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Motivation
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✦ Typical LHC application utilizing PDFs requires combination of  
predictions from several PDF groups to avoid potential bias

❖ prescriptions for combining PDF predictions: 2010 PDF4LHC; combined MC 
replicas, S. Forte, R. Thorne, G. Watt; META PDFs, J. Gao, P. Nadolsky, J. 
Huston; compressed MC replicas, J. Rojo, G. Watt, S. Carrazza, J. Latorre 

!
❖ observable basis/PDF basis; Hessian representations/MC replicas; effective 

Gaussian prescription/including non-Gaussianity

� Introduction 
PDFs describe structures of hadronic matter, exist in several types: 
unpolarized proton PDFs, nuclear PDFs, polarized PDFs, TMD PDFs…  

PDFs at the LHC era: aiming at higher accuracies, great diversities  

PDF4LHC    2013 2013/12/13 
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PDF4LHC recommendations: 
1101.0536, 1101.0538, or envelope 
prescription,1211.5142 

Benchmarking studies: 
G. Watt, 1106.5788, R. 
Ball, et al., 1211.5142. 

HERA Fitter program 
Large meta data bases through LHAPDF 

Requiring fast calculation 
programs, especially at NNLO,  
for LHC applications, e.g., 
FastNLO, ApplGrid 

Done process by process 

2 

� Further development: constraints from LHC 

We can also use the precise LHC data to further constrain the META PDF 
using PDF reweighting based on the Bayes’ theorem. For example, using new 
data N to update PDF based on previous data K: 

META PDF: 
Fit of the 

fits 
Prior pdf of META PDF: 

Ambiguity in how to take the limit of the infinitesimal volume of the observed 
data N as pointed out in (1012.0836, R. Ball, et al., 1310.1089, N. Sato et al.), e.g., 
resulting different weight choices as exp[-χ2(N|f)/2], (χ2)n/2-1exp[- χ2(N|f)/2], 
(χ2)(n-1)/2exp[- χ2(N|f)/2], ….  

W. Giele, et al., hep-ph/9803393 
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The reweighting can be performed using MC sampling or even analytically 
assuming a quadratic shape of χ2 on PDF parameters. 

diversity of PDFs combination of PDFs



‣ construct a common physical basis, a meta-parametrization, to compare and 
combine PDFs from different groups (at Q0>mb with the same function form, 
same evolution) 

‣ a meta-function form of the PDFs at an initial scale of Q0=8 GeV, independently 
for 9 PDF flavors (66 parameters in total, flexible enough); find the meta-
parameters for each input PDF set of selected PDF ensembles [remapping]    

The META analysis of PDFs
✦ A meta-analysis of PDFs [1401.0013] estimates central predictions and 

uncertainties of PDFs, using PDF ensembles from different groups in a 
simple and systematic way; provides a META PDF ensemble to 
predict LHC observables
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The meta-parametrization

and predict positive cross sections. The free parameters of Φ(x,Q0) are found from a fit, their total number is chosen
so as to provide very flexible functional forms agreeing with the data, but without overfitting the data. NNPDF2.3
uses a neural network with 259 parameters to minimize the parametrization bias, while the CT10 and MSTW’2008
NNLO ensembles keep 25 and 20 free parameters, respectively. Another convenient form utilizes Chebyshev orthogonal
polynomials Ti(y(x)) [32–34]. This form is particularly suited for constructing the meta-parametrizations and will be
employed in our analysis.
In those x ranges where the experimental data impose tight constraints, the number of effective degrees of freedom

is smaller than in the full PDF ensemble, so a smaller number of parameters is needed to approximate the acceptable
PDF shapes. We will therefore fit the effective parametrizations to the input PDFs only in the x ranges where sufficient
experimental constraints are available. The boundaries of these ranges are taken to satisfy x > 3 · 10−5 for all quark
flavors; x < 0.8 for the gluon and u, d, c, b quarks; x < 0.4 for ū, d̄ quarks; and x < 0.3 for s, s̄ quarks. By construction,
the uncertainty bands of the input PDFs and their meta-parametrizations agree well in the fitted x regions. Outside
these ranges, the meta-parametrizations are determined by extrapolation and span a wide uncertainty band, which
is close, although not identical, to the original PDF uncertainty (which has a large uncertainty of its own at such x).
The PDFs in the outside (unfitted) regions are hardly constrained at the moment and have negligible contributions
to most LHC observables even at 14 TeV.
The specific effective form that we choose at the scale Q0 for each flavor is

f(x,Q0; {a}) = ea1xa2(1− x)a3e
∑

i≥4
ai

[

Ti−3(y(x))−1
]

. (9)

It satisfies the above asymptotic behaviors, ∼ xa2 at x → 0 and ∼ (1 − x)a3 at x → 1, while the detailed shape is
regulated by the Chebyshev polynomials, Tj(y(x)) with j ≥ 1, bound to lie between -1 to 1 for −1 ≤ y ≤ 1. The
positivity condition is automatically satisfied for 0 ≤ x ≤ 1, in accord with the input PDFs, which are positive for all
groups at the x and Q0 values we chose. The function y(x) maps the 0 ≤ x ≤ 1 interval onto the −1 ≤ y ≤ 1 interval.
The form of y(x) is selected so as to avoid large cancellations between the coefficients of Chebyshev polynomials in
the y → ±1 limits, hence to reduce the number of Ti(y(x)) needed for approximating Φ(x,Q0).
We select y = cos(πxβ) with β = 1/4 as a mapping function that generally requires fewer Chebyshev polynomials

than the other tried form y = 1 − 2xα with α = 1/2 suggested by [32]. The choice of y(x) is illustrated in Fig. 2,
where the logarithmic derivatives d(ln f)/dai are compared for y = 1− 2x1/2 in the left subfigure and y = cos(πx1/4)
in the right subfigure. From Eq. (9) we have

d ln(f)

dai
=

{

1, lnx, ln(1 − x), Ti−3 (y(x)) − 1
}

, (10)

thus ln f is linear in the ai parameters. The coefficients d ln f/dai =
{

T1 (y(x)) − 1, T2 (y(x)) − 1, ...
}

for i ≥ 4 are

shown by blue solid lines. With the choice y = cos(πx1/4) in the right inset, the oscillations of the polynomials are
stretched across a wider span of x, resulting in a better approximation of the PDF shapes.
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Figure 2: d ln(f)/dai for a1,2,3 (red dashed curves) and a4,5,6,7,8 (blue solid curves) with y(x) = 1 − 2x1/2 (left inset) and
y = cos(πx1/4) (right inset).
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uncertainties, so that the corresponding parameters a′i can be fixed at their central values, thus reducing the number of
independent eigenvectors. For each remaining eigenvector direction a′i, we construct two meta-PDF sets corresponding
to the lower and upper boundaries of the respective 68% c.l. interval.

In the end, we obtain a set of Hessian eigenvector PDFs that spans the 68% c.l. hypersurface on the ensemble of
META PDF replicas. We can repeat the same procedure to construct the 90% c.l. META PDF replicas.

In the current analysis, we found that a Hessian set with 50 eigenvectors (or 100 eigenvector sets) is sufficient for
estimation of the combined PDF uncertainty. The PDF parameter associated with each eigenvector direction follows
an independent Gaussian distribution, thus we can compute the PDF uncertainties and correlation angles for arbitrary
observables according to the master formulas of the Hessian formalism:

δH(X) =
1

2

√

√

√

√

Neig
∑

i=1

[X+
i −X−

i ]2 ,

δH+ (X) =

√

√

√

√

Neig
∑

i=1

[max(X+
i −XH

C , X−
i −XH

C , 0)]2,

δH− (X) =

√

√

√

√

Neig
∑

i=1

[max(XH
C −X+

i , XH
C −X−

i , 0)]2, (22)

and

cos(∆ϕ) =
1

4δ(X)δ(Y )

Neig
∑

i=1

(X+
i −X−

i )(Y +
i − Y −

i ). (23)

The 68% or 90% c.l. hypervolumes of the META ensemble enclose the central predictions of all PDF groups, as is
illustrated on the example of some gluon or u quark PDF parameters in Figs. 14 or 15. As before, these comparisons
are obtained with a common αs(MZ) value of 0.118. The smaller (larger) ellipse corresponds to the 68% (90%)
confidence region. The markers indicate parameter combinations for the best-fit PDFs from different groups. They
are localized inside the 90% error ellipse of the META prescription in general. Almost all the best-fit PDFs are within
the 90% c.l. ellipse of the META ensemble, except for some parameters of the ABM and HERA meta-PDFs.

Going back to the x space representation, in Figs. 16 and 17 we compare the 90% c.l. error band of META PDFs
with the central PDFs with αs(MZ) = 0.118 from five groups, all normalized to the central META PDF. Again, the
central PDFs of three global ensembles lie within the 90% c.l. uncertainty bands of the META PDF. The ABM and
HERA PDFs for u, ū, d̄, g flavors can be outside of the META bands in some x regions. The largest deviation is
observed in the bottom quark PDF for ABM11, which is very different at the scale 8 GeV compared to the other
ensembles due to the different treatment of heavy quarks. This difference of the bottom distribution is largely reduced
as going to higher scales like 85 GeV.
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Figure 14: Comparison of META PDF confidence intervals with central NNLO PDFs of the input PDF ensembles in space of
meta-parameters a1−5 for the gluon PDF. Up triangle, down triangle, square, diamond, and circle correspond to the best-fit
PDFs from CT10, MSTW, NNPDF, HERAPDF, and ABM respectively. The ellipses correspond to 68 and 90% c.l. ellipses of
META PDFs.
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Figure 1: d ln(f)/dai for a1,2,3 (red dashed curves) and a4,5,6,7,8 (blue solid curves) with y(x) = 1 − 2x1/2 (left inset) and
y = cos(πx1/4) (right inset).

The tolerance ellipse is the projection onto the XY plane of the Hessian hypersphere spanned by the eigenvector
sets in the linear approximation for PDF dependence of X and Y . The ellipse can be found from the parametric
equations

X(θ) = XH
C + δH(X) cos θ, Y (θ) = Y H

C + δH(Y ) cos(θ +∆ϕ) (6)

for 0 ≤ θ < 2π.

In the MC approach we can also define the error ellipse by an equation

(X −XM
C )2

δM (X)2
+

(Y − Y M
C )2

δM (Y )2
−

2ρ(X −XM
C )(Y − Y M

C )

δM (X)δM (Y )
= p20(1− ρ2) , (7)

where ρ ≡ cov(X, Y )/
(

δM (X) δM (Y )
)

is the correlation of X and Y , and

cov(X,Y ) =
1

Nrep − 1

Nrep
∑

i=1

[Xi −XC ] · [Yi − YC ] . (8)

Projections of the ellipse on the X and Y axes coincide with the confidence intervals on X and Y determined
by p0, for instance p0 = 1 (1.64) for the 68 (90)% c.l. Eqs. (5) and (7) delineate the regions of the prescribed
confidence when the distributions of X and Y are close to Gaussian ones. The equivalence of the Hessian and
MC error ellipses in the Gaussian case can be demonstrated by identifying ρ = cos(∆ϕ).

B. Parametrization and sum rules

The functional forms for Φ(x,Q0) are often assumed to behave as ∼ xa2(1−x)a3 in the x → 0 and x → 1 limits on the
basis of Regge and quark counting arguments. They must satisfy the valence quark number and momentum sum rules
and predict positive cross sections. The free parameters of Φ(x,Q0) are found from a fit, their total number is chosen
so as to provide very flexible functional forms agreeing with the data, but without overfitting the data. NNPDF2.3
uses a neural network with 259 parameters to minimize the parametrization bias, while the CT10 and MSTW’2008
NNLO ensembles keep 25 and 20 free parameters, respectively. Another convenient form utilizes Chebyshev orthogonal
polynomials Ti(y(x)) [34–36]. This form is particularly suited for constructing the meta-parametrizations and will be
employed in our analysis.

In those x ranges where the experimental data impose tight constraints, the number of effective degrees of freedom
is smaller than in the full PDF ensemble, so a smaller number of parameters is needed to approximate the acceptable
PDF shapes. We will therefore fit the effective parametrizations to the input PDFs only in the x ranges where sufficient
experimental constraints are available. The boundaries of these ranges are taken to satisfy x > 3 · 10−5 for all quark

5

d ln[f]/dai

a PDF->66 parameters



The META analysis of PDFs
✦ A meta-analysis of PDFs [1401.0013] estimates central predictions and 

uncertainties of PDFs, using PDF ensembles from different groups in a 
simple and systematic way; provides a META PDF ensemble to 
predict LHC observables
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‣ select the input PDF ensembles (CT, MSTW, NNPDF, HERAPDF…) and 
generate large number of combined MC replicas 

‣ calculate mean and covariance matrix of meta-parameters for selected 
inputs using MC error propagation [though not really necessary] 

‣ construct a final ensemble of 68% c.l. Hessian eigenvector PDF sets 
[within effective Gaussian approach] to propagate the PDF uncertainties 
from the original PDF ensembles into LHC predictions 

‣ allows various ``offline’’ manipulations on PDF basis through usage of 
PDF eigenvectors, including Data set diagonalization [DSD, J. Pumplin] 
and Bayesian reweighting  

‣ META PDFs v1 [50 eigenvectors], including the Higgs specific set, has 
been submitted to LHAPDF6  

The meta-combinations



META PDFs, version 2 (preliminary)

‣ CT14 preliminary (59), MMHT2014 (51), NNPDF3.0 (101), HERAPDF2.0 
preliminary (29+13), all having as(MZ)=0.118 for error PDFs; CT14p and 
MMHT2014 have improved parametrizations; PDF evolution of all ensembles is 
validated against HOPPET; 

‣ A sub-version of META2.0 includes HERAPDF2.0p (29+13) together with the 
global ensembles, but with a smaller weight (50 vs. 200) to account for a 
smaller HERA PDF data set; 

‣ The code for producing META PDFs is reorganized and will be released soon. 
It is semi-automated. One could reproduce the entire procedure within an hour. 
The functionality includes generation of MC replicas from all PDFs in 
LHAPDF5/6, fitting to the META parametrization with quality control, evolution 
from PDF parameters and generating LHAPDF5/6 grids, and analysis of the 
eigenvectors including data set rediagonalization to produce specialized PDFs;    

‣ Possible extensions: include module for PDF reweighting study using LHC data 

✦ Most updates are on the input PDF ensembles; release of the code on 
generation and operations of the META PDFs 
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Comparison of PDF uncertainties
✦ META NNLO v2.0p: combining the 3 global PDF sets, preliminary 

CT14, MMHT2014, and NNPDF3.0
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How many error PDFs are needed?
✦ META NNLO v2.0p: 50 eigenvectors reproduce properties of original 

MC replicas with high accuracy, and are ordered in their eigenvalues 
[approximately contributions to PDF uncertainties]; prefer to keep 
40~30 eigenvectors for a general-purpose LHC META ensemble; one 
can use 41~31 PDFs instead of 81~61

!8

PDF uncertainties 
from the full MC 
sample; META2.0 
ensembles with 50, 
40, 30 eigenvectors 
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Comparison of META2.0 and HERAPDF2.0p
✦ HERAPDF2.0 (preliminary, including 29EIG.+13VAR.) compared with 

META NNLO v2.0p (based on three global ensembles)
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META2.1 vs. META2.0 (global only)
✦ META NNLO v2.1p includes HERAPDF2.0 (preliminary) with a 

smaller weight, 50 vs. 200 MC replicas
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META2.0 predictions for LHC observables
✦ Currently only have results for META NNLO v2.0p, will add later for 

v2.1p, inclusive observables at 8 TeV
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✦ Currently only have results for META NNLO v2.0p, will add later for 
v2.1, inclusive observables at 13 TeV
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❖ Blue, CT14p, red, 
MMHT14, green, 
NNPDF3.0, black, 
METAv2.0p, error 
ellipse at 90% cl; 
using Vrap0.9, 
iHixs1.3, and top+
+2.0 
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✦ Currently only have results for META NNLO v2.0p, will add later for 
v2.1p, differential dis. at 7 TeV [using NNPDF3.0 APPLgrid tables]
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Advantages of the Hessian representation
✦ Hessian PDF eigenvectors are often convenient for the experimental 

analysis; directly provide the correlation matrix of PDF errors among 
all observables; allow estimation of PDF errors with the help of 
nuisance parameters. The eigenvectors can be rotated [J. Pumplin] to 
optimize computations for a certain group of LHC observables, such 
as Higgs cross sections. These advantages are not automatic with MC 
sampling method.  
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III. APPLICATIONS

A. PDF rediagonalization for global analyses of SM Higgs couplings

We consider several production channels of the SM Higgs boson at the LHC 8 and 14 TeV as list in Table I. For
each channel we select the inclusive rate, as well as the rates in the large rapidity or high pT region of the Higgs
boson for some channels, defined as |yH | > 1 or pT,H > mH respectively. The mass of the Higgs boson is set to 125
GeV close to the experimental measurements [4, 5]. The codes used for calculations of the cross sections including
the perturbative orders (in pQCD) and QCD scale choices are also shown in Table I. We arrive at 46 observables that
cover most of the Higgs couplings would be measured at the LHC. For channels involving jets, we use the anti-kT
jet algorithm with R = 0.6 and a pre-selection cut of |yj | < 3 and pT,j > 30 GeV. Especially for the VBF channel,
we impose the VBF-cuts in addition by requiring mjj > 600 GeV and dyjj > 4 for the two leading jets. Most of
the inclusive rates are calculated at NNLO in hard matrix elements. Others including the rates with cuts applied are
only at LO or NLO whether due to the NNLO calculations are not available or just for simplification of our analysis.
Higher order corrections in the hard matrix elements may change the fractional PDF uncertainties and PDF induced
correlations slightly especially if the corrections are large. However, their inclusion are not expect to modify our
results on PDF freedoms responsible for measurements of Higgs couplings.

production channel σ(inc.) σ(|yH | > 1) σ(pT,H > mH) scales

gg → H iHixs1.3 [32] at NNLO MCFM6.3 [33] at LO — mH

bb̄ → H iHixs at NNLO — — mH

VBF VBFNLO2.6 [34] at NLO same same mW

HZ VHNNLO1.2 [35] at NNLO CompHEP4.5 [36] at LO CompHEP at LO mZ +mH

HW± VHNNLO at NNLO — — mW +mH

HW+ CompHEP at LO same same mW +mH

HW− CompHEP at LO same same mW +mH

H + 1jet MCFM at LO same same mH

Htt̄ MCFM at LO CompHEP at LO CompHEP at LO 2mt +mH

HH Hpair [37] at NLO — — 2mH

TABLE I: Higgs cross sections involved in the data set diagonalization procedure specialized for the global analysis of Higgs
couplings, including the programs and scales used.

Fig. 1 shows predictions from META PDFs for several typical observables selected above, including the inclusive
rate of gg → H, VBF production, HZ and HW± production, at the LHC 8 TeV. Complete results could be found
on [38]. The x axis show the eigenvector number (50 in total). For each eigenvector the error bar shows predictions
from the two error PDFs. The horizontal line shows central predictions from META PDFs. From Fig. 1 it is clear that
all the eigenvectors contribute to predictions on total PDF uncertainties and induced correlations. Thus all of them
must be included in a global analysis of the Higgs couplings. Also symmetric distribution of the error bars indicates
a good linear dependence of the observables along the eigenvectors. Instead of listing numbers of PDF uncertainties
and correlations for all chosen observables, in Fig. 2 we plot histograms of total PDF uncertainties of the observables,
and for each pair of the observables, histograms of PDF uncertainties of their ratio, and the PDF induced correlation
cosine. We can see the fractional uncertainties are generally at 2% level, but can reach at about 5% for the production
of Htt̄ and HH. PDF uncertainties of the ratios are generally larger and depend on correlations of the observables,
which could be totally correlated or largely anti-correlated as shown in the last plot of Fig. 2.

As indicated by the correlation plot, we could rediagonalize the PDF eigenvectors to identify the PDF freedoms that
are most important for above observables of Higgs cross sections, and largely reduce the degree of freedoms on PDF
inputs. Using correlation informations of above 46 observables, we find a new set of eigenvectors (50 in total, named
“LHCH set”) that are physically identical to previous META PDFs. While with the first 6 eigenvectors can describe
all selected Higgs observables with very good accuracies, e.g., reproducing the total PDF uncertainties with an error
less than 10% in relative. Fig. 3 shows similar plots as Fig. 1 but for the new eigenvectors. We can see all eigenvectors
except the first 6 are almost irrelevant for predictions on PDF uncertainties of the Higgs cross sections. In Fig. 4
we recalculate the PDF uncertainties and correlations just using these 6 eigenvectors and compare the predictions

at LHC 8 and 14 TeV, 46 observables in total



Data Set Diagonalization
✦ In DSD we rotate the orthogonal eigenvectors to be ordered in 

importance of contributions to a large number of chosen observables, 
without losing information in the original set [linearity]; after rotation, 
the first few eigenvectors [6 for Higgs case] reproduce most of the 
PDF uncertainty for the selected group of observables. The rest of the 
eigenvectors can still be used for non-selected processes. 

!15

6

After rediagonalization

0 10 20 30 40 50
18.2
18.4
18.6
18.8
19.0
19.2

Eigenvector No.

Σ
gg
H,
8
Te
V
!p
b"

After rediagonalization

0 10 20 30 40 50
380

385

390

395

400

Eigenvector No.

Σ
VB

F,
8
Te
V
!fb
"

After rediagonalization

0 10 20 30 40 50

0.390

0.395

0.400

0.405

Eigenvector No.

Σ
HZ
,8
Te
V
!p
b"

After rediagonalization

0 10 20 30 40 50
0.685
0.690
0.695
0.700
0.705
0.710
0.715
0.720

Eigenvector No.

Σ
HW

"
,8
Te
V
!p
b"

FIG. 3: Same as Fig. 1, from the LHCH set with rediagonalized eigenvector basis.
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FIG. 4: Histograms of the differences between the original full set and the first 6 eigenvectors of the LHCH set on same
predictions as in Fig. 2.

quarks which turns out to agree quite well with results from MCFM based on heavy-top effective theory. From Fig. 5
we can see strong correlations between predictions on processes through gluon fusion except for H + 2jets since the
VBF-cuts force probing of the gluon PDF in relatively large x region. We also observe moderate anti-correlations
between the gluon fusion and VBF processes.

We can also check the agreements on differential distributions. Fig. 6 shows the predicted rapidity distributions
of the Higgs boson through both gluon fusion and VBF, normalized to the central predictions. Error bands indicate
the PDF uncertainties calculated using the full set or just the 6 eigenvectors selected. The latter can reproduce
PDF uncertainties to high accuracies from central rapidity region up to |yH | ∼ 2. Beyond that region they may
underestimate the PDF uncertainties especially for LHC 8 TeV. This could be understood since the algorithm we
used to select the 6 eigenvectors are based on observables receive most contributions from Higgs rapidity region 0 ∼ 2.

The Higgs cross sections are sensitive to input of αs as well, both directly and indirectly through dependence
on PDFs. There are several ways of combining the PDF and αs uncertainties within the META PDF framework as
discussed in [1]. There are also studies on methodologies from other groups [26, 39–41]. Here among all the possibilities,
we assume αs could be determined independently from global analyses including PDFs and with constraints much
stronger than ones would from global analyses with PDFs. Also we treat αs as a pure external input of QCD and
will not try to mimic systematic uncertainties from unknown higher order corrections by varying αs. Under these
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FIG. 6: Predictions of the total PDF uncertainties on rapidity distributions of the Higgs boson produced through gluon fusion
or VBF, from both the original full set (dash-dotted) and the first 6 eigenvectors of the LHCH set (solid).

can see the correlations among different gluon fusion processes are further enhanced since they are both increasing
with αs. The anti-correlations between gluon fusion and VBF processes are weakened due to similar reasons.

LHC ∆αs(MZ) GGH inc. GGH 0j exc. GGH 1j exc. GGH 2j inc. VBF inc.

LHC 8 TeV
+1σ 2.2% 1.6% 3.0% 4.8% -0.23%

−1σ -2.2% -1.6% -2.8% -4.8% 0.11%

LHC 14 TeV
+1σ 2.1% 1.4% 2.6% 4.5% 0.05%

−1σ -2.0% -1.4% -2.5% -4.4% -0.09%

TABLE II: Dependence of the Higgs cross sections on input of αs(MZ).
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or VBF, from both the original full set (dash-dotted) and the first 6 eigenvectors of the LHCH set (solid).

can see the correlations among different gluon fusion processes are further enhanced since they are both increasing
with αs. The anti-correlations between gluon fusion and VBF processes are weakened due to similar reasons.

LHC ∆αs(MZ) GGH inc. GGH 0j exc. GGH 1j exc. GGH 2j inc. VBF inc.

LHC 8 TeV
+1σ 2.2% 1.6% 3.0% 4.8% -0.23%

−1σ -2.2% -1.6% -2.8% -4.8% 0.11%

LHC 14 TeV
+1σ 2.1% 1.4% 2.6% 4.5% 0.05%

−1σ -2.0% -1.4% -2.5% -4.4% -0.09%

TABLE II: Dependence of the Higgs cross sections on input of αs(MZ).
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FIG. 4: Histograms of the differences between the original full set and the first 6 eigenvectors of the LHCH set on same
predictions as in Fig. 2.

quarks which turns out to agree quite well with results from MCFM based on heavy-top effective theory. From Fig. 5
we can see strong correlations between predictions on processes through gluon fusion except for H + 2jets since the
VBF-cuts force probing of the gluon PDF in relatively large x region. We also observe moderate anti-correlations
between the gluon fusion and VBF processes.

We can also check the agreements on differential distributions. Fig. 6 shows the predicted rapidity distributions
of the Higgs boson through both gluon fusion and VBF, normalized to the central predictions. Error bands indicate
the PDF uncertainties calculated using the full set or just the 6 eigenvectors selected. The latter can reproduce
PDF uncertainties to high accuracies from central rapidity region up to |yH | ∼ 2. Beyond that region they may
underestimate the PDF uncertainties especially for LHC 8 TeV. This could be understood since the algorithm we
used to select the 6 eigenvectors are based on observables receive most contributions from Higgs rapidity region 0 ∼ 2.

The Higgs cross sections are sensitive to input of αs as well, both directly and indirectly through dependence
on PDFs. There are several ways of combining the PDF and αs uncertainties within the META PDF framework as
discussed in [1]. There are also studies on methodologies from other groups [26, 39–41]. Here among all the possibilities,
we assume αs could be determined independently from global analyses including PDFs and with constraints much
stronger than ones would from global analyses with PDFs. Also we treat αs as a pure external input of QCD and
will not try to mimic systematic uncertainties from unknown higher order corrections by varying αs. Under these



Data Set Diagonalization preserves PDF-induced correlations and PDF 
uncertainties with less eigenvectors
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Correlation table for Higgs cross sections
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FIG. 5: Predictions of the total PDF uncertainties and correlations on the Higgs cross sections studied at the ATLAS, from
both the original full set (plain) and the first 6 eigenvectors of the LHCH set (italic-bold).

assumptions, as shown in [39], we can simply treat αs uncertainty by another eigenvector and add the PDF and αs

uncertainties in quadrature. As for how to choose the input of αs we follow the 2010 PDF4LHC recommendation [2, 3]
with αs(MZ) = 0.118±0.0012 at 68% c.l. With META PDFs we provide two additional error sets with αs(MZ) = 0.116
and 0.120 for estimation of αs uncertainties. Table II shows how the Higgs cross sections change with αs(MZ) for the
ATLAS measurements mentioned earlier. Same numerical codes and settings as in Fig. 5 are used. The VBF cross
sections show little dependence on αs since they are from quark annihilations and with no QCD vertex at LO. The
gluon fusion processes are enhanced with increasing αs depending on interplays between QCD vertices and the gluon
PDF in different kinematic region.

By including the αs uncertainties we show combined PDF+αs uncertainties and correlations in Fig. 7 for the Higgs
cross sections studied at the ATLAS, similar as Fig. 5. The αs uncertainties show large impact on both of them. We
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878.2 +19.7
−17.9

+19.2
−17.3 877.3 878.4

HZ [fb]
396.3 +8.4

−7.3
+8.1
−7.4 393.0 399.7

814.3 +14.8
−13.2

+13.8
−13.0 806.5 823.3

HW± [fb]
703.0 +14.4

−14.4
+14.3
−14.1 697.4 708.9

1381 +28
−22

+26
−22 1368 1398

HH [fb]
7.81 +0.33

−0.30
+0.33
−0.30 7.50 8.10

27.35 +0.78
−0.72

+0.78
−0.68 26.48 28.22

tt̄ [pb]
248.4 +9.1

−8.2
+9.2
−8.1 237.1 259.5

816.9 +21.4
−19.6

+21.4
−18.4 785.5 848.1

Z/γ∗(l+l−) [nb]
1.129 +0.025

−0.023
+0.024
−0.023 1.113 1.147

1.925 +0.043
−0.041

+0.040
−0.037 1.897 1.959

W+(l+ν) [nb]
7.13 +0.14

−0.14
+0.14
−0.13 7.03 7.25

11.64 +0.24
−0.23

+0.22
−0.21 11.46 11.84

W−(l−ν̄) [nb]
4.99 +0.12

−0.12
+0.12
−0.11 4.92 5.08

8.59 +0.21
−0.20

+0.19
−0.18 8.46 8.74

W+W− [pb]
4.14 +0.08

−0.08
+0.08
−0.07 4.04 4.20

7.54 +0.15
−0.14

+0.14
−0.12 7.39 7.57

ZZ [pb]
0.703 +0.016

−0.014
+0.015
−0.014 0.695 0.713

1.261 +0.026
−0.024

+0.024
−0.022 1.256 1.277

W+Z [pb]
1.045 +0.019

−0.018
+0.019
−0.017 1.039 1.068

1.871 +0.033
−0.031

+0.029
−0.027 1.850 1.898

W−Z [pb]
0.788 +0.020

−0.019
+0.019
−0.018 0.780 0.795

1.522 +0.034
−0.032

+0.033
−0.031 1.509 1.549

TABLE V: Benchmarking cross sections using META PDFs for LHC 8 and 13 TeV at the NLO for SM Higgs boson production
through VBF, Higgs boson pair production, vector boson pair production, and at the NNLO for all other processes.
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6 Higgs eigs. vs. full results

PDF errors and correlations of Higgs observables LHC benchmark cross sections including 
those are not taken into the DSD process 



Including constraints of new LHC data
✦ One can identify possible constraints of new LHC data by eigenvector 

analysis; its effects on META PDFs can be included directly by 
including the chi2 [of the LHC data] into the covariance matrix and 
resolving the eigensystem [or can use MC reweighting, R. Thorne, G. 
Watt]; no need to start again from  original MC replicas

!17

Example: top pair 
cross sections, and 
W charged lepton 
asymmetry

10

1. Top quark pair production

In Fig. 8 we show theoretical predictions of the inclusive rates of top quark pair production at both the Tevatron
and LHC from the META PDFs including for all the error PDF sets. The horizontal lines give the central predictions,
and the error bar shows predictions from the two error sets of each eigenvector. The results for LHC 7 and 8 TeV
show similar dependence on the eigenvectors, while it is different for the Tevatron since the cross section is sensitive
to different parton constituents. Again we can observe very good linear dependence of the cross sections on PDF
parameters. Based on the theoretical predictions shown in Fig. 8, Fig. 9 gives the PDF induced correlations between
the top pair cross sections and various PDFs as functions of x. Each three curves correspond to production at the
Tevatron, LHC 7 and 8 TeV with the increasing darkness of the color. The vertical-dashed lines show threshold values
of x, i.e., x = 2mt/

√
s. As we may expect the LHC cross sections show very strong correlations with the gluon PDF

in large x region. The Tevatron cross section has moderate correlations with the gluon and uv PDFs for extremely
large x values. Thus the top pair cross sections have the potential to further constrain the gluon PDF if assuming
the experimental measurements are precise enough.
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FIG. 8: NNLO+NNLL predictions for the inclusive rate of top quark pair production at the Tevatron and LHC 7, 8 TeV from
all the error sets of the META PDFs. Each error bar corresponds to the two error sets of one eigenvector direction. The
horizontal line represents the central predictions.
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FIG. 9: Correlations between inclusive rates of the top quark pair production and various PDFs as functions ofx atQ = 200GeV.
The curves correspond to the case of Tevatron, LHC 7 TeV and 8 TeV, respectively, with the increasing of darkness. The vertical
dashed lines show threshold values of x.

We choose several experimental results from both the Tevatron and LHC same as the ones used in [46]. The central
values and errors are listed in Table. III for the measurement of combined CDF and D0 [12], ATLAS at 7 and 8
TeV [13, 15], and CMS at 7 and 8 TeV [14, 16]. Note that all above measurements depend on the top quark mass
input as well, for which mt = 172.5GeV is always used. We take above numbers directly from [46]. There if the
experimental dependence on the top quark mass is available, the central value is corrected to with mt = 173.3GeV
as for the case of CMS 7 TeV. Others are just left as the default experimental values. Correlations between all 5
measurements are not included as long as they are not available. All these settings on experimental sides are chosen
to match in [46] for comparison.

On another hand there are also theoretical uncertainties as from the scale variations or top quark mass used in the
theoretical calculations shown in Table. IV. Scale uncertainties are calculated by varying the renormalization and
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FIG. 14: Same as Fig. 12, with theoretical errors included in the covariance matrix as well.
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FIG. 15: NLO predictions for electron charge asymmetry in representative rapidity bins of the CMS measurement from all the
error sets of the META PDFs. Each error bar corresponds to the two error sets of one eigenvector direction. The horizontal
line represents the central predictions.

Remembering the META PDFs combine PDF informations from CT10, MSTW2008, and NNPDF2.3∗ PDFs that
all allow some extends of tolerance comparing to the standard parameter fitting procedure of using ∆χ2 = 1. Thus
we prefer to use a scheme in between scheme A and D to account for it for future updates of META PDFs with more
LHC data. The tolerance factor (h0) must be determined carefully by examining agreements of each new data set
included similar as in [28, 31].

∗ As discussed in Ref. [9] uncertainties from NNPDF are larger than the ones simply using ∆χ2 = 1 prescription, possibly due to their
specific fitting procedure introduces some effective tolerance conditions.
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FIG. 12: Reduction of the relative PDF uncertainty of gluon at Q = 85GeV after including the top quark measurements under
different reweighting schemes. Only experimental errors are considered in the χ2 function of the top quark data.
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FIG. 13: Same as Fig. 11, with theoretical errors included in the covariance matrix as well.

at x0 = mW /
√
s, assuming large pT cut on the chared lepton and neglecting contributions from charm and strange

quarks. Thus it is directly sensitive to the ratio of u-valence and d-valence. This can be seen from Fig. 16, where they
show strong correlations of the charge asymmetry with uv/dv (or u/d), and moderate anti-correlations with ū/d̄ in
the corresponding x region. The 3 vertical-dashed lines correspond to typical x values, i.e., x0e−2.3, x0, and x0e2.3.

Comparison between the META PDF predictions and the CMS measurements are shown in Fig. 17. The error
bars give the experimental central values with statistical and systematic errors adding in quadrature. The theory
band shows central predictions from META PDFs with PDF uncertainties. The agreements are fairly well for most
of the data points, except for two that lie outside 1 σ band of the META predictions. Total χ2 calculated using the
experimental covariance matrix and central predictions from the META PDFs is 15.2 for Npt = 11. After reweighting
of the META PDFs using the same measurement, the χ2 is reduced to 9.1, 12.3 and 14.0 for the updated central
predictions from reweighting scheme A, B and D, respectively. Changes of uv/dv and ū/d̄ after reweighting are shown
in Fig. 18 and 19 respectively for different schemes. Reduction of the relative PDF uncertainties are presented in
Fig. 20 for the two ratios and in Fig. 21 for u, d, ū, and d̄ quarks. We can see very significant improvements on the
constraints of uv/dv for x around 0.01 and even to x ∼ 0.1 for scheme A and B. The reductions are much weaker
if we use scheme C and D instead. The reductions on uncertainties of the two ratios are also propagated to the
corresponding (anti-)quark PDFs as shown in Fig. 21.
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FIG. 18: Comparison of uv/dv at Q = 85GeV before and after including the electron charge asymmetry measurements under
different reweighting schemes.
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FIG. 19: Same as Fig. 18, for ū/d̄.

Carl Schmidt, Dan Stump, and C.-P. Yuan.

Appendix

A. Benchmarking Cross Sections

In this appendix we provide predicitons on benchmarking cross sections from META PDFs for references. The
cross sections are collected in Table. V for LHC at 8 and 13 TeV, including processes of the SM Higgs production via

unbiased reweighting 
[assuming no extra 
weight for META 
prior]



Summary
✦ We present a preliminary version 2 of META PDFs for general LHC 

study based on updated PDF inputs. The outputs are presented in 
Hessian form with 40~30 eigenvectors (41~31/81~61 PDFs).  
!

✦ META PDFs with Hessian representation provides a simple and 
systematic way of combining different PDF ensembles in a physical 
basis within effective Gaussian approach. PDF eigenvectors are 
efficient and convenient in experimental analysis, including for Data 
Set Diagonalization and PDF reweighting.  
!

✦ All production procedure is automated in a code that will be released 
soon, to combine LHA5/6 PDF ensembles with explicit quality 
control. The code also provides modules to generate optimized 
(rotated) Hessian META ensembles for classes of LHC observables and 
to include new experimental analyses in the META ensembles with the 
help of PDF reweighting.  
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Rotated eigenvectors for Higgs study
✦ The rotated eigenvectors keeps full property of the original 

eigenvectors [as a consequence of linearity]; the first 6 eigenvectors 
characterize the PDFs most relevant for Higgs study, while remaining 
ones probes other freedoms of PDFs 
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FIG. 22: Comparison of the 6 Higgs PDF eigenvectors with the full META PDF sets for different flavors at Q = 85 GeV.
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FIG. 22: Comparison of the 6 Higgs PDF eigenvectors with the full META PDF sets for different flavors at Q = 85 GeV.
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FIG. 23: Continue of Fig. 22.
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FIG. 24: Continue of Fig. 22.
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FIG. 24: Continue of Fig. 22.
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FIG. 24: Continue of Fig. 22.
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