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A Short History of  
the Strong Interaction



Quark Model (1960s)
Quark Model (1960s)

Proton =
u

u

d

No interactions; no dynamics!  
Also no quarks visible.



Interactions — QCD (1970s)

Gauge theory (like QED) ⇒  complete theory!

Interactions—QCD (1970s)

gluon


d



d

Gauge theory (like QED) ⇒ Complete theory!

gluons! F��(�) (tensor of traceless 3⇥ 3 color matrices)
! ��A� � ��A� + �g[A�, A�]

quarks! �(�) (Dirac spinor of color 3-vectors)



But unlike QED ...

Nonlinear: 

Strongly Interacting: 

⇒ Can’t solve QCD. 

⇒ Adds nothing to understanding of proton structure? 

⇒ Theory useless??

But. . .

Nonlinear: gluon carries QCD charge

Strongly Interacting: charge g big

⇒ Couldn’t solve QCD.

⇒ QCD added nothing to understanding of proton
structure.

⇒ Theory useless?
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Nonlinear: gluon carries QCD charge

Strongly Interacting: charge g big
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⇒ QCD added nothing to understanding of proton
structure.
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Asymptotic Freedom (1973)

⇒ Solve QCD for high-energy (short-distance) processes by 
expanding in powers of: 

⇒ Detailed experimental verification of QCD at high-energy 
accelerators (1980s–2000s). 

But still no insight into proton, neutron, pion … structure 
since low-energy (<1 GeV) QCD is nonperturbative. 

Asymptotic Freedom (1973)

↓ q geff = g(q)→ 0 as q→∞.

⇒ Solved QCD for high-energy (short-distance)
processes by expanding in powers of

αs(q) ≡
g2(q)

4π
.

�s(q) ⌘
g2(q)

4�



Lattice QCD



10 E FF ECTIVE ACTION FOR COMPOSITE OPERATORS

{1973); S. Weinberg, iMd. 7, 2887 {1973);R. Jackiw,
Ref. 4.

t~The analysis of the physical interpretation. of Z{P, G)I,~„,
is an adaptation to the present context of the correspond-
ing argument for P5)~„,,„.. That discussion is due to
K. Symanzik, Commun. Math. Phys. 16, 48 {1970). We

learned it from S. Coleman, in proceedings of the
Lectures given at the International Summer School of
Physics "Ettore Majorana, " 1973 {unpublished).

~oR. Dashen, B. Hasslacher, and A. Neveu, Phys. Rev.
D {tobe published).
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Confinement of qnarks*

Kenneth G. %ilson
Laboratory of nuclear Studies, Cornell University, Ithaca, iVevv York l4850

{Received 12 June 1974)

A mechanism for total confinement of quarks, similar to that of Schwinger, is defined which requires
the existence of Abelian or non-Abelian gauge fields. It is shown how to quantize a gauge field theory
on a discrete lattice in Euclidean space-time, preserving exact gauge invariance and treating the gauge
fields as angular variables {which makes a gauge-fixing term unnecessary). The lattice gauge theory has
a computable strong-coupling limit; in this limit the binding mechanism applies and there are no free
quarks. There is unfortunately no Lorentz (or Euclidean) invariance in the strong-coupling limit. The
strong-coupling expansion involves sums over all quark paths and sums over all surfaces {on the lattice)
joining quark paths. This structure is reminiscent of relativistic string models of hadrons.

I. INTRODUCTION

The success of the quark-constituent picture
both for resonances and for deep-inelastic elec-
tron and neutrino processes makes it difficult to
believe quarks do not exist. The problem is that
quarks have not been seen. This suggests that
quarks, for some reason, cannot appear as sep-
arate particles in a final state. A number of
speculations have been offered as to how this
might happen. '
Independently of the quark problem, Schwinger

observed many years ago' that the vector mesons
of a gauge theory can have a nonzero mass if vacu-
um polarization totally screens the charges in a
gauge theory. Schwinger illustrated this result
with the exact solution of quantum electrodynamics
in one space and one time dimension, where the
photon acquires a mass -e' for any nonzero charge
e [e has dimensions of (mass)'~' in this theory J.
Schwinger suggested that the same effect could oc-
cur in four dimensions for sufficiently large cou-
pllngs.
Further study of the Schwinger model by Lowen-

stein and Swieca' and Casher, Kogut, and Suss-
kind' has shown that the asymptotic states of the
model contain only massive photons, not elec-
trons. Nevertheless, as Casher clat. have shown
in detail, the electrons are present in deep-in-
elastic processes and behave like free pointlike

particles over short times and short distances.
The polarization effects which prevent the ap-
pearance of electrons in the final state take place
on a longer time scale (longer than 1/m&, where
rn& is the photon mass).
A new mechanism which keeps quarks bound

will be proposed in this paper. The mechanism
applies to gauge theories only. The mechanism
will be illustrated using the strong-coupling limit
of a gauge theory in four-dimensional space-time.
However, the model discussed here has a built-in
ultraviolet cutoff, and in the strong-coupling limit
all particle masses (including the gauge field
masses) are much larger than the cutoff; in con-
sequence the theory is far from covariant.
The confinement mechanism proposed here is

soft (long-time scale). However, in the model dis-
cussed here the cutoff spoils the possibility of
free pointlike behavior for the quarks.
The model discussed in this paper is a gauge

theory set up on a four-dimensional Euclidean lat-
tice. The inverse of the lattice spacing a serves
as an ultraviolet cutoff. The use of a Euclidean
space (i.e., imaginary instead of real times) in-
stead of a Lorentz space is not a serious re-
striction; the energy eigenstates (including scat-
tering states) of the lattice theory can be deter-
mined from the "transfer-matrix" formalism as
has been discussed by suri' and reviewed by
Wilson and Kogut. ' A brief discussion of the



Lattice Approximation

⇒ Fields ψ(), Aμ() specified only at grid sites (or links); 
interpolate for other points. 

⇒ Solving QCD → multidimensional integration:

Continuous 
Space & Time r r r rr r r rr r r rr r r r

6

?

L

-�
�

-site

-link

Z
DA� . . . e�

R
Ldt �!
Z Y

�j�grid
dA�(�j) . . . e��

P
Lj



Wilson’s Gluon Action

• Integration variables are link variables (SU3 matrices): 

• Action:

where

s s s s
s s s s

-

U�(�)

� - �

s s s s
s s s s

- 6

�
?

P��(�)

� - �
6
�

U�(�) = Pexp

 
��
Z �+��̂

�
gA(y) · dy

!

P�� ⌘
1

3
ReTr
⇣
U�(�)U�(�+ ��̂)U†

�(�+ ��̂+ ��̂)U†
�(�)
⌘

Sgl�on =
6

g2(�/�)

X

�,�>�
(1� P��(�))



• Compare continuum S — 

• Wilson’s action is very complicated but gauge invariant 
without gauge fixing. 

• QCD as a spin model. 

• Expand in 1/g(π/ɑ) ⇒  Confinement!!!

Scontgl�on =
Z
d4�
X

�>�
TrF2��(�)



• But large g(π/ɑ) implies 

- large lattice spacing (asymptotic freedom); 

- large lattice artifacts (e.g., breaks rotation & Lorentz invariance); 

- useless for phenomenology.  

• Use numerical integration of path integral instead. 

N.B., 643x192 lattice has 1.6x109 integration variables 
(gluonic), so need Monte Carlo integration/simulation.



• Lattice spacing errors too large in simulations. 

- O(ɑ1) errors in Wilson’s discretization ⇒ need very small a. 

• Light-quark vacuum polarization too expensive for 
realistic (very small) u/d quark masses mq: 

• Computing cost ∝ (1/error)8 for Wilson discretization. 

- 100x increase in computer power reduces error by only 44%. 

• Wilson declares lattice QCD dead (BNL, 1986).

Theory “Stalls” for 20 Years

det
Ä
(�� �gA) · �+mq

ä •108x108 matrix (today). 
•Sparse; solve iteratively. 
•Singular at mq = 0. 
•Extrapolate in mq or omit.

Unquenched LQCD

“Quenched” QCD ≡ QCD without quark vacuum
polarization.

⇒ 15–30% errors in most calculations;

⇒ the major limitation of LQCD until 2000.

vac. polarization



Quantum Field Theory on a Lattice



Approximate Derivatives

Numerical Analysis ⇒ 

⇒ Use only ψ’s at grid sites.

��(�j)

��
= ���(�j) +O(�2)

�(�j + �)� �(�j � �)
2�



Large ɑ ⇒ need improved discretizations. 

E.g.,  

Except ... 

quantum numerical analysis ≠ classical numerical analysis! 

10–15% for 
ɑ=0.4 fm

1–2% for 
ɑ=0.4 fm

⇒  ɑ = 0.4 fm okay?

��

��
= ����

�2

6
�3��+O(�4)



λmin = 2ɑ is smallest wavelength on lattice. 

⇒ all quark and gluon states with p > π/ɑ are excluded by 
the lattice since p = 2π/λ.

Ultraviolet Cutoff
Ultraviolet Cutoff

λmin = 2 is smallest wavelength.

E.g.) ψ = +1 −1 +1 −1 +1
• • • • •

⇒ all quark and gluon states with p > π/ are
excluded by the lattice since p = 2π/λ.

N.B. Lattice QCD ≡ QCD + lattice UV
regulator
≡ real QCD.Lattice QCD ≡  QCD + (nonperturbative) lattice UV regulator

≡  real QCD



But ∀p’s important in quantum field theory!  

(Consider ultraviolet divergences.) 

Renormalization Theory ⇒ mimic effects of p > π/ɑ excluded 
states by adding ɑ-dependent local terms to the field 
equations, Lagrangians, currents, operators, etc.

K. Wilson late 1960s, early 1970s.



⇒  

where 

c(�) = �
1

6
+ Contribution from
p > �/� physics

Numerical  
Analysis.

Theory & context specific  
⇒ not universal!

��! ��+ c(�)�2�3�+ · · · .



Bad News: Need ɑ2 corrections when ɑ large, but Numerical 
Recipes can’t tell you values of c(ɑ) … 

Good News: p > π/ɑ  QCD is perturbative if a small enough 
(asymptotic freedom). 

⇒ compute c(ɑ) ... using perturbation theory. 

⇒ Perturbation theory fills gaps in lattice. 

⇒ Continuum results without ɑ → 0!  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E.g., 

where

E.g., Renormalization constant.

L
(Λ) = Z()ψ(Δ · γ−m())ψ

+c()2 ψΔ3 · γψ

+ · · ·

where Finite- correction.

c() = −
1

6
+ c1 αs(π/) + · · ·

Numerical
Analysis

Mimics effects of
p > π/
states excluded by
grid.

E.g., Renormalization constant.

L
(Λ) = Z()ψ(Δ · γ−m())ψ

+c()2 ψΔ3 · γψ

+ · · ·

where Finite- correction.

c() = −
1

6
+ c1 αs(π/) + · · ·

Numerical
Analysis

Mimics effects of
p > π/
states excluded by
grid.

Mimics effects of p > π/a 
states excluded by grid.



Asymptotic freedom in QCD ⇒  

• short-distance physics simple (perturbative); 

• long-distance difficult (nonperturbative). 

Lattice separates “short” from “long”: 

• p > π/ɑ QCD → corrections δL computed in perturbation 
theory (ɑ must be small enough). 

• p < π/ɑ QCD → nonperturbative, numerical Monte Carlo 
integration.

Lattice QCD Strategy



Two QCD Breakthroughs
1990s: Larger ɑ. 

Before ⇒ need ɑ ≤ 0.05 fm. 

Now, better discretizations ⇒ ɑ = 0.1–0.4 fm works. 

Simulations cost ∝ (1/ɑ)6  

  ⇒ new simulations cost 102–106 times less! 

2000s: Smaller u/d quark masses. 

Before ⇒ mu/d 10–20x too big; vac. pol’n impossible. 

Now, better discretizations ⇒ correct masses. 

Vac. pol’n enters at 15–30%  
  ⇒ high-precision (few %) possible for first time. 



Two QCD Breakthroughs
1990s: Larger ɑ. 

Before ⇒ need ɑ ≤ 0.05 fm. 

Now, better discretizations ⇒ ɑ = 0.1–0.4 fm works. 

Simulations cost ∝ (1/ɑ)6  

  ⇒ new simulations cost 102–106 times less! 

2000s: Smaller u/d quark masses. 

Before ⇒ mu/d 10–20x too big; vac. pol’n impossible. 

Now, better discretizations ⇒ faster ⇒ correct masses. 

Vac. pol’n enters at 15–30%  
  ⇒ high-precision (few %) possible for first time. 



Does it work?



Example: Quarks and Relativity

Standard discretizations of the quark action have O(ɑ2) errors.

O(ɑ2) error violates rotation/Lorentz 
invariance; removed by adding  
correction term.

Ll�t ⇡ �(D · �+m)�+
�2

6

X

�
�D3

��
��+ · · ·



Test by computing 

Lorentz invariance implies: 

c2(p) ⌘
E2(p)�m2

p2

c2(p) = 1 �p



E.g., c2 for ηc with mc = 0.67/ɑ using highly improved HISQ 
discretization:

N.B. Much higher standards today.

Eg., c2 for ηc, with mc = 0.67/a, using HISQ action:

Follana et al (2007).

N.B. Gives 0.56 without 
O(ɑ2) corrections.

Follana et al (2007) .



Test relativity in hyperfine spin-splittings of heavy-quark 
mesons; compare with experiment: 

N.B. Few MeV precision with no free parameters!

Example Analysis:

Hyperfine mass splittings for mesons with charmed quarks
using HISQ action:

N.B. Few MeV precision with no free parameters!

Follana et al (2007).



Example: Add u,d,s Vacuum Polarization
Lattice QCD/Experiment (no free parameters!):

Before Now

0.9 1 1.1

LQCD/Exp’t (nf = 0)LQCD/Exp’t (nf = 0)

0.9 1 1.1

LQCD/Exp’t (nf = 3)LQCD/Exp’t (nf = 3)

Υ(1P − 1S)

Υ(3S − 1S)

Υ(2P − 1S)

Υ(1D − 1S)

ψ(1P − 1S)

Mψ − Mηc

MD∗

s

− MDs

2MBs
− MΥ

2MDs
− Mηc

3MΞ − MN

MΩ

fK

fπ Tests:

– mu,d extrapolation;

– masses and
wavefunctions;

– s quark;

– light-quark baryons;

– light-heavy mesons;

– heavy quarks (no
potential model. . . );

– improved staggered
quark vacuum
polarization.

⇒ Most accurate strong
interaction calculation
in history!

1990s 
no vac pol’n

2000s 
u,d,s vac pol’n

Lattice QCD/Experiment 
• Correct answer is 1. 
• Focus on well measured 

quantities. 
• Only 5 parameters: e.g., 

tune quark masses from 
mπ, mK, mηc, mηb; tune 
bare coupling from 
ϒ(2S-1S) (or …)  
⇒ no free parameters! 

Davies et al (2004).



Lattice QCD since 2004



Physics Focus

1) Heavy-quark physics. 

- Major experimental program to measure weak decays of c and b 
quarks to few % (BaBar, Belle, CLEO-c, Fermilab, LHCb, …). 

- Push Standard Model to point of failure (SUSY, extra dim. ... ??) 

- Lattice QCD essential: 

 quark decay = weak-interactions x QCD 

- CKM matrix unitary? 0
BBBBBBBBBB@

V�d V�s V�b
�! �� K ! �� B! ���

K ! ���
Vcd Vcs Vcb

D! �� Ds ! �� B! D��
D! ��� D! K ��

Vtd Vts Vtb
hBd|Bdi hBs|Bsi

1
CCCCCCCCCCA



2) Hadronic spectrum, structure, QCD parameters … 

• Major experimental programs at DESY, JLab … 

• Structure functions, form factors … 

• Low-energy nuclear physics, small nuclei on the lattice. 

• Exotic/hybrid mesons, glueballs … 

• High-precision quark masses, αs ⇒ precise Higgs decays. 

3) QCD at finite temperature and density. (RHIC) 

4) Strong coupling beyond QCD. (LHC?, ILC?) 

• 2 of 3 known interactions strongly coupled. (QCD, gravity) 

• Generic in non-abelian gauge theories … 

• … unless gauge symmetry spontaneously broken (⇒ strong 
coupling)



Sampler 
Slides from C. Davies review  

2013 Lepton-Photon Symposium 
San Francisco



Slide from C. Davies review talk, 2013 Lepton-Photon Symposium, San Francisco 

Results for the masses of mesons that are long-lived and so can be 
well-characterised in experiment

 0

 2

 4
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 10

 12
M

ES
O

N
 M

A
SS

 (G
eV

/c
2 )

�
�

�c J/�
�c

' �'

hc �c0
�c1
�c2

�b
�b

'

�
�'�

''

�b0
�b1(1P)�b2

�b0
�b1(2P)�b2

�(1D)hb(1P)

hb(2P)

Bc

Bc
'

Bs
B

Bs
*

B*

Bc
*

Bc
*'

Bc0
*

DsD

K

expt
fix params

postdcns
predcns

2008

 2011
 2012

2005

Agreement very good - errors typically a few MeV, need to worry about em, mu-md ..

b quark

c quark

u, d, s quarks

HPQCD: 
1207.5149

Tuesday, 25 June 2013



Slide from C. Davies review talk, 2013 Lepton-Photon Symposium, San Francisco 

Meson decay constants 

 2012

B ! ⇥�
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Lattice QCD predictions
Lattice QCD postdictions

experiment

HPQCD
1302.2644

Parameterises hadronic information needed 
for annihilation rate to W or photon: � / f2

HPQCD
1208.2855

Tuesday, 25 June 2013



Slide from C. Davies review talk, 2013 Lepton-Photon Symposium, San Francisco 

Constraining new physics with lattice QCD 

6

come from experiment, but there are two complications
that result from simplifications in the simulations. The
first is that the simulation does not include electromag-
netism. The second is that mu = md in the simulation,
while in reality mu = 0.48(10)md [1].

The most appropriate pion mass for f�+ is the
neutral-pion mass (134.9766(6) MeV [1]). All ⇥ mesons
would have this mass in a world without electromag-
netism—our simulations, for example—up to very small
(quadratic) corrections from the u�d mass di⇥erence.
These corrections are estimated at 0.32(20)MeV for M�+

in [27]. For our purposes, it is su⇤cient to take 0.32MeV
as the uncertainty in the pion mass, and ignore the dis-
tinction between charged and neutral pions:

Mphys
� = 134.98(32)MeV (15)

This pion mass corresponds in our simulation to a
light-quark mass of m⇥ = (mu + md)/2. The corre-
sponding kaon mass is one for an s⇤ meson. This is the
root-mean-square average of the K+ and K0 masses with
additional small corrections for electromagnetism:

(Mphys
K )2 ⇥ 1

2

�
(M2

K+ +M2
K0)

�(1 +�E)(M
2
�+ �M2

�0)
⇥
. (16)

�E would be zero if electromagnetic e⇥ects in the K sys-
tem mirrored those of the ⇥. In fact it is closer to 1.
Recent lattice calculations [28–30] that include electro-
magnetic e⇥ects give values in the region 0.6-0.7. We
take �E = 0.65(50) to conservatively encompass these
results and this gives

Mphys
K = 494.6(3)MeV. (17)

Tuning the pion mass to Mphys
� and the kaon mass to

Mphys
K in our fits sets the strange-quark mass to its phys-

ical value, and the light-quark mass to the average m⇥ of
the u and d masses. This light-quark mass is correct, to
within our errors, for the valence quarks in the pion, and
for sea quarks in all three mesons.

This tuning is not correct, however, for the
K+’s valence light-quark, which is a u quark, with
mass 0.65(9)m⇥. This di⇥erence produces a small but
significant downward shift in fK+ . To compute the cor-
rected K+ decay constant, we evaluate our fit formulas
with a pion mass given by

⇤
0.65(9)Mphys

� , while adjust-
ing the kaon mass so that 2M2

K � m2
� is unchanged (to

leave the s-quark mass unchanged). These adjustments
are made only for the valence-quark masses in the K+;
the valence-quark masses in the pion and �s, as speci-
fied by Mphys

� and Mphys
K , are left unchanged, as are the

sea-quark masses in each of the mesons.

D. Fit Results

We fit w0 times each of the decay constants and each
�s mass in Table III to the formulas above, as functions

0 1805

0.156

0.158

0.160

0.162

0.164

f K
(G

eV
)

0.05 0.10 0.15 0.20
m2

�/(2m2
K �m2

�)

0.130

0.135

0.140

0.145

0.150

f �
(G

eV
)

FIG. 2: Fit results for the ⇥, K, and �s decay constants
as functions of the light-quark mass for three di�erent lat-
tice spacings: 0.15 fm (top/blue), 0.12 fm (middle/green), and
0.09 fm (bottom/red). The data shown are from Table III,
with corrections for errors in the s masses, and for finite-
volume errors. The lines show our fit with the best-fit values
of the fit parameters. The dashed line is the a = 0 extrap-
olation, and the gray band shows our continuum results at
the physical light quark mass point with m⇤ = (mu +md)/2.
The current experimental result for f⇥+ is also shown (black
point). Note that the three plots are against very di�er-
ent scales in the vertical direction: the range covered in the
f⇥ plot is 10 times larger than that covered in the f�s plot.

of the pion and kaon masses and w0. We also fit the
experimental value for f�+ = 130.4(2)MeV to our for-
mula evaluated at the physical pion and kaon masses,
Eqs. (15, 17)). These fits are all done simultaneously
using the same parameters for the fit functions in each
case, and including the correlations between ⇥, K and �s
results discussed in Section II.
The results for the decay constants, as a function of the

light-quark mass, are shown in Figure 2. For each decay

Vus/Vud

` ⌫l

Annihilation of             to W 
allows CKM element 
determination given decay 
constants from lattice QCD

K/�

* results at physical u/d quark masses* fK/f�

�(K+ ! ⇤�)

�(⇥+ ! ⇤�)

|Vus|fK+

|Vud|f�+

= 0.27598(35)Br(K+)(25)EM

expt for

fK+

f�+
from lattice gives CKM

HPQCD:1301.1670

HISQ on 
MILC configs = mu,d/ms

Tuesday, 25 June 2013



Slide from C. Davies review talk, 2013 Lepton-Photon Symposium, San Francisco 

fK+

f�+

= 1.1916(21)

|V
us

|
|V

ud

| = 0.23160(29)
expt

(21)
EM

(41)
latt

Vud from nuclear       decay now needs improvement for unitarity test!�

Comparison of results (note:                     ) fK+ < fK

* results at physical u/d 
quark masses*

(28)Br(20)EM (40)latt(5)Vud

|Vus| = 0.22564

1� |Vud|2 � |Vus|2 � |Vub|2

= �0.00009(51)

clover

HISQ

HISQ

HISQ

domain-wall

domain-wall

asqtad

good agreement from different formalisms

RM123:1303.4896 
gives by 0.40(4)% 

 1.15  1.17  1.19  1.21  1.23  1.25

HPQCD, 1303.1670

MILC, 1301.5855

ETMC, Lattice2013

BMW, 1001.4692

HPQCD, 0706.1726

LvW, 1112.4861

MILC, 1012.0868

RBC/UKQCD
1011.0892

fK/f�
nf=2+1

fK+/f�+

nf=2+1+1

twisted mass

Tuesday, 25 June 2013



Slide from C. Davies review talk, 2013 Lepton-Photon Symposium, San Francisco 

Constraining new physics with lattice QCD: fBs , fB3

B and Bs are fit separately; priors used in the fit are
described in [11]. The amplitudes and energies from the

fits are given in Tables IV and V. a3/2⇥(0)
q is the matrix

element of the leading current J (0)
0 and a3/2⇥(1)

q that of

J (1)
0 and J (2)

0 , whose matrix elements are equal at zero
meson momentum. Notice that the statistical errors in
⇥ do not increase on the physical point lattices, because
they have such large volumes.

We take two approaches to the analysis. The first is
to perform a simultaneous chiral fit to all our results for
⇥,⇥s,⇥s/⇥ and MBs � MB using SU(2) chiral pertur-
bation theory. The second is to study only the physical
u/d mass results as a function of lattice spacing.

For the chiral analysis we use the same formula and
priors for MBs � MB as in [11]. Pion masses used in
the fits are listed in Table V and the chiral logarithms,
l(M2

�), include the finite volume corrections computed
in [18] which have negligible e⇤ect on the fit. For the
decay constants the chiral formulas, including analytic
terms up to M2

� and the leading logarithmic behaviour,
are (see e.g. [19]):

⇥s = ⇥s0(1.0 + bsM
2
�/�

2
⇥) (5)

⇥ = ⇥0

�
1.0 + bl

M2
�

�2
⇥

+
1 + 3g2

2�2
⇥

�
�3

2
l(M2

�)

⇥⇥
(6)

The coe⌅cients of the analytic terms bs, bl are given
priors 0.0(1.0) and ⇥0,⇥s0 have 0.5(5). To allow for
discretisation errors each fit formula is multiplied by
(1.0 + d1(�a)2 + d2(�a)4), with � = 0.4 GeV. We ex-
pect discretisation e⇤ects to be very similar for ⇥ and ⇥s

and so we take the di to be the same, but di⇤ering from
the di used in the MBs �MB fit. Since all actions used
here are accurate through a2 at tree-level, the prior on
d1 is taken to be 0.0(3) whereas d2 is 0.0(1.0). The di are
allowed to have mild mb dependence as in [11]. The ratio
⇥s/⇥ is allowed additional light quark mass dependent
discretisation errors that could arise, for example, from
staggered taste-splittings.

Error % �Bs/�B MBs �MB �Bs �B

EM: 0.0 1.2 0.0 0.0
a dependence: 0.01 0.9 0.7 0.7
chiral: 0.01 0.2 0.05 0.05
g: 0.01 0.1 0.0 0.0
stat/scale: 0.30 1.2 1.1 1.1
operator: 0.0 0.0 1.4 1.4
relativistic: 0.5 0.5 1.0 1.0
total: 0.6 2.0 2.0 2.1

TABLE VI: Full error budget from the chiral fit as a per-
centage of the final answer.

The results of the decay constant chiral fits are plot-
ted in Figs. 1 and 2. Extrapolating to the physical
point appropriate to ml = (mu + md)/2 in the absence
of electromagnetism, i.e. M� = M�0 , we find ⇥Bs =
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FIG. 1: Fit to the decay constant ratio �Bs/�B . The fit
result is shown in grey and errors include statistics, and chi-
ral/continuum fitting.
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FIG. 2: Fit to the decay constants �Bs and �B . Errors on the
data points include statistics/scale only. The fit error, in grey,
includes chiral/continuum fitting and perturbative errors.

0.520(11) GeV3/2, ⇥B = 0.428(9) GeV3/2, ⇥Bs/⇥B =
1.215(7). For MBs �MB we obtain 86(1) MeV, in agree-
ment with the result of [11].
Figs 3 and 4 show the results of fitting MBs � MB

and decay constants from the physical point ensembles
only, and allowing only the mass dependent discretisation
terms above. The results are ⇥Bs = 0.515(8) GeV3/2,
⇥B = 0.424(7) GeV3/2, ⇥Bs/⇥B = 1.216(7) and MBs �
MB = 87(1) MeV. Results and errors agree well between
the two methods and we take the central values from the
chiral fit as this allows us to interpolate to the correct
pion mass.
Our error budget is given in Table VI. The errors that

are estimated directly from the chiral/continuum fit are
those from statistics, the lattice spacing and g and other
chiral fit parameters. The two remaining sources of error
in the decay constant are missing higher order corrections
in the operator matching and relativistic corrections to
the current. We estimate the operator matching error by
allowing in our fits for an amb-dependent �2

s correction to
the renormalisation in Eq. 4 with prior on the coe⌅cient

= ml/ms* results at physical u/d 
quark masses*

HPQCD: 1302.2644. 

Uses improved NRQCD for 
b quark and HISQ u/d and s 
quarks on HISQ 2+1+1 
gluon configs
fBs = 224(5)MeV
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9. Quantum chromodynamics 29

overall χ2 to the central value is determined. If this initial χ2 is larger than the number
of degrees of freedom, i.e. larger than the number of individual inputs minus one, then
all individual errors are enlarged by a common factor such that χ2/d.o.f. equals unity.
If the initial value of χ2 is smaller than the number of degrees of freedom, an overall,
a-priori unknown correlation coefficient is introduced and determined by requiring that
the total χ2/d.o.f. of the combination equals unity. In both cases, the resulting final
overall uncertainty of the central value of αs is larger than the initial estimate of a
Gaussian error.

This procedure is only meaningful if the individual measurements are known not to
be correlated to large degrees, i.e. if they are not - for instance - based on the same
input data, and if the input values are largely compatible with each other and with the
resulting central value, within their assigned uncertainties. The list of selected individual
measurements discussed above, however, violates both these requirements: there are
several measurements based on (partly or fully) identical data sets, and there are results
which apparently do not agree with others and/or with the resulting central value, within
their assigned individual uncertainty. Examples for the first case are results from the
hadronic width of the τ lepton, from DIS processes and from jets and event shapes in
e+e− final states. An example of the second case is the apparent disagreement between
results from the τ width and those from DIS [264] or from Thrust distributions in e+e−

annihilation [278].

0.11 0.12 0.13
!!    ((""    ))s ##

Lattice
DIS 
e+e- annihilation

$-decays 

Z pole fits 

Figure 9.3: Summary of values of αs(M2
Z) obtained for various sub-classes

of measurements (see Fig. 9.2 (a) to (d)). The new world average value of
αs(M2

Z) = 0.1184 ± 0.0007 is indicated by the dashed line and the shaded band.

Due to these obstacles, we have chosen to determine pre-averages for each class of
measurements, and then to combine those to the final world average value of αs(MZ),
using the methods of error treatment as just described. The five pre-averages are
summarized in Fig. 9.3; we recall that these are exclusively obtained from extractions
which are based on (at least) full NNLO QCD predictions, and are published in
peer-reviewed journals at the time of completing this Review. From these, we determine
the new world average value of

αs(M
2
Z) = 0.1184 ± 0.0007 , (9.23)

June 29, 2012 14:54
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Figure 9.2: Summary of determinations of αs from hadronic τ -decays (a), from
lattice calculations (b), from DIS structure functions (c) and from event shapes and
jet production in e+e−-annihilation (d). The shaded bands indicate the average
values chosen to be included in the determination of the new world average of αs.

model and constraints on new physics from data at the Z-pole, αs(M2
Z) = 0.1197± 0.0028

will be used instead, as it is based on a more constrained data set where QCD corrections
directly enter through the hadronic decay width of the Z. We note that all these
results from electroweak precision data, however, strongly depend on the strict validity
of Standard Model predictions and the existence of the minimal Higgs mechanism to
implement electroweak symmetry breaking. Any - even small - deviation of nature from
this model could strongly influence this extraction of αs.

Determination of the world average value of αs(M2
Z)

A non-trivial exercise consists in the evaluation of a world-average value for αs(M2
Z).

A certain arbitrariness and subjective component is inevitable because of the choice of
measurements to be included in the average, the treatment of (non-Gaussian) systematic
uncertainties of mostly theoretical nature, as well as the treatment of correlations among
the various inputs, of theoretical as well as experimental origin. In earlier reviews
[243–245] an attempt was made to take account of such correlations, using methods as
proposed, e.g., in Ref. 281, and - likewise - to treat cases of apparent incompatibilities
or possibly underestimated systematic uncertainties in a meaningful and well defined
manner:

The central value is determined as the weighted average of the different input values.
An initial error of the central value is determined treating the uncertainties of all
individual measurements as being uncorrelated and being of Gaussian nature, and the

July 9, 2012 19:53

Lattice QCD sets world averages for quark masses and 
Direct access to parameters in QCD Lagrangian means systematic errors smaller

a variety of lattice methods agree

non-lattice methods 
have larger errors

PDG

PDG

↵s

Lattice calcs now adding QED for accurate mu/md 
Izubuchi:Lattice2012; RM123: 1303.4896

av:94.3(1.2) MeV

av:0.1184(7)
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Muon anomalous magnetic moment �µ = g
e

2m
�S

aµ =
g � 2

2
= O(10�3)anomaly

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through �5, EW
�2, and QCD �3. The two QED values correspond to different values of � , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ⇤ hadrons and ⇥ ⇤ hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (⇥) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ⇤ hadrons and a dispersion relation to relate the real
and imaginary parts of �(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order �3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.
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Hadronic vacuum polarization (HVP)

+
The blobs, which represent all possible intermediate hadronic
states, are not calculable in perturbation theory, but can be
calculated from

� dispersion relation + experimental cross-section for

e+e�(and ⇥) � hadrons ahad(2)µ = 1
4⇥2

⇤⇥
4m2

⇥
ds K (s)�total(s)

� first principles using lattice QCD,

a(2)hadµ =
�
�
⇥

⇥2 ⇤⇥
0 dQ2 f (Q2)�(Q2) [Lautrup and de Rafael 1969, Blum 2002]
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HLbL

+ + ...
Blobs: all possible hadronic states

Model estimates put this O(�3) contribution at
about (10�12)⇥10�10 with a 25-40% uncertainty

No dispersion relation a’la vacuum polarization

Lattice regulator: model independent, approxima-
tions systematically improvable
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Conclusions



• Lattice QCD now a standard tool for strong interaction 
physics, both theoretical and experimental. 

- Most accurate strong-interaction calculations in history. 

- Landmark in history of quantum field theory: high-precision 
quantitative verification of nonperturbative technology (for a real 
theory). 

- Essential for weak interaction phenomenology, Beyond the 
Standard Model physics, … — QCD backgrounds. 

• Problems that remain: hadronization of jets, quark matter, 
axial gauge theories, SUSY … 

- Need methods that don’t rely upon Monte Carlo integration. 

• Ready for strong coupling beyond QCD?



• Ken Wilson’s “Homage to Lattice Gauge Theory Today”:  

“The current knowledge base in lattice gauge theory dwarfs the state of knowledge 
in 1974 and even ... in 1985. The accuracy and reliability of lattice gauge 
computations is vastly improved thanks in part to improved algorithms, in part to 
increased computer power, and in part to the increased scale of the research effort 
underway today. The breadth of topics that have been researched is also greater 
today ...” 

(from “The Origins of Lattice Gauge Theory”, 2004) 

• Ken Wilson’s contribution to nonperturbative QCD: 

- Renormalization group makes lattice theories (& QCD) possible. 

- Discretization that preserves exact gauge invariance. 

- Strong coupling expansion and proof of quark confinement. 

- Monte Carlo simulation/integration of path integrals. 

- Supercomputers to do the Monte Carlo simulations.


