
From Multiplicity Distribution to Phase Boundary  

 Assuming fluctuations in equilibrium (at freeze-out), net-baryon number probability 

      distribution P(N) is related to the canonical partition function Z(N). 

 From  measured P(N), one can construct Z(N) by making use of charge conjugation symmetry Z(N) = Z(-N). 

 Canonical approach in lattice QCD provides Z(N) with N < Nmax. 

 Then, the partition function Z can be obtained as a fugacity series, 

 One can evaluate moments and Yang-Lee zeros, but effects of truncation? – check with a solvable model. 
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 Chiral Random Matrix Model 

 An effective model for chiral phase transition in QCD 

 Partition function at finite Ns [M. Stephanov, Phys. Rev. D73, 094508 (’06)] 

 

 

 

 

 sinh(m/2T) gives correct periodicity 2pT in imaginary 

m, originating from baryon number conservation. 

 Phase structure of the model 

 

 

 

 

 

 

 

 

 Yang-Lee zeros 
Obtained by solving ZRM(m) = 0 for complex m 

Stokes boundary :  

 

 Yang-Lee Zeros from Truncated Z(m) 

 

 Random Matrix Model 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Lattice QCD (for Roberge-Weiss transition) 

 Discussion 

  Skellam Distribution 

A.Nakamura and K.Nagata, ‘13 

For details, arXiv:1505.5985 

A. Halasz et al., Phys. Rev. D58, 096007 (‘98) 

Chiral order parameter in imaginary m Phase diagram in real  m 

= Im(m/T) 

Z(N) at large N cannot be obtained because of statistics / overlap problems. 

10
-140

10
-120

10
-100

10
-80

10
-60

10
-40

10
-20

10
0

-60 -40 -20  0  20  40  60

Z
(T

,V
,N

)

N

Ns=60
Nmax=59
Nmax=48
Nmax=36
Nmax=21
Nmax=20
Nmax=16

0

/4

/2

3/4



 0  1  2  3  4  5  6  7  8

Im


/T

Re/T

Nmax=60
59
48
36
21
20
16

Edge stable for Nmax > 20 
m=0.05, T=Tc  

Z(N) 

Projection onto fixed N states 

m=0.05, T=TCP  
m=0.05, T=0.6Tc  

Observation : Splitting of distribution of the zero and the stable edge closest to the real m axis with respect to cutting 

Nmax are observed  irrespective of temperature and order of the phase transition.  This indicates the information on the phase 

transition is insensitive to Z(N) at very large N, but it is lost at some point (Nmax < 21 in m=0.05, T=Tc). 

 

Splitting of distribution 

even for Nmax = Ns-1 

Similar behavior to the RM model 

Splitting of distribution can be 

understood as a truncation effect. 

Lattice Data :   

Nagata et al., PTEP2012, 01A013 (’12) 

83x4, mPS/mV=0.8 

See Nagata et al., Phys.Rev.D91, 094507 (‘15) 

for more detailed calculations. 

 

  How large Nmax is needed to see Yang-Lee zeros? 

 Ns=60 RM : Nmax=6 for c6               21 for the closest zero 

                       100        : Nmax=7 for c6              30 for the closest zero 

 

 Highly statistic demanding 

 Challenge for experiments and lattice QCD 

No singularity in the thermodynamic limit,  

artificial zeros by truncation. 

Different Nmax dependence – No stable edge 

→distinguishable from true singularities 

Similar to the RM model with Nmax < 21. 

(a=0.2, b=0.13) 

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

-2 - 0  2


0



m=0.05, T/Tc=0.675

m=0, T/Tc=0.7

m=0.05, T/Tc=0.98

m=0, T/Tc=0.98

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 0  0.5  1  1.5  2  2.5  3  3.5

T
/T

c

/Tc

m=0, 2nd order

m=0, 1st order

m=0.05, 1st order

TCP

CP

-

-/2

0

/2



-2  0  2  4  6  8

m=0, T/Tc=0.99

 plane

Im


/T

Re/T

Ns=20
60

100
Stokes Boundary

Branch Point

-

-/2

0

/2



-2  0  2  4  6  8

m=0.05, T/Tc=0.99

 plane

Im


/T

Re/T

Ns=20
60

100
Stokes Boundary

Branch Point

0

/4

/2

3/4



 0  1  2  3  4  5  6  7  8

Closest Zero

Im


/T

Re/T

Branch Point
Nmax=60

59
48
36
19
16
12

0

/4

/2

3/4



 0  1  2  3  4  5  6  7  8

Closest Zero

Im


/T

Re/T

Branch Point
Nmax=60

59
48
36
23
16

0

/2



3/2

2

 0  0.5  1  1.5  2  2.5  3

=1.89 (T/Tc  1.94)

RW Transition

Lattice QCD

Im


/T

Re/T

Nmax=17
15
13
11

0

/4

/2

3/4



 0  1  2  3  4  5  6  7  8

Skellam, 
2
=0.365

Im


/T

Re/T

Nmax=80
70
60
50
40
30
20
10


