
NLO corrections with the OPP method

Costas G. Papadopoulos

NCSR “Demokritos”, Athens

Tools 2008, June 30 - July 4, Munich, Germany

Costas G. Papadopoulos (Athens) OPP Reduction Tools2008 1 / 55



Outline

1 Introduction: Wishlists and Troubles

2 OPP Reduction
Rational terms

3 Numerical Tests
4-photon amplitudes
6-photon amplitudes
VVV production

Costas G. Papadopoulos (Athens) OPP Reduction Tools2008 2 / 55



Introduction: LHC needs NLO
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Introduction: LHC needs NLO

The experimental programs of LHC require high precision predictions
for multi-particle processes (also ILC of course)

In the last years we have seen a remarkable progress in the theoretical
description of multi-particle processes at tree-order, thanks to very
efficient recursive algorithms

The current need of precision goes beyond tree order. At LHC, most
analyses require at least next-to-leading order calculations (NLO)

As a result, a big effort has been devoted by several groups to the
problem of an efficient computation of one-loop corrections for
multi-particle processes!
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NLO Wishlist Les Houches

[from G. Heinrich’s Summary talk]

Wishlist Les Houches 2007

1. pp → V V + jet
2. pp → tt̄ bb̄

3. pp → tt̄ + 2 jets
4. pp → W W W

5. pp → V V bb̄

6. pp → V V + 2 jets
7. pp → V + 3 jets
8. pp → tt̄ bb̄

9. pp → 4 jets

Processes for which a NLO calculation is both desired and feasible

Will we “finish” in time for LHC?
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What has been done? (2005-2007)

Some recent results → Cross Sections available

pp → Z Z Z pp → tt̄Z [Lazopoulos, Melnikov, Petriello]

pp → H + 2 jets [Campbell, et al., J. R. Andersen, et al.]

pp → VV + 2 jets via VBF [Bozzi, Jäger, Oleari, Zeppenfeld]

pp → VV + 1 jet [S. Dittmaier, S. Kallweit and P. Uwer]

pp → tt̄ + 1 jet [S. Dittmaier, P. Uwer and S. Weinzierl]

Mostly 2 → 3, very few 2 → 4 complete calculations.

e+ e− → 4 fermions [Denner, Dittmaier, Roth]

e+ e− → H H ν ν̄ [GRACE group (Boudjema et al.)]

This is NOT a complete list
(A lot of work has been done at NLO → calculations & new methods)
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NLO troubles

Problems arising in NLO calculations

Large Number of Feynman diagrams

Reduction to Scalar Integrals (or sets of known integrals)

Numerical Instabilities (inverse Gram determinants, spurious
phase-space singularities)

Extraction of soft and collinear singularities (we need virtual and real
corrections)
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Methods available

- Traditional Method: Feynman Diagrams & Passarino-Veltman
Reduction:

general applicability major achievements
but major problem: not designed @ amplitude level
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Methods available

- Traditional Method: Feynman Diagrams & Passarino-Veltman
Reduction:

- Semi-Numerical Approach (Algebraic/Partly Numerical – Improved
traditional) → Reduction to set of well-known integrals

- Numerical Approach (Numerical/Partly Algebraic) → Compute tensor
integrals numerically

Ellis, Giele, Glover, Zanderighi;
Binoth, Guillet, Heinrich, Schubert;
Denner, Dittmaier; Del Aguila, Pittau;
Ferroglia, Passera, Passarino, Uccirati;
Nagy, Soper; van Hameren, Vollinga, Weinzierl;
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- Traditional Method: Feynman Diagrams & Passarino-Veltman
Reduction:

- Semi-Numerical Approach (Algebraic/Partly Numerical – Improved
traditional) → Reduction to set of well-known integrals

- Numerical Approach (Numerical/Partly Algebraic) → Compute tensor
integrals numerically

- Analytic Approach (Twistor-inspired)
→ extract information from lower-loop, lower-point amplitudes
→ determine scattering amplitudes by their poles and cuts

⋆ major advantage: designed to work @ amplitude level
⋆ quadruple and triple cuts major simplifications

Bern, Dixon, Dunbar, Kosower, Berger, Forde;
Anastasiou, Britto, Cachazo, Feng, Kunszt, Mastrolia;
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Methods available

- Traditional Method: Feynman Diagrams & Passarino-Veltman
Reduction:

- Semi-Numerical Approach (Algebraic/Partly Numerical – Improved
traditional) → Reduction to set of well-known integrals

- Numerical Approach (Numerical/Partly Algebraic) → Compute tensor
integrals numerically

- Analytic Approach (Twistor-inspired)
→ extract information from lower-loop, lower-point amplitudes

→ determine scattering amplitudes by their poles and cuts

⋆ OPP Integrand-level reduction
combine: reduction@integrand + n-particle cuts
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OPP Reduction - Intro
G. Ossola., C. G. Papadopoulos and R. Pittau, Nucl. Phys. B 763, 147 (2007) – arXiv:hep-ph/0609007

and JHEP 0707 (2007) 085 – arXiv:0704.1271 [hep-ph]

R. K. Ellis, W. T. Giele and Z. Kunszt, JHEP 0803, 003 (2008)

Any m-point one-loop amplitude can be written, before integration, as

A(q̄) =
N(q)

D̄0D̄1 · · · D̄m−1

A bar denotes objects living in n = 4 + ǫ dimensions

D̄i = (q̄ + pi)
2 − m2

i

q̄2 = q2 + q̃2

D̄i = Di + q̃2

External momenta pi are 4-dimensional objects
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The old “master” formula

∫

A =

m−1
∑

i0<i1<i2<i3

d(i0i1i2i3)D0(i0i1i2i3)

+

m−1
∑

i0<i1<i2

c(i0i1i2)C0(i0i1i2)

+
m−1
∑

i0<i1

b(i0i1)B0(i0i1)

+
m−1
∑

i0

a(i0)A0(i0)

+ rational terms
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The old “master” formula

A(q̄) =
N(q)

D̄0D̄1 · · · D̄m−1

N(q) → qµ1 . . . qµm → gµ1µ2p
µ3

i . . .

G. Passarino and M. J. G. Veltman, “One Loop Corrections For E+ E- Annihilation Into Mu+ Mu- In

The Weinberg Model,” Nucl. Phys. B 160 (1979) 151.
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Unitarity

Started in 90’s, mainly QCD, amplitude level (analytical results)
Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower,
[arXiv:hep-ph/9403226].
R. Britto, F. Cachazo and B. Feng, [arXiv:hep-th/0412103].
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OPP “master” formula - I

General expression for the 4-dim N(q) at the integrand level in terms of Di

N(q) =
m−1
∑

i0<i1<i2<i3

[

d(i0i1i2i3) + d̃(q; i0i1i2i3)
]

m−1
∏

i 6=i0,i1,i2,i3

Di

+
m−1
∑

i0<i1<i2

[c(i0i1i2) + c̃(q; i0i1i2)]
m−1
∏

i 6=i0,i1,i2

Di

+

m−1
∑

i0<i1

[

b(i0i1) + b̃(q; i0i1)
]

m−1
∏

i 6=i0,i1

Di

+

m−1
∑

i0

[a(i0) + ã(q; i0)]

m−1
∏

i 6=i0

Di
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OPP “master” formula - II

N(q) =

m−1
∑

i0<i1<i2<i3

[

d(i0 i1 i2i3)
]

m−1
∏

i 6=i0,i1,i2,i3

Di +

m−1
∑

i0<i1<i2

[c(i0i1 i2) ]

m−1
∏

i 6=i0,i1,i2

Di

+

m−1
∑

i0<i1

[

b(i0i1)
]

m−1
∏

i 6=i0,i1

Di +

m−1
∑

i0

[a(i0) ]

m−1
∏

i 6=i0

Di

The quantities d(i0i1i2i3) are the coefficients of 4-point functions with
denominators labeled by i0, i1, i2, and i3.

c(i0i1i2), b(i0i1), a(i0) are the coefficients of all possible 3-point,
2-point and 1-point functions, respectively.
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OPP “master” formula - II

N(q) =

m−1
∑

i0<i1<i2<i3

[

d(i0 i1 i2i3) + d̃(q; i0i1 i2 i3)
]

m−1
∏

i 6=i0,i1,i2,i3

Di +

m−1
∑

i0<i1<i2

[c(i0i1 i2) + c̃(q; i0 i1 i2)]

m−1
∏

i 6=i0,i1,i2

Di

+

m−1
∑

i0<i1

[

b(i0i1) + b̃(q; i0 i1)
]

m−1
∏

i 6=i0,i1

Di +

m−1
∑

i0

[a(i0) + ã(q; i0)]

m−1
∏

i 6=i0

Di

The quantities d̃ , c̃ , b̃ , ã are the “spurious” terms

They still depend on q (integration momentum)

They should vanish upon integration

What is the explicit expression of the spurious term?
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Spurious Terms - I

Following F. del Aguila and R. Pittau, arXiv:hep-ph/0404120

Express any q in N(q) as

qµ = −p
µ
0 +

∑4
i=1 Gi ℓ

µ
i , ℓi

2 = 0

k1 = ℓ1 + α1ℓ2 , k2 = ℓ2 + α2ℓ1 , ki = pi − p0

ℓ3
µ =< ℓ1|γ

µ|ℓ2] , ℓ4
µ =< ℓ2|γ

µ|ℓ1]

The coefficients Gi either reconstruct denominators Di

→ They give rise to d , c , b, a coefficients
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ℓ3
µ =< ℓ1|γ

µ|ℓ2] , ℓ4
µ =< ℓ2|γ

µ|ℓ1]

The coefficients Gi either reconstruct denominators Di

or vanish upon integration

→ They give rise to d , c , b, a coefficients
→ They form the spurious d̃ , c̃ , b̃, ã coefficients
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Spurious Terms - II

d̃(q) term (only 1)
d̃(q) = d̃ T (q) ,

where d̃ is a constant (does not depend on q)

T (q) ≡ Tr [(/q + /p0)/ℓ1/ℓ2/k3γ5]
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d̃(q) = d̃ T (q) ,

where d̃ is a constant (does not depend on q)

T (q) ≡ Tr [(/q + /p0)/ℓ1/ℓ2/k3γ5]

c̃(q) terms (they are 6)

c̃(q) =

jmax
∑

j=1

{

c̃1j [(q + p0) · ℓ3]
j + c̃2j [(q + p0) · ℓ4]

j
}

In the renormalizable gauge, jmax = 3
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d̃(q) = d̃ T (q) ,

where d̃ is a constant (does not depend on q)

T (q) ≡ Tr [(/q + /p0)/ℓ1/ℓ2/k3γ5]

c̃(q) terms (they are 6)

c̃(q) =

jmax
∑

j=1

{

c̃1j [(q + p0) · ℓ3]
j + c̃2j [(q + p0) · ℓ4]

j
}

In the renormalizable gauge, jmax = 3

b̃(q) and ã(q) give rise to 8 and 4 terms, respectively
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A simple example

∫

1

D0D1D2D3D4
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∫

1

D0D1D2D3D4
=
∑
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2

(

1

Di4(q
+)

+
1

Di4(q
−)

)

Costas G. Papadopoulos (Athens) OPP Reduction Tools2008 14 / 55



A simple example

∫

1

D0D1D2D3D4

1 =
∑

[

d(i0i1i2i3) + d̃(q; i0i1i2i3)
]

Di4

∫

1

D0D1D2D3D4

∑

[

d(i0i1i2i3) + d̃(q; i0i1i2i3)
]

Di4

∫

1

D0D1D2D3D4
=
∑

d(i0i1i2i3)D0(i0i1i2i3)

d(i0i1i2i3) =
1

2

(

1

Di4(q
+)

+
1

Di4(q
−)

)

Melrose, Nuovo Cim. 40 (1965) 181

G. Källén, J.Toll, J. Math. Phys. 6, 299 (1965)
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A next to simple example

∫

1

D0D1D2D3 . . . Dm−1
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



∏
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1
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∏
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1

Dj(q−)
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
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General strategy

Now we know the form of the spurious terms:

N(q) =

m−1
∑

i0<i1<i2<i3

[

d(i0i1 i2 i3) + d̃(q; i0 i1 i2 i3)
]

m−1
∏

i 6=i0,i1,i2,i3

Di +

m−1
∑

i0<i1<i2

[c(i0i1 i2) + c̃(q; i0 i1 i2)]

m−1
∏

i 6=i0,i1,i2

Di

+

m−1
∑

i0<i1

[

b(i0i1) + b̃(q; i0 i1)
]

m−1
∏

i 6=i0,i1

Di +

m−1
∑

i0

[a(i0) + ã(q; i0)]

m−1
∏

i 6=i0

Di

Our calculation is now reduced to an algebraic problem
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[a(i0) + ã(q; i0)]

m−1
∏

i 6=i0

Di

Our calculation is now reduced to an algebraic problem

Extract all the coefficients by evaluating N(q) for a set of values of the
integration momentum q

There is a very good set of such points: Use values of q for which a set of
denominators Di vanish → The system becomes “triangular”: solve first
for 4-point functions, then 3-point functions and so on
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Example

N(q) = d + d̃(q) +

3
∑

i=0

[c(i) + c̃(q; i)]Di +

3
∑

i0<i1

[

b(i0i1) + b̃(q; i0i1)
]

Di0Di1

+

3
∑

i0=0

[a(i0) + ã(q; i0)] Di 6=i0Dj 6=i0Dk 6=i0

We look for a q of the form qµ = −p
µ
0 + xiℓ

µ
i such that

D0 = D1 = D2 = D3 = 0

→ we get a system of equations in xi that has two solutions q±
0
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Example

N(q) = d + d̃(q)

Our “master formula” for q = q±
0 is:

N(q±
0 ) = [d + d̃ T (q±

0 )]

→ solve to extract the coefficients d and d̃
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Example

N(q) − d − d̃(q) =

3
∑

i=0

[c(i) + c̃(q; i)]Di +

3
∑

i0<i1

[

b(i0i1) + b̃(q; i0i1)
]

Di0Di1

+

3
∑

i0=0

[a(i0) + ã(q; i0)] Di 6=i0Dj 6=i0Dk 6=i0

Then we can move to the extraction of c coefficients using

N ′(q) = N(q) − d − d̃T (q)

and setting to zero three denominators (ex: D1 = 0, D2 = 0, D3 = 0)
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Example

N(q) − d − d̃(q) = [c(0) + c̃(q; 0)]D0

We have infinite values of q for which

D1 = D2 = D3 = 0 and D0 6= 0

→ Here we need 7 of them to determine c(0) and c̃(q; 0)
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Rational Terms - I

Let’s go back to the integrand

A(q̄) =
N(q)

D̄0D̄1 · · · D̄m−1

Insert the expression for N(q) → we know all the coefficients

N(q) =

m−1
∑

i0<i1<i2<i3

[

d + d̃(q)
]

m−1
∏

i 6=i0,i1,i2,i3

Di +

m−1
∑

i0<i1<i2

[c + c̃(q)]

m−1
∏

i 6=i0,i1,i2

Di + · · ·

Finally rewrite all denominators using

Di

D̄i

= Z̄i , with Z̄i ≡

(

1 −
q̃2

D̄i

)
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Rational Terms - I

A(q̄) =
m−1
∑

i0<i1<i2<i3

d(i0i1i2i3) + d̃(q; i0i1i2i3)

D̄i0D̄i1D̄i2D̄i3

m−1
∏

i 6=i0,i1,i2,i3

Z̄i

+
m−1
∑

i0<i1<i2

c(i0i1i2) + c̃(q; i0i1i2)

D̄i0D̄i1D̄i2

m−1
∏

i 6=i0,i1,i2

Z̄i

+

m−1
∑

i0<i1

b(i0i1) + b̃(q; i0i1)

D̄i0D̄i1

m−1
∏

i 6=i0,i1

Z̄i

+

m−1
∑

i0

a(i0) + ã(q; i0)

D̄i0

m−1
∏

i 6=i0

Z̄i

The rational part is produced, after integrating over dnq, by the q̃2

dependence in Z̄i

Z̄i ≡

(

1 −
q̃2

D̄i

)
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Rational Terms - I

The “Extra Integrals” are of the form

I
(n;2ℓ)
s;µ1···µr ≡

∫

dnq q̃2ℓ qµ1 · · · qµr

D̄(k0) · · · D̄(ks)
,

where
D̄(ki ) ≡ (q̄ + ki )

2 − m2
i , ki = pi − p0

These integrals:

- have dimensionality D = 2(1 + ℓ − s) + r

- contribute only when D ≥ 0, otherwise are of O(ǫ)
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Rational Terms - II

Expand in D-dimensions ?

D̄i = Di + q̃2
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Rational Terms - II

Expand in D-dimensions ?

N(q) =

m−1
∑

i0<i1<i2<i3

[

d(i0i1i2i3; q̃
2) + d̃(q; i0i1i2i3; q̃

2)
]

m−1
∏

i 6=i0,i1,i2,i3

D̄i

+

m−1
∑

i0<i1<i2

[

c(i0i1i2; q̃
2) + c̃(q; i0i1i2; q̃

2)
]

m−1
∏

i 6=i0,i1,i2

D̄i

+

m−1
∑

i0<i1

[

b(i0i1; q̃
2) + b̃(q; i0i1; q̃

2)
]

m−1
∏

i 6=i0,i1

D̄i

+

m−1
∑

i0

[

a(i0; q̃
2) + ã(q; i0; q̃

2)
]

m−1
∏

i 6=i0

D̄i + P̃(q)

m−1
∏

i

D̄i
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Rational Terms - II

Expand in D-dimensions ?

N(q) =

m−1
∑

i0<i1<i2<i3

[

d(i0i1i2i3; q̃
2) + d̃(q; i0i1i2i3; q̃

2)
]

m−1
∏

i 6=i0,i1,i2,i3

D̄i

+

m−1
∑

i0<i1<i2

[

c(i0i1i2; q̃
2) + c̃(q; i0i1i2; q̃

2)
]

m−1
∏

i 6=i0,i1,i2

D̄i

+

m−1
∑

i0<i1

[

b(i0i1; q̃
2) + b̃(q; i0i1; q̃

2)
]

m−1
∏

i 6=i0,i1

D̄i

+

m−1
∑

i0

[

a(i0; q̃
2) + ã(q; i0; q̃

2)
]

m−1
∏

i 6=i0

D̄i + P̃(q)

m−1
∏

i

D̄i

m2
i → m2

i − q̃2
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Rational Terms - II

Polynomial dependence on q̃2

b(ij ; q̃2) = b(ij) + q̃2b(2)(ij) , c(ijk ; q̃2) = c(ijk) + q̃2c(2)(ijk) .
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Rational Terms - II

Polynomial dependence on q̃2

b(ij ; q̃2) = b(ij) + q̃2b(2)(ij) , c(ijk ; q̃2) = c(ijk) + q̃2c(2)(ijk) .

∫

dnq̄
q̃2

D̄i D̄j

= −
iπ2

2

[

m2
i + m2

j −
(pi − pj)

2

3

]

+ O(ǫ) ,

∫

dnq̄
q̃2

D̄i D̄j D̄k

= −
iπ2

2
+ O(ǫ) ,

∫

dnq̄
q̃4

D̄i D̄j D̄kD̄l

= −
iπ2

6
+ O(ǫ) .

Costas G. Papadopoulos (Athens) OPP Reduction Tools2008 22 / 55



Rational Terms - II

Furthermore, by defining

D(m)(q, q̃2) ≡

m−1
∑

i0<i1<i2<i3

[

d(i0i1i2i3; q̃
2) + d̃(q; i0i1i2i3; q̃

2)
]

m−1
∏

i 6=i0,i1,i2,i3

D̄i ,

the following expansion holds

D(m)(q, q̃2) =

m
∑

j=2

q̃(2j−4)d (2j−4)(q) ,

where the last coefficient is independent on q

d (2m−4)(q) = d (2m−4) .
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Rational Terms - II

In practice, once the 4-dimensional coefficients have been determined, one
can redo the fits for different values of q̃2, in order to determine b(2)(ij),
c(2)(ijk) and d (2m−4).

R1 = −
i

96π2
d (2m−4) −

i

32π2

m−1
∑

i0<i1<i2

c(2)(i0i1i2)

−
i

32π2

m−1
∑

i0<i1

b(2)(i0i1)

(

m2
i0

+ m2
i1
−

(pi0 − pi1)
2

3

)

.

G. Ossola, C. G. Papadopoulos and R. Pittau,arXiv:0802.1876 [hep-ph]
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Rational Terms - R2

A different source of Rational Terms, called R2, can also be generated
from the ǫ-dimensional part of N(q)

N̄(q̄) = N(q) + Ñ(q̃2, ǫ; q)

R2 ≡
1

(2π)4

∫

dn q̄
Ñ(q̃2, ǫ; q)

D̄0D̄1 · · · D̄m−1
≡

1

(2π)4

∫

dn q̄ R2

q̄ = q + q̃ ,

γ̄µ̄ = γµ + γ̃µ̃ ,

ḡ µ̄ν̄ = gµν + g̃ µ̃ν̃ .

New vertices/particles or GKM-approach
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Rational Terms - R2

q̄µ γ
γ

1

2

Q̄2

Q̄1

Q̄1 = q̄ + p1 = Q1 + q̃

Q̄2 = q̄ + p2 = Q2 + q̃

D̄0 = q̄2

D̄1 = (q̄ + p1)
2

D̄2 = (q̄ + p2)
2

N̄(q̄) ≡ e3
{

γ̄β̄ (/̄Q1 + me) γµ (/̄Q2 + me) γ̄β̄
}

= e3
{

γβ(/Q1 + me)γµ(/Q2 + me)γ
β

− ǫ (/Q1 − me)γµ(/Q2 − me) + ǫq̃2 γµ − q̃2 γβγµγβ
}

,
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Rational Terms - R2

∫

dnq̄
q̃2

D̄0D̄1D̄2
= −

iπ2

2
+ O(ǫ) ,

∫

dnq̄
qµqν

D̄0D̄1D̄2
= −

iπ2

2ǫ
gµν + O(1) ,

R2 = −
ie3

8π2
γµ + O(ǫ) ,

µ • = −
ie3

8π2
γµ
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Rational Terms - R2

Rational counterterms

p
•µ ν = −

ie2

8π2
gµν (2m2

e − p2/3)

p
• =

ie2

16π2
(−/p + 2me)

ρσ

νµ

• =
ie4

12π2
(gµνgρσ + gµρgνσ + gµσgνρ)
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Summary

Calculate N(q)
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Summary

Calculate N(q)

We do not need to repeat this for all Feynman diagrams. We can
group them and solve for (sub)amplitudes directly

Calculate N(q) numerically via recursion relations

Just specify external momenta, polarization vectors and masses and
proceed with the reduction!

Compute all coefficients

by evaluating N(q) at certain values of integration momentum

Evaluate scalar integrals

massive integrals → FF [G. J. van Oldenborgh]

massless+massive integrals → OneLOop [A. van Hameren]
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What we gain

PV:

Unitarity Methods:
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What we gain

PV:

N(q) or A(q) hasn’t to be known analytically
No computer algebra
Mathematica → Numerica

Unitarity Methods:

A more transparent algebraic method
A solid way to get all rational terms
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What we gain

PV:

N(q) or A(q) hasn’t to be known analytically
No computer algebra
Mathematica → Numerica

Unitarity Methods:

A more transparent algebraic method
A solid way to get all rational terms

Cuttools
G. Ossola, C. G. Papadopoulos and R. Pittau, JHEP 0803, 042 (2008) [arXiv:0711.3596 [hep-ph]]
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The Master Equation

Properties of the master equation
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The Master Equation

Properties of the master equation

Polynomial equation in q

Highly redundant: the a-terms have a degree of m2 − 2 compared to
m as a function of q

Zeros of (a tower of ) polynomial equations

Different ways of solving it, besides ’unitarity method’

The N ≡ N test

A tool to efficiently treat phase-space points with numerical instabilities
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OPP “master” formula - I

General expression for the 4-dim N(q) at the integrand level in terms of Di

N(q) =
m−1
∑

i0<i1<i2<i3

[

d(i0i1i2i3) + d̃(q; i0i1i2i3)
]

m−1
∏

i 6=i0,i1,i2,i3

Di

+
m−1
∑

i0<i1<i2

[c(i0i1i2) + c̃(q; i0i1i2)]
m−1
∏

i 6=i0,i1,i2

Di

+

m−1
∑

i0<i1

[

b(i0i1) + b̃(q; i0i1)
]

m−1
∏

i 6=i0,i1

Di

+

m−1
∑

i0

[a(i0) + ã(q; i0)]

m−1
∏

i 6=i0

Di
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pp → VVV NLO

NLO corrections to tri-boson production

pp → ZZZ

pp → W +ZZ

pp → W +W−Z

pp → W +W−W +

T. Binoth, G. Ossola, C. G. Papadopoulos and R. Pittau, arXiv:0804.0350 [hep-ph]
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pp → ZZZ virtual corrections

A. Lazopoulos, K. Melnikov and F. Petriello, [arXiv:hep-ph/0703273]

Poles 1/ǫ2 and 1/ǫ

σNLO,virt|div = −CF

αs

π

Γ(1 + ǫ)

(4π)−ǫ
(s12)

−ǫ

(

1

ǫ2
+

3

2ǫ

)

σLO
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pp → WWZ virtual corrections

Hankele and Zeppenfeld arXiv:0712.3544 [hep-ph]
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pp → VVV virtual corrections

A still naive implementation
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pp → VVV virtual corrections

A still naive implementation

Calculate the N(q) by brute (numerical) force namely multiplying
gamma matrices !

Calculate 4d and rational R1 terms by CutTools

R2 terms added by hand

Comparison with LMP
A. Lazopoulos, K. Melnikov and F. Petriello, [arXiv:hep-ph/0703273]

Of course full agreement for the 1/ǫ2 and 1/ǫ terms

An ’easy’ agreement for all graphs with up to 4-point loop integrals

A bit more work to uncover the differences in scalar function
normalization that happen to show to order ǫ2 thus influence only
5-point loop integrals.
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pp → VVV virtual corrections

Typical precision:
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pp → VVV virtual corrections

Typical precision:

LMP: 9.573(66) about 1% error

OPP:
{

−26.45706742815552
−26.457067428165503661018557937723426

Typical time: 104 times faster (for non-singular PS-points)
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pp → VVV real corrections

σNLO
qq̄ =

∫

VVVg

[

dσR
qq̄ − dσA

qq̄

]

+

∫

VVV

[

dσB
qq̄ + dσV

qq̄ +

∫

g

dσA
qq̄ + dσC

qq̄

]
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pp → VVV real corrections

σNLO
qq̄ =

∫

VVVg

[

dσR
qq̄ − dσA

qq̄

]

+

∫

VVV

[

dσB
qq̄ + dσV

qq̄ +

∫

g

dσA
qq̄ + dσC

qq̄

]

Dq1g6,q̄2 =
8παsCF

2x̃ p1 · p6

(

1 + x̃2

1 − x̃

)

|MB
qq̄(p̃16, p2, p̃3, p̃4, p̃5)|

2
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pp → VVV real corrections

σNLO
qq̄ =

∫

VVVg

[

dσR
qq̄ − dσA

qq̄

]

+

∫

VVV

[

dσB
qq̄ + dσV

qq̄ +

∫

g

dσA
qq̄ + dσC

qq̄

]

Dq1g6,q̄2 =
8παsCF

2x̃ p1 · p6

(

1 + x̃2

1 − x̃

)

|MB
qq̄(p̃16, p2, p̃3, p̃4, p̃5)|

2

x̃ =
p1 · p2 − p2 · p6 − p1 · p6

p1 · p2

p̃16 = x̃ p1 , K = p1 + p2 − p6 , K̃ = p̃16 + p2

Λµν = gµν −
2(Kµ + K̃µ)(K ν + K̃ ν)

(K + K̃ )2
+

2K̃µK ν

K 2

p̃j = Λ pj
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pp → VVV real corrections

dσR
qq̄ − dσA

qq̄ =
CS

N

1

2s12

[

CF |MR
qq̄({pj}

′)|2 −Dq1g6,q̄2 −Dq̄2g6,q1

]

dΦVVVg
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pp → VVV real corrections

dσR
qq̄ − dσA

qq̄ =
CS

N

1

2s12

[

CF |MR
qq̄({pj}

′)|2 −Dq1g6,q̄2 −Dq̄2g6,q1

]

dΦVVVg

dσC
qq̄ +

∫

g

dσA
qq̄ =

αsCF

2π

Γ(1 + ǫ)

(4π)−ǫ

(

s12

µ2

)−ǫ
[ 2

ǫ2
+

3

ǫ
−

2π2

3

]

dσB
qq̄

+
αsCF

2π

1
∫

0

dx Kq,q(x) dσB
qq̄(xp1, p2) +

αsCF

2π

1
∫

0

dx Kq̄,q̄(x) dσB
qq̄(p1, xp2)

K
q,q

(x) = K
q̄,q̄

(x) =

(

1 + x2

1 − x

)

+

log

(

s12

µ2
F

)

+

(

4 log(1 − x)

1 − x

)

+

+ (1 − x) − 2(1 + x) log(1 − x)
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pp → VVV real corrections

σNLO
gq =

∫

VVV

[

∫

q

dσA
gq + dσC

gq

]

+

∫

VVVq

[

dσR
gq − dσA

gq

]
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pp → VVV real corrections

σNLO
gq =

∫

VVV

[

∫

q

dσA
gq + dσC

gq

]

+

∫

VVVq

[

dσR
gq − dσA

gq

]

dσR
gq − dσA

gq =
CS

N

1

2s12

[

TR |M
R
gq|

2 −Dg1q6,q2

]

dΦVVVq
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pp → VVV real corrections

σNLO
gq =

∫

VVV

[

∫

q

dσA
gq + dσC

gq

]

+

∫

VVVq

[

dσR
gq − dσA

gq

]

dσR
gq − dσA

gq =
CS

N

1

2s12

[

TR |M
R
gq|

2 −Dg1q6,q2

]

dΦVVVq

Dg1q6,q2 =
8παs TR

x̃ 2 p1 · p6
[1 − 2 x̃ (1 − x̃)]|MB

qq̄(p̃j)|
2
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pp → VVV real corrections

dσC
gq +

∫

q

dσA
gq =

αsTR

2π

1
∫

0

dx Kg ,q(x) dσB
qq̄(xp1, p2)

Kg ,q(x) = [x2 + (1 − x)2] log

(

s12

µ2
F

)

+ 2x(1 − x) + 2[x2 + (1 − x)2] log(1 − x)
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pp → VVV real corrections

dσC
gq +

∫

q

dσA
gq =

αsTR

2π

1
∫

0

dx Kg ,q(x) dσB
qq̄(xp1, p2)

Kg ,q(x) = [x2 + (1 − x)2] log

(

s12

µ2
F

)

+ 2x(1 − x) + 2[x2 + (1 − x)2] log(1 − x)

dσ(P1,P2) =
∑

ab

∫

dz1dz2fa(z1, µF )fb(z2, µF )dσab(z1P1, z2P2)

qq̄, q̄q, gq, qg , gq̄, q̄g
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pp → VVV real corrections

dσC
gq +

∫

q

dσA
gq =

αsTR

2π

1
∫

0

dx Kg ,q(x) dσB
qq̄(xp1, p2)

Kg ,q(x) = [x2 + (1 − x)2] log

(

s12

µ2
F

)

+ 2x(1 − x) + 2[x2 + (1 − x)2] log(1 − x)

dσ(P1,P2) =
∑

ab

∫

dz1dz2fa(z1, µF )fb(z2, µF )dσab(z1P1, z2P2)

qq̄, q̄q, gq, qg , gq̄, q̄g

check also with phase-space slicing method
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pp → VVV NLO

Virtual contributions obtained with Cuttools

O(100ms) per ”event” → factor O(10 − 102)
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pp → VVV NLO

Virtual contributions obtained with Cuttools

O(100ms) per ”event” → factor O(10 − 102)

Real contributions obtained with Helac

Positive/negative (un)weighted events

Process scale µ Born cross section [fb] NLO cross section [fb]

ZZZ 3MZ 9.7(1) 15.3(1)
WZZ 2MZ + MW 20.2(1) 40.4(2)
WWZ MZ + 2MW 96.8(6) 185.5(8)
WWW 3MW 82.5(5) 146.2(6)
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pp → VVV NLO

d
σ

/
d
p
T

[p
b
/
G
eV

]

d
σ

/
d
p
T

[p
b
/
G
eV

]

ZZZ W +ZZ

d
σ

/
d
p
T

[p
b
/
G
eV

]

d
σ

/
d
p
T

[p
b
/
G
eV

]

W +W−Z W +W−W +
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pp → VVV NLO

ZZZ W +ZZ

W +W−Z W +W−W +
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pp → VVV NLO

lo
g
(d

σ
/
d
y
)

K
−

fa
ct

or

y y
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pp → VVV NLO

scale σB σNLO K

µ = M/2 82.7(5) 153.2(6) 1.85
µ = M 81.4(5) 144.5(6) 1.77
µ = 2M 81.8(5) 139.1(6) 1.70

scale σB σNLO K

µ = M/2 20.2(1) 43.0(2) 2.12
µ = M 20.0(1) 39.7(2) 1.99
µ = 2M 19.7(1) 37.8(2) 1.91
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One Loop Amplitude Calculation

Still using Feynman Graphs, but a new (OPP) reduction approach
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One Loop Amplitude Calculation

Still using Feynman Graphs, but a new (OPP) reduction approach

Unitarity-like approach

Dyson-Schwinger recursion
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The Dyson-Schwinger recursion

• Imagine a theory with 3- and 4- point vertices and just one field.

Then it is straightforward to write an equation that gives the

amplitude for 1 → n

= + +

+ + +



Amplitude calculation-II

= +

+ +

+ + ...
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Amplitude calculation-III
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Outlook

Reduction at the integrand level
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Outlook

Reduction at the integrand level

changes the computational approach at one loop

Numerical but still algebraic: speed and precision not a problem

Current

Understand potential stability problems

Combine with the real corrections

Future

Automatize through Dyson-Schwinger equations

A generic NLO calculator seems feasible

Costas G. Papadopoulos (Athens) OPP Reduction Tools2008 55 / 55



Tools 2008 ?

BlackHat

C.F. Berger, Z. Bern, L.J. Dixon, F. Febres Cordero, D. Forde, H. Ita, D.A.
Kosower, D. Maitre, arXiv:0803.4180 [hep-ph]

Rocket

W. T. Giele and G. Zanderighi, arXiv:0805.2152 [hep-ph]

CutTools

G. Ossola, C. G. Papadopoulos and R. Pittau, [arXiv:0711.3596 [hep-ph]].
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HELAC - PHEGAS : automatic helicity

amplitude calculation and parton level

generation

Costas G. Papadopoulos

HEPTOOLS Training Event, May 29 & 30, 2008, Nijmegen

papadopo
Rectangle
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Contributors - Contact Persons

Costas Papadopoulos

costas.papadopoulos@cern.ch

Malgorzata Worek

worek@particle.uni-karlsruhe.de

Alessandro Cafarella

cafarella@inp.demokritos.gr
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Web page

http://www.cern.ch/helac-phegas
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• Reliable cross section computation and event

generation for multiparticle processes, with ∼ 10-12

particles in the final state.

• – HELAC: A.Kanaki and C.G.Papadopoulos, CPC 132 (2000) 306, hep-ph/0002082.

Matrix element computation algorithm, based on

Dyson-Schwinger equations, including: EWK, QCD,

fermion masses, reliable arithmetic, running couplings

and masses . . ..

PHEGAS: C.G.Papadopoulos, CPC 137 (2001) 247, hep-ph/0007335

Monte-Carlo phase space integration/generation based

on optimized multichannel approach.

hep-ph/0012004 and Tokyo 2001,(CPP2001) Computational particle physics, p. 20-25

T. Gleisberg, et al. Eur. Phys. J. C 34 (2004) 173
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%HEP - NCSR Democritos

–• Give the process

e−e+ → µ ν̄µ u d̄ γ γ

• Define the cuts

Ei >E0 cos θi < c0 cos θij < c1

• The cross section is:

σ = 1.73(5) fb at
√
s = 500 GeV

• ... plus any other kinematical distribution !
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Old Feynman graphs → computational cost ∼ n!
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Old Feynman graphs → computational cost ∼ n!

New Dyson-Schwinger → computational cost ∼ 3n

P.Draggiotis, R.H.Kleiss and C.G.Papadopoulos, Phys. Lett. B439 (1998) 157

F. Caravaglios and M. Moretti, Phys. Lett. B358 (1995) 332

F. A. Berends and W. T. Giele, Nucl. Phys. B 306 (1988) 759.
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Old Feynman graphs → computational cost ∼ n!

New Dyson-Schwinger → computational cost ∼ 3n

P.Draggiotis, R.H.Kleiss and C.G.Papadopoulos, Phys. Lett. B439 (1998) 157

F. Caravaglios and M. Moretti, Phys. Lett. B358 (1995) 332

F. A. Berends and W. T. Giele, Nucl. Phys. B 306 (1988) 759.

• Example: e−e+ → e−e+e−e+ in QED:

e eγ

e

γ

e

e e

γ

e

e e

eγ

e e
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The Dyson-Schwinger recursion

• Imagine a theory with 3- and 4- point vertices and just one field.

Then it is straightforward to write an equation that gives the

amplitude for 1 → n

= + +

+ + +
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The Dyson-Schwinger recursion

= + +

a(n) = δn,1 +
∑ n!

n1!n2!
a(n1)a(n2)δn1+n2,n

+
n!

n1!n2!n3!

∑

a(n1)a(n2)a(n3)δn1+n2+n3,n
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⇒ Systematic approach:

bµ(P) = ψ(P) = ψ̄(P) =

= +

bµ(P) =
n
∑

i=1

δP=pi
bµ(pi) +

∑

P=P1+P2

(ig)Πµ
ν ψ̄(P2)γ

νψ(P1)ǫ(P1,P2)
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= +

ψ(P) =
n
∑

i=1

δP=pi
ψ(pi) +

∑

P=P1+P2

(ig)b/(P2)
(P/1 +m)

P2
1 −m2

ψ(P1)ǫ(P1,P2)
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� Let n external particles with momenta p
µ
i , i = 1 . . . ,n, and define the

momentum Pµ

Pµ =
∑

i∈I
p
µ
i , I ⊂ {1, . . . ,n}
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� Let n external particles with momenta p
µ
i , i = 1 . . . ,n, and define the

momentum Pµ

Pµ =
∑

i∈I
p
µ
i , I ⊂ {1, . . . ,n}

� the binary vector ~m= (m1, . . . ,mn), where its components take the

values 0 or 1 :

Pµ =
n
∑

i=1

mi p
µ
i .

� Moreover this binary vector can be uniquely represented by the

integer

m=

n
∑

i=1

2i−1mi , 0 ≤m≤ 2n − 1

� Replace

bµ(P) → bµ(m) .
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defined by
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♣ external momenta are of level 1

♣ the total amplitude corresponds to the unique level n integer 2n − 1

A = b(1) · b(2n − 2)
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♣ Convenient ordering of integers in binary representation ⇒ level l,

defined by

l =
n
∑

i=1

mi .

♣ external momenta are of level 1

♣ the total amplitude corresponds to the unique level n integer 2n − 1

A = b(1) · b(2n − 2)

This ordering dictates the natural path of the computation : start-

ing with level-1 sub-amplitudes, we compute the level-2 ones using

the Dyson-Schwinger equations and so on up to level n− 1
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The solution

e−(1) e+(2) → e−(4) ν̄e(8) u(16) d̄(32)

1 10 33 2 -2 8 1

1 12 33 4 -2 8 1

1 48 34 16 -3 32 4

2 26 -4 10 33 16 -3

. . .

2 62 -2 10 33 52 -1

2 62 -2 12 33 50 -1

2 62 -2 58 31 4 -2

2 62 -2 58 32 4 -2

2 62 -2 60 31 2 -2

2 62 -2 60 32 2 -2
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W

e

ν
_

+

+

2

8

10
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• Dirac algebra simplification: 2-dim vs 4-dim and chiral

representation, including mf 6= 0.

• The sign factor:

ǫ(P1,P2) → ǫ(m1,m2)

we define

ǫ(m1,m2) = (−1)χ(m1,m2)

χ(m1,m2) =

2
∑

i=n

m̂1i





i−1
∑

j=1

m̂2j





where hatted components are set to 0 if the corresponding external

particle is a boson.

• Full EWK theory, both Unitary and Feynman gauges.

A. Denner, Fortsch. Phys. 41, 307 (1993).
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HELAC

• Construction of the skeleton solution of the Dyson-Schwinger

equations. At this stage only integer arithmetic is performed. This is

part of the initialization phase.

• Dressing-up the skeleton with momenta, provided by PHEGAS and wave

functions, propagators, n-point functions in general.

• Unitary and Feynman gauges implemented. Due to multi-precision

arithmetic,tests of gauge invariance can be extended to arbitrary

precision.

• All fermions masses can be non-zero.

• All Electroweak and QCD vertices are implemented, including Higgs

and would-be Goldstone bosons.
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HELAC - the code

• A two-phase computation

– phase A: selection and tree-construction (integer arithmetic)

– phase B: computation (high-precision arithmetic)

• Comparisons: full technical agreement

– EXCALIBUR mf = 0 comparable speed

– MADGRAPH mf 6= 0 comparable speed for n < 7.

• As expected HELAC shows an exponential (instead of factorial) CPU-time

growth. F.A.Berends, C.G.Papadopoulos and R.Pittau, hep-ph/0002249.

• There is no a priori limitation for the number of particles that HELAC

can treat, the only restrictions being that of memory allocation.
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Numerical reliability

• Problem due to huge ’gauge’ cancellations !

• In order to have a taste of a multi-precision computation we have

computed the squared amplitude for the process

e−(p1)e
+(p2) → e−(p3)e

+(p4)e
−(p5)e

+(p6)

at two phase space points.

– Phase space point (A) is just a randomly generated one by the

phase-space generator RAMBO.

– Phase space point (B)

p01/ GeV = 100, ~p1 + ~p2 = 0,

p03/p
0
1 = 0.9, θ3 = 0,

(p5 + p6)
2/(p4 + p5 + p6)

2 = 0.1, θ4 = φ4 = θ5 = φ5 = 0

with me = 0.511 × 10−3 GeV.
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• Results are provided for these points, by using the real*8 (DP),

real*16 (QP) and 34-digit multi-precision version of the code.

David M. Smith, Transactions on Mathematical Software 17 (1991) 273.

(A) (B)

1.539728523150595E-008 1.256276706229023E+023

1.53972852315058854156763002825013D-08 3.07162601093710915134136924973089D+22

1.53972852315058854156763002825011853M-8 3.07162601093710915127950109241770808M+22

• In the MP-version of the code the precision is defined by the user.
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Colour Configuration - EWK⊕QCD
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Colour Configuration - EWK⊕QCD

• Ordinary approach SU(N)-type

Aa1...an =
∑

Tr(Taσ1 . . . Taσn ) A(σ1 . . . σn)
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Aa1...an =
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Colour Configuration - EWK⊕QCD

• Ordinary approach SU(N)-type

Aa1...an =
∑

Tr(Taσ1 . . . Taσn ) A(σ1 . . . σn)

Cij =
∑

Tr(Taσ1 . . . Taσn )Tr(T
a

σ′

1 . . . T
aσ′

n )

Quarks and gluons treated differently
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Colour Configuration - EWK⊕QCD
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Colour Configuration - EWK⊕QCD

• New approach U(N)-type

Each color-configuration amplitude is proportional to

Di = δ1,σi(1)δ2,σi(2) . . . δn,σi(n)

where σi represents the i-th permutation of the set 1,2, . . . ,n.
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Each color-configuration amplitude is proportional to

Di = δ1,σi(1)δ2,σi(2) . . . δn,σi(n)
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Colour Configuration - EWK⊕QCD

• New approach U(N)-type

Each color-configuration amplitude is proportional to

Di = δ1,σi(1)δ2,σi(2) . . . δn,σi(n)

where σi represents the i-th permutation of the set 1,2, . . . ,n.

⋆ quarks 1 . . .n

⋆ antiquarks σi(1 . . .n) and

⋆ gluons = qq̄

Cij =
∑

DiDj = Nα
c , α = 〈σ1, σ2〉

♠ exact color treatment ⇒ low color charge

Problem: number of colour connection configurations: ∼ n! where n is the number of

gluons or qq̄ pairs. ⇒ Monte-Carlo over continuous colour-space.
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σi)(j,

(j,σj)

g

( i,σi)

g

     

g

δ σi j 

∑

fabctaAB t
b
CDt

c
EF = − i

4
(δADδCF δEB − δAF δCBδED )

δ1σ2δ2σ3δ3σ1
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(0,

σi)

σi)

(i,

q
_

q
(i,0)

g

∑

taABt
b
CD =

1

2
(δADδCB − 1

Nc
δABδAC )

1√
2
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(i,0)

(0,σi)

q
_

g

δi σi

q

(0,0)

∑

taABt
b
CD =

1

2
(δADδCB − 1

Nc
δABδAC )

1√
2Nc
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(1,σ )1

(4,σ )

(3,σ )

(2,σ )2

4

3

δ1σ3δ3σ2δ2σ4δ4σ1

2g12g34 − g13g24 − g14g23
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For an 1 → n color ordered amplitude the number of 3-vertex

n−1
∑

k=1

(n− k)k
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For an 1 → n color ordered amplitude the number of 3-vertex

n−1
∑

k=1

(n− k)k

and for the 4-vertex their number is

n−1
∑

k=2

(n− k)
k(k− 1)

2
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For an 1 → n color ordered amplitude the number of 3-vertex

n−1
∑

k=1

(n− k)k

and for the 4-vertex their number is

n−1
∑

k=2

(n− k)
k(k− 1)

2

where n− k is the number of k-words in the length n object

(1,2,3,4) → (1,2)(2,3)(3,4)

(1,2,3,4) → (1,2,3)(2,3,4)
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numberofterms =





n+ 2

3



 +





n+ 2

4




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numberofterms =





n+ 2

3



 +





n+ 2

4





gg → ng 2 3 4 5 6 7 8 9

# 5 15 35 70 126 210 330 495

FG-O 3 10 38 154 654 2871 12,925 59,345

FG-U 4 25 220 2,485 34,300 559,405 10,525,900 224,449,225
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numberofterms =





n+ 2

3



 +





n+ 2

4





gg → ng 2 3 4 5 6 7 8 9

# 5 15 35 70 126 210 330 495

FG-O 3 10 38 154 654 2871 12,925 59,345

FG-U 4 25 220 2,485 34,300 559,405 10,525,900 224,449,225

a(n) =
1

2!

∑ n!

n1!n2!
a(n1)a(n2)δn1+n2,n

+
1

3!

∑ n!

n1!n2!n3!
a(n1)a(n2)a(n3)δn1+n2+n3,n

a(1) = 1
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Summation/Integration over color
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Summation/Integration over color

M({pi}n1 ,{εi}n1 ,{ai}n1 ) ∼
∑

P (2,...,n)

Tr(ta1 . . . tan)A({pi}n1 ,{εi}n1 )
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P (2,...,n)

Tr(ta1 . . . tan)A({pi}n1 ,{εi}n1 )

M({pi}n1 ,{εi}n1 ,{Ii, Ji}n1 ) ∼
∑

P (2,...,n)

δI1,P (J1) . . . δIn,P (Jn)A({pi}n1 ,{εi}n1 )
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∑
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Tr(ta1 . . . tan)A({pi}n1 ,{εi}n1 )
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∑

P (2,...,n)
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∑
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Summation/Integration over color

M({pi}n1 ,{εi}n1 ,{ai}n1 ) ∼
∑

P (2,...,n)

Tr(ta1 . . . tan)A({pi}n1 ,{εi}n1 )

M({pi}n1 ,{εi}n1 ,{Ii, Ji}n1 ) ∼
∑

P (2,...,n)

δI1,P (J1) . . . δIn,P (Jn)A({pi}n1 ,{εi}n1 )

∑

{ai}n
1 {εi}n

1

|M({pi}n1 ,{εi}n1 ,{ai}n1 )|2 = g2n−4
∑

ε

∑

ij

AiCijA∗
j

∑

P (2,...,n)

∼ n!
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Summation/Integration over color

M({pi}n1 ,{εi}n1 ,{ai}n1 ) ∼
∑

P (2,...,n)

Tr(ta1 . . . tan)A({pi}n1 ,{εi}n1 )

M({pi}n1 ,{εi}n1 ,{Ii, Ji}n1 ) ∼
∑

P (2,...,n)

δI1,P (J1) . . . δIn,P (Jn)A({pi}n1 ,{εi}n1 )

∑

{ai}n
1 {εi}n

1

|M({pi}n1 ,{εi}n1 ,{ai}n1 )|2 = g2n−4
∑

ε

∑

ij

AiCijA∗
j

∑

P (2,...,n)

∼ n!

∑

{Ii,Ji}n
1

∼ 3n × 3n
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[Aµ(P); (A,B)] =
n
∑

i=1

[ δ(P − pi) A
µ(pi); (A,B)i]+

∑

[ (ig) Πµ
ρ V

ρνλ(P,p1, p2)Aν (p1)Aλ(p2)σ(p1, p2); (A,B) = (C,D)1⊗(E,F)2]

−
∑

[ (g2) Πµ
σ G

σνλρ(P,p1, p2, p3)Aν (p1)Aλ(p2)Aρ(p3)σ(p1, p2 + p3);

(A,B) = (C,D)1 ⊗ (E,F)2 ⊗ (G,H)3]

+
∑

P=p1+p2

[ (ig) Πµ
ν ψ̄(p1)γ

νψ(p2)σ(p1, p2); (A,B) = (0,D)1 ⊗ (C,0)2]

where A,B,C,D,E,F,G,H = 1,2,3.
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L = −1

4
FaµνF

µνa, Faµν = ∂µA
a
ν − ∂νA

a
µ + gfabcAbµA

c
ν

L = −1

2
Ha
µνH

µνa +
1

4
Ha
µνF

µνa.
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[Aµ(P); (A,B)] =
n
∑

i=1

[ δ(P − pi) A
µ(pi); (A,B)i]+

[ (ig) Πµ
ρ V

ρνλ(P,p1, p2)Aν (p1)Aλ(p2)σ(p1, p2); (A,B) = (C,D)1 ⊗(E,F)2]

+

[ (ig) Πµ
σ (gσλgνρ−gνλgσρ)Aν (p1)Hλρ(p2)σ(p1, p2); (A,B) = (C,D)1⊗(E,F)2]

+

[ (ig) Πµ
ν ψ̄(p1)γ

νψ(p2)σ(p1, p2); (A,B) = (0,D)1 ⊗ (C,0)2]

and

[Hµν (P); (A,B)] =
∑

P=p1+p2

[ (ig) (gµλgνρ−gνλgµρ) Aλ(p1)Aρ(p2)σ(p1, p2);

(A,B) = (C,D)1 ⊗ (E,F)2].
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(A,B) = (C,0) ⊗ (0,D) = (C,D)w=1, if C 6= D.
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(A,B) = (C,0) ⊗ (0,D) = (C,D)w=1, if C 6= D.

(A,B) = (C,0) ⊗ (0,D) = (1,1)w1 ⊕ (2,2)w2 ⊕ (3,3)w3, if C = D.
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(A,B) = (C,0) ⊗ (0,D) = (C,D)w=1, if C 6= D.

(A,B) = (C,0) ⊗ (0,D) = (1,1)w1 ⊕ (2,2)w2 ⊕ (3,3)w3, if C = D.

(1,0) ⊗ (0,1) = (1,1)2/3 ⊕ (2,2)−1/3 ⊕ (3,3)−1/3
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NCC =

nq
∑

A=0

nq−1
∑

B=0

nq−A−B
∑

C=0

(

nq !

A!B!C!

)2

δ(nq = A+B+C)
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NCC =

nq
∑

A=0

nq−1
∑

B=0

nq−A−B
∑

C=0

(

nq !

A!B!C!

)2

δ(nq = A+B+C)

Process NALL
CC NCC NF

CC (%)

gg → 2g 6561 639 59.1

gg → 3g 59049 4653 68.4

gg → 4g 531441 35169 77.4

gg → 5g 4782969 272835 85.0

gg → 6g 43046721 2157759 90.4

gg → 7g 387420489 17319837 94.0

gg → 8g 3486784401 140668065 96.4
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Process NALL
CC NCC NF

CC (%)

gg → uū 729 93 93.5

gg → guū 6561 639 91.6

gg → 2guū 59049 4653 92.6

gg → 3guū 531441 35169 94.6

gg → 4guū 4782969 272835 96.4

gg → 5guū 43046721 2157759 97.8

gg → 6guū 387420489 17319837 98.6

gg → cc̄cc̄ 6561 639 99.1

gg → gcc̄cc̄ 59049 4653 98.8

gg → 2gcc̄cc̄ 531441 35169 99.0

gg → 3gcc̄cc̄ 4782969 272835 99.3

gg → 4gcc̄cc̄ 43046721 2157759 99.6
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Process σMC ± ε (nb) ε (%)

gg → 7g (0.53185 ± 0.01149)×10−2 2.1

gg → 8g (0.33330 ± 0.00804)×10−3 2.4

gg → 9g (0.17325 ± 0.00838)×10−4 4.8

gg → 5guū (0.38044 ± 0.01096)×10−3 2.8

gg → 3gcc̄cc̄ (0.95109 ± 0.02456)×10−5 2.6

gg → 4gcc̄cc̄ (0.81400 ± 0.02583)×10−6 3.2
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Process σMC ± ε (nb) ε (%)

gg → Zuūgg (0.18948 ± 0.00344)×10−3 1.8

gg → W+ūdgg (0.62704 ± 0.01458)×10−3 2.3

gg → ZZuūgg (0.16217 ± 0.00420)×10−6 2.6

gg → W+W−uūgg (0.27526 ± 0.00752)×10−5 2.7

dd̄ → Zuūgg (0.38811 ± 0.00569)×10−5 1.5

dd̄ → W+c̄sgg (0.18765 ± 0.00453)×10−5 2.4

dd̄ → ZZgggg (0.99763 ± 0.02976)×10−7 2.9

dd̄ → W+W−gggg (0.52355 ± 0.01509)×10−6 2.9
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Current Status

• Single process mode: all SM processes. Only limitation memory and

CPU cost ! to be judged by the user. Experience with as many as 10

particles in the final state.

• Summation over processes mode: all SM processes with flini and

flfin flavors for ’jets’. Only limitation memory and CPU cost ! to be

judged by the user. Parallelism !

• Complete generation for pp and pp̄ collisions, including all

sub-processes. We do not exclude any processes!

• Interfacing with Pythia, including CKKW-like reweighting and use of

UPVETO à la MLM.

• Extra version with HGn and Hγn couplings
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Code Structure

Files: *.f

• main mc.f main file

• intpar.f integer arithmetic

• master.f master file for DS solution

• pan1.f non-dressed vertices and amplitude calculation

• pan2.f dressed vertices

plus several tool-files
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Files: *.h

• common int.h

common/helac int/n,io(20),ifl(20)

Files: *.sh to allow for several useful interventions

• ktreweight yes.sh

cp ktreweight yes.h

ktreweight.h touch main mc.f
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subdirectory Summation processes: scripts plus .lhe file

subdirectory pythia-interface: interface, upveto, etc

README : mainly for the single-process mode

Summation processes/README: summation and scripting
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On line demo - I

• Define your input in user.inp. Let say W + 1jet.

• Type ’sh run.sh user.inp’

• That’s it !
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On line demo - II

• Special try for gg → bb̄e+νeµ
−ν̄µqq̄ to be called

tt̄ + 2jets

• Please be patient for 2 minutes:

Colour connections =22

Feynman Graphs =384

• Study all EW corrections, interferences, subprocesses,

etc
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