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Background

❖ Neutrino was proposed by W. Pauli in 1930 in a letter to 
a workshop in Tübingen University!

❖ It was discovered in 1956 by Cowan et. al. !

❖ It was proved to be massive from various Experiments 
since 1980s!

❖ What’s next, sterile neutrino?



Background
!

!

!

!

!

!

❖ The Reactor Antineutrino Anomaly

of 98% C.L. in Ref. [45]. Gallex and Sage observed an
average deficit of RG ¼ 0:86" 0:06ð1!Þ. Considering the
hypothesis of "e disappearance caused by short baseline
oscillations we used Eq. (13), neglecting the !m2

31
driven oscillations because of the very short baselines of
order 1 m. Fitting the data leads to j!m2

new;Gj> 0:3 eV2

(95%) and sin2ð2#new;GÞ % 0:26. Combining the reactor
antineutrino anomaly with the gallium anomaly gives

a good fit to the data and disfavors the no-oscillation
hypothesis at 99.7% C.L. Allowed regions in the
sin2ð2#newÞ &!m2

new plane are displayed in Fig. 6 (left).
The associated best-fit parameters are j!m2

new;R&Gj>
1:5 eV2 (95%) and sin2ð2#new;R&GÞ % 0:12.
We then reanalyzed the MiniBooNE electron neutrino

excess assuming the very short baseline neutrino oscilla-
tion explanation of Ref. [45]. Details of our reproduction of
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FIG. 5 (color online). Illustration of the short baseline reactor antineutrino anomaly. The experimental results are compared to the
prediction without oscillation, taking into account the new antineutrino spectra, the corrections of the neutron mean lifetime, and the
off-equilibrium effects. Published experimental errors and antineutrino spectra errors are added in quadrature. The mean averaged ratio
including possible correlations is 0:943" 0:023. The red line shows a possible three-active neutrino mixing solution, with
sin2ð2#13Þ ¼ 0:06. The blue line displays a solution including a new neutrino mass state, such as j!m2

new;Rj ' 1 eV2 and

sin2ð2#new;RÞ ¼ 0:12 (for illustration purpose only).
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FIG. 6 (color online). Allowed regions in the sin2ð2#newÞ &!m2
new plane obtained from the fit of the reactor neutrino data to the

3þ 1 neutrino hypothesis, with sin2ð2#13Þ ¼ 0. The left panel is the combination of the reactors and the gallium experiment
calibration results with 51Cr and 37Ar radioactive sources. The right panel is the combination of the reactors and our reanalysis of the
MiniBooNE data following the method of Ref. [45]. In both cases the ILL energy spectrum information is not included.
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neutrino oscillation hypothesis discussed in this paper is

proven, the use of !pred;new
f would be possible in activeþ

sterile neutrino oscillation frameworks. In that case the
2.7% error budget of the antineutrino spectra should be
used. Assuming that the average experimental results of
reactor neutrino are correct, using !ano

f has the advantage

to absorb either a antineutrino flux miscalculation, or a
physical neutrino deficit at very short baselines, leading to
a conservative constraint on "13. The error budget could
then be taken as the weighted standard deviation of the
short baseline experiments, 1.0%.

This choice is however not relevant for experiments
running with a multidetector configuration, since they
absorb part of the uncertainty of the reactor antineutrino
fluxes, depending on the setup. Even in the hypothetical
case of antineutrino oscillation at very short baselines the
sensitivities of Daya Bay, Double Chooz, and RENO
should be marginally affected because of the large allowed
values of !m2

new. However this statement should be
checked based on detailed simulations.

In the nonstandard neutrino hypothesis the discovery
of a shape distortion in the positron energy spectrum of
the far detectors may be determinant in disentangling "13
from "new.

VII. TESTING THE ANOMALY

A. At reactors

The presence of sterile neutrinos would leave its imprint
on the signal at both the near and far detectors of forth-
coming reactor neutrino experiments. Taking results from
multidetectors and allowing for the possibility of sterile
mixing angles, one can probe both "13 and the sterile
mixing angle "new at Daya Bay, Double Chooz, and
RENO [52]. Positron spectrum energy distortions should
be deeply investigated at near detectors, as quoted in [44].
In any case, measurements of the expected overpredicted
event rates at the near detectors will allow the probing of
the reactor antineutrino anomaly, providing high statistics
and high precision measurements at a few hundred meters
from the antineutrino sources. The antineutrino anomaly
would be best tested by performing blind analyses for all
near detector data.

Further measurements at very short baselines below
100 meters would be useful to confirm the MeV electron
antineutrino deficit. Currently no fundamental research
program is under way to search for new oscillation
physics at reactors. However there is a worldwide program
at short baselines for the purpose of nuclear nonprolifera-
tion, using antineutrinos as new IAEA safeguards tools
[53]. In this context the Nucifer experiment, located 7 me-
ters away from the Osiris research reactor core in
Saclay, will start its operation in 2011 [54]. Nucifer will
thus have the possibility to test the anomaly. A rate-only
analysis with a precision of a few percent may not be

enough to provide a decisive improvement of the under-
standing of the anomaly. But a shape analysis may
provide enough information, depending of the energy
resolution.
We note here that the antineutrino nonproliferation pro-

gramwill not be affected by the antineutrino anomaly since
relative antineutrino rates with respect to known thermal
powers could be used to calibrate the experiments.

B. MegaCurie radioactive sources

As mentioned above, radiochemical gallium experi-
ments (Gallex and Sage) tested their experimental proce-
dure by exposing their gallium target to MegaCurie
neutrino sources using 51Cr or 37Ar [46]. The production
and handling of such devices is thus well under control.
Reference [55] proposed to use a 51Cr source inside two
concentric gallium tanks, whereas Ref. [56] proposed to
use a 51Cr or 90Sr source next to the Borexino detector. In
liquid scintillating detectors 51Cr or 37Ar #e’s are detected
through neutrino-electron elastic scattering while 90Sr "#e’s
are detected through inverse beta-decay. With the !m2

new

values best fitting the sterile neutrino hypothesis, the
deployment of a radioactive source at the center of an
ultralow background neutrino detector, such as Borexino,
KamLAND, and SNOþ , would allow both the testing of
the #e deficit and the search for an oscillation pattern as a
function of the detector radius. These neutrino sources emit
quasi-mono-energetic neutrino lines of sub-MeV energies
leading to a clear oscillation pattern at the range of a meter.
In addition a 37Ar source emits only $-rays through
second-order processes and is therefore easy to handle after
its irradiation inside a breeder nuclear reactor. As an ex-
ample, if a source of 1 MCi were inserted in the middle of a
large detector like SNOþ , it would provide a few hundred
thousand interactions in the detector, of which a few ten
thousand would deposit more than 500 keV. A <15 cm
accurate vertex reconstruction could allow to draw a sim-
ple and clear figure of the number of neutrino interactions
as a function of radius, directly testing the sterile neutrino
oscillation pattern for !m2

new < 5 eV2.

VIII. CONCLUSIONS AND OUTLOOK

The impact of the new spectra of reactor antineutrino is
extensively studied in this article. The increase of the
expected antineutrino rate by about 3.5% combined with
revised values of the antineutrino cross section signifi-
cantly decreased the normalized ratio of observed to ex-
pected event rates in all previous reactor experiments
performed over the last 30 years at distances below
100 m [2–9,12,41]. The average ratio is 0:943" 0:023,
leading to the reactor antineutrino anomaly. This deficit
could still be due to some unknown in the reactor physics,
but we also analyze these revised results in terms of a
suppression of the "#e rate at short distance as could be
expected from a sterile neutrino, beyond the standard

REACTOR ANTINEUTRINO ANOMALY PHYSICAL REVIEW D 83, 073006 (2011)
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Background

❖ Possible Explanations:!

• Wrong flux or its error 

• bias in all experiments 

• new physics of a fourth neutrino

See P. Vogel’s talk in INT



Background
❖ For the first possibility, the error could come from the 

treatment of the beta-decay spectrum!

!

!

!

!

❖ Inclusion of FF beta-decay

A third prescription for estimating the uncertainties is
to examine the rate of change in the antineutrino
spectrum relative to the rate of change in the beta spectrum,
using the fact that the beta spectrum is fit to amplitudes ai
on a fixed grid of end-point energies E0i . We calculated
T ¼

P
i½∂NνðEνÞ=∂ai%=½∂NβðEeÞ=∂ai%, and examined the

changes in T as the assumptions for the forbidden tran-
sitions were varied, and again found no path in (Ee, Eν)
over which the changes were <5%.

Our final method considers the ratio of the actual anti-
neutrino spectra themselves in Fig. 3, although this method
does not take into account the corresponding changes in the
beta spectra. We carried out identical analyses of the role of
the corrections and the associated uncertainties for the other
actinides 239;241Pu and 238U, and found very similar results.
Figure 3 shows the change in the total antineutrino spectrum
at a representative time [21] in midcycle in the reactor burn
history. The antineutrino spectra differ significantly, depend-
ing on our treatment of the forbidden transitions. The cross-
section-weighted spectra are quite distorted, being lower
than the Schreckenbach-Vogel [4,22,23] spectra up to the
peak, and higher or lower above the peak depending on the
operator. The actual spectrum is unlikely to be as distorted as
in Fig. 3 because no single operator dominates the forbidden
transitions.
The original ILL analysis [4] assumed that the Z of the

daughter fragments satisfies Zi ¼ 49.5 − 0.7E0i − 0.09E2
0i

for Zi ≥ 34. We find that taking the Z of the fission
fragments directly from ENDF/B-VII.1 instead would
increase the antineutrino spectrum by less than 1% for
Eν ≤ 7 MeV, and less than 1.5% for Eν > 7 MeV.
In summary we find that the component of the aggregate

fission spectra containing approximately 30% forbidden
transitions introduces a large uncertainty (about 4%) in the
predicted shape of the antineutrino flux emitted from
reactors. We have examined the uncertainties in four differ-
ent ways. If all forbidden transitions are treated as allowed
GT transitions, the antineutrino spectra are systematically
increased above 2 MeV, as was the conclusion in the earlier
papers on the anomaly. However, when the forbidden
transitions are treated in various approximations, the shape
and magnitude of the spectra are changed significantly.
Earlier analyses looked at only one prescription for these
transitions. The uncertainty introduced by our lack of
knowledge on how to treat these transitions is as large as
the size of the anomaly. It should also be noted that there are
additional uncertainties due to our oversimplified treatment
of the allowed weak magnetism operator (viz., no meson
currents and a truncated orbital current), as well as a
simplified finite-size treatment for forbidden transitions.
These considerations also apply to the fission antineutrino
spectra in medium and long baseline reactor experiments,
implying at least a 4%uncertainty on the fission antineutrino
flux in those experiments. Reducing the uncertainty within
a purely theoretical framework would be difficult. An
improvement will require either direct measurements of
the antineutrino flux or a substantial improvement in our
knowledge of the dominant forbidden beta transitions.

[1] G. Mention, M. Fechner, Th. Lasserre, Th. A. Mueller,
D. Lhuillier, M. Cribier, and A. Letourneau, Phys. Rev. D
83, 073006 (2011).

[2] Th. A. Mueller et al., Phys. Rev. C 83, 054615 (2011).
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FIG. 2 (color). The ratio of the function kðEe; EνÞ for 235U
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FIG. 3 (color). Different treatments of the forbidden GT
transitions contributing to the antineutrino spectrum summed
over all actinides in the fission burn in midcycle [21] of a typical
reactor. The left-hand panel shows the ratio of these antineutrino
spectra relative to that using the assumptions of Ref. [4]. The
right-hand panel shows the spectra weighted by the detection
cross section, where the additional curve in black uses the
assumptions of Ref. [4]. The spectra are strongly distorted by
the forbidden operators, being lower below the peak and in some
cases more than 20% larger above the peak than Ref. [4]. The
corresponding change in the number of detectable antineutrinos
relative to Ref. [4] is −0.75%, 5.8%, and 1.85% for the 0−, 1−,
and 2− forbidden operators, respectively.
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reason we examine four prescriptions: (1) all transitions are
assumed to be allowed; (2) all end-point energies can be
associated with either an allowed or forbidden transition;
(3) 30% of the branches are selected to be forbidden at
equal energy intervals; (4) 30% of the branches are selected
to be forbidden with a bias towards higher energies. In
addition, we examine fits in which the operator determining
the forbidden decays was taken to be ½Σ; r"0−, ½Σ; r"1−,
½Σ; r"2− or a combination of these. As a natural conse-
quence of the non-negative least-squares procedure, the fit
results in a significant fraction of the end points having zero
amplitude. The subset of end points with nonzero ampli-
tudes varies depending on the operator assignment.
We find excellent fits to the electron spectrum in

all cases. However, different treatments of the forbidden
transitions can lead to antineutrino spectra that differ both
in shape and magnitude at about the 4% level. Two
examples are shown in Fig. 1, where we present the fits
obtained when the WM and FS corrections are included.
In one case all transitions are assumed to be allowed, while
in the second case the best fit results from about 25%
forbidden decays. For the assumption of all allowed tran-
sitions, we see a systematic increase of about 2.2% in the
number of antineutrinos relative to Schreckenbach, while
including forbidden transitions leads to no increase relative
to Schreckenbach. Other prescriptions for the forbidden
transitions lead to changes relative to the Schreckenbach
antineutrino spectrum ranging from 0% to 4%, including
changes in the shape of the antineutrino spectrum. These
examples help to clarify the difficulty in inferring with
high certainty the antineutrino spectrum from a measured

electron spectrum when information on the forbidden
transitions is not available.
In calculating the aggregate fission spectra from the

database library, an analogous uncertainty arises because
detailed structure information does not exist for the
majority of the roughly 1500 forbidden transitions. In
addition, several of the transitions are forbidden at second
or higher order, for which analytic corrections are not
available. Thus, there is no clear prescription for applying
the corrections to this component of the spectra, and it is
more beneficial to examine the effect of different approx-
imations in order to estimate the uncertainty involved. In
all approximations we treat unique forbidden transitions as
unique first-forbidden GT transitions and treat nonunique
forbidden transitions in one of the following ways: (1) as
allowed GT; (2) as unique first-forbidden GT with the
operator ½Σ; r"2−; (3) with the operator ½Σ; r"0−; (4) with the
operator ½Σ; r"1−. None of the these treatments is correct,
but they provide estimates for changes in the spectra
induced by forbidden transitions.
The aggregate fission beta spectrum under equilibrium

reactor burning conditions for a given actinide is deter-
mined by the beta spectra SðEe; Zi; AiÞ of the individual
unstable fission fragments weighted by their cumulative
fission yields YFi

[18]:

NβðEeÞ ¼
X

Fi

YFi
SðEe; Zi; AiÞ: (3)

The beta spectrum S for each fragment (Zi, Ai) summed
over all decay branches must be normalized to unity:R
SðE; Z; AÞdE ¼ 1. Thus, Eq. (3) is a statement that under

equilibrium burning conditions the beta-decay rates are
determined by the fission rate [19]. If the antineutrino
spectrum is inferred from a measured aggregate beta spec-
trum, Eq. (3) must be replaced by a sum over a set of end-
point energies fE0ig, weighted by a fitted set of coefficients
faig: Nβ ¼

P
iaiSðEe; E0iÞ.

There is no uniquemethod for determining the uncertainty
in the antineutrino spectrum introduced by the forbidden
transitions. Another possibility (in addition to the fitting
exercise above) is to consider changes in the bivariant
function kðEe; EνÞ, where kðEe; EνÞ ¼ NνðEνÞ=NβðEeÞ.
If kðEe; EνÞ only changes by some small percentage for
some path in the (Ee, Eν) plane as we change our treatment
of forbidden transitions, then there exists a prescription
for inferring the antineutrino spectrum to that accuracy.
We calculated the function kðEe; EνÞ for each of our four
assumptions (above). We found no path in the (Ee, Eν)
plane that left kðEe; EνÞ unchanged by as little as 5% as our
assumptions for the forbidden transitions changed. Figure 2
depicts the result for the path Eν ¼ Kβ ≡ Ee −mec2 [20].
Similar or larger differences were found for all other paths.
The very nonsmooth and nonlinear shape of k arises from the
shape factors CðEeÞ.
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FIG. 1 (color). The fit to the electron spectrum for 235U (left) for
two different assumptions on how to treat forbidden transitions,
and the ratio of the corresponding antineutrino spectra to that of
Schreckenbach (right). The electron data are those of Ref. [4], and
K.E. denotes kinetic energy. The electron spectra are fit assuming
(a) all allowed GT branches or (b) up to 30% forbidden GT
transitions. In both cases the WM and FS corrections are
included. When folded over the neutrino detection cross section,
the case for all allowed (25% forbidden) transitions results in a
2.2% (0.06%) increase in the number of detectable antineutrinos.
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Methods

❖ Two widely used nuclear many-body approaches!

❖ Shell Model!

❖ Exact solutions, large configuration space, 
limited regions can be calculated!

❖ QRPA!

❖ Truncated configuration space with large model 
space, can be used for the whole chart



Methods

❖ We use the NuShellX@MSU code:!

!

!

❖ M-scheme Configurations, projected to J-scheme!

❖ Matrix elements “calculated in the fly”!

❖ Lanczos iterations with multiple cores

B. A. Brown and W. D. M. Raes !
Nucl. Data Sheets 120,115(2015)

The Shell-Model Code . . . NUCLEAR DATA SHEETS B.A. Brown et al.

Hamiltonians

based NN scattering

library of published

effective interactions

(sps folder)

NuShellX

NuShellX@MSU

wrapper

Data from the

Table of Isotopes

(toi folder)

energies (*.lpt)
plot for exp vs theory (*.eps)
gamma decay scheme (*.deo)
beta decay scheme (*.beo)
one−nucleon transfer (*.lsf)
two−nucleon transfer (*.tna)

FIG. 2. Schematic layout of the NuShellX@MSU codes.
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FIG. 3. Energy levels for 53Fe. The experimental values are
plotted on the left-hand side with the length of the line pro-
portional to the J value. If the J value is not certain it is
indicated by a point on the y-axis. The lines end in crosses
for negative parity and filled circles for positive parity states.
The theoretical results for negative parity states obtained in
the f7/2 model space are shown on the right-hand side.

allowed beta-decay scheme. The program DENS allows
one to use radial wavefunctions from harmonic-oscillator,
Woods-Saxon or Skyrme energy-density functions meth-
ods for the matrix elements. DENS can also be used to
obtain electron scattering form factors.

III. SOME EXAMPLES

A review of the shell-model method and references for
many of the Hamiltonians that have been used is given
in Ref. [5]. As an example for energy levels, the results

 53Fe gx1a

 7/2−

 9/2−

11/2−

13/2−19/2−

0

1

2

3

4

5

E
 (

M
eV

)

experiment

 53Fe (Z= 26) (N= 27)
 7/2−

 9/2−

11/2−

19/2−

FIG. 4. Same as Fig. 3 except that the calculation is carried
out in the full pf model space with the GPFX1A Hamiltonian.

for 53Fe are shown in Figs. 3 and 4. Fig. 3 shows a com-
parison of experiment with a calculation in the model
space consisting of just one orbital, the 0f7/2. This is the
type of calculation that was possible in the 1960’s. The
spectrum is shown by energy levels (lines) with lengths
that are proportional to their J value. For guidance some
of these are labeled. If the experimental J value is not
known it is indicated by a point on the y-axis. For the
0f7/2 model space the effective Hamiltonian based upon
the spectrum for three holes in 56Ni reproduces the exper-
imental high-spin levels. This case was of early interest
because of the isomeric property of the 19/2− level that
leads to a rare E6 gamma decay to the ground state. But
it is obvious that there many lower J states that are not
described by the 0f7/2 model space. With the NuShellX
code it is relatively easy to consider 53Fe in the full pf
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Methods

❖ QRPA is based on the BCS or HFB theory within the 
quasi-particle presentations!

❖ pn-QRPA uses the p-n two quasi-particle excitations to 
construct the corresponding odd-odd states!

❖ It is suitable for the description of charge exchange 
reactions as well as beta-decay  



Methods

❖ Our version of pn-QRPA:!

❖ s.p. levels are taken from SkX fitted for 132Sn!

❖ pairing with a delta force or realistic forces are used!

❖ residue interactions (realistic G-matrix) similar to 
Shell Model are used!

❖ no self-consistency between the mean field and the 
residue

DLF, B. A. Brown and T. Suzuki, PRC88,034304(2013)



Results
❖ Microscopic descriptions of FF decays!

!

❖ C has the form !

❖ For 0-!

❖ For 1-!

❖ For 2-!

❖ Finally

E↵ect of first forbidden decays on the shape of neutrino spectra

Dong-Liang Fanga,b and B. Alex Browna,b,c
a

National Superconducting Cyclotron Laboratory, Michigan State University, East Lansing, Michigan 48824, USA

b

Joint Institute for Nuclear and Astrophysics, Michigan State University and

c

Department of Physics and Astronomy, Michigan State University, East Lansing, MI 48824, USA

We examine the e↵ect of First Forbidden (FF) decays on �-decay neutrino spectra by performing
microscopic nuclear structure calculations. By analyzing the FF decay branches of even-even nuclei
we conclude that FF decays may be responsible for part of the missing neutrinos in the so called
”Reactor Neutrino Anomaly”. Further calculations and more experimental data are needed for a
firm conclusion.

PACS numbers: 14.60.Lm,21.60.-n, 23.40.Bw

I. INTRODUCTION

The ”reactor anti-neutrino anomaly” is the observation
that the average of the experimentally determined reac-
tor anti-neutrino flux at reactor-detector distances less
than 100 m accounts for only 0.946 ± 0.023 of the theo-
retical expectation [1–3]. One of the explanations for this
anomaly is that standard neutrinos that carry the weak
nuclear charge can oscillate into a “sterile” neutrino that
does not contain a weak nuclear charge and escapes de-
tection. This is one of the few types of experiments that
could be sensitive to the sterile neutrinos. It is important
to verify that the shape of the calculated anti-neutrino
spectrum is correct.

In [4] the e↵ects of various corrections to the expected
neutrino spectra were examined, but it was found that
these corrections could not explain the anomaly. How-
ever, in [4] only allowed decays were analyzed and the
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The detailed expressions for theK’s can be obtained from
[7, 8]. For 0�, there are three matrix elements Ms
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u, u0, x, x0 and y, and for 2� just one matrix element
z is involved. The expressions for these matrix elements
are given in [7]. In [5] only the M
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0 , u, x and z terms
were used for FF branches. Our additional terms result
in some di↵erences between our results and those of [5].
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The spectra for FF decays are di↵erent from that of al-
lowed GT, and their shape depends on the decay modes
(J⇡). To obtain the spectra we need to know some de-
tailed structure information for the �-active nuclei.

For the nuclear structure calculations, the configura-
tion interaction model or shell model (SM) provides an
exact solution within a model space for a restricted set of
valence orbitals. Realistic shell-model Hamiltonians can
be derived from renormalized interactions based on the
nucleon-nucleon interaction with some empirical single-
particle energies and modifications to reproduce exper-
imental binding energies and excitation energies. How-
ever, as the number of valence nucleons increase, the di-
mensions of the configurations increase drastically mak-
ing the calculations impossible. Starting with a closed
shell of 132Sn one add nucleons in the “jj56” model
space that consists of the five (1g7/2, 2d5/2, 2d3/2, 3s1/2,
1h11/2) orbitals for protons and the six (1h9/2, 2f7/2,
2f5/2, 3p3/2, 3p1/2, 1i13/2) orbitals for neutrons. We can
consider up to four neutrons and four protons in this
jj56 model space. The SM can be applied to the decays
of nuclei with both even and odd numbers of protons or
neutrons.

To obtain results over a wider region of the nuclear
chart, one needs to use various approximations. One of
these is the Quasi-particle Random Phase Approxima-
tions (QRPA) which assumes the excited states of the nu-
clei are small harmonic oscillations beyond the Hartree-
Fock-Boglyubov (HFB) or BCS ground states. Only two
quasi-particle excitations are considered in this approxi-
mation. By changing one neutron to one proton or vice
versa, we obtain the spectra for odd-odd nuclei, this is
the so-called pn-QRPA method [9] which is usually used
for charge exchange reactions as well as �-decay. The
QRPA method can only be applied to even-even nuclei.

III. RESULTS AND DISCUSSION

For the SM calculations we used the NuShellX@MSU
code [10]. The Hamiltonian for the jj56 model space

is taken from [11]. For this model space, the spin-orbit
partner of h and i levels are not included. As a result,
a larger than average quenching is needed for the cal-
culated Gamow-Teller matrix elements. The truncation
to jj56 will also require renormalization of the various
FF operators. The goal is to reproduce the experimental
logft values so that we will have realistic results for the
neutrino spectra.
For the QRPA calculations we use a Hamiltonian sim-

ilar to that used in [6]. We start with the realistic
G-matrix for CD-Bonn interaction, and then introduce
two renormalization parameters, g

ph

and g

pp

, for the
particle-hole and particle-particle channels, respectively.
The fitting strategy for them, as well as for the quench-
ing of factors for both GT and FF decay is explained
in [6]. In this work we generally follow the previous
work where we used g

A(V ) = 0.5 g
A0(V 0) for all types of

transitions, but slightly change some of the parameters
to better reproduce the logft values in the Xe region:
g

A

(1, 2�) = 0.4 g
A0, and g

V

(0�) = 0.6 g
V 0. The same

quenching values are used for the SM calculations.
In Table.I we present the comparisons of experimental

results with the SM and QRPA methods for the two even-
even nuclei. For 136Te, where the experimental data and
both calculations are possible, we see good agreement
among them. A one-to-one correspondence of most decay
branches can be found between the SM calculations and
the experimental results, the di↵erence of the logft values
are within 0.2 which means a factor of 1.5 in the transi-
tion rates. The QRPA calculations agree with the shell
model with di↵erences for logft values around 0.1 � 0.2.
Another even-even nucleus which has been measured is
140Xe. However, it is beyond the reach of our current SM
computational capacity, so only QRPA results are shown.
One finds that for this nucleus, the QRPA calculations
are in good agreement with the measurement.
As we have stated above, di↵erent decay channels may

have di↵erent shapes due to di↵erent dependencies over
energy !, so we need to investigate the e↵ects of these
decay channels on the neutrino spectra shape. For the
odd-odd or odd-A nuclei there is usually mixing between
di↵erent decay channels as |J

i

� J

f

|  �J  J

i

+ J

f

,
but for even-even nuclei, because the ground states of
the parent nuclei has always J

i

= 0, �J is unique for
specific final state of daughter nuclei, there will be no
mixing among di↵erent channels and it is easy to isolate
di↵erent shape changes in di↵erent decay channels.
In fig.1, we compare the neutrino spectra shape

changes relative to the allowed shape for di↵erent chan-
nels with di↵erent methods for two even-even nuclei
(136Te and 140Xe). For each nucleus we show the 0�,
1� and 2� decay branches. The SM and QRPA methods
agree well with each other. For 0� decays, the change
of the spectra is small and it is a good approximation
to treat the 0� decay as allowed decay. For 1� decay
the change is large with the peak of the neutrino spectra
shifted downwards. This means that more neutrinos have
less energy than expected from the previous simulation[2]

2

The detailed expressions for theK’s can be obtained from
[7, 8]. For 0�, there are three matrix elements Ms

0 , M
s

0
0

and M

T

0 , for 1� one has five matrix elements involving
u, u0, x, x0 and y, and for 2� just one matrix element
z is involved. The expressions for these matrix elements
are given in [7]. In [5] only the M

s

0 , u, x and z terms
were used for FF branches. Our additional terms result
in some di↵erences between our results and those of [5].

To get the electron or neutrino spectra, we take deriva-
tives over the respective energies:

dN

e

d!

= N

d�

e

d!

= C(!)F (Z,!)p(!0 � !)2

dN

⌫

d!

⌫

= N

d�

⌫

d!

⌫

(5)

= C(!0 � !

⌫

)F (Z,!0 � !

⌫

)!2
⌫

p
(!0 � !

⌫

)2 � 1

The spectra for FF decays are di↵erent from that of al-
lowed GT, and their shape depends on the decay modes
(J⇡). To obtain the spectra we need to know some de-
tailed structure information for the �-active nuclei.

For the nuclear structure calculations, the configura-
tion interaction model or shell model (SM) provides an
exact solution within a model space for a restricted set of
valence orbitals. Realistic shell-model Hamiltonians can
be derived from renormalized interactions based on the
nucleon-nucleon interaction with some empirical single-
particle energies and modifications to reproduce exper-
imental binding energies and excitation energies. How-
ever, as the number of valence nucleons increase, the di-
mensions of the configurations increase drastically mak-
ing the calculations impossible. Starting with a closed
shell of 132Sn one add nucleons in the “jj56” model
space that consists of the five (1g7/2, 2d5/2, 2d3/2, 3s1/2,
1h11/2) orbitals for protons and the six (1h9/2, 2f7/2,
2f5/2, 3p3/2, 3p1/2, 1i13/2) orbitals for neutrons. We can
consider up to four neutrons and four protons in this
jj56 model space. The SM can be applied to the decays
of nuclei with both even and odd numbers of protons or
neutrons.

To obtain results over a wider region of the nuclear
chart, one needs to use various approximations. One of
these is the Quasi-particle Random Phase Approxima-
tions (QRPA) which assumes the excited states of the nu-
clei are small harmonic oscillations beyond the Hartree-
Fock-Boglyubov (HFB) or BCS ground states. Only two
quasi-particle excitations are considered in this approxi-
mation. By changing one neutron to one proton or vice
versa, we obtain the spectra for odd-odd nuclei, this is
the so-called pn-QRPA method [9] which is usually used
for charge exchange reactions as well as �-decay. The
QRPA method can only be applied to even-even nuclei.

III. RESULTS AND DISCUSSION

For the SM calculations we used the NuShellX@MSU
code [10]. The Hamiltonian for the jj56 model space

is taken from [11]. For this model space, the spin-orbit
partner of h and i levels are not included. As a result,
a larger than average quenching is needed for the cal-
culated Gamow-Teller matrix elements. The truncation
to jj56 will also require renormalization of the various
FF operators. The goal is to reproduce the experimental
logft values so that we will have realistic results for the
neutrino spectra.
For the QRPA calculations we use a Hamiltonian sim-

ilar to that used in [6]. We start with the realistic
G-matrix for CD-Bonn interaction, and then introduce
two renormalization parameters, g

ph

and g

pp

, for the
particle-hole and particle-particle channels, respectively.
The fitting strategy for them, as well as for the quench-
ing of factors for both GT and FF decay is explained
in [6]. In this work we generally follow the previous
work where we used g

A(V ) = 0.5 g
A0(V 0) for all types of

transitions, but slightly change some of the parameters
to better reproduce the logft values in the Xe region:
g

A

(1, 2�) = 0.4 g
A0, and g

V

(0�) = 0.6 g
V 0. The same

quenching values are used for the SM calculations.
In Table.I we present the comparisons of experimental

results with the SM and QRPA methods for the two even-
even nuclei. For 136Te, where the experimental data and
both calculations are possible, we see good agreement
among them. A one-to-one correspondence of most decay
branches can be found between the SM calculations and
the experimental results, the di↵erence of the logft values
are within 0.2 which means a factor of 1.5 in the transi-
tion rates. The QRPA calculations agree with the shell
model with di↵erences for logft values around 0.1 � 0.2.
Another even-even nucleus which has been measured is
140Xe. However, it is beyond the reach of our current SM
computational capacity, so only QRPA results are shown.
One finds that for this nucleus, the QRPA calculations
are in good agreement with the measurement.
As we have stated above, di↵erent decay channels may

have di↵erent shapes due to di↵erent dependencies over
energy !, so we need to investigate the e↵ects of these
decay channels on the neutrino spectra shape. For the
odd-odd or odd-A nuclei there is usually mixing between
di↵erent decay channels as |J

i

� J

f

|  �J  J

i

+ J

f

,
but for even-even nuclei, because the ground states of
the parent nuclei has always J

i

= 0, �J is unique for
specific final state of daughter nuclei, there will be no
mixing among di↵erent channels and it is easy to isolate
di↵erent shape changes in di↵erent decay channels.
In fig.1, we compare the neutrino spectra shape

changes relative to the allowed shape for di↵erent chan-
nels with di↵erent methods for two even-even nuclei
(136Te and 140Xe). For each nucleus we show the 0�,
1� and 2� decay branches. The SM and QRPA methods
agree well with each other. For 0� decays, the change
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the change is large with the peak of the neutrino spectra
shifted downwards. This means that more neutrinos have
less energy than expected from the previous simulation[2]
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formulas [19–21]:

! = ln2/t1/2 = f/8896 (s−1),

f =
∫ w0

1
C(w)F (Z,w)pw(w0 − w)2dw, (1)

C(w) = K0 + K1w + K−1/w + K2w
2,

where w is the electron energy, F (Z,w) is the Fermi function,
and Kn’s depend on nuclear transition-matrix elements. Here,
relativistic corrections from the expansion of electron radial
wave functions in powers of electron mass and nuclear
charge parameters are included; matrix elements of one-
body operators, [r⃗ × σ⃗ ]λ with λ = 0, 1, 2 and r⃗ , as well
as those from weak hadronic currents, γ5, α⃗, are taken
into account for the FF transitions. In the case of the GT
transition, the shape factor C(w) does not depend on electron
energy;

K0 = 1
2Ji + 1

|⟨f ||O(1+)||i⟩|2, O(1+) = gAσ⃗ t− (2)

with gA the axial vector coupling constant, Ji is the spin of the
initial state, and t−|n⟩ = |p⟩, and Kn(n ̸= 0) = 0.

In the case of the FF transitions, for 0− transitions,
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√
1 − (αZ)2,
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√

4π/(2L + 1)YL, C = 1/
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2Ji + 1. The prime in MS′
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indicates that the effects of the finite nuclear charge distribution
on the electron wave function are taken into account [19,22].
For 1− transitions,
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(4)
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(u − x)w0, Y = ξ ′y − ξ (u′ + x ′),

x = −⟨f ||irC1t−||i⟩C,
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√
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∣∣∣∣

i

MN

∇⃗t−

∣∣∣∣|i⟩C,

where MN is the nucleon mass and the primes in x ′ and u′

indicate that the effects of finite nuclear charge distribution

are taken into account [19,22]. The quantities µ1 and λ2 are
defined [20] in terms of electron wave functions and depend
on electron momentum pe. Their values are close to unity;
µ1 = 0.9−1.0 and λ2 = 0.7−1.0 at pe > 0.5 and gets larger
than 1 at pe < 0.5 for Z considered here [23].

For 2− transitions,

K0 = 1
12z2

(
w2

0 − λ2
)
, K1 = − 1

6z2w0,
(5)

K2 = 1
12z2(1 + λ2), z = 2gA⟨f ||ir[C1 × σ⃗ ]2t−||i⟩C.

In the leading order, the FF transition operators are
expressed as [24]

C(w) = 1
2Ji + 1

|⟨f ||O(λ−)||i⟩|2,

O(0−) = gA

[
σ⃗ · p⃗

MN

+ ξ iσ⃗ · r⃗

]
t−,

(6)

O(1−) =
[
gV

p⃗

MN

− ξ (gAσ⃗ × r⃗ − igV r⃗)
]
t−,

O(2−)µ = i
gA√

3
[σ⃗ × r⃗]2

µ

√
p⃗2

e + q⃗2
ν t−,

where gV is the vector coupling constant. Matrix elements of
the first and the second parts of O(0−), the first, second, and
third terms of O(1−), and O(2−) correspond to MT

0 and MS′
0 ,

ξ ′y, u′, and x ′, and z in Ref. [19], respectively. The transition
strengths constructed from the matrix elements of O(0−) and
O(1−) in Eq. (6) are dominant parts of K0, while that of
O(2−) in Eq. (6) becomes equivalent to Eq. (5) when λ2 equals
unity.

A shell-model study was made for FF β decays in the lead
region, A = 205−212, where an enhancement of the rank-zero
matrix element of γ5, MT

0 , has been found [25]. The quenching
of the rank-1 and rank-2 components of the decay rate due to
the core polarization effects has been also investigated [25,26].
Here, the transition-matrix elements and rates are evaluated by
using Eqs. (1)−(5) following Refs. [19,20].

The isotones with proton number of Z = 64−73, that
is, nuclei with nh = 18−9 proton holes are considered here
for the shell-model calculations [27]. A closed N = 126
shell configuration is assumed for the parent nucleus. Proton
holes in 0h11, 1d3/2, and 2s1/2 orbits are taken into account
for the shell-model calculations. Configurations with 2−4
and up to two holes are taken for 1d3/2 and 2s1/2 orbits,
respectively. For the 0h11/2 orbit, (nh − 6)–(nh − 4) (∼12 in
the case of nh = 17) hole configurations are taken into account
for nh ! 17. In the case of nh = 18 (Z = 64), 10–12 hole
configurations for the 0h11/2 orbit and an additional 0−2 hole
configurations for the 1d5/2 orbit are considered. For neutrons,
the 0h9/2, 1f5/2,7/2, 2p1/2,3/2, and 0i13/2 orbits outside the
N = 82 core are taken as the model space, and in the β decays
a neutron in these orbits changes into a proton whose orbit has
holes. The FF transitions are induced by ν0i13/2 → π0h11/2
and ν(fp) → π (sd) transitions while the GT transition is
dominantly induced by the ν0h9/2 → π0h11/2 transition. In
the β decays, important contributions come from transitions
to low-lying states. The giant resonance region is energetically
off the β-decay windows even for the very neutron-rich cases.
Though the calculations have been carried out with restricted

015802-2

SUZUKI, YOSHIDA, KAJINO, AND OTSUKA PHYSICAL REVIEW C 85, 015802 (2012)

formulas [19–21]:

! = ln2/t1/2 = f/8896 (s−1),

f =
∫ w0

1
C(w)F (Z,w)pw(w0 − w)2dw, (1)

C(w) = K0 + K1w + K−1/w + K2w
2,

where w is the electron energy, F (Z,w) is the Fermi function,
and Kn’s depend on nuclear transition-matrix elements. Here,
relativistic corrections from the expansion of electron radial
wave functions in powers of electron mass and nuclear
charge parameters are included; matrix elements of one-
body operators, [r⃗ × σ⃗ ]λ with λ = 0, 1, 2 and r⃗ , as well
as those from weak hadronic currents, γ5, α⃗, are taken
into account for the FF transitions. In the case of the GT
transition, the shape factor C(w) does not depend on electron
energy;

K0 = 1
2Ji + 1

|⟨f ||O(1+)||i⟩|2, O(1+) = gAσ⃗ t− (2)

with gA the axial vector coupling constant, Ji is the spin of the
initial state, and t−|n⟩ = |p⟩, and Kn(n ̸= 0) = 0.

In the case of the FF transitions, for 0− transitions,

K0 = ζ 2
0 + 1

9

(
MS

0

)2
, K−1 = −2

3
µ1γ1ζ0M

S
0 ,

ζ0 = V + 1
3
MS

0 w0, V = MT
0 + ξMS′

0 ,

(3)
MS

0 = −gA

√
3⟨f ||ir[C1 × σ⃗ ]0t−||i⟩C,

MT
0 = −gA⟨f ||γ5t−||i⟩C,

where ξ = αZ/2R with α the fine-structure constant
and R is the nuclear charge radius, γ1 =

√
1 − (αZ)2,

CL =
√

4π/(2L + 1)YL, C = 1/
√

2Ji + 1. The prime in MS′
0

indicates that the effects of the finite nuclear charge distribution
on the electron wave function are taken into account [19,22].
For 1− transitions,

K0 = ζ 2
1 + 1

9
(x + u)2 − 4

9
µ1γ1u(x + u)

+ 1
18

w2
0(2x + u)2 − 1

18
λ2(2x − u)2,

K1 = −4
3
uY − 1

9
w0(4x2 + 5u2),

K−1 = 2
3
µ1γ1ζ1(x + u),

K2 = 1
18

[8u2 + (2x + u)2 + λ2(2x − u)2],
(4)

ζ1 = Y + 1
3

(u − x)w0, Y = ξ ′y − ξ (u′ + x ′),

x = −⟨f ||irC1t−||i⟩C,

u = −gA

√
2⟨f ||ir[C1 × σ⃗ ]1t−||i⟩C,

ξ ′y = −⟨f |
∣∣∣∣

i

MN

∇⃗t−

∣∣∣∣|i⟩C,

where MN is the nucleon mass and the primes in x ′ and u′

indicate that the effects of finite nuclear charge distribution

are taken into account [19,22]. The quantities µ1 and λ2 are
defined [20] in terms of electron wave functions and depend
on electron momentum pe. Their values are close to unity;
µ1 = 0.9−1.0 and λ2 = 0.7−1.0 at pe > 0.5 and gets larger
than 1 at pe < 0.5 for Z considered here [23].

For 2− transitions,

K0 = 1
12z2

(
w2

0 − λ2
)
, K1 = − 1

6z2w0,
(5)

K2 = 1
12z2(1 + λ2), z = 2gA⟨f ||ir[C1 × σ⃗ ]2t−||i⟩C.

In the leading order, the FF transition operators are
expressed as [24]

C(w) = 1
2Ji + 1

|⟨f ||O(λ−)||i⟩|2,

O(0−) = gA

[
σ⃗ · p⃗

MN

+ ξ iσ⃗ · r⃗

]
t−,

(6)

O(1−) =
[
gV

p⃗

MN

− ξ (gAσ⃗ × r⃗ − igV r⃗)
]
t−,

O(2−)µ = i
gA√

3
[σ⃗ × r⃗]2

µ

√
p⃗2

e + q⃗2
ν t−,

where gV is the vector coupling constant. Matrix elements of
the first and the second parts of O(0−), the first, second, and
third terms of O(1−), and O(2−) correspond to MT

0 and MS′
0 ,

ξ ′y, u′, and x ′, and z in Ref. [19], respectively. The transition
strengths constructed from the matrix elements of O(0−) and
O(1−) in Eq. (6) are dominant parts of K0, while that of
O(2−) in Eq. (6) becomes equivalent to Eq. (5) when λ2 equals
unity.

A shell-model study was made for FF β decays in the lead
region, A = 205−212, where an enhancement of the rank-zero
matrix element of γ5, MT

0 , has been found [25]. The quenching
of the rank-1 and rank-2 components of the decay rate due to
the core polarization effects has been also investigated [25,26].
Here, the transition-matrix elements and rates are evaluated by
using Eqs. (1)−(5) following Refs. [19,20].

The isotones with proton number of Z = 64−73, that
is, nuclei with nh = 18−9 proton holes are considered here
for the shell-model calculations [27]. A closed N = 126
shell configuration is assumed for the parent nucleus. Proton
holes in 0h11, 1d3/2, and 2s1/2 orbits are taken into account
for the shell-model calculations. Configurations with 2−4
and up to two holes are taken for 1d3/2 and 2s1/2 orbits,
respectively. For the 0h11/2 orbit, (nh − 6)–(nh − 4) (∼12 in
the case of nh = 17) hole configurations are taken into account
for nh ! 17. In the case of nh = 18 (Z = 64), 10–12 hole
configurations for the 0h11/2 orbit and an additional 0−2 hole
configurations for the 1d5/2 orbit are considered. For neutrons,
the 0h9/2, 1f5/2,7/2, 2p1/2,3/2, and 0i13/2 orbits outside the
N = 82 core are taken as the model space, and in the β decays
a neutron in these orbits changes into a proton whose orbit has
holes. The FF transitions are induced by ν0i13/2 → π0h11/2
and ν(fp) → π (sd) transitions while the GT transition is
dominantly induced by the ν0h9/2 → π0h11/2 transition. In
the β decays, important contributions come from transitions
to low-lying states. The giant resonance region is energetically
off the β-decay windows even for the very neutron-rich cases.
Though the calculations have been carried out with restricted

015802-2

SUZUKI, YOSHIDA, KAJINO, AND OTSUKA PHYSICAL REVIEW C 85, 015802 (2012)

formulas [19–21]:

! = ln2/t1/2 = f/8896 (s−1),

f =
∫ w0

1
C(w)F (Z,w)pw(w0 − w)2dw, (1)

C(w) = K0 + K1w + K−1/w + K2w
2,

where w is the electron energy, F (Z,w) is the Fermi function,
and Kn’s depend on nuclear transition-matrix elements. Here,
relativistic corrections from the expansion of electron radial
wave functions in powers of electron mass and nuclear
charge parameters are included; matrix elements of one-
body operators, [r⃗ × σ⃗ ]λ with λ = 0, 1, 2 and r⃗ , as well
as those from weak hadronic currents, γ5, α⃗, are taken
into account for the FF transitions. In the case of the GT
transition, the shape factor C(w) does not depend on electron
energy;

K0 = 1
2Ji + 1

|⟨f ||O(1+)||i⟩|2, O(1+) = gAσ⃗ t− (2)

with gA the axial vector coupling constant, Ji is the spin of the
initial state, and t−|n⟩ = |p⟩, and Kn(n ̸= 0) = 0.

In the case of the FF transitions, for 0− transitions,

K0 = ζ 2
0 + 1

9

(
MS

0

)2
, K−1 = −2

3
µ1γ1ζ0M

S
0 ,

ζ0 = V + 1
3
MS

0 w0, V = MT
0 + ξMS′

0 ,

(3)
MS

0 = −gA

√
3⟨f ||ir[C1 × σ⃗ ]0t−||i⟩C,

MT
0 = −gA⟨f ||γ5t−||i⟩C,

where ξ = αZ/2R with α the fine-structure constant
and R is the nuclear charge radius, γ1 =

√
1 − (αZ)2,

CL =
√

4π/(2L + 1)YL, C = 1/
√

2Ji + 1. The prime in MS′
0

indicates that the effects of the finite nuclear charge distribution
on the electron wave function are taken into account [19,22].
For 1− transitions,

K0 = ζ 2
1 + 1

9
(x + u)2 − 4

9
µ1γ1u(x + u)

+ 1
18

w2
0(2x + u)2 − 1

18
λ2(2x − u)2,

K1 = −4
3
uY − 1

9
w0(4x2 + 5u2),

K−1 = 2
3
µ1γ1ζ1(x + u),

K2 = 1
18

[8u2 + (2x + u)2 + λ2(2x − u)2],
(4)

ζ1 = Y + 1
3

(u − x)w0, Y = ξ ′y − ξ (u′ + x ′),

x = −⟨f ||irC1t−||i⟩C,

u = −gA

√
2⟨f ||ir[C1 × σ⃗ ]1t−||i⟩C,

ξ ′y = −⟨f |
∣∣∣∣

i

MN

∇⃗t−

∣∣∣∣|i⟩C,

where MN is the nucleon mass and the primes in x ′ and u′

indicate that the effects of finite nuclear charge distribution

are taken into account [19,22]. The quantities µ1 and λ2 are
defined [20] in terms of electron wave functions and depend
on electron momentum pe. Their values are close to unity;
µ1 = 0.9−1.0 and λ2 = 0.7−1.0 at pe > 0.5 and gets larger
than 1 at pe < 0.5 for Z considered here [23].

For 2− transitions,

K0 = 1
12z2

(
w2

0 − λ2
)
, K1 = − 1

6z2w0,
(5)

K2 = 1
12z2(1 + λ2), z = 2gA⟨f ||ir[C1 × σ⃗ ]2t−||i⟩C.

In the leading order, the FF transition operators are
expressed as [24]

C(w) = 1
2Ji + 1

|⟨f ||O(λ−)||i⟩|2,

O(0−) = gA

[
σ⃗ · p⃗

MN

+ ξ iσ⃗ · r⃗

]
t−,

(6)

O(1−) =
[
gV

p⃗

MN

− ξ (gAσ⃗ × r⃗ − igV r⃗)
]
t−,

O(2−)µ = i
gA√

3
[σ⃗ × r⃗]2

µ

√
p⃗2

e + q⃗2
ν t−,

where gV is the vector coupling constant. Matrix elements of
the first and the second parts of O(0−), the first, second, and
third terms of O(1−), and O(2−) correspond to MT

0 and MS′
0 ,

ξ ′y, u′, and x ′, and z in Ref. [19], respectively. The transition
strengths constructed from the matrix elements of O(0−) and
O(1−) in Eq. (6) are dominant parts of K0, while that of
O(2−) in Eq. (6) becomes equivalent to Eq. (5) when λ2 equals
unity.

A shell-model study was made for FF β decays in the lead
region, A = 205−212, where an enhancement of the rank-zero
matrix element of γ5, MT

0 , has been found [25]. The quenching
of the rank-1 and rank-2 components of the decay rate due to
the core polarization effects has been also investigated [25,26].
Here, the transition-matrix elements and rates are evaluated by
using Eqs. (1)−(5) following Refs. [19,20].

The isotones with proton number of Z = 64−73, that
is, nuclei with nh = 18−9 proton holes are considered here
for the shell-model calculations [27]. A closed N = 126
shell configuration is assumed for the parent nucleus. Proton
holes in 0h11, 1d3/2, and 2s1/2 orbits are taken into account
for the shell-model calculations. Configurations with 2−4
and up to two holes are taken for 1d3/2 and 2s1/2 orbits,
respectively. For the 0h11/2 orbit, (nh − 6)–(nh − 4) (∼12 in
the case of nh = 17) hole configurations are taken into account
for nh ! 17. In the case of nh = 18 (Z = 64), 10–12 hole
configurations for the 0h11/2 orbit and an additional 0−2 hole
configurations for the 1d5/2 orbit are considered. For neutrons,
the 0h9/2, 1f5/2,7/2, 2p1/2,3/2, and 0i13/2 orbits outside the
N = 82 core are taken as the model space, and in the β decays
a neutron in these orbits changes into a proton whose orbit has
holes. The FF transitions are induced by ν0i13/2 → π0h11/2
and ν(fp) → π (sd) transitions while the GT transition is
dominantly induced by the ν0h9/2 → π0h11/2 transition. In
the β decays, important contributions come from transitions
to low-lying states. The giant resonance region is energetically
off the β-decay windows even for the very neutron-rich cases.
Though the calculations have been carried out with restricted
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formulas [19–21]:

! = ln2/t1/2 = f/8896 (s−1),

f =
∫ w0

1
C(w)F (Z,w)pw(w0 − w)2dw, (1)

C(w) = K0 + K1w + K−1/w + K2w
2,

where w is the electron energy, F (Z,w) is the Fermi function,
and Kn’s depend on nuclear transition-matrix elements. Here,
relativistic corrections from the expansion of electron radial
wave functions in powers of electron mass and nuclear
charge parameters are included; matrix elements of one-
body operators, [r⃗ × σ⃗ ]λ with λ = 0, 1, 2 and r⃗ , as well
as those from weak hadronic currents, γ5, α⃗, are taken
into account for the FF transitions. In the case of the GT
transition, the shape factor C(w) does not depend on electron
energy;

K0 = 1
2Ji + 1

|⟨f ||O(1+)||i⟩|2, O(1+) = gAσ⃗ t− (2)

with gA the axial vector coupling constant, Ji is the spin of the
initial state, and t−|n⟩ = |p⟩, and Kn(n ̸= 0) = 0.

In the case of the FF transitions, for 0− transitions,
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where ξ = αZ/2R with α the fine-structure constant
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indicates that the effects of the finite nuclear charge distribution
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where MN is the nucleon mass and the primes in x ′ and u′

indicate that the effects of finite nuclear charge distribution

are taken into account [19,22]. The quantities µ1 and λ2 are
defined [20] in terms of electron wave functions and depend
on electron momentum pe. Their values are close to unity;
µ1 = 0.9−1.0 and λ2 = 0.7−1.0 at pe > 0.5 and gets larger
than 1 at pe < 0.5 for Z considered here [23].
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In the leading order, the FF transition operators are
expressed as [24]
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where gV is the vector coupling constant. Matrix elements of
the first and the second parts of O(0−), the first, second, and
third terms of O(1−), and O(2−) correspond to MT

0 and MS′
0 ,

ξ ′y, u′, and x ′, and z in Ref. [19], respectively. The transition
strengths constructed from the matrix elements of O(0−) and
O(1−) in Eq. (6) are dominant parts of K0, while that of
O(2−) in Eq. (6) becomes equivalent to Eq. (5) when λ2 equals
unity.

A shell-model study was made for FF β decays in the lead
region, A = 205−212, where an enhancement of the rank-zero
matrix element of γ5, MT

0 , has been found [25]. The quenching
of the rank-1 and rank-2 components of the decay rate due to
the core polarization effects has been also investigated [25,26].
Here, the transition-matrix elements and rates are evaluated by
using Eqs. (1)−(5) following Refs. [19,20].

The isotones with proton number of Z = 64−73, that
is, nuclei with nh = 18−9 proton holes are considered here
for the shell-model calculations [27]. A closed N = 126
shell configuration is assumed for the parent nucleus. Proton
holes in 0h11, 1d3/2, and 2s1/2 orbits are taken into account
for the shell-model calculations. Configurations with 2−4
and up to two holes are taken for 1d3/2 and 2s1/2 orbits,
respectively. For the 0h11/2 orbit, (nh − 6)–(nh − 4) (∼12 in
the case of nh = 17) hole configurations are taken into account
for nh ! 17. In the case of nh = 18 (Z = 64), 10–12 hole
configurations for the 0h11/2 orbit and an additional 0−2 hole
configurations for the 1d5/2 orbit are considered. For neutrons,
the 0h9/2, 1f5/2,7/2, 2p1/2,3/2, and 0i13/2 orbits outside the
N = 82 core are taken as the model space, and in the β decays
a neutron in these orbits changes into a proton whose orbit has
holes. The FF transitions are induced by ν0i13/2 → π0h11/2
and ν(fp) → π (sd) transitions while the GT transition is
dominantly induced by the ν0h9/2 → π0h11/2 transition. In
the β decays, important contributions come from transitions
to low-lying states. The giant resonance region is energetically
off the β-decay windows even for the very neutron-rich cases.
Though the calculations have been carried out with restricted
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the first and the second parts of O(0−), the first, second, and
third terms of O(1−), and O(2−) correspond to MT
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0 ,

ξ ′y, u′, and x ′, and z in Ref. [19], respectively. The transition
strengths constructed from the matrix elements of O(0−) and
O(1−) in Eq. (6) are dominant parts of K0, while that of
O(2−) in Eq. (6) becomes equivalent to Eq. (5) when λ2 equals
unity.

A shell-model study was made for FF β decays in the lead
region, A = 205−212, where an enhancement of the rank-zero
matrix element of γ5, MT

0 , has been found [25]. The quenching
of the rank-1 and rank-2 components of the decay rate due to
the core polarization effects has been also investigated [25,26].
Here, the transition-matrix elements and rates are evaluated by
using Eqs. (1)−(5) following Refs. [19,20].

The isotones with proton number of Z = 64−73, that
is, nuclei with nh = 18−9 proton holes are considered here
for the shell-model calculations [27]. A closed N = 126
shell configuration is assumed for the parent nucleus. Proton
holes in 0h11, 1d3/2, and 2s1/2 orbits are taken into account
for the shell-model calculations. Configurations with 2−4
and up to two holes are taken for 1d3/2 and 2s1/2 orbits,
respectively. For the 0h11/2 orbit, (nh − 6)–(nh − 4) (∼12 in
the case of nh = 17) hole configurations are taken into account
for nh ! 17. In the case of nh = 18 (Z = 64), 10–12 hole
configurations for the 0h11/2 orbit and an additional 0−2 hole
configurations for the 1d5/2 orbit are considered. For neutrons,
the 0h9/2, 1f5/2,7/2, 2p1/2,3/2, and 0i13/2 orbits outside the
N = 82 core are taken as the model space, and in the β decays
a neutron in these orbits changes into a proton whose orbit has
holes. The FF transitions are induced by ν0i13/2 → π0h11/2
and ν(fp) → π (sd) transitions while the GT transition is
dominantly induced by the ν0h9/2 → π0h11/2 transition. In
the β decays, important contributions come from transitions
to low-lying states. The giant resonance region is energetically
off the β-decay windows even for the very neutron-rich cases.
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❖ Comparison of FF decay branches among two 
calculations and the measurements

3

TABLE I: List of excitation energies and spin-parities of the final states and the corresponding logft values from the experiments,
the shell-model (SM) and pn-QRPA(QRPA) calculations for di↵erent nuclei, we are choosing here only important low-lying FF
branches. The measured half-lives from [13] are presented here. The excitation energies are in the unit of MeV. For QRPA
calculations compared with [6], we have minor changes on the quenching (explained in the text) to make it much closer to the
experimental results in this region for a better comparison.

Exp. [13] ShM QRPA
J⇡

i

t(s) J⇡

f

E
ex

logft J⇡

f

E
ex

logft J⇡

f

E
ex

logft
0+ 17.63 (1�) 0 >6.7 1� 0 6.85 0� 0 6.37

136Te (0�, 1, 2�) 0.222 7.23 2� 0.095 7.37 1� 0.171 6.95
(0�, 1) 0.334 6.27 0� 0.133 6.41 2� 0.194 7.89
(0�, 1) 0.631 6.28 1� 0.426 6.26 2� 0.541 6.99

(0�, 1, 2�) 0.738 7.57 2� 0.507 6.71 1� 0.747 6.13
0+ 13.6 1�, 0� 0.080 6.14 0� 0 6.15

140Xe (0, 1�) 0.515 6.82 1� 0.127 6.77
0(�), 1(�) 0.653 5.98 2� 0.365 7.01
(1, 2�) 0.800 ⇡7.1 1� 0.586 6.05
1(�) 0.966 6.77 1� 1.353 6.75

FIG. 1: (Color online) Neutrino spectra of low-lying FF decay branches for 136Te (left) and 140Xe (right) from SM (dashed
lines in 1a) and 1b)) and QRPA (thick colors) calculations. The meanings of di↵erent line-styles are illustrated in the graph.
For 140Xe, the Full FF means this calculations with matrix elements and phase space stated above in the text, meanwhile the
“Simp. FF” means the simplified matrix element used in [5].

using the allowed type of phase space. For 2� decay the
behavior of the change to the shape is a bit di↵erent from
that of 1� as seen from fig.1 where the shape of the neu-
trino spectra for this decay branch is broadened.

We also make a comparison of the full microscopic
calculations to the approximations made in [5] where 4
out of 9 matrix elements are used (a↵ecting the 0� and
1� decays). For the 0� decay, the approximation used
in [5] gives a result that is opposite to the full micro-

scopic calculations, slightly shifting the neutrino spectra
to lower energy. For 1� decay, the approximation com-
pletely changes the behavior of the neutrino spectra. Due
to the over simplified forms in [5], the behavior of an over-
all shift of spectra to low energies disappears now. This
comes from the fact that for simplified 1� decay in table
I of [5] one of its matrix elements ([⌃, r]1� or u in this
work) has the same form as that for 2� decay ([⌃, r]2�

or z in this work).
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TABLE I: List of excitation energies and spin-parities of the final states and the corresponding logft values from the experiments,
the shell-model (SM) and pn-QRPA(QRPA) calculations for di↵erent nuclei, we are choosing here only important low-lying FF
branches. The measured half-lives from [13] are presented here. The excitation energies are in the unit of MeV. For QRPA
calculations compared with [6], we have minor changes on the quenching (explained in the text) to make it much closer to the
experimental results in this region for a better comparison.
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FIG. 1: (Color online) Neutrino spectra of low-lying FF decay branches for 136Te (left) and 140Xe (right) from SM (dashed
lines in 1a) and 1b)) and QRPA (thick colors) calculations. The meanings of di↵erent line-styles are illustrated in the graph.
For 140Xe, the Full FF means this calculations with matrix elements and phase space stated above in the text, meanwhile the
“Simp. FF” means the simplified matrix element used in [5].

using the allowed type of phase space. For 2� decay the
behavior of the change to the shape is a bit di↵erent from
that of 1� as seen from fig.1 where the shape of the neu-
trino spectra for this decay branch is broadened.

We also make a comparison of the full microscopic
calculations to the approximations made in [5] where 4
out of 9 matrix elements are used (a↵ecting the 0� and
1� decays). For the 0� decay, the approximation used
in [5] gives a result that is opposite to the full micro-

scopic calculations, slightly shifting the neutrino spectra
to lower energy. For 1� decay, the approximation com-
pletely changes the behavior of the neutrino spectra. Due
to the over simplified forms in [5], the behavior of an over-
all shift of spectra to low energies disappears now. This
comes from the fact that for simplified 1� decay in table
I of [5] one of its matrix elements ([⌃, r]1� or u in this
work) has the same form as that for 2� decay ([⌃, r]2�

or z in this work).
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❖ The differences of the observed neutrinos

4

TABLE II: The percentage of the numbers of neutrinos which
of the actual decay compared with the allowed shapes used in
the simulation for single decay branches of 136Te and 140Xe,
denoted by � defined in text. The superscripts here are Q
for QRPA and S for shell model, the subscript “simp” means
that we used the simplified FF matrix-elements used in [5].

EQ

ex

�Q �Q
simp.

ES

ex

�S EQ

ex

�Q �Q
simp.

0� 0.0 1.002 0.995 0.133 1.001 0.0 1.003 0.990
1�1 0.171 0.899 0.929 0.0 0.902 0.127 0.875 0.949
1�2 0.747 0.938 0.971 0.426 0.933 0.586 0.919 0.981
2�1 0.194 0.968 0.065 0.970 0.060 0.971
2�2 0.541 0.968 0.507 0.982 0.365 0.976

There is similar behavior between 136Te and 140Xe. We
would also expect the same behaviors of these FF decay
channels in odd-mass or odd-odd nuclei since they have
the same transition operators as the even-even nuclei.
From the above results, we conclude that the inclusion
of FF decays could eliminate the “reactor anti-neutrino
anomaly” if there are enough beta branches containing
1,2� transitions with suitable end-point energies, espe-
cially 1�. However, if we examine the nuclear chart for
the decay branching ratios, we find that 1,2� are usually
accompanied with 0� decays which usually have a much
smaller logft values (a stronger transition probability).
This would reduce the overall changes to the spectra.

To quantify the change in the neutrino spectrum due to
the change of phase space, we integrate over the spectra
with the two phase spaces as follows,

� =
1� n

FF

(E < E

t

)

1� n

GT

(E < E

t

)

n

I

(E < E

t

) =

Z
Et

0

dN

dE

⌫

(E
⌫

)dE
⌫

(6)

with
R
Eend

0 dN/dE

⌫

(E
⌫

)dE
⌫

= 1. E

t

is the energy
needed to trigger the interaction ⌫̄

e

+ p ! e

� + n, and
E

end

is the maximum energy of emitted neutrinos. The
reduction in the number of low-energy neutrinos is given
by � = 1� �. The change depends on the end point en-
ergy E

end

, which can be expressed as Q
�

�m

e

�E

ex

. So
we need precise excitation energies for the determination
of neutrino spectra. This result can then be compared
with the value of the reactor neutrino anomaly to see if
the lack of FF phase space factor in the simulation can
explain the missing neutrinos. The results for single de-
cay branches are listed in TableII. A comparison between
QRPA and shell model shows similarities for the ratio �,
this agrees with Fig.1. For the detailed values; the change
� of the 0� decay is negligible, for 1�, � goes up to ten
percent, and for 2�, � is only 2-3 percent.

To obtain quantitative results on the dependence of the
detailed changes on the end point energies of the decay
branches, we vary the Q values in the calculations for
the two nuclei 136Te and 140Xe. The results are plotted
in fig.2 where one observes that to a large extent this
relation is nucleus independent. � for the 0� branches

FIG. 2: (Color online) Dependence of the changes for the
percentage of neutrino number � (defined in text) on the end-
point energies for several FF decay branches of 136Te(bold
lines for QRPA calculations and dashed lines for SM calcu-
lations) and 140Xe(dashed-dot lines for QRPA calculation).
Here we varying the Q values of the two nuclei above to see
how the changes are related to the end-point energies of the
decay branches.

are near zero except below end-point energies of 3 MeV.
For small end-point energies, � is large due to the shape
changes at the spectra tail; but these are not important
since contributions of these branches to the total spectra
are small, see Fig.3 of [5]. For 2� decay the dependence
of � on the end-point energies are independent of logft
values since it has only one component. For end-point
energies from 4-6 MeV, � is around 3� 4%.
However, for 1� decays � depends on both E

end

and
logft. To see this we also plot the 1�2 decay branches for
the two nuclei Fig.2. Compared to 1�1 the FF decays to
the 1�2 states have smaller logft values (Table.I) (i.e. they
are stonger) and have smaller � values (Fig.2). The rea-
son of this comes from the fact that the transition rates
of 1� are determined by five di↵erent components. They
are combined to give the final decay rates, and their dif-
ferent combinations have di↵erent energy dependencies.
At E

end

⇠ 4 � 6 MeV, � is 5 � 15%. It was estimated
in [5] that 30% of the decay branches of the fission prod-
ucts are FF. Thus, in the most extreme case where the
FF is dominated by�J

⇡ = 1� the change of the neutrino
spectrum could be as large as � = 4.5%.

IV. CONCLUSION

In this work, explicit analysis of �-decay neutrino spec-
tra with inclusion of the first forbidden part has been
performed. One finds that use of the allowed decay
phase space factor results in a correction of up to about

4
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cially 1�. However, if we examine the nuclear chart for
the decay branching ratios, we find that 1,2� are usually
accompanied with 0� decays which usually have a much
smaller logft values (a stronger transition probability).
This would reduce the overall changes to the spectra.

To quantify the change in the neutrino spectrum due to
the change of phase space, we integrate over the spectra
with the two phase spaces as follows,
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is the maximum energy of emitted neutrinos. The
reduction in the number of low-energy neutrinos is given
by � = 1� �. The change depends on the end point en-
ergy E

end

, which can be expressed as Q
�

�m

e

�E

ex

. So
we need precise excitation energies for the determination
of neutrino spectra. This result can then be compared
with the value of the reactor neutrino anomaly to see if
the lack of FF phase space factor in the simulation can
explain the missing neutrinos. The results for single de-
cay branches are listed in TableII. A comparison between
QRPA and shell model shows similarities for the ratio �,
this agrees with Fig.1. For the detailed values; the change
� of the 0� decay is negligible, for 1�, � goes up to ten
percent, and for 2�, � is only 2-3 percent.

To obtain quantitative results on the dependence of the
detailed changes on the end point energies of the decay
branches, we vary the Q values in the calculations for
the two nuclei 136Te and 140Xe. The results are plotted
in fig.2 where one observes that to a large extent this
relation is nucleus independent. � for the 0� branches

FIG. 2: (Color online) Dependence of the changes for the
percentage of neutrino number � (defined in text) on the end-
point energies for several FF decay branches of 136Te(bold
lines for QRPA calculations and dashed lines for SM calcu-
lations) and 140Xe(dashed-dot lines for QRPA calculation).
Here we varying the Q values of the two nuclei above to see
how the changes are related to the end-point energies of the
decay branches.

are near zero except below end-point energies of 3 MeV.
For small end-point energies, � is large due to the shape
changes at the spectra tail; but these are not important
since contributions of these branches to the total spectra
are small, see Fig.3 of [5]. For 2� decay the dependence
of � on the end-point energies are independent of logft
values since it has only one component. For end-point
energies from 4-6 MeV, � is around 3� 4%.
However, for 1� decays � depends on both E

end

and
logft. To see this we also plot the 1�2 decay branches for
the two nuclei Fig.2. Compared to 1�1 the FF decays to
the 1�2 states have smaller logft values (Table.I) (i.e. they
are stonger) and have smaller � values (Fig.2). The rea-
son of this comes from the fact that the transition rates
of 1� are determined by five di↵erent components. They
are combined to give the final decay rates, and their dif-
ferent combinations have di↵erent energy dependencies.
At E

end

⇠ 4 � 6 MeV, � is 5 � 15%. It was estimated
in [5] that 30% of the decay branches of the fission prod-
ucts are FF. Thus, in the most extreme case where the
FF is dominated by�J

⇡ = 1� the change of the neutrino
spectrum could be as large as � = 4.5%.

IV. CONCLUSION

In this work, explicit analysis of �-decay neutrino spec-
tra with inclusion of the first forbidden part has been
performed. One finds that use of the allowed decay
phase space factor results in a correction of up to about
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TABLE II: The percentage of the numbers of neutrinos which
of the actual decay compared with the allowed shapes used in
the simulation for single decay branches of 136Te and 140Xe,
denoted by � defined in text. The superscripts here are Q
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2�2 0.541 0.968 0.507 0.982 0.365 0.976

There is similar behavior between 136Te and 140Xe. We
would also expect the same behaviors of these FF decay
channels in odd-mass or odd-odd nuclei since they have
the same transition operators as the even-even nuclei.
From the above results, we conclude that the inclusion
of FF decays could eliminate the “reactor anti-neutrino
anomaly” if there are enough beta branches containing
1,2� transitions with suitable end-point energies, espe-
cially 1�. However, if we examine the nuclear chart for
the decay branching ratios, we find that 1,2� are usually
accompanied with 0� decays which usually have a much
smaller logft values (a stronger transition probability).
This would reduce the overall changes to the spectra.

To quantify the change in the neutrino spectrum due to
the change of phase space, we integrate over the spectra
with the two phase spaces as follows,
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. So
we need precise excitation energies for the determination
of neutrino spectra. This result can then be compared
with the value of the reactor neutrino anomaly to see if
the lack of FF phase space factor in the simulation can
explain the missing neutrinos. The results for single de-
cay branches are listed in TableII. A comparison between
QRPA and shell model shows similarities for the ratio �,
this agrees with Fig.1. For the detailed values; the change
� of the 0� decay is negligible, for 1�, � goes up to ten
percent, and for 2�, � is only 2-3 percent.

To obtain quantitative results on the dependence of the
detailed changes on the end point energies of the decay
branches, we vary the Q values in the calculations for
the two nuclei 136Te and 140Xe. The results are plotted
in fig.2 where one observes that to a large extent this
relation is nucleus independent. � for the 0� branches

FIG. 2: (Color online) Dependence of the changes for the
percentage of neutrino number � (defined in text) on the end-
point energies for several FF decay branches of 136Te(bold
lines for QRPA calculations and dashed lines for SM calcu-
lations) and 140Xe(dashed-dot lines for QRPA calculation).
Here we varying the Q values of the two nuclei above to see
how the changes are related to the end-point energies of the
decay branches.

are near zero except below end-point energies of 3 MeV.
For small end-point energies, � is large due to the shape
changes at the spectra tail; but these are not important
since contributions of these branches to the total spectra
are small, see Fig.3 of [5]. For 2� decay the dependence
of � on the end-point energies are independent of logft
values since it has only one component. For end-point
energies from 4-6 MeV, � is around 3� 4%.
However, for 1� decays � depends on both E

end

and
logft. To see this we also plot the 1�2 decay branches for
the two nuclei Fig.2. Compared to 1�1 the FF decays to
the 1�2 states have smaller logft values (Table.I) (i.e. they
are stonger) and have smaller � values (Fig.2). The rea-
son of this comes from the fact that the transition rates
of 1� are determined by five di↵erent components. They
are combined to give the final decay rates, and their dif-
ferent combinations have di↵erent energy dependencies.
At E

end

⇠ 4 � 6 MeV, � is 5 � 15%. It was estimated
in [5] that 30% of the decay branches of the fission prod-
ucts are FF. Thus, in the most extreme case where the
FF is dominated by�J

⇡ = 1� the change of the neutrino
spectrum could be as large as � = 4.5%.

IV. CONCLUSION

In this work, explicit analysis of �-decay neutrino spec-
tra with inclusion of the first forbidden part has been
performed. One finds that use of the allowed decay
phase space factor results in a correction of up to about
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Outlook

❖ Various corrections such as finite size of nucleus, weak 
magnetism should be included!

❖ Fission data is needed for actual estimations!

❖ For branches which are experimentally unknown we 
may turn to theoretical calculations



Conclusions
❖ We have started the first step of the estimation of 

neutrino spectra from microscopic calculations!

❖ We have calculated the neutrino spectra for FF decay 
branches with two nuclear many-body approaches!

❖ Our results implies that the missing neutrino from 
Reactor neutrino anomaly may come from the 
mistreatment of the neutrino spectra!

❖ further realistic estimations are needed
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