsM! in physical units for the quenched results from CP-PACS [45] andNc # 3, 5,

7 of Ref. [12], and the unquenched results from PACS-CS [41], LHPC [42], ETMC [43] and MILC [46] Collaborations. The diamond
represents the physical point. The yellow band represents O!p4" Chiral Perturbation Theory (ChPT) [47] with the recent FLAG

Collaboration determination of the LECs l̄4 and F
!
! from Eqs. (10) and (9) (see Ref. [48]). Right panel: F0=F

!
0 vs M!=F

!
0. F

!
0 is

determined from the FLAG’s averaged value in the case of unquenched LQCD results and the linear extrapolation value in the case of the
Nc # 3, 5, 7 results of Ref. [12].

TABLE VIII. F
!
! extrapolated to the chiral limit from un-

quenched LQCD results used in the fits. The quoted lattice
spacings from the different collaborations are used to convert to
physical units. The O!p4" formula for F!, Eq. (12), is used to
obtain F

!
! and l̄4, replacing M

!
! by M! as given by the lattice

results.

LQCD Collaboration #2DOF F
!
! [MeV] l̄4

PACS-CS [41] 1.49 88.3$ 1.2 4.4$ 0.1
LHPC [42] 0.40 88.4$ 0.5 4.09$ 0.03
ETMC [43] 1.46 88.9$ 1.2 3.50$ 0.16
MILC [46] 0.48 86.5$ 0.3 4.45$ 0.02

Nc DEPENDENCIES OF BARYON MASSES: ANALYSIS … PHYSICAL REVIEW D 90, 014505 (2014)

014505-7

F0 = Fπ

�
3
N

F̊0 : F0 in chiral limit

}quenched

pion decay constant

DeGrand
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Figure 11. Fit of the rescaled ρ decay constant to: f̂ lat
ρ /

√
σ = A+B ·mPCAC/

√
σ +C ·m2

PCAC/σ
(left), together with the 1/N2 fit of the resulting parameters A, B and C (right).

3.7 Finite volume effects

Due to the Eguchi-Kawai volume reduction [79], finite size effects (FSE) are expected to be
zero at infinite N , as long as all lattice dimensions (in physical units) are kept larger than
a critical length Lc [80], so that center symmetry is not spontaneously broken.

At finite N , FSE become larger for smaller quark masses and for smaller N [81, 82]:

mπ(L) = mπ(∞) [1 +B exp(−mπ(∞)L))], (3.39)

where the parameter B vanishes in the large-N limit. For N = 2 and 3, we carried out
simulations at three volumes and fitted the pion masses to eq. (3.39), obtaining the results
displayed in figure 12. As one can see from these plots, FSE are drastically reduced going
from 2 to 3 colors, where the data can already be fitted to a constant. For larger N -values
we carried out simulations at two volumes only, unsurprisingly, without any evidence of
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Figure 3. Fit of the squared pion mass, in units of the string tension, to eq. (3.11) (left panel), N
dependence of the fit parameters eq. (3.12)–(3.14) (right).

symmetry, we include in the fit also a constant term which however is found to be consistent

with zero. The resulting curve has χ2/d.o.f. = 1.6 and reads,

m2
π

σ
= 0.0015(36) +

�
11.67(15)− 8.1(5.4)

N2

��
mPCAC√

σ

� 1
1+δ

+

+

�
2.95(42)− 1(15)

N2

�
m2

PCAC

σ
(3.15)

δ =
0.093(27)

N
+

1.00(52)

N3
. (3.16)

Note that the m2
PCAC term is now less well determined, due to the exclusion of high

mass points. However, the δ-parametrisation is consistent with the one of eq. (3.14).

In figure 4 we plot for each group the pion mass according to eq. (3.15) divided by

the PCAC mass, in order to emphasise the deviations from a linear behaviour, due to the

exponent δ.

Below, we expand all the remaining meson masses as functions of mPCAC. These can

easily be translated into dependencies on m2
π through eq. (3.11) above.

3.3 The ρ mass

Quenched chiral perturbation theory predicts a dependence of mρ on the square root of the

quark mass mq [72], in contrast to the unquenched theory, where the leading behavior is

linear in mq. Thus the expansion of mρ takes the form:

mρ = mρ,0 + C1/2m
1/2
q + C1mq + C3/2m

3/2
q + . . . , (3.17)

where the C1/2 coefficient is expected to be negative and to vanish as 1/N in the large-N

limit [72], restoring the linear behavior.

The masses of the ρ states are listed in tables 10 to 16 and plotted in figure 5 against

the PCAC mass. For each group we fit:

mρ√
σ
= A+B

�
mPCAC√

σ

�1/2

+ C
mPCAC√

σ
+D

�
mPCAC√

σ

�3/2

, (3.18)
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Figure 6. Quadratic fit of the ρ mass in units of the square root of the string tension, according
to eq. (3.20).

A possible solution is to fit the data for all groups at once using a combined fit, where
we fix the (mPCAC, N) functional form up to the second order term in the quark mass
(figure 7). With this approach we obtain:

mρ√
σ

=

�
1.5395(83) +

0.92(21)

N2

�
− 0.06(14)

N

�
mPCAC√

σ

�1/2

+

�
2.994(44)− 13.9(48)

N2

��
mPCAC√

σ

�

+

�
27(11)

N2

��
mPCAC√

σ

�3/2

+

�
−0.739(50)− 15.1(73)

N2

��
mPCAC√

σ

�2

, (3.21)

with a χ2/d.o.f. = 2. The drawback of this approach is that data at small (mq, N) have
less weight in the combined fit, leading to a smaller coefficient for the m1/2

PCAC term.
In order to compare our results with the holographic prediction (see section 5.1) it

is useful to study mρ as a function of the pion mass, paying particular attention to the

– 13 –
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N dependence as 1/N2

unquenched calculations still needed to

uncover the dominant 1/N dependencies

pion mass
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4 Comparison with other lattice studies

The mass of the ρ meson has generated some controversies in the literature: refs. [45–48] find
a value that is close to the one measured in SU(3), while ref. [49] finds a mass approximately
twice as large. In this work, we confirm the results of refs. [45–48]. Nevertheless, the
discrepancy with ref. [49] needs to be taken very seriously and properly addressed, since
the results of ref. [49] question not only the value of the ρ mass, but (indirectly) the whole
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meson spectrum in chiral limit extrapolation Bali et al.



Baryons
...or the heavy sector of large N QCD

Baryons in 1/Nc

!
!
!
!...
!

Need for Nc valence quarks to form a color singlet

MB = O(Nc), rB = O(N0
c )

Hartree picture of baryons su!cient to figure out 1/Nc

countings

!-baryon couplings:
gA
F!

"i!aGia

Axial currents Gia have O(Nc) MEs =! g!BB = O(
"

Nc)

!B = O(N0
c )

Model realizations of all of the above: QM, Skyrme model

José L. Goity Hampton University/Je!erson Lab The 1/Nc Expansion for Baryons

N valence quarks antisymmetrized 
in color to form a color singlet

expect the baryon mass to be O(N)

the 1/N power counting is more involved than for mesons

order in N of diagram N (1−n)

where n is number of interrupted loops

diagram is called n− body diagram



combinatoric factor ∼
�

N
n

�

overall order of n− body diagram is O(N)

irreducible n-body diagrams start contributing at order N
such as for instance the baryon mass

first insight on the 1/N expansion: non-relativistic quark model

low lying baryons: spin from 1/2 to N/2
different flavor representations
wave function symmetric in spin-flavor
organize states in terms of spin-flavor multiplets SU(2Nf)

ME of n-body operators

do we have such an extended approximate symmetry in baryons at large N?



Hadronic level arguments

πB coupling is strong in large N ∝
√
N

π couples to axial currents

LπBint = i
gA
Fπ

∂µπ
aAaµ

@ large N baryons can be treated as non-relativistic hadrons; use of 
Gordon decomposition of currents show that spatial components        
are dominant

Aai

+

O(N)O(N)

should be O(N0)= i
kikj

k0
g2AN

2

F 2
π

[Xia, Xjb]

[Xia, Xjb] = O(1/N) key requirement at large N



generate contracted               dynamical symmetrySU(2Nf ){T a, Si, Xia}

ground state baryons

states in SU(2)× SU(3) : [S,R] = [S, (2S,
1

2
(N − 2S))]

need to identify at generic N the states of interest at N=3

classify baryons in multiplets of SU(2Nf ) with generators {T a, Si, Gia}

Nf = 3

� �� �
N

spin flavor symmetry as starting point for the 1/N expansion

Gia = NXia



implementing 1/N power counting at hadronic level
represent QCD operators as effective operators at baryon level
identify 1/N power counting for effective operators

2! body 3! body

On = Rn ×Gn

Rn : O(3) tensor
Gn : SU(2Nf ) tensor

1/N power counting

identify the n-bodyness of an effective operator
then the coefficient multiplying it will be O(1/Nn−1)

OQCD →
�

i

CiOi

1-body 2-body

Ci contains the QCD dynamics associated with the effective operator



ground state baryon masses

mass relations 

deviations are O(1/N2;m2
s/N ;m3/2

s )

BARYON MASSES

• Ground state baryons

Most general mass operator after applying various reduction rules
Up to O(1/Nc) and O(ms): old Gürsey-Radicati mass formula

MGS = c1 Nc +
c

HF

Nc
(S2 − 3

4
Nc)− cS

ms −mu,d

Λ
S

Mass relations: deviations O(1/N2
c ;m2

s/Nc) and also due to chiral

loop O(m3/2
s ) [Jenkins & Lebed]

GMO Ξ8 − Σ8 = 1
2 (3Λ− Σ8)−N 128 vs 141 MeV

ES Σ10 −∆ = Ξ10 − Σ10 153 vs 145

” Ω− − Ξ10 = Ξ10 − Σ10 142 vs 145

8-10 Σ10 − Σ8 = Ξ10 − Ξ8 212 vs 195

” 3Λ + Σ8 − 2(N + Ξ8) = Ξ10 + Σ10 − Ω− −∆ 26 vs 11

José L. Goity -Hampton University/Jefferson Lab- BARYON PHENOMENOLOGY AND THE 1/Nc EXPANSION

�
spin-flavor relations

1

1/Nc

Nc

!

"

"

!

!
"

Nf = 3, mass formula to O(1/N) and O(ms −mu,d)

MGS = c1N + CHF

N Ŝ2 − cS
ms−mu,d

ΛQCD

S + cΛ
ms−mu,d

NΛQCD

{Si, Gi8}



Chiral dynamics of baryons

Effective theory satisfying chiral symmetry and contracted 
spin-flavor symmetry constraints 
Heavy baryon formulation (natural): removes spin-flavor 
singlet pieces of baryon masses in chiral limit 

first order Lagrangian (2 flavors)

APPENDIX A: SPIN-FLAVOR ALGEBRA

The 4N2
f − 1 generators of the spin-flavor group SU(2Nf ) consist of the three spin gener-

ators Si, the N2
f − 1 flavor SU(Nf ) generators T a, and the remaining 3(N2

f − 1) spin/flavor

generators Gia. The commutation relations are:

[Si, Sj] = i�ijkSk, [T a, T b] = ifabcT c, [T a, Si] = 0 ,

[Si, Gja] = i�ijkGka, [T a, Gib] = ifabcGic ,

[Gia, Gjb] = i
4δ

ijfabcT c + i
2Nf

δab�ijkSk + i
2�

ijkdabcGkc . (A1)

For two flavors one has the isospin generators Ia a = 1, 2, 3.

In representations with Nc indices (baryons), the generators Gia have matrix elements

O(Nc) on states with S = O(N0
c ). A contracted SU(4) algebra is defined by the generators

{Si, Ia, X ia}, where X ia = Gia/Nc. In large Nc, the generators X ia become semiclassical as

[X ia, Xjb] = O(1/N2
c ), while having matrix elements O(1) in baryon representations.

APPENDIX B: NON-LINEAR REALIZATION OF CHIRAL SYMMETRY AND

SPIN-FLAVOR TRANSFORMATIONS

In the symmetric representations of SU(4) the baryon spin-flavor multiplet consists of

the baryon states with I = S. In particular, isospin transformations will act on the spin-

flavor multiplet in an obvious way. This permits a straightforward implementation of the

non-linear realization of chiral SUL(2) × SUR(2) on the spin-flavor multiplet. Defining as

usual the Goldstone Boson fields πa through the unitary parametrization u = exp(iπaIa

Fπ
)

(note that in the fundamental representation Ia = τa/2), for any isospin representation one

defines a non-linear realization of chiral symmetry according to [3, 4]:

(L, R) : u = u� = Ruh†(L, R, u) = h(L, R, u)uL†, (B1)

where (L, R) is a SUL(2) × SUR(2) transformation. This equation defines h, and since h

is an isospin SU(2) transformation itself, it can be written as h = exp(icaIa). The chiral

transformation on the baryon multiplet B is then given by:

(L, R) : B = B� = h(L, R, u)B. (B2)

27

L(1)
B = B†

�
iD0 −

m2

Nc

+ g̊Au
iaGia − CHF

Nc

�S2 − c1
2
Nc χ+

�
B

B baryon spin-flavor multiplet

chiral transformations:



[26]:

L
(1)
B = B†

�
iD0 + g̊AuiaGia − CHF

Nc

�S2 − c1

2
Nc χ+

�
B, (6)

where g̊A is the axial coupling in the chiral and large Nc limits (it has to be rescaled by a

factor 5/6 to coincide with the usual axial coupling as defined for the nucleon), χ+ is the

source containing the quark masses: specifically χ+ = 2M2
π + · · · (see Appendix C ). Here

one notes an important point which will be present in other instances as well: the baryon

mass dependence on the current quark mass behaves at O(Nc M2
π) (c1 is of zeroth order in

Nc), and this indicates that in a strict large Nc limit the expansion in the quark masses of

certain quantities such as the baryon masses cannot be defined due to divergent coefficients

of O(Nc).

The Lagrangian is manifestly invariant under chiral transformations, translations and

rotations (the latter also involving obviously the action of the Si generators of SU(4)). Under

an infinitesimal transformation generated by the spin-flavor generators X ia, the Lagrangian

(6) is transformed according to:

δL(1)
B = −i δαia [X ia,L(1)

B ]. (7)

According to this, and using the commutation relations in Appendix A, the kinetic term

changes by termsO(1/N2
c
), the term proportional to g̊A, which contains the πBB� interaction

and the leading order terms of the axial currents, changes by terms which are a factor

O(1/N2
c
) smaller than the original term, and the term proportional to c1, which gives the

leading order (LO) σ-term in the baryon masses, is a spin-flavor singlet and thus invariant

under spin-flavor transformations. Finally, the hyperfine term proportional to CHF is the

one providing the dominant spin-flavor symmetry breaking effects, because it is modified

by terms O(1/Nc), which is the same order as the hyperfine term itself (this is so because

[�S2, X ia] = O(N0
c
)). The construction of higher order Lagrangians can be accomplished

using the tools provided in Appendix C.

The operators appearing in the effective Lagrangian are normalized in such a way that

all the LECs are of zeroth order in Nc. Therefore, the 1/Nc power of a Lagrangian term

with nπ pion fields is given by [49]:

n− 1− κ +
nπ

2
, (8)
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Contracted SU(4) transformations

only the hyperfine mass splitting term                          breaks SU(4) at−CHF

Nc

B†Ŝ2B O(
1

Nc
)

 chiral loop expansion which also includes a 1/N expansion

two-small-scales problem:
� chiral: p,Mπ

baryon hyperfine: CHF

N

possible non-analytic terms involving ratios of the two scales

need to define ordering of the expansions



p0

k

O(1/Nc)

=

�
ddk

(2π)d
i

k2 −M2
π

i

p0 + k0 − (mB� −mB)� �� �
× vertex factors

baryon self-energy

mB� −mB = O(pν)

ν < 1

ν = 1 ξ − expansion

ν > 1

no consistent LE expansion with ∆

can expand baryon propagator: new problems with LE expansion

counting p ∼ 1/N = O(ξ) seems to be useful in the real world



giving νp = 3 as it is well known, and ν1/Nc = −1. Since there is only one possible diagram,

this must be consistent by contributing O(Nc) to the spin-flavor singlet component of the

masses, which is the case as shown in the next section. For the axial currents one has the

diagrams in Fig. 2. The current at tree level is O(Nc), and the sum of the diagrams cannot

scale like a higher power of Nc. Performing the counting for the individual diagrams one

obtains: νp(j) = 2 for j = 1, · · · , 4, and ν1/Nc(j) = −2, j = 1, 2, 3 and ν1/Nc(4) = 0. Thus

a cancellation must occur of the O(N2
c
) terms when the contributions to the axial currents

by diagrams 1, 2 and 3 are added. Since the acceptable bound is that the sum be O(Nc),

one concludes that the axial current has, at one-loop, corrections O(p2Nc) or higher.

One can consider the case of two-loop diagrams, in particular diagrams where the same

pion-baryon vertex Eq.(6) appears four times. For the masses one has νp(j) = 5, and

individual diagrams give ν1/Nc = −2. A cancellation must occur to restore the bound on

the Nc counting for the masses, i.e., O(Nc). Thus, at two-loops the UV divergencies of the

masses must be O(p5Nc) or higher. For the axial currents a similar discussion requires that

counter-terms to the axial currents must be O(p4Nc) or higher.

Defining the linked power counting ξ by: O(1/Nc) = O(p) = O(ξ), the ξ order of a given

Feynman diagram will be simply equal to νp + ν1/Nc as given by Eqs.(10) and (11), which

upon use of the topological formulas Eq.(9) leads to:

νξ = 1 + 3L +
nπ

2
+

�

i

ni (νOi + νpi − 1). (12)

The ξ-power counting of the UV divergencies is obvious from the earlier discussion. At

one-loop one finds that the masses have O(ξ2) and O(ξ3) counter-terms, while the axial

currents will have O(ξ) and O(ξ2) counter-terms. To two loops one expects O(ξ4) and

O(ξ5), and O(ξ3) and O(ξ4) counter-terms for masses and axial currents respectively. The

non-commutativity of limits is manifested in the finite terms where Mπ and or momenta

and δm appear combined in non-analytic terms, and are therefore sensitive to the linking of

the two expansions.

III. BARYON MASSES

In this section baryon masses are analyzed to order ξ3, or next-to-next to leading order

(NNLO), in the limit of exact isospin symmetry. To that order the mass of the baryon of
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p0

k

= O(ξ3)

FIG. 3: Combined fits to PACS-CS [36] and LHP [41] corresponding to the results shown in the

first row of Table I. LO (black long-dashed line), NLO (black short-dashed line) and NNLO for N

(blue solid line) and ∆ (red solid line). The bands correspond to the theoretical 68% confidence

interval.

1. All fitted LECs are of natural size when the renormalization scale is taken to be

µ ∼ mρ.

2. Parameters appearing at lower orders, namely m0, g̊A, CHF remain stable at higher

orders, except c1 which changes by more than the estimated 30% when increasing the

order in ξ of the fit by one unit.

3. For baryon masses, LQCD data and physical point values are consistent even at LO

where only with three parameters one can extrapolate to the correct experimental

values. This is not surprising taking into account that a single straight line can be use

for consistent fit [35].

4. For the case of the axial current, cancellations of large contributions from individual

loop diagrams are very pronounced and the almost flat behavior of gA as a function of

Mπ obtained in LQCD is naturally explained. This is shown in the left panel of Fig. 4

which shows the finite one-loop contributions to gNN

A
from each diagram (µ = 700

MeV). As stated in Eq. (22) this cancellation is exact in the large Nc limit. However,

at Nc = 3 this cancellation is not exact but still quite pronounced (black curve in

Fig. 4), and plays the key role in explaining the small dependence in Mπ. A similar

20

FIG. 4: Finite parts of the one-loop contributions to gNN
A . The upper left panel shows the individual

contributions of the diagrams in Fig. 2 up to O(ξ3). The right panel shows the corresponding effect

of switching off the contribution of the ∆ in the loops. The third panel shows the effect of removing

the contributions of the counter-terms to the masses. Throughout µ = 700 MeV.

cancellation occurs between the contributions of N and ∆ in the loop. This is shown

in the right panel of Fig. 4.

5. The physical gNN
A cannot be fitted along with the lattice results, instead the lattice

results and the expansion to NNLO extrapolate to a value 12% smaller value than the

physical one. The recent LQCD results [61] which reach further down in Mπ continue

that trend. This seems to be therefore an issue with the LQCD calculations rather

than the effective theory. In fact, it would be very unnatural for the effective theory

to describe a relatively fast changing pattern at low Mπ, to continue with the slow

changing behavior at larger Mπ, which it can describe in a natural fashion.
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features of the 1-loop corrections

1) contribution O(NM2
π) to masses: spin-flavor singlet

2) contribution O(NM2
π) to WF renormalization: spin-flavor singlet

3) contributions that break spin-flavor symmetry satisfy consistency with 1/N expansion

of contributions that violate that power behavior lead to an improved convergence of the

low energy expansion of the HF splittings. This is shown in the analysis below, where HF

splittings are consistently described in a larger range of Mπ than the spin-flavor singlet

masses.

It is important to emphasize that the effects of quenching do not qualitatively change

the above arguments. In fact, for each operator which appears in the effective Lagrangian,

the leading LEC of O (N0
c ) should be the same in quenched and unquenched cases. At the

quark level one can visualize the leading contributions in Nc to masses and wave function

renormalization factors by the diagram shown in Fig. 1, which corresponds to the quenched

case.

FIG. 1: Dominant contribution by pion-loop to baryon self-energy (O (Nc)). Diagrams with a

quark loop are suppressed by a factor 1/Nc. The blobs indicate hadrons.

Quantitatively, quenching does have an effect, which was first described by Labrenz and

Sharpe [31, 32]: In “real” QCD with dynamical sea quarks, the generic baryon mass is

MB = M0 + c2M
2
π + c3M

3
π + C4LM

4
π logMπ + c4M

4
π + . . . (7)

(the c3 term arises from the one loop pion exchange graph). In quenched QCD, the mass is

M q
B = M q

0 + [δcq1Mπ + δcq2LM
2
π logMπ] + cq3M

3
π + Cq

4LM
4
π logMπ + cq4M

4
π + . . . (8)

The superscript q reminds us that the quenched coefficients need have no connection to the

unquenched ones. The extra terms are the quenching artifacts. δ = m2
0/(48π

2f 2
) and m0 is

a number associated with the annihilation graph qq̄ → qq̄. The extra terms come when the

baryon emits and absorbs qq̄ pairs which would like to iterate into the eta (and then not

7
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quenched calculations

IV. RESULTS FOR BARYONS—THE
ROTOR SPECTRUM

My baryon data in Fig. 5 show masses that increase
roughly linearly in N. All data show that for the baryons,
higher J does lie higher in energy. This is no surprise, so
let’s look deeper. Figure 8 shows the splitting between the
various members of each multiplet. It is extracted using a
jackknife average of differences of the two baryon masses.

I now demonstrate that the masses in Fig. 8 form a rotor
spectrum. First, we can test the numerator of the rotor term
of Eq. (1) N by N. This is done by looking at the ratio of
differences

!!J1; J2; J3" #
M!N; J2" $M!N; J3"
M!N; J1" $M!N; J3"

; (20)

for which the constants (A, B) cancel. The result is shown
in Fig. 9. I just plot one mass difference as a function of the
other one and compare the data to a straight line of zero
intercept whose slope is given by Eq. (20). The rotor
spectrum is confirmed for all the members of the N # 5
and 7 multiplets I observe.

Second, one can look at the J # 3=2$ 1=2 splitting and
check the N dependence for the bottom of the multiplets:

M!N; 3=2" # M!N; 1=2" # 3B

N
: (21)

Given the states I have recorded, this can only be done for
N # 3 and 5. Rescaling the mass difference by N=3 ex-
poses B. The result is shown in Fig. 10(a). This is quite
promising: the N # 3 and 5 data coincide.
Next, we can look at the top of the multiplet. Equation (1)

gives us a rescaled Landé interval rule: it says that the
splitting between the J # N=2 and J # N=2$ 1 states is a
constant, B, independent of J. Figure 10(b) shows this
difference. It and panel (a) share the common N # 3
points, but the other points are different. The envelope of
the curve is B!mq".
By design, these differences ignore the A term in Eq. (1).

To get it, we can look at the bottom of the multiplets,

A # 5

4N
M!N; J # 1=2" $ 1

4N
M!N; J # 3=2"; (22)

or the top of the multiplets,

A # N % 2

4N
M!N; J # N=2$ 1"

$ N $ 2

4N
M!N; J # N=2": (23)

Figure 11 shows these two mass formulas. Again, they
behave consistently.
Figures 10 and 11 show that the A and B coefficients in

Eq. (1) have typical hadronic sizes. Inserting a nominal
lattice spacing, 1=a& 2100 MeV, we see that A #
400 MeV at small quark mass and is an increasing function
of quark mass. In quark model language, A is the constitu-
ent quark mass and its value and dependence on quark
mass are both quite reasonable. B # 300 MeV and falls
with energy. Again this is a typical hadronic scale.
These values address an old conundrum of large-N

phenomenology: the mass difference of the nucleon and
! is supposed to be order "QCD=N. It is measured to be
about 300 MeV, which is itself order "QCD. The plots of
mass differences show that the nucleon-! mass splitting is
indeed well described by large-N QCD. Having data at
several N’s as well as at several quark masses makes this

FIG. 8. (a) Delta-proton (J # 3=2$ 1=2) mass splitting versus
quark mass, in quenched SU!3". (b) SU!5" mass splittings:
octagons for J # 5=2$ 1=2, squares for J # 5=2$ 3=2, and
crosses, for J # 3=2$ 1=2. (c) SU!7" mass splittings: octagons
for J # 7=2$ 3=2, squares for J # 7=2$ 5=2, and crosses, for
J # 5=2$ 3=2. Equation (1) says that the SU!5" J # 5=2$ 3=2
splitting is supposed to be equal to the SU!3" J # 3=2$ 1=2
mass splitting, and also to the SU!7" J # 7=2$ 5=2 splitting.

FIG. 9. Mass differences in the SU!5" and SU!7" multiplets,
panels (a) and (b), respectively. For SU!5" the line has a
slope which is equal to the ratio !!5=2; 3=2; 1=2" # 3=8 [recall
Eq. (20)]. For SU!7" the slope of the line is !!7=2; 5=2; 3=2" #
5=12.
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FIG. 4: HF splittings in the Nc = 3, 5 and 7 multiplets. Results are in units of F̊0. Nc = 3 includes

the results from PACS-CS [38], and the shaded points represent lattice points excluded in the fit,

which correspond to pion masses Mπ � 800 MeV. Dashed lines for fits when only HF lattice results

are included, and the solid lines for fits when masses are also included.

FIG. 5: Baryon masses for Nc = 3, 5 and 7. Results in units of F̊0 = F̊π

�
3/Nc. Nc = 3 includes

the results from PACS-CS [38]. Shaded points represent lattice points excluded in the fit which

have an approximated pion mass of Mπ � 700 MeV.

set to vanish (Fit. III in Table IX and Figs. 6 and 7). As expected, the fit can be consistently

carried out for larger values of Mπ. When a similar range of Mπ is used, the LECs show

larger error bars, which can be explained by the fact that in the case where g̊A = 1.4 there

must be important cancellations between loop contributions and counter-terms leading to

tighter error bars. The impact of the loop contributions can be seen in the very different

chiral extrapolations obtained with and without the one loop contributions.
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the results from PACS-CS [38], and the shaded points represent lattice points excluded in the fit,

which correspond to pion masses Mπ � 800 MeV. Dashed lines for fits when only HF lattice results

are included, and the solid lines for fits when masses are also included.
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have an approximated pion mass of Mπ � 700 MeV.

set to vanish (Fit. III in Table IX and Figs. 6 and 7). As expected, the fit can be consistently

carried out for larger values of Mπ. When a similar range of Mπ is used, the LECs show

larger error bars, which can be explained by the fact that in the case where g̊A = 1.4 there

must be important cancellations between loop contributions and counter-terms leading to

tighter error bars. The impact of the loop contributions can be seen in the very different

chiral extrapolations obtained with and without the one loop contributions.
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Axial couplings

FIG. 3: Combined fits to PACS-CS [36] and LHP [41] corresponding to the results shown in the

first row of Table I. LO (black long-dashed line), NLO (black short-dashed line) and NNLO for N

(blue solid line) and ∆ (red solid line). The bands correspond to the theoretical 68% confidence

interval.

1. All fitted LECs are of natural size when the renormalization scale is taken to be

µ ∼ mρ.

2. Parameters appearing at lower orders, namely m0, g̊A, CHF remain stable at higher

orders, except c1 which changes by more than the estimated 30% when increasing the

order in ξ of the fit by one unit.

3. For baryon masses, LQCD data and physical point values are consistent even at LO

where only with three parameters one can extrapolate to the correct experimental

values. This is not surprising taking into account that a single straight line can be use

for consistent fit [35].

4. For the case of the axial current, cancellations of large contributions from individual

loop diagrams are very pronounced and the almost flat behavior of gA as a function of

Mπ obtained in LQCD is naturally explained. This is shown in the left panel of Fig. 4

which shows the finite one-loop contributions to gNN

A
from each diagram (µ = 700

MeV). As stated in Eq. (22) this cancellation is exact in the large Nc limit. However,

at Nc = 3 this cancellation is not exact but still quite pronounced (black curve in

Fig. 4), and plays the key role in explaining the small dependence in Mπ. A similar
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FIG. 4: Finite parts of the one-loop contributions to gNN
A . The upper left panel shows the individual

contributions of the diagrams in Fig. 2 up to O(ξ3). The right panel shows the corresponding effect

of switching off the contribution of the ∆ in the loops. The third panel shows the effect of removing

the contributions of the counter-terms to the masses. Throughout µ = 700 MeV.

cancellation occurs between the contributions of N and ∆ in the loop. This is shown

in the right panel of Fig. 4.

5. The physical gNN
A cannot be fitted along with the lattice results, instead the lattice

results and the expansion to NNLO extrapolate to a value 12% smaller value than the

physical one. The recent LQCD results [61] which reach further down in Mπ continue

that trend. This seems to be therefore an issue with the LQCD calculations rather

than the effective theory. In fact, it would be very unnatural for the effective theory

to describe a relatively fast changing pattern at low Mπ, to continue with the slow

changing behavior at larger Mπ, which it can describe in a natural fashion.
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Axial-vector couplings in 1/Nc - ChPT A. Calle Cordón

Table 1: The LECs in the table correspond to the choice of the renormalization scale µ = 700 MeV. The
baryon masses extrapolated to the physical point are mN = 962(15) MeV, and m∆ = 1213(14) MeV, and the
axial couplings extrapolated to the physical point are gA = 1.17(2), CA

5 (0) = 0.91(2) and g1(0) = 0.59(2).
χ2

DOF g̊A m0 CHF c1 µ2 z1 CA
1 CA

2 CA
3

[MeV] [MeV] [MeV−1] [MeV−1] [MeV−2] [MeV−2]

2.0 1.55(3) 261(8) 174(11) 0.0025(1) −0.0003(2) −1.0(1)×10−6 −6(2)×10−7 −0.24(5) −0.15(8)

Figure 2: Combined at NNLO to the masses and axial coupling of the ETM collaboration [14, 15, 16]. The
diamonds depict the physical values. The bands correspond to the theoretical 68% confidence interval.

to baryon masses and axial couplings as in Ref. [1], but this time including the axial couplings gN∆
A

and g∆∆
A . The LQCD results are from the ETM Collaboration: for gNN

A Ref. [14], and for CA
5 (0),

g1(0), and the N and ∆ masses the results are those in Refs. [15] and [16].
The combined fit to the N and ∆ masses at O(ξ 3) and the axial couplings at O(ξ 2) as func-

tions of Mπ are carried out for the available data below Mπ ∼ 500 MeV. The results obtained are
displayed in Table 1 and in Fig. 2. The ∆ width is used to determine the physical value of CA

5

according to: Γ∆→Nπ =
CA2

5
6πF2

π
((mN −m∆)2 −M2

π)
3/2, which upon using ΓExp

∆→Nπ = 116− 120 MeV,
gives CA

5 ∼ 1.05±0.01. As emphasized in [1] this corresponds vis-à-vis the nucleon axial coupling
to a remarkably small deviation from the SU(4) symmetry limit. One can see that the LQCD re-
sults show, for the ∆N axial coupling, a similar deficit when extrapolated to the physical point as
it occurs for the N axial coupling. The cusp observed in the axial couplings involving the ∆ are

5

nice reality check

Axial-vector couplings in 1/Nc - ChPT A. Calle Cordón

(1) (2) (3)

Figure 1: One loop corrections to the axial-currents in the ξ -expansion contributing up to O(ξ 2). The
crossed circle denotes the axial-current operator.

where the LECs are determined in the MS scheme in the usual way. As defined here, all LECs
are O(N0

c ), and of course sub leading 1/Nc corrections are implicit in them. One notable result is
the contribution to the wave function renormalization, which requires the counterterm proportional
to z1: this CT is O(Nc p3). Such behavior is however essential for cancelling with terms in the
evaluation of the one-loop corrections to the axial couplings which violate Nc power counting.
On the other hand, it evidently shows that taking the limit Nc → ∞ makes the chiral expansion
ill defined. This is however not a surprise, since the two expansions do not commute, thus the
necessity to define a linking between them as it is done here with the ξ -expansion. The diagrams
in Fig. 1 give the one-loop corrections to the axial current, their contributions to the axial couplings
being of both O(ξ ) and O(ξ 2).

At lowest order, the spatial components of the axial currents are simply given by: Aia = g̊A Gia.
Upon including corrections, their matrix elements in the q → 0 limit are expressed by:

�B� | Aia | B�= gBB�
A

6
5
�B� | Gia | B� . (2.9)

Here gBB�
A corresponds for Nc = 3 to the standard definition of the nucleon axial coupling, the factor

6/5 being included for that reason 2. The axial couplings defined by Eqs. (2.3) to (2.4), which are
given in the LQCD results analyzed below, are related to the gBB�

A as follows:

gNN
A = GA(0)≡ gA , gN∆

A =
5

3
√

2
CA

5 (0) , g∆∆
A =

5
3

g1(0) . (2.10)

The axial couplings defined here are O(N0
c ) and the O(Nc) of the matrix elements of the axial

currents stems from the operator Gia.

3. Confronting LQCD results

In this section the results for the three axial couplings obtained in LQCD calculations are an-
alyzed 3. Of particular interest is the quark mass, or pion mass, dependence of those couplings.
At present, there are first results at different values of Nc only for the baryon masses, and thus the
analysis at fixed Nc = 3 cannot fix the Nc sub leading dependencies of the LECs; in particular this
means that the LEC CA

0 in Eq. (2.8) cannot be determined, and either CA
4 , which for Nc = 3 multi-

plies a term which is linearly dependent with the terms proportional to CA
2 and CA

3 . Therefore in the
fit below CA

0 and CA
4 are set to vanish. The analysis presented here involve the simultaneous fitting

2In Eq. (21) of Ref. [1] there is a mistake, limited to that Eq., where the factor is indicated, incorrectly, as 5/6.
3For LQCD results in baryons, and in particular the nucleon’s axial coupling, see Ref. [7]
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Figure 1: One loop corrections to the axial-currents in the ξ -expansion contributing up to O(ξ 2). The
crossed circle denotes the axial-current operator.

where the LECs are determined in the MS scheme in the usual way. As defined here, all LECs
are O(N0

c ), and of course sub leading 1/Nc corrections are implicit in them. One notable result is
the contribution to the wave function renormalization, which requires the counterterm proportional
to z1: this CT is O(Nc p3). Such behavior is however essential for cancelling with terms in the
evaluation of the one-loop corrections to the axial couplings which violate Nc power counting.
On the other hand, it evidently shows that taking the limit Nc → ∞ makes the chiral expansion
ill defined. This is however not a surprise, since the two expansions do not commute, thus the
necessity to define a linking between them as it is done here with the ξ -expansion. The diagrams
in Fig. 1 give the one-loop corrections to the axial current, their contributions to the axial couplings
being of both O(ξ ) and O(ξ 2).

At lowest order, the spatial components of the axial currents are simply given by: Aia = g̊A Gia.
Upon including corrections, their matrix elements in the q → 0 limit are expressed by:

�B� | Aia | B�= gBB�
A

6
5
�B� | Gia | B� . (2.9)

Here gBB�
A corresponds for Nc = 3 to the standard definition of the nucleon axial coupling, the factor

6/5 being included for that reason 2. The axial couplings defined by Eqs. (2.3) to (2.4), which are
given in the LQCD results analyzed below, are related to the gBB�

A as follows:

gNN
A = GA(0)≡ gA , gN∆

A =
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A =
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g1(0) . (2.10)

The axial couplings defined here are O(N0
c ) and the O(Nc) of the matrix elements of the axial

currents stems from the operator Gia.

3. Confronting LQCD results

In this section the results for the three axial couplings obtained in LQCD calculations are an-
alyzed 3. Of particular interest is the quark mass, or pion mass, dependence of those couplings.
At present, there are first results at different values of Nc only for the baryon masses, and thus the
analysis at fixed Nc = 3 cannot fix the Nc sub leading dependencies of the LECs; in particular this
means that the LEC CA

0 in Eq. (2.8) cannot be determined, and either CA
4 , which for Nc = 3 multi-

plies a term which is linearly dependent with the terms proportional to CA
2 and CA

3 . Therefore in the
fit below CA

0 and CA
4 are set to vanish. The analysis presented here involve the simultaneous fitting

2In Eq. (21) of Ref. [1] there is a mistake, limited to that Eq., where the factor is indicated, incorrectly, as 5/6.
3For LQCD results in baryons, and in particular the nucleon’s axial coupling, see Ref. [7]
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Table 1: The LECs in the table correspond to the choice of the renormalization scale µ = 700 MeV. The
baryon masses extrapolated to the physical point are mN = 962(15) MeV, and m∆ = 1213(14) MeV, and the
axial couplings extrapolated to the physical point are gA = 1.17(2), CA

5 (0) = 0.91(2) and g1(0) = 0.59(2).
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1 CA
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[MeV] [MeV] [MeV−1] [MeV−1] [MeV−2] [MeV−2]

2.0 1.55(3) 261(8) 174(11) 0.0025(1) −0.0003(2) −1.0(1)×10−6 −6(2)×10−7 −0.24(5) −0.15(8)

Figure 2: Combined at NNLO to the masses and axial coupling of the ETM collaboration [14, 15, 16]. The
diamonds depict the physical values. The bands correspond to the theoretical 68% confidence interval.

to baryon masses and axial couplings as in Ref. [1], but this time including the axial couplings gN∆
A

and g∆∆
A . The LQCD results are from the ETM Collaboration: for gNN

A Ref. [14], and for CA
5 (0),

g1(0), and the N and ∆ masses the results are those in Refs. [15] and [16].
The combined fit to the N and ∆ masses at O(ξ 3) and the axial couplings at O(ξ 2) as func-

tions of Mπ are carried out for the available data below Mπ ∼ 500 MeV. The results obtained are
displayed in Table 1 and in Fig. 2. The ∆ width is used to determine the physical value of CA

5

according to: Γ∆→Nπ =
CA2

5
6πF2

π
((mN −m∆)2 −M2

π)
3/2, which upon using ΓExp

∆→Nπ = 116− 120 MeV,
gives CA

5 ∼ 1.05±0.01. As emphasized in [1] this corresponds vis-à-vis the nucleon axial coupling
to a remarkably small deviation from the SU(4) symmetry limit. One can see that the LQCD re-
sults show, for the ∆N axial coupling, a similar deficit when extrapolated to the physical point as
it occurs for the N axial coupling. The cusp observed in the axial couplings involving the ∆ are
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CA
5 (SU(4)) = 1.078

confronting LQCD results with     expansion @ 1-loop

Calle-Cordon & JLG

ξ

large N cancellation very clear

gA chiral extrapolation deficit
is still to be fully understood



SU(3) I. Fernando & JLG

same issues as in SU(2) with spin-flavor singlet masses

1-loop SU(3) breaking effects for masses and currents are consistent

small deviations in the Gell-Mann-Okubo and Equal-spacing relations (good!)

there are LQCD results to compare with Alexandrou et al.

1 Procedure

• We took the paper by C.ALEXANDROU et al. PHYSICAL REVIEW D 90, 074501 (2014) and used its Tables I,III,V,VI & XVI as
well as the equations 21 and 22.

• Table I gives us the summary of β, a, aµ,Mπ values associated with the lattice sizes they used in their calculation.

• Table III is an extended version of Table I, and this provides the values for aµ, aMπ,Mπ,MN .

• Conversion factor

1fm =
1

197MeV

• Table V gives us the ams values and also they provides the Zp values for each β. So that we can calculate the ml or aml using their
reference (54) :- ETMC - Nuclear Physics B 887 (2014) 19-68

• In the ETMC - Nuclear Physics B 887 (2014) 19-68 paper there are couple of important things.
Equation (15) page 26 :

ml = (aµl)
1

aZp
(1)

Or

aml = (aµl)
1

Zp
(2)

And obtaining the Kaon Mass using equation (52)

ms

m̂
=

�
2M2

K −M2
π

M2
π

�
1

R
(3)

Or
M2

K

M2
π

=
msR+ m̂

2m̂
(4)

The European Twisted Mass Collaboration / Nuclear Physics B 887 (2014) 19–68 45

Fig. 11. Chiral and continuum extrapolations of the quantity R(ms , m!, a2), defined in Eq. (51), through a linear fit in 
m!. The data are interpolated at the physical strange mass (35) and corrected for FSE.

In ChPT at LO the ratio R(ms, m!, a2) is equal to unity. At the physical point one gets 
[(2M2

K ! M2
" )/M2

" ]phys " 25.8 and, adopting the estimate (50) for (ms/mud), one has Rphys #
R(ms, mud, 0) " 0.96. Therefore, the dependence of R(ms, m!, a2) on the strange and light 
quark masses is expected to give rise to small corrections only. This is a very useful feature, since 
the mild dependence on the strange quark mass allow us to interpolate the ratio R(ms, m!, a2)
at the physical value (35) with a small sensitivity to the error on ms , while the mild dependence 
on the light quark mass m! represents a way to reduce the uncertainty introduced by the chiral 
extrapolation. In this way a precise determination of the mass ratio ms/mud can be obtained as

ms

mud
=

!
2M2

K ! M2
"

M2
"

"phys 1
Rphys , (52)

where Rphys is computed on the lattice.
In Fig. 11 the lattice data for R(ms, m!, a2), interpolated at the physical strange mass (35) and 

corrected for FSE (using the CWW predictions [22] for M" and the CDH ones [23] for MK ), are 
shown versus the light quark mass m! for our ensembles. As expected, the dependence on the 
light quark mass is found to be quite mild and the ratio R(ms, m!, a2) is close to unity at all the 
simulated quark masses.

We performed the chiral and continuum extrapolations through a simple fit of the form

R
#
ms,m!, a

2$ = R0 + R1m! + R3a
2. (53)

The results are presented in Fig. 11 for each # value and in the continuum limit. It can be 
seen that discretization effects are quite small, being the difference between the result at the 
finest lattice spacing and the one in the continuum less than "1%. From the result Rphys =
0.9681(116)stat+fit(7)ZP (3)FSE, obtained in the continuum limit and at the physical point, we get 
from Eq. (52) the result

ms

mud
= 26.66(32)stat+fit(2)ZP (1)FSE

= 26.66(32), (54)

which has an accuracy at the level of 1.2%.

http://arohatgi.info/WebPlotDigitizer/app/

Figure 1: ETMC paper - Fig. 11

• Then we obtain all the R values for each ml and tabulated. Then we obtained the Kaon mass for all aµl at each β.

• After that we have 10 sets of baryon masses with respect to 10 different combinations of Mπ,MK .

1

consistent fit to 8 and 10 masses in whole range of pion mass 
WF renormalization within acceptable | δZ |< 1



a few comments

alternative chiral expansion based on Skyrme model may be possible

BChPT x 1/N implements a known story: the inclusion of 10 baryons in 
BChPT improves convergence. Many works have shown that.

1/N expansion provides additional counting scheme 

many more applications: pion-nucleon scattering, vector and axial vector 
form factors,...

ξ expansion is similar to the so called small scale expansion



Excited baryons in a nutshell

unlike mesons, excited baryons are not narrow at large N
Γ = O(N0)

need for definition of mass and width: e.g. by poles in S-matrix

implement 1/N expansion on those

high current experimental interest in excited baryons

LQCD programs to study baryon spectrum

no available theoretical framework based on QCD

Q: can the 1/N expansion help?

A: yes



the 1/N expansion

define excited baryon states as multiplets of O(3)× SU(2Nf )

Approximate O(3) symmetry
Baryon spectrum shows approximate O(3) symmetry (small

spin-orbit effects)

O(3)× SU(2Nf ) most convenient classification scheme

Spin-flavor multiplets

| {z }
Nc

S:

Ncz }| {
···

MS:

Nc−1
z }| {

56-plet 70-plet Nc = Nf = 3

Known states can be fitted into 56 and 70 plets

Other representations?: 20-plet nor pentaquark multiplets

empirically established

José L. Goity -Hampton University/Jefferson Lab- BARYON PHENOMENOLOGY AND THE 1/Nc EXPANSION
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Baryon spectrum shows approximate O(3) symmetry (small

spin-orbit effects)

O(3)× SU(2Nf ) most convenient classification scheme

Spin-flavor multiplets

| {z }
Nc

S:

Ncz }| {
···

MS:

Nc−1
z }| {

56-plet 70-plet Nc = Nf = 3

Known states can be fitted into 56 and 70 plets

Other representations?: 20-plet nor pentaquark multiplets

empirically established

José L. Goity -Hampton University/Jefferson Lab- BARYON PHENOMENOLOGY AND THE 1/Nc EXPANSION

effective operators are tensors of O(3)× SU(2Nf )



[56, 2+] masses [MeV ]

State 1/Nc PDG
N3/2 1674± 15 1700± 50
Λ3/2 1876± 39 1880± 30
Σ3/2 1881± 25 (1840)
Ξ3/2 2081± 57
N5/2 1689± 14 1683± 8
Λ5/2 1816± 33 1820± 5
Σ5/2 1920± 24 1918± 18
Ξ5/2 1997± 49
∆1/2 1897± 32 1895± 25
Σ1/2 2068± 52

Ξ1/2 2237± 88

Ω1/2 2408± 127
∆3/2 1906± 27 1935± 35
Σ�

3/2 2061± 44 (2080)

Ξ�
3/2 2216± 76

Ω3/2 2373± 110
∆5/2 1921± 21 1895± 25
Σ�

5/2 2051± 37 (2070)

Ξ�
5/2 2181± 64

Ω5/2 2313± 94
∆7/2 1942± 27 1950± 10
Σ7/2 2036± 44 2033± 8

Ξ7/2 2131± 76

Ω7/2 2229± 110

O(Λ/N2
c ) Exp[MeV ]

1
2 (∆5/2 −∆3/2 −N5/2 +N3/2) = −12± 33

�
2
53 (∆7/2 −∆5/2 − 7

5 (N5/2 −N3/2)) = 15± 15

1
2
√
5
(∆7/2 −∆1/2 − 3(N5/2 −N3/2)) = 24± 34

1
2
√
3
(Λ5/2 − Λ3/2 + Σ5/2 − Σ3/2 − 2(Σ�

5/2 − Σ�
3/2) = 11± 36

1√
218

(7 Σ�
3/2 + 5 Σ7/2 − 12 Σ�

5/2) = −7± 38

1√
57
(4 Σ1/2 + Σ7/2 − 5 Σ�

3/2)

O(ms/N2
c ) Exp[MeV ]

1√
3346

(8Λ3/2 − 8N3/2 + 37Λ5/2 − 22N5/2 − 15Σ5/2 − 30Σ7/2 + 30∆7/2) = 8.5± 12

1
2
√
13
(Λ5/2 − Λ3/2 + 3(Σ5/2 − Σ3/2)− 4(N5/2 −N3/2)) = 34± 34

(GMO) 2(N + Ξ) = 3 Λ+ Σ

(EQS) Σ−∆ = Ξ− Σ = Ω− Ξ

an example:                       masses[56, �P = 2+]

mass relations

Operator Fitted coef. (MeV)

O1 = Nc c1 = 541 ± 4

O2 = 1
Nc

li Si c2 = 18 ± 16

O3 = 1
Nc

SiSi c3 = 241 ± 14

B̄1 = !S b1 = 206 ± 18

B̄2 = 1
Nc

liGi8 ! 1
2
!

3
O2 b2 = 104 ± 64

B̄3 = 1
Nc

SiGi8 ! 1
2
!

3
O3 b3 = 223 ± 68

TABLE I: List of operators and the coe!cients resulting from the fit with !2
dof = 0.7

O1 O2 O3

283/2 Nc ! 3
2Nc

3
4Nc

285/2 Nc
1

Nc

3
4Nc

4101/2 Nc ! 9
2Nc

15
4Nc

4103/2 Nc ! 3
Nc

15
4Nc

4105/2 Nc ! 1
2Nc

15
4Nc

4107/2 Nc
3

Nc

15
4Nc

TABLE II: Matrix elements of SU(3) singlet operators.

10

mass operators

Schat, Scoccola & JLG



Excited Baryons on the Lattice

source

sink

in irreps of SU(6)×O(3)
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Indication of dominance by one irreducible 
representation of O(3)xSU(6) in the excited states

Edwards et al



across SU(3) multiplets. These relations are given by:

14(s!3/2
+ s!!

3/2
) + 63s!5/2

+ 36(s"1/2
+ s"!

1/2
) = 68(s!1/2

+ s!!
1/2

) + 27s"5/2

14(s"3/2
+ s"!

3/2
) + 21s!5/2

! 9s"5/2
= 18(s!1/2

+ s!!
1/2

) + 2(s"1/2
+ s"!

1/2
)

14s"!!
1/2

+ 49s!5/2
+ 23(s"1/2

+ s"!
1/2

) = 45(s!1/2
+ s!!

1/2
) + 19s"5/2

14s"!!
3/2

+ 28s!5/2
+ 11(s"1/2

+ s"!
1/2

) = 27(s!1/2
+ s!!

1/2
) + 10s"5/2

, (10)

where sBi is the mass splitting between the state Bi and the non-strange states in the SU(3)

multiplet to which it belongs. For the purpose of identifying the states within an SU(3)

multiplet the order ! mixing is disregarded. It is important to stress here that these relations

are independent of the leading order as well as the order ! mixings.

As already mentioned, several of the singlet and octet operators defined in this article

di!er from those in [10] and [11] by a scaling factor. The reason for this is that here the

operators have been defined in such a way that their matrix elements are of the same order

in 1/Nc at which the operator contributes. With this, the natural size of the coe"cients of

singlet operators is about 500 MeV as the analysis below shows, and that of the coe"cients

of SU(3) breaking is about ! " 500 MeV # 150 ! 200 MeV.

The fit has been performed by treating the singlet pieces of the mass operator exactly and

the SU(3) breaking to first order of perturbation theory in !. This approach is justified in

practice by the fact that the hyperfine interaction turns out to be the dominant spin-flavor

breaking piece. The results of the fit are given in Table I, where the natural size of the

coe"cients associated with the singlet operators is seen to be set by the coe"cient of O1.

In fitting the data the experimental errors given by the Particle Data Group [36] are taken

whenever they are larger than the expected magnitude of higher order corrections in the

analysis. These corrections are of order !2 or !/Nc, and their magnitude is taken to be about

15 MeV. Although this is not crucial for the outcome of the fit, the resulting "2 is more

realistic. For instance, the singlet # masses are known experimentally within 5 MeV, and

taking this error, which in magnitude would correspond to a higher order of precision in the

expansion in ! and 1/Nc, would be unrealistic.

Table VI displays the empirical masses, and the masses and compositions of states re-

sulting from the fit, whose "2 per degree of freedom turns out to be 1.29. A clear display of

the results is shown in Figs. 1-3, where the results are plotted along with the experimental

values as well as the best fit provided by the Isgur-Karl model[31].

one example: parameter free relations 70-plet-
test with LQCD results of HSC

O(1/N2
c ; (ms −mud)

2)
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the present work. A later analysis based on Nf = 2 + 1

QCD obtained a sixth low-lying state, namely a third

N(
3
2

−
) [10], however that extra state was not as well

determined. Both of the mentioned works yielded two

low-lying N(
1
2

−
) states, as does this work. The extra

low-lying N(
3
2

−
) state is not obtained in this work. We

conclude that the third N(
3
2

−
) state is spurious, and that

the low-lying spectrum has a total of five negative-parity

states, with strong evidence for low-lying bands consis-

tent with SU(6)xO(3) symmetry.

Reference [16] provides the masses of a few low-lying,

negative-parity states of the nucleon based on several

pion masses, including mπ = 156 MeV. For mπ val-

ues close to 400 MeV, there is good agreement with

our masses for the two lowest N(
1
2

−
) states shown in

Fig. 7. Reference [17] provides masses for several low-

lying, negative-parity Λ states. Lower pion masses were

used in Ref. [17], however, for the three lowest Λ( 12
−
)

states obtained at mπ ≈ 280 MeV, there is acceptable

agreement with our results at mπ = 391, namely for

the Λ1(
1
2

−
) state in Fig. 8 and the two Λ8(

1
2

−
) states

in Fig. 7. Reference [18] also provides masses for three

low-lying Λ( 12
−
) states at several values of mπ using a

larger lattice volume. Those results are reasonably con-

sistent with the masses of our three lowest-lying Λ( 12
−
)

states.

We note that there are several important limitations of

the present study. They have been discussed in Ref. [5]

and we conclude with a brief summary of them. The

163×128 lattice used is small, with spatial dimensions

of about 1.9 fm on a side. The pion masses used are

significantly larger than the physical mass. No operators

that efficiently couple onto scattering states (e.g., πN)

are included. Studies of the resonances that correspond

to the three-quark states will require improvements that

overcome each of these limitations.

IV. SUMMARY

This work presents results for baryons based on lattice

QCD using the 163×128 anisotropic lattices that were

developed in Ref. [4]. Excited state spectra are calculated

for baryons that can be formed from u, d and s quarks,

namely the N , ∆, Λ, Σ, Ξ and Ω families of baryons, for

two pion masses, 391 MeV, 524 MeV, and at the SU(3)F -

symmetric point corresponding to a pion mass of 702

MeV.

The interpolating operators used incorporate covariant

derivatives in combinations that correspond to angular-

momentum quantum numbers L = 0, 1 and 2. The an-

gular momenta are combined with quark spins to build

operators that transform according to good total angu-

lar momentum, J , in the continuum. As noted in earlier

works, approximate rotational symmetry is realized at

the scale of hadrons, enabling us to identify reliably the

FIG. 7: The lowest negative-parity states that are flavor-
octet are shown for mπ = 391 MeV.

spins in the spectrum up to J =
7
2 from calculations at

a single lattice spacing.

The operators we have employed are classified accord-

ing to the irreducible representations of SU(3)F flavor.

At the pion masses used, the SU(3)F symmetry is broken

only weakly and states in the spectra can be identified

as being created predominantly by operators of definite

flavor symmetry 8F , 10F or 1F.

We find bands of states with alternating parities and

increasing energies. Each state has a well-defined spin

and generally a dominant flavor content can be identi-

fied. The number of non-hybrid states of each spin and

flavor in the lowest-energy bands is in agreement with the

expectations based on weakly broken SU(6)⊗O(3) sym-

metry. These states correspond to the quantum numbers

of the quark model.

Chromo-magnetic operators are used to identify states

that have strong hybrid content. Usually these states

are at higher masses, about 0.7mΩ, or more, above the

lowest non-hybrid states. There is reasonable agreement

between the number of positive-parity states with strong

hybrid content and the expectations of Table IV that are

based on non-relativistic quark spins, although a few of

the expected states are not found at the lowest pion mass.

With the inclusion into our basis of multi-hadron oper-

ators, which couple efficiently onto multi-hadron scatter-

ing states, we expect to find an increased number of levels

in the spectrum. As demonstrated in Ref. [19], using the

technique of moving frames where the total momentum of

the system is nonzero, the increased number of levels al-

lows for the extensive mapping of the energy dependence
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FIG. 8: The lowest negative-parity states that are flavor-
singlet (beige) and decuplet (yellow) are shown for mπ = 391
MeV.

of scattering amplitudes, and hence, the determination of
resonances. The prospect of determining the properties
of resonances provides a strong motivation for continued
work on the spectra of baryons.
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Many issues not discussed

• Theoretical  

• Eguchi-Kawai type reductions; Narayanan-Neuberger

• AdS/CFT and large N QCD

• Instantons, monopoles, other defects in QCD at large N

• phase transitions and crossovers at large N

• quarkyonic phase at large N

• Phenomenology

• Exotic mesons at large N (talk by Tom Cohen in section B)

• Excited meson pheno, parameter relations 

• SU(3) BChPTx1/N

• hard processes: GPDs, TMDs



general comments

• 1/N expansion is a fundamental tool for studying QCD in all of its regimes

• it can be accessed at the hadronic level, and becomes a tool in the formulation of 
effective theories

• it is implemented in LQCD giving rise the the real testing of QCD at different Ns

• it provides deep insights into non-perturbative QCD, but still has to deliver on 
more detailed understanding of non-perturbative dynamics

• although the large N ideas are as old as QCD itself, there is still a lot to be learned 
and discovered
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Non perturbative dynamics

Symmetries

1/Nc expansion
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