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FIG. 13: (color online) The renormalized Polyakov loop obtained with the asqtad and p4 actions from simulations on lattices
with temporal extent Nτ = 6 and 8. Open symbols for the Nτ = 6, asqtad data set denote data obtained with the R algorithm.
All other data have been obtained with an RHMC algorithm.

C. The Polyakov loop

The logarithm of the Polyakov loop is related to the change in free energy induced by a static quark source. It is a
genuine order parameter for deconfinement only for the pure gauge theory, i.e., all quark masses taken to infinity. At
finite quark masses it is nonzero at all values of the temperature but changes rapidly at the transition. The Polyakov
loop operator is not present in the QCD action but can be added to it as an external source. Its expectation value
is then given by the derivative of the logarithm of the modified partition function with respect to the corresponding
coupling, evaluated at zero coupling. As far as we know, the Polyakov loop is not directly sensitive to the singular
structure of the partition function in the chiral limit. Therefore, its susceptibility will not diverge at m̄ = 0 nor
is its slope in the transition region related to any of the critical exponents of the chiral transition. Nonetheless,
the Polyakov loop is observed to vary rapidly in the transition region indicating that the screening of static quarks
suddenly becomes more effective. This in turn leads to a reduction of the free energy of static quarks in the high
temperature phase of QCD.

The Polyakov loop needs to be renormalized in order to eliminate self-energy contributions to the static quark
free energy. For the p4 action, this renormalization factor is obtained from the renormalization of the heavy quark
potential as outlined in Ref. [4]. In calculations with the asqtad action, we apply the same renormalization procedure
and details of this calculation are given in Appendix B. The results for the renormalized operator for both actions
are shown in Fig. 13. Similar to other observables discussed in this paper, we also observe for the Polyakov loop
expectation value that results obtained on lattices with temporal extent Nτ = 6 are shifted relative to data obtained
on the Nτ = 8 lattices by about 5 MeV. The renormalized Polyakov loop rises significantly in the transition region.
The change in slope, however, occurs in a rather broad temperature interval. Similar to the strange quark number
susceptibility the Polyakov loop does not seem to be well suited for a quantitative characterization of the QCD
transition, as it is not directly related to any derivatives of the singular part of the QCD partition function. In fact,
even in the chiral limit we do not expect that Lren or its susceptibility will show pronounced critical behavior.

V. CONCLUSIONS

We have presented new results on the equation of state of QCD with a strange quark mass chosen close to its phys-
ical value and two degenerate light quarks with one tenth of the strange quark mass. A comparison of calculations
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In the complete deconfined phase (l = 1), Q = 0 while
Q = 2πT/3 in the complete confined phase in the pure
glue case (l = 0).

Strictly speaking, A0 and thus Qa should be deter-
mined dynamically, but in this paper, we determine these
quantities from the lattice QCD data in the following
way [4]: First, we remove the perturbative correction [8]
from the Polyakov loop so that we treat only the Polyakov
loop generated by nonperturbative effect, as

l(Q = 0) = 1 + δl(Q = 0), (2.11)
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where Cf ≡ (N2
c − 1)/(2Nc), mD is the Debye mass of

the gluon, and Nf is the number of the flavor. We use
the running coupling constant calculated in the modified
minimal subtraction scheme at ?-loop order [], and the
expression of the Debye mass at ?-loop order []:
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where ΛMS is the renormalization mass scale in the modi-
fied minimal subtraction scheme and γE ≃ 0.57721 is the
Euler’s constant. D. S.: These two equations need
to be checked. From Eq. (2.11), we see that l(Q = 0)
exceeds unity, which is realized due to the renormaliza-
tion effect. Now we assume the following relation, which
is reduced to Eq. (2.11) at Q = 0 and δl ≪ 1:

l(Q) = eδl(Q=0)l0(Q). (2.15)

From l calculated from the lattice QCD [5], we can calcu-
late l0 from Eq. (2.15), and then obtain Q from Eq. (2.10)
by using l0. These quantities are plotted in Fig. 1, by set-
ting ΛMS = Tc/1.35. We see that l0 is different from unity
even around ∼ 3Tc, where Tc is the pseudo-critical tem-
perature, which is approximately 170 MeV in the lattice
calculation [5] cited in this paper.

III. DILEPTON PRODUCTION RATE

A. calculation

We calculate the production rate of dilepton in Qa ̸= 0
case in this subsection. The dilepton production rate at
the leading order in the coupling constant in QED (e) can
be expressed in terms of the photon self-energy (Π<

µν) [7]:

dΓ

d4p
= −

α

24π4p2
Π<µ

µ (p), (3.1)

where p ≡ p1+p2 with p1 and p2 are the momenta of the
two leptons, and α ≡ e2/(4π). We note that, since the
leptons are real (p21 = p22 = 0), p is time-like (p2 > 0). In
this paper, we focus on the case that p0 > 0.
At the leading order in g, the contribution is obtained

by the 2 to 1 process, which is shown in Fig. 2. Its
expression reads
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where f is a subscript for flavor running from 1 to Nf ,
Ei ≡ |pi|, and na(E) ≡ (eβ(E+iQa) + 1)−1 is the dis-
tribution function for anti-quark. The square of matrix
element is

)
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2,

(3.3)

where we have used k21 = k22 = 0, and qf is the electro-
magnetic charge of the quark with flavor f in the unit of
e. After straightforward calculation, it results
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where the suppression factor is given by
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which satisfies fll(0) = 1. Here k± ≡ (p0 ± |p|)/2 and
n± ≡ n(k±). The value at Q = 0 is [9]
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(3.6)Landau-Pomeranchuk-Migdal (LPM) process
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nated by 2 ! 2 processes. This is a straightforward gen-
eralization of the original computations of Ref. [9]. The
results for collinear emission at large Nc will be given
later [18].

Computing thermal photon production only to leading
logarithmic order, we find [18]

E
d�

d3p

����
Q 6=0

= f�(Q) E
d�

d3p

����
Q=0

. (5)

At the same order, the result for 2 ! 2 scattering in the
perturbative regime [9] is

E
d�

d3p

����
Q=0

=
↵em↵s

3⇡2

e�E/T T 2 ln

✓
E

g2T

◆
, (6)

where ↵s = g2/(4⇡), and

f�(Q) = 1� 4 q +
10

3
q2 ; q =

Q

2⇡T
, 0 < q < 1. (7)

In the perturbative limit, f�(0) = 1. This function de-
creases monotonically as Q increases, with f�(2⇡T/3) =
1/27 in the confined phase. In Fig. (1) we plot f� versus
temperature. This result is independent of momentum
when E � T .

Why photon production is strongly suppressed in the
confined phase can be understood from the case of pair
annihilation. Using kinetic theory in the Boltzmann ap-
proximation, photon production is proportional to

e2 g2
X

a,b

e�(E1�iQa
)/T e�(E2+iQb

)/T |Mab
� |2 , (8)

where E
1

is the energy of the incoming quark with color
a, E

2

the energy of the anti-quark with color b, and Mab
�

a matrix element, which depends upon a and b. The
quark and anti-quark then scatter into a gluon, with color
indices (ab), and a photon. In the deconfined phase, the
rate is⇠ e2g2N2

c ; at largeNc, keeping g2Nc fixed this is⇠
e2Nc, like dilepton production in Eq. (4). In the confined
phase, however, to avoid suppression by powers of the
Polyakov loop the color charges of the quark and anti-
quark must match up, with a = b. This reduces the result
by one factor of 1/Nc. Further, the matrix element Mab

�
involves the quark-gluon vertex; when a = b, this gives
another factor of 1/Nc, for an overall factor of 1/N2

c . The
same counting in 1/Nc applies for Compton scattering.
In all, at large Nc the ratio of hard photon production
in the confined phase, to that in the deconfined phase, is
f� = 1/(3N2

c ) [18]. Even for three colors this is a large
factor, 1/27.

In the usual QGP, hard photon production is propor-
tional to the thermal quark mass squared, m2

qk

⇠ g2T 2

[9, 10]. For hard photons, this generalizes to Qa 6= 0 to
leading logarithmic order: if (ma

qk

)2(Q) is the thermal
quark mass squared for color index a, the suppression
factor is just the ratio of the sum of the thermal quark
masses, f�(Q) = 1/Nc

P
a(m

a
qk

)2(Q)/m2

qk

(0) [18].
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FIG. 2. Dilepton yield (a) and elliptic flow (b) computed
using music, from the semi-QGP and QGP, plus hadronic
matter (HM).

To give a qualitative estimate of the e↵ects upon ex-
periment, we multiply the full rate to ⇠ e2g2 [10] times
the suppression factor which we find to leading logarith-
mic order, f�(Q) in Eq. (7). We use music, a 3+1 D
hydrodynamic simulation [7, 8]. As the purpose of this
study is to determine the global e↵ect of rates in the semi-
QGP, versus that in the usual QGP, we also include the
hadronic rates for dileptons [13] and photons [15]. We use
ideal hydrodynamics for nucleus-nucleus collisions, with
A = 200 at RHIC energies,

p
s = 200 GeV/A.

In ideal hydrodynamics, fluid dynamics is governed by
the conservation equation for the stress-energy tensor,
@µTµ⌫ = 0, where Tµ⌫ = ("+P )uµu⌫�gµ⌫P ; " is the en-
ergy density, P the thermodynamic pressure and uµ the
fluid four-velocity. The details regarding the numerical
algorithm being used to solve the hydrodynamic equa-
tions along with the initial and freeze-out conditions are
presented in [7].
Figure (2) shows the results for the dileptons. There

are slightly more dileptons from the semi-QGP than the
usual QGP, but below 1.5GeV invariant mass, the total
yield is dominated by the hadronic matter. It might be
possible to detect dileptons from the semi-QGP above
1.5GeV. The dilepton elliptic flow is small, v

2

⇠ .01�.06,
and is dominated by that from hadronic matter.
The results for photons, shown in Fig. (3), are very dif-

ferent. The suppression of color in the semi-QGP greatly
reduces the photon yield, panel (a) of Fig. (3). The con-
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FIG. 6. (Color online) Elliptic flow of thermal photons for 200A

GeV Au + Au collisions at RHIC from fluctuating and smooth IC for
σ = 0.4 fm. The v2(pT ) calculated with respect to the participant and
reaction planes for σ = 0.4 fm are shown by solid and dashed lines
(closed symbols), respectively. v2(PP) at σ = 1 fm is shown (solid
line with open symbols) for comparison.

B. Elliptic flow from final state average at RHIC

Figure 6 shows the elliptic flow of thermal photons from
fluctuating (FIC) and from smooth (SIC) initial-state-averaged
IC for 200A GeV Au + Au collisions at RHIC with σ = 0.4
and 1.0 fm. The elliptic flow of thermal photons from the
fluctuating IC is obtained by averaging over 200 random events
and the smooth initial density distribution is obtained by taking
an average of 10 000 fluctuating initial states [9]. Since in
the smooth case elliptic flow is calculated with respect to
the reaction plane, in order to make a fair comparison we
compare it with reaction plane elliptic flow, v2(RP), from
fluctuating case. With σ = 0.4 fm the E-by-E calculation gives
significantly larger elliptic flow for pT > 2.5 GeV/c and for
example at pT = 4 GeV/c, the v2(RP) is about 3 times larger
than the result from smooth IC and the difference increases for
larger values of pT . However, with σ = 1.0 fm the increase
in v2 disappears. This behavior was expected based on our
studies above with one single event.

Elliptic flow calculated with respect to the participant plane
[v2(PP)] is even larger than the reaction plane v2 in the entire
pT range shown in the figure. This behavior is similar to
the hadronic case [1] and this happens because the initial
eccentricity is larger for the participant plane compared to
the reaction plane. However, the difference between these two
reference planes seems to have some pT dependence and a
detailed investigation is required to understand this better.

We compare our results for thermal photon elliptic flow
from the fluctuating IC with PHENIX data [16] in Fig. 7.
We see that the PHENIX data lie well above the results from
our hydrodynamic calculations. Fluctuations clearly bring the
theory towards experiment above pT = 2.5 GeV/c, but still
below pT = 4 GeV/c the measured values are larger than
our calculation. Here, in discussing the thermal photons only,
we have neglected all other sources of direct photons which
will make the total photon v2 from theory calculation even
smaller [13].
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FIG. 7. (Color online) Thermal photon pT spectra for 200A GeV
Au + Au collisions at RHIC from fluctuating and smooth IC and
comparison with PHENIX experimental data [16].

C. Inclusion of prompt photons

As discussed earlier, the presence of prompt photons in
the direct photon spectrum decreases the elliptic flow. The
corrected spectra and elliptic flow taking also the prompt
photons into account are shown in Fig. 8. The PHENIX direct
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FIG. 8. (Color online) (a) Direct photon spectra for 200A GeV
Au + Au collisions at RHIC and for 20–40% centrality bin [28] along
with prompt (direct + fragmentation) and thermal (fluctuating (FIC)
and smooth (SIC) initial density distributions) contributions. (b) v2

with (solid) and without (dotted) the prompt photon contribution for
smooth and fluctuating IC.

034901-6

???

Theory: Rupa Chatterjee et al., Phys. Rev. C 88, 034901 (2013) 
Experiment: PHENIX Collaboration, Phys. Rev. Lett. 109, 122302 (2012)

perturbative

perturbative

Theoretical prediction of v2 is MUCH smaller than  
experimental data (factor 2~4).

Polyakov loop characterizes  statistical confinement

Colored excitation is suppressed in the Semi-QGP!

Suppose the mean value of temporal gauge filed:
: Eigen value of the Polyakov loop operator.

  It plays a role of (imaginary) chemical potential.
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