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MCMC as a tool in physics

* Helps solve the problem of parameter inference

e Closely connected to Bayesian interpretation of
statistics

« Widely applied in various areas of physics

« Statistical physics (e.g., analysis of spin systems)
» Astrophysics and cosmology

» Recently also in particle physics
See talks by Henning Flacher and Roberto Trotta



Parameter inference
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Parameter inference
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The likelihood function

“Given some specific values of the parameters,
what is the probability of observing the data?”
Likelihood(data|®) = L(F,(0),0,.,F ,0O

th? = obs’ obs)

Example: Gaussian errors
L(data|®) = IL exp[-{F  '—F, (0)}*/2(c 2+0c  2)]

= exp [~ %/ 2]



What we really want to know...

“Given the data, what are the most probable
values of the parameters?”
P(6|data)?

Bayes' Theorem:

P(A[B) P(B) = P(BIA) P(A)




Applying Bayes' Theorem

Likelihood(data|0) x Prior(0) do
Evidence(data)

Posterior(0|data) d@ =

Prior: "What we know before the data comes along”
Likelihood: "What the data tell us”

Posterior: “What we know after seeing the data”

Evidence: (Just a normalisation constant here)



Marginalisation

1d marginal posterior
P©,) = |de, P(e,,)
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How to reconstruct the posterior?

Nalve approach Better idea
 Scan Pongrid in * Draw samples from P
parameter space and . Number of evaluations

interpolate needed grows only like
» need to evaluate P ~(# dim)seme power
~N#dm fimes

« Circular problem?

* not feasible in more « —> MCMC
than ~4 dimensions



Random walker
(a.k.a. the drunken sailor)
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The drunken sailor (i)
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The drunken sailor (ii)

p(up) < p(down)

p(left) = p(right) E& gum Anker E%:
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Metropolis-Hastings algorithm

Randomly pick starting value 6.
Calculate P(0,)

* “Don’'t take step”
“Propose a step” 6. =6,
Draw vector A@ from arbitrary pdf:
Proposal density (e.g., Gaussian)
0 =0 +A0 “Take step”
p i
* ei+7 = e D
Calculate P(6 )
y
“better fit”
P6,) = P(®)
y —| X < P(8)/P(6)
“worse fit” | Generate random number
P@®,) < P(6) 0<x<1

| x> P06 )/P®)




Metropolis-Hastings algorithm

Randomly pick starting value 6.
Calculate P(0,)

v

Draw vector

“Don’'t take step”
Proposal de

0 Markov chain

Ca

y —| X < P(8)/P(6)
“worse fit” . Generate random number
P(ep)<P((-),.) 0< x<1




Convergence issues

For i =, {6} will converge to P

In practice: finite i
How can we tell if chain has almost converged?

How can we avoid the chain getting stuck in a
local maximum?
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Convergence criterion

« Solution: use several independent chains with
widely dispersed starting points

« Can track convergence with Gelman-Rubin
convergence criterion:

« For pathological posteriors: may need to use
more sophisticated sampling algorithm



From chains to marginal posteriors

A




From chains to marginal posteriors

smoothing
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- ﬂ binning (= marglnahsatlon')
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Conclusion

A word of warning:
« Keep in mind the assumptions (model, priors)
when interpreting results

« Bayesian inference always gives parameter
constraints, even if the model is nonsense

* For model comparison: need to calculate, e.g.,
Bayesian evidence



Conclusion
Advantages of MCMC:

 Efficient numerical method for inferring
parameter values given
 theoretical model
« data
 priors

« Embedded in consistent statistical framework

« Publicly available code (SuperBayeS) by Trotta
et al. (www.superbayes.org)



