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Azimuthal anisotropy of hadronic momentum distributions

parametrized by Fourier expansion

dN

pt dpt dy dφ
=

1

2π

dN

pt dpt dy

(
1 + 2

∞∑
n=1

vn(pt , y) cos (n(φ− φn))

)

summation over many events in symmetric collisions at midrapidity
⇒ symmetry constraints: φn = 0, n = 2, 4, 6,. . .

all vn’s non-vanishing in individual events
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Examples of data
ALICE Collaboration / Physics Letters B 708 (2012) 249–264 255

Fig. 6. (Color online.) The global-fit parameters, vn{GF}, for 2 ! n ! 5. Statistical uncertainties are represented by error bars on the points, while systematic uncertainty is
depicted by open rectangles.

Fig. 7. (Color online.) High-pT fit examples in 0–20% central events for n = 1 to 4. Although all datapoints are shown for pt
T > 5 GeV/c, the fit range includes only the six

points with pa
T > 5 GeV/c.

To evaluate the systematic uncertainty, the global fit procedure
is performed three times for each n and centrality bin: once on
the measured Vn! points (leading to the red curves in Fig. 5),
and once on the upper and lower bounds of the systematic er-
ror bars (resulting in black dashed curves). The vn{GF} systematic
error is then assigned as half the difference. The resulting uncer-
tainties are shown as open boxes in Fig. 6 and Fig. 11, which are
discussed in the following sections.

5. Global fit results

In the n = 2 case (Fig. 5, top), the fit agrees well with the data
points at low pt

T and pa
T , but diverges with increasing pa

T for each
pt

T interval. Where disagreement occurs, the fit is systematically
lower than the points. In contrast, for n = 3, the fit does not fol-
low the points that drop sharply to negative values at the highest

momenta. This is also observed for n = 5, though with poorer sta-
tistical precision.

The global fit is driven primarily by lower particle pT , where
the smaller statistical uncertainties provide a stronger constraint
for χ2 minimization. The disagreement between data and the fit,
where pt

T and pa
T are both large, points to the breakdown of the

factorization hypothesis; see also Fig. 3 and the accompanying dis-
cussion.

The factorization hypothesis appears to hold for n ! 2 at low
pa

T (" 2 GeV/c) even for the highest pt
T bins. The Vn! values

for these cases are small relative to those measured at higher
pa

T , and remain constant or even decrease in magnitude as pt
T

is increased above 3–4 GeV/c. V 2! dominates over the other co-
efficients, and the n > 3 terms are not significantly greater than
zero. This stands in contrast to the high-pt

T , high-pa
T case, where

it was demonstrated in Fig. 3 that dijet correlations require signif-

[ALICE collab: Phys. Lett. B 708 (2012) 249]
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Figure 3. Comparison of vn(pT) values derived from two different pref
T ranges: 0.5–1.0 GeV/c

(open square markers) and 1–3GeV/c (solid circles), in 0–0.2% central PbPb collisions at
√

s
NN

=

2.76 TeV. Error bars denote the statistical uncertainties.
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Figure 4. Comparison of pT-averaged (0.3–3.0 GeV/c) vn as a function of n in five centrality ranges

(2.5–5.0%, 0–2.5%, 0–1%, 0–0.2% and 0–0.02%) for PbPb collisions at
√

s
NN

= 2.76 TeV. The pref
T

of 1–3GeV/c is used. Error bars denote the statistical uncertainties, while the shaded color boxes

correspond to the systematic uncertainties.

higher pT, e.g., up to about 40% for pT ∼ 4 GeV/c, while the low pT region shows a good

agreement between the two pref
T ranges. A detailed study of factorization breakdown for

eq. (4.6) as well as its physical implication is presented in section 5.3, which is in agreement

with the discrepancy observed in figure 3.

The pT-averaged vn values (with pref
T of 1–3 GeV/c) weighted by the efficiency-corrected

charged-hadron yield, over the pT range from 0.3 to 3.0 GeV/c, are shown in figure 4 as a

– 10 –

[CMS collab: JHEP 02 (2014) 088]
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Anisotropic expansion

generic effect: blue-shift
⇒ more particles and higher pt in direction of stronger transverse flow

link between the observable spectrum and the expansion of the fireball

expansion results from the pressure gradients

anisotropic expansion ⇐ anisotropic pressure gradients in initial
conditions
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Hydrodynamics – state of the art

Conservation laws
∂µT

µν = 0

energy momentum tensor

Tµν = (ε+ p)uµuν + p gµν + Πµν

with stress tensor Πµν = πµν + ∆µνΠ
(split into traceless shear and non-traceless bulk contribution)

viscous corrections

πµν = η(ε)

(
∇µuν +∇νuµ − 2

3
4µν∇αuα

)
Π = ζ(ε)∇αuα

Equation of State p = p(ε)
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Initial conditions – an ambiguity (illustration)
23
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FIG. 8: (Color online) Comparison of hydrodynamic models to experimental data on charged

hadron integrated (left) and minimum bias (right) elliptic flow by PHOBOS [85] and STAR [87],

respectively. STAR event plane data has been reduced by 20 percent to estimate the removal

of non-flow contributions [87, 88]. The line thickness for the hydrodynamic model curves is an

estimate of the accumulated numerical error (due to, e.g., finite grid spacing). The integrated v2

coefficient from the hydrodynamic models (full lines) is well reproduced by 1
2ep (dots); indeed, the

difference between the full lines and dots gives an estimate of the systematic uncertainty of the

freeze-out prescription.

experimental data from STAR with the hydrodynamic model is shown in Fig. 8.
For Glauber-type initial conditions, the data on minimum-bias v2 for charged hadrons

is consistent with the hydrodynamic model for viscosities in the range η/s ∈ [0, 0.1], while
for the CGC case the respective range is η/s ∈ [0.08, 0.2]. It is interesting to note that
for Glauber-type initial conditions, experimental data for both the integrated as well as the
minimum-bias elliptic flow coefficient (corrected for non-flow effects) seem to be reproduced
best7 by a hydrodynamic model with η/s = 0.08 ≃ 1

4π
. This number has first appeared in the

7 In Ref. [22] a lower value of η/s for the Glauber model was reported. The results for viscous hydrodynamics

shown in Fig. 8 are identical to Ref. [22], but the new STAR data with non-flow corrections became

[M. Luzum, P. Romatschke: Phys. Rev. C 78 (2008) 034915]
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Fluctuating initial conditions

Use the fluctuations of vn’s to
get the access to initial
conditions.

fluctuations of vn’s seem to
follow those of spatial
anisotropies εn’s

[Ch. Gale et al.:
Phys. Rev. Lett. 110 (2013) 012302]
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FIG. 7. (Color online) Comparison of vn(pT ) at RHIC using
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parametrized in [33]. Experimental data by the PHENIX [1]
(open symbols) and STAR [35] (preliminary, filled symbols)
collaborations. Bands indicate statistical errors.
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FIG. 8. (Color online) v1(pT ) compared to experimental data
from the ALICE [37] and ATLAS [38] collaborations.

not necessarily the only explanation. In fact, for RHIC
energies, calculated pion spectra also underestimate the
data for pT < 300 MeV but v1(pT ) is well reproduced.

We present event-by-event distributions of v2, v3, and
v4 compared to results from the ATLAS collaboration
[40, 41] in Fig. 9. We chose 20-25% central events be-
cause eccentricity distributions from neither MC-Glauber
nor MC-KLN models agree with the experimental data
in this bin [41]. To compare data with the distribution
of initial eccentricities [42] from the IP-Glasma model
and the final vn distributions after hydrodynamic evolu-
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FIG. 9. (Color online) Scaled distributions of v2, v3, and v4

(from top to bottom) compared to experimental data from
the ATLAS collaboration [40, 41]. 1300 events. Bands are
systematic experimental errors.

tion, we scaled the distributions by their respective mean
value. We find that the initial eccentricity distributions
are a good approximation to the distribution of experi-
mental vn. Only for v4 (and less so for v2) the large vn

end of the experimental distribution is much better de-
scribed by the hydrodynamic vn distribution than the εn

distribution. This can be explained by non-linear mode
coupling becoming important for large values of v2 and
v4.

In summary, we have shown that the IP-
Glasma+music model gives very good agreement
to multiplicity and flow distributions at RHIC and LHC.
By including properly sub-nucleon scale color charge
fluctuations and their resulting early time CYM dynam-
ics, this model significantly extends previous studies in
the literature [19, 36, 43–47]. Omitted in all studies
including ours is the stated dynamics of instabilities and
strong scattering in over-occupied classical fields that
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Motivation

We want

Equation of State

transport properties (viscosities)

Then we must

disentangle the influence of (fluctuating) initial conditions

get under control all other effects influencing the anisotropies of
hadronic distributions

Here we propose

a novel mechanism which contributes to anisotropies of hadronic
distributions.
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The idea

At the LHC there is copious production of hard partons – may have
more than one pair in single event.

Their momentum is deposited into medium over some time span
⇒ collective flow, wakes, streams

Anisotropic flow – event by event

Elliptic flow after summation over all events.
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Anisotropic flow from isotropic jets

Streams are more likely to merge if they are directed out of reaction plane
⇒ less contribution to flow out of plane
⇒ enhance v2 correlated with the reaction plane
⇒ also contribute to v3
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Check the idea with a toy model

Streams represented by drops

Pairs of drops back-to-back (with some
kt smearing)

Drops merge after they meet

Size of the drop represents the radius of
the stream

Pions evaporate from droplets
(T = 175 MeV)
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Toy model – results

Azimuthal distribution of hadrons
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[B. Tomášik, P. Lévai: J.Phys.G 38 (2011) 095101]
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Hydrodynamic implementation

[B. Betz et al.: Phys. Rev. C 79 (2009) 034902]

Ideal hydrodynamics with source term

∂µT
µν = Jν

Jν =
∑
i

1

(2π σ2
i )3/2

exp

(
−(~x − ~xjet,i )2

2σ2
i

) (
dEi

dt
,
d~Pi

dt

)
with σ = 0.3 fm
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Test of the concept: static medium

Two streams meet perpendicularly
Plot momentum density
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[M. Schulc, B. Tomášik: J. Phys. G 40 (2013) 125104]
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Hydrodynamic simulations of nuclear collisions

3+1D ideal hydrodynamics

EoS from P. Petreczky, P. Huovinen: Nucl. Phys. A 897 (2010) 26

smooth initial energy density scaled with

W (x , y ; b) = (1− α)nw (x , y ; b) + αnbin(x , y ; b)

with α = 0.16, ε(0, 0, 0) = 60 GeV/fm3 at τ0 = 0.55 fm/c
rapidity plateau over 10 units of rapidity

dE

dx
=

dE

dx

∣∣∣∣
0

s

s0

fluctuating number of jet pairs
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Illustration: evolution of energy density

Evolution of an event with four pairs of jets at the beginning.

frames follow with time delay 1fm/c

Hydrodynamical evolution with energy and momentum feeding during the fireball expansion

Martin Schulca and Boris Tomášika,b 

a FNSPE, Czech Technical University, 115 19 Prague, Czech Republic
b Univerzita Mateja Bela, 974 01 Banská Bystrica, Slovakia

Acknowledgement: this work was supported by grant MSM 6840770039, APVV-0050-11 and VEGA 1/0457/12    

We present 3+1D event by event ideal hydrodynamic simulation with implemented influence of hard partons as source terms.
Four-momentum conservation formula with hard partons' source term is following 

Energy-momentum deposited in medium by hard partons is parametrized[1] and scaled by entropy density ratio s/s(0).

The momentum is generated according to the calculated distributions of the produced hard partons in transverse momentum 
and  rapidity. For rapidity distributions at the LHC we assume that it is uniform in the central two units of rapidity. Transverse 
momentum spectra have been calculated and the differential cross section for gluon production in nucleus–nucleus collision was 
parametrized as [2]

where p
0
, B and n are parameters. For a simulation at LHC energies we choose B = 14.7 mbarn/GeV2 , p

0
 = 6 GeV, and n = 9.5. 

The cross section for the production of the leading particle with p
t 
larger than p

m
 is then obtained by integrating equation

The mean total number of leading particles with p
t 
> p

m
 is then

In the last equation we introduced the overlap function

The initial positions of hard partons are distributed according to the density of binary nucleon–nucleon collisions:

Thus, it is more likely to produce a leading parton at the centre of the overlapping zone than at its edges.
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4. CONCLUSIONS 

✔ Fluctuations induced by jets survive until the end of hydrodynamic simulation.
✔ Jets influence does contribute to elliptic flow generation on the level up to 0.02.
✔ Hydrodynamic simulation confirms the scenario by Tomášik and Lévai [2]. 

3. RESULTS

Example of one typical MC central event at LHC, energy density transverse slices shown are for rapidity η=0. First profile is taken after time t = 1.55 fm/c. Each other profile is taken after time Δt =1.0 fm/c 
from previous profile. Initial conditions were calculated using optical Glauber model. Equation of state was taken from [5]. Initial energy density ε was set to ε(0,0,0) = 60.0 GeV.

 

 
Possible influence of streams which are left behind penetrating hard partons was firstly proposed in [2]. As shown below streams induced by jets contribute to elliptic flow generation. Spectra and elliptic flow 

coefficient were calculated using a MC event generator THERMINATOR[6]. dE/dx was set to 4.0 GeV/fm at ε = 19.0 GeV/fm3; it scales with T3. 

1. HYDRODYNAMIC MODEL

)()()( brTrTr BAb


−=ρ

2. FLUCTUATIONS 

For description of fluctuations induced by hard partons we have implemented 2D 

Fourier transform of the transverse energy density and expanded it in harmonics and 

powers of k[4]. Each event is characterized by different set of harmonic eccentricity 

coefficients ε
n
. These coefficients change their values during the hydrodynamic 

evolution with evolving jets.

Fluctuations of energy density close to the end of hydrodynamic evolution:  

Left: Fluctuations of  ε
n 

in sample of 100 events, blue crosses: events without jets, 

red crosses: simulation with hard partons

Center: Average values  ε
n 
of in sample of 100 events, blue crosses: events without 

jets, red crosses: simulation with hard partons

Right: time evolution of ε
2 
averaged over sample of 100 events

We show these coeficients for central collisions.
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Results from ultra-central collisions

Anisotropy coefficients
compare:
dE/dx = 7 GeV/fm
dE/dx = 4 GeV/fm
hot spots
smooth initial conditions
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Results from 30–40% centrality
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Similar approaches

Y. Tachibana, T. Hirano: Phys. Rev. C 90 (2014) 021902
reponse of medium to only one dijet

R.P.G. Andrade, J. Noronha, G. Denicol: arxiv:1403.1789
one dijet, 2+1D hydrodynamics

S. Floerchinger and K. Zapp: arxiv:1407.1782
1+1D hydrodynamics
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Conclusions and Outlook

Momentum deposition from hard partons gives large contribution to
anisotropic flow
⇒ must be included in simulations

The interplay of many induced streams is important

Outlook: simulations with viscous hydrodynamics and fluctuating
initial conditions (Zuzana Fecková)

M. Schulc, B. Tomášik: arxiv:1409.6116
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