
Tsallis Distribution Transverse Momentum Distributions Conclusion

The Tsallis Distribution at the LHC

J. Cleymans
University of Cape Town, South Africa

XIIth Quark Confinrmrnt and the Hadron Spectrum
(CONF 12)

Thessaloniki, Greece
28 August - 4 September 2016



Tsallis Distribution Transverse Momentum Distributions Conclusion

Work done in collaboration with
M.D. Azmi
Alexandru Parvan
Oleg Teryaev



Tsallis Distribution Transverse Momentum Distributions Conclusion

KRUGER 2016
DISCOVERY PHYSICS AT THE LHC

5 - 9 December 2016

Protea Hotel Kruger Gate
South Africawww.kruger2016.tlabs.ac.za

email: kruger2016@tlabs.ac.za

LOCAL ORGANIZING
COMMITTEE :
Z. Buthelezi (iThemba)
J. Cleymans (UCT) (chair)
S.H. Connell (UJ)
A.S. Cornell (Witwatersrand)
T. Dietel (UCT)
N. Haasbroek (iThemba)
(Conference Manager)
W.A. Horowitz (UCT)
D. Kar (Witwatersrand)
B. Mellado (Witwatersrand)
S. Yacoob (UCT)

T. Camporesi (CERN) K. Redlich (Wroclaw)
D. Charlton (Birmingham, UK) H. Satz (Bielefeld)
A. Deandrea (Lyon) Y. Schutz (IN2P3, France)
J. Ellis (CERN, London) A.S. Sorin (Dubna)
P. Giubellino (CERN) D.K. Srivastava (Kolkata)
H. Gray (CERN) O. Steinkamp (Zuerich)
J.W. Harris (Yale) H. Stoecker (Frankfurt)
U. Heinz (Ohio State) R. Voss (CERN)
P. Jenni (Freiburg, CERN) G. Wilkinson (Oxford)
G. Martinez (Nantes) Nu Xu (Berkeley, Wuhan)
H. Oeschler (Heidelberg)

INTERNATIONAL ADVISORY
COMMITTEE:

Photograph by Vincenzo Chiochia



Tsallis Distribution Transverse Momentum Distributions Conclusion

Outline

Tsallis Distribution

Transverse Momentum Distributions

Conclusion



Tsallis Distribution Transverse Momentum Distributions Conclusion

What is being done?
STAR, PHENIX, ALICE, CMS and ATLAS use:

d2N
dpTdy

= pT ×
dN
dy

(n − 1)(n − 2)
nT (nT + m0(n − 2))

(
1 +

mT −m0

nT

)−n

What is the connection with the Tsallis distribution?

Also, the physical significance of the parameters n and T has
never been discussed by STAR, PHENIX, ALICE, ATLAS, CMS.

dN/dy is treated as a free parameter.

m0 = mπ assumed for all tracks.
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Sometimes ...

d2N
dpT dy

∣∣∣∣
y=0

= A
[
1 + (q − 1)

pT

T

]− 1
q−1

A is a normalization factor
T is not related to a temperature in the thermodynamic sense.

G. Wilk, Z. Wlodarczyk, Physica, A413, 33, 2014
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History
Possible Generalization of Boltzmann-Gibbs Statistics.

Constantino Tsallis
Rio de janeiro, TBPF

J. Stat. Phys. 52 (1988) 479-487.

Citations: 1389
Citations in HEP: 513
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A recent example from outside HEP:

Experimental Validation of a Nonextensive Scaling Law in Confined Granular Media

Gaël Combe,* Vincent Richefeu, and Marta Stasiak
Université Grenoble Alpes, 3SR, F-38000 Grenoble, France and CNRS, 3SR, F-38000 Grenoble, France

Allbens P. F. Atman†

Departamento de Física e Matemática, National Institute of Science and Technology for Complex Systems,
Centro Federal de Educação Tecnológica de Minas Gerais – CEFET-MG,

Avenida Amazonas 7675, 30510-000 Belo Horizonte-MG, Brazil
(Received 28 July 2015; published 1 December 2015)

In this Letter, we address the relationship between the statistical fluctuations of grain displacements
for a full quasistatic plane shear experiment, and the corresponding anomalous diffusion exponent α.
We experimentally validate a particular case of the Tsallis-Bukman scaling law, α ¼ 2=ð3 − qÞ, where q is
obtained by fitting the probability density function (PDF) of the displacement fluctuations with a
q-Gaussian distribution, and the diffusion exponent is measured independently during the experiment.
Applying an original technique, we are able to evince a transition from an anomalous diffusion regime to a
Brownian behavior as a function of the length of the strain window used to calculate the displacements of
the grains. The outstanding conformity of fitting curves to a massive amount of experimental data shows a
clear broadening of the fluctuation PDFs as the length of the strain window decreases, and an increment in
the value of the diffusion exponent—anomalous diffusion. Regardless of the size of the strain window
considered in the measurements, we show that the Tsallis-Bukman scaling law remains valid, which is
the first experimental verification of this relationship for a classical system at different diffusion regimes.
We also note that the spatial correlations show marked similarities to the turbulence in fluids, a promising
indication that this type of analysis can be used to explore the origins of the macroscopic friction in
confined granular materials.

DOI: 10.1103/PhysRevLett.115.238301 PACS numbers: 83.80.Fg, 45.70.Mg, 81.05.Rm

Turbulence is one of the most complex, but ubiquitous,
phenomena observed in nature and it is related to the
underlying mechanisms responsible for the micro-macro
upscale causing wide-ranging effects on classical systems,
like macroscopic friction in granular solids or turbulent
flow regime in fluids [1–4]. The presence of multiple scales
in time and space is an additional challenge to a compre-
hensive theoretical description, and a particular effort is
made in the literature to perform experiments and simu-
lations in order to validate the proposed theoretical
descriptions, particularly Tsallis nonextensive (NE) stat-
istical mechanics [5,6] as in the pioneering works of Sattin
[7] and Arevalo et al. [8].
A paradigmatic work relating anomalous diffusion and

turbulentlike behavior in confined granular media was
presented by Radjai and Roux [4], using numerical
simulations, and confirmed qualitatively by experiments
by Combe and collaborators [9,10]. Radjai and Roux
coined a new expression to characterize the analogies
between fluctuations of particle velocities in quasistatic
granular flows and the velocity fields observed in turbulent
fluid flow in the high Reynolds number regime, the
“granulence.” Most of the evidence of granulence is based
on simulations using the discrete element method (DEM)
but, unfortunately, there is a lack of quantitative

experimental verification recently, limiting the knowledge
of the micromechanics of this system.
In the present work, we aim to fill this gap with the

experimental validation of the results obtained by the DEM.
Specifically, we seek to examine the findings revealed
by Radjai and Roux [4] in a detailed fashion, extending
the previous works [9,10] to explore quantitatively the
relationship between the PDF of the velocity fluctuations
and the diffusion features of the grains. We follow a
detailed theoretical description for the anomalous diffusion
in the presence of external driving [11,12]. Particularly,
a relation between the q-Gaussian value from the PDF of
fluctuations and the diffusion exponent was proposed,
which is validated experimentally here for the first time
for a large range of the control parameter, improving on
previous works where this relation was tested only for a
single point [13,14].
In this work, we advanced in the route opened by Radjai

and Roux [4] with three basic goals: (i) Explore the low
inertial number limit.—The inertial number I [15] measures
the ratio between inertial and confining forces, from the
quasistatic regime (small values) to the dynamic regime
(large ones) [16]. We would like to check if the granulence
features are still observed in a better established quasistatic
situation, i.e., the experimental one which involves inertial
numbers around 4 orders of magnitude smaller than that

PRL 115, 238301 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

4 DECEMBER 2015

0031-9007=15=115(23)=238301(5) 238301-1 © 2015 American Physical Society
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Tsallis Thermodynamics

The Tsallis distribution is given by

f (E) =

[
1 + (q − 1)

E − µ
T

]− 1
q−1

,

and the thermodynamic quantities N, E , P, S, ... are integrals
over this distribution.
Asymptotically

lim
E→∞

f (E) =

(
E
T

)− 1
q−1

Scale is set by T .
Asymptotic behaviour is set by q.
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For high energy physics a consistent form of Tsallis
thermodynamics for the particle number, energy density and
pressure is given by

N = gV
∫

d3p
(2π)3

[
1 + (q − 1)

E − µ
T

]− q
q−1

,

ε = g
∫

d3p
(2π)3 E

[
1 + (q − 1)

E − µ
T

]− q
q−1

,

P = g
∫

d3p
(2π)3

p2

3E

[
1 + (q − 1)

E − µ
T

]− q
q−1

.

where T and µ are the temperature and the chemical potential,
V is the volume and g is the degeneracy factor. This introduces
only one new parameter q which for transverse momentum
spectra is always close to 1.
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Thermodynamic consistency

dE = −pdV + TdS + µdN

Inserting E = εV , S = sV and N = nV leads to

dε = Tds + µdn

dP = ndµ+ sdT

In particular

n =
∂P
∂µ

∣∣∣∣
T
, s =

∂P
∂T

∣∣∣∣
µ

, T =
∂ε

∂s

∣∣∣∣
n
, µ =

∂ε

∂n

∣∣∣∣
s
.

are satisfied.
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In the Tsallis distribution the total number of particles is given
by:

N = gV
∫

d3p
(2π)3

[
1 + (q − 1)

E − µ
T

]− q
q−1

.

The corresponding momentum distribution is given by

E
dN
d3p

= gVE
1

(2π)3

[
1 + (q − 1)

E − µ
T

]− q
q−1

,

which, in terms of the rapidity and transverse mass variables,
E = mT cosh y , becomes (at mid-rapidity y = 0 and for µ = 0)

d2N
dpT dy

∣∣∣∣
y=0

= gV
pT mT

(2π)2

[
1 + (q − 1)

mT

T

]− q
q−1

,

J.C. and D. Worku, J. Phys. G39 (2012) 025006;
arXiv:1203.4343[hep-ph].
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At mid-rapidity y = 0 and for µ = 0

d2N
dpT dy

∣∣∣∣
y=0

=
dN
dy

∣∣∣∣
y=0

pT mT

T

[
1 + (q − 1)

mT

T

]−q/(q−1)

× (2− q)(3− 2q)
(2− q)m2 + 2mT + 2T 2

×
[
1 + (q − 1)

m
T

]1/(q−1)

or:

d2N
dpT dy

∣∣∣∣
y=0

=
dN
dy

∣∣∣∣
y=0

pT
mT

T

[
1 + (q − 1)

mT

T

]−q/(q−1)

×(factors independent of pT )
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Asymptotic Behavior
At mid-rapidity y = 0 and for µ = 0

lim
pT→∞

d2N
dpT dy

∣∣∣∣
y=0

= pT

[pT

T

]−q/(q−1)

For example, for q = 1.1 :

lim
pT→∞

d2N
dpT dy

∣∣∣∣
y=0

= p−11
T

for q = 1.2

lim
pT→∞

d2N
dpT dy

∣∣∣∣
y=0

= p−6
T

Very sensitive to small changes in q !
Upper limit on q:

q <
4
3

(1)
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For charged particles use:

d2N(charged)
dpT dy

∣∣∣∣
y=0

=
∑

i=π,K ,p,...

giV
pT mT

(2π)2

[
1 + (q − 1)

mT

T

]− q
q−1

,

M.D. Azmi and J.C. , arXiv:1501.07217v3[hep-ph].
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Tsallis Distribution p-p CMS
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Tsallis Distribution p-p

Experiment
√

s (TeV) q T (MeV)

ATLAS 0.9 1.129 ± 0.005 74.21 ± 3.55
ATLAS 7 1.150 ± 0.002 75.00 ± 3.21
CMS 0.9 1.129 ± 0.003 76.00 ± 0.17
CMS 7 1.153 ± 0.002 73.00 ± 1.42

Values of the q and T parameters to fit the pT spectra
measured by the ATLAS and CMS collaborations.
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The Tsallis distribution provides an
excellent description of the transverse momentum spectra
over 14 orders of magnitude up to 200 GeV.
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Energy Dependence of Tsallis Parameters
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A.S. Parvan, O.V. Teryaev, J.C., arXiv hep-ph 1609



Tsallis Distribution Transverse Momentum Distributions Conclusion

Energy Dependence of Tsallis Parameters
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ALICE | Spectra PAG | 1 June 2015 | Lee Barnby 

A Large Ion Collider Experiment

First look
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ALICE | Spectra PAG | 1 June 2015 | Lee Barnby 

A Large Ion Collider Experiment

Extracted parameters

• TO DO  
–Check whether this is due to 

limited pT range 
–Investigate T-q 2-D correlation
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• Going to higher masses seems to 
get higher T? 

•  Anti-correlation between T and 
q?  
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Tsallis: problem in determining parameters T and q

0 1 2 3 4 5 6
p (GeV)

0.01

0.1

d2 N/d
p Tdy

T  = 52.3531 MeV
q = 1.1832
dNproton/dy = 0.179424

T = 29.5976 MeV
q = 1.20514
dNantip/dy = 0.183298

T= 73.00 +_  1.42 MeV
q = 1.153 +_ 0.002
dN/dy = 0.18

CMS pp 7 TeV

(fit from charged particles}
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The Tsallis distribution provides an
excellent description of the transverse momentum spectra
over 14 orders of magnitude up to 200 GeV.
Use

d2N
dpT dy

∣∣∣∣
y=0

=
dN
dy

∣∣∣∣
y=0

pT
mT

T

[
1 + (q − 1)

mT

T

]−q/(q−1)

×(factors independent of pT )

Advantages : thermodynamic conistency:

n =
∂P
∂µ

etc...,

and the parameter T deserves its name since

T =
∂E
∂S

. . .

But ... the determination of the parameters needs to be
resolved.
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