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Exotic hadrons are one of the most interesting topics in the hadron physics. Their properties are still not understood well 
from QCD and are investigated by many researchers. We discuss the production of exotic hadrons from relativistic 
heavy ion collisions. We estimate their yields by applying the statistical model and the coalescence model. In both 
approaches, the yields of normal hadrons are not so different, but the yields of exotic hadrons are quite different. We 
find that the yields of exotic hadrons are sensitive to the assumed quark structures, namely compact multiquarks or 
extended hadronic molecules. Therefore, the experimental measurements of the yields of exotic hadrons in relativistic 
heavy ion collisions provide us a useful tool to investigate their internal structures. 	
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FIG. 1. (Color online) Ratio of the yield of an exotic hadron in the coalescence model to that of the statistical model.

more abundant production of !(1405). However, for the larger
ω value, which corresponds to the case that the pole position
of the S-matrix for the two-hadron interaction is around
1405 MeV, the !(1405) can be regarded as a deeply bound
state and thus has a smaller size, and hence its yield becomes
smaller.

V. DISCUSSIONS

Our results based on the coalescence model for hadron
production in relativistic heavy ion collisions have indicated
that their yields are strongly dependent on their structures.
Therefore, measuring the yields of exotic hadrons allows us
to infer the internal configuration of exotic hadrons [20,21].
For example, we have mentioned in Sec. IV A that as possible
configurations for f0(980), quark-antiquark pairs (∼ss̄, uū,
and dd̄), a tetraquark state, and a KK̄ hadronic molecule have
been proposed. To confirm its structure, we refer to preliminary
data from the STAR Collaboration for the production yield
ratios of f0(980), π , and ρ0 [133]. From these results we
find that the measured yield of f0(980) is close to 8, which
means that it is more probable for the f0(980) to be produced
as a hadronic molecule state than a tetraquark state (see
the order-of-magnitude difference between the yield in the
4q/5q/8q column and that in the Mol. column in Table V).
Therefore, we conclude that the STAR data seem to rule out
a dominant tetraquark configuration for the f0(980). Further
experimental efforts to reduce the error bar are thus highly
desirable.

For some exotic hadrons, our results show that the yields
are similar for the hadronic and the molecular configuration,

despite the difference in the coalescence temperatures TC and
TF . This can be attributed to the larger size of the molecular
configuration. Assuming other factors are similar, the s-wave
factors involved in the coalescence at TF are similar to those
at TC as long as the relevant molecular size is related to the
hadron size as σC = (VC/VF )1/3σF as can be inferred from
Eq. (25) after neglecting the temperature dependence in the
denominator. If we additionally assume that the volume scales
as V ∝ T −3, we find that the condition for the molecular
coalescence to be similar to two-quark coalescence is that
the molecular size scales as σF = σCTC/TF , which is more or
less satisfied by some exotic hadrons considered here, such as
the Ds(2317).

Our study also shows the interesting result that the ratio RCS
h

of the yield in the coalescence model to that in the statistical
model is almost the same at RHIC and LHC. This similarity
comes from the universal feature of the QCD phase transition;
the common critical temperature and the common volume
ratio VC/VH . In the nonrelativistic approximation shown in
Eq. (3), it is possible to rewrite the statistical model yield in
the coalescencelike form,

N stat
h = ghVH (mhTH )3/2

(2π )3/2
eB/TH

!

i

Ni,H (2π )3/2

giVH (miTH )3/2
, (31)

where we consider the hadron h to be composed of several
constituents, B =

"
i mi − mh is the binding energy, and Ni,H

represents the yield of the ith constituent at the volume VH .
This relation holds because the fugacity of a particle is equal
to the product of the constituent fugacities, and the particle
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TABLE I. Quark numbers at hadronization temperature TC and
volume VC , the volume VH at the end of hadronization, and the
thermal freeze-out temperature TF and volume VF in central heavy
ion collisions at RHIC and LHC.

RHIC LHC

Nu = Nd 245 662
Ns = Ns̄ 150 405
Nc = Nc̄ 3 20
Nb = Nb̄ 0.02 0.8
VC 1000 fm3 2700 fm3

TC = TH 175 MeV 175 MeV
VH 1908 fm3 5152 fm3

µB 20 MeV 0 MeV
µs 10 MeV 0 MeV
VF 11322 fm3 30569 fm3

TF 125 MeV 125 MeV

As described in the next sections, hadron production in the
statistical model occurs in the volume VH at the temperature
TH , which is assumed to be the same as TC , while in the
quark coalescence model, the production of both ordinary and
multiquark hadrons occurs at the temperature TC when the
volume of the QGP is VC . For the production of hadronic
molecular states from the coalescence of hadrons, it takes
place, however, in the volume VF at the kinetic freeze-out
temperature TF .

B. The statistical model

The statistical model has been shown to describe very well
the relative yields of normal hadrons in relativistic heavy ion
collisions. In this model, the number of produced hadrons of
a given type h is given by [26]

N stat
h = VH

gh

2π2

! ∞

0

p2dp

γ −1
h eEh/TH ± 1

(1)

≈ γhghVH

2π2
m2

hTHK2(mh/TH ) (2)

≈ γhghVH

"
mhTH

2π

#3/2

e−mi/TH , (3)

In the above equations, gh is the degeneracy of the hadron and
γh is the fugacity, and VH and TH are, respectively, the volume
and temperature of the source when statistical production
occurs.

Because strangeness is known to reach approximate chem-
ical equilibrium in heavy ion collisions at RHIC owing to the
short equilibration time in the QGP and the net strangeness of
the QGP is zero, the strange chemical potential is small and is
taken to be µs = 10 MeV. Its value decreases with increasing
collision energy and is assumed to be 0 MeV in heavy
ion collisions at LHC. For charm and bottom quarks, they
are produced from initial hard scattering and their numbers
are much larger than those expected from a chemically
equilibrated QGP. As a result, we obtain the fugacity γh > 1 for
both charmed and bottom hadrons. In terms of the fugacities γc

and γb of charm and bottom quarks, the fugacities of charmed

and bottom hadrons are products of γ n
c and γ m

b , where n and
m are, respectively, the charm and bottom quark numbers in
these hadrons. Therefore, the fugacity of hadron species h can
be written generally as

γh = γ nc+nc̄
c γ

nb+nb̄

b e(µBB+µsS)/TH , (4)

where B, S, nc (nc̄), and nb (nb̄) are the baryon number,
strangeness, (anti-)charm quark number, and (anti-)bottom
quark number of the hadron, respectively.

For the charm and bottom fugacities γc and γb, they can
be determined by requiring that the total yield of charmed
or bottom hadrons estimated in the statistical model is the
same as the expected total charm (Nc) or bottom (Nb) quark
number from initial hard nucleon-nucleon scattering. Using
the values Nc = 3 and Nb = 0.02 for heavy ion collisions at
RHIC, we obtain γc = 6.40 and γb = 2.2 × 106 according to
the following calculations:

Nc = ND + ND∗ + 1
2

$
NDs

+ ND̄s

%
+ 1

2

$
N#c

+ N#̄c

%

= 1.04 + 1.53 + 0.33 + 0.29
2

+ 0.14 + 0.11
2

= 3, (5)

Nb = NB̄ + NB̄∗ + 1
2

$
NB̄s

+ NBs

%
+ 1

2

$
N#b

+ N#̄b

%

= 5.3 × 10−3 + 1.23 × 10−2

+1.7 + 1.5
2

× 10−3 + 9.2 + 7.3
2

× 10−4 = 0.02. (6)

In the above, we have used the average yield of heavy strange
and antistrange mesons as well as that of heavy baryons and
antibryons to remove the effect of baryon and strangeness
chemical potentials. A similar analysis for heavy ion collisions
at LHC based on the charm and bottom quark numbers Nc =
20 and Nb = 0.8 (see Table I) gives the charm and bottom
fugacities γc = 15.8 and γb = 3.3 × 107, respectively. These
values together with those for RHIC are given in Table II.

In Table II, we also show the yield NK (NK̄ ) of K (K̄)
mesons given as a sum of the directly produced K (K̄) and

TABLE II. Fugacities for c and b quarks and hadron numbers from
the statistical model at thermal freeze-out temperature TF and volume
VF in central heavy ion collisions at RHIC and LHC, including
contributions from resonance decays shown in the fourth column.

RHIC LHC

γc 6.40 15.8
γb 2.2 × 106 3.3 × 107

NK 142 363 K, K∗

NK̄ 127 363 K̄, K̄∗

ND = ND̄ 1.0 6.9
ND∗ = ND̄∗ 1.5 10
ND1 0.19 1.3
NB = NB̄ 5.3 × 10−3 0.21
NB∗ = NB̄∗ 1.2 × 10−2 0.49
NN 62 150 N, $

N% 4.7 13
N& 0.81 2.3
N%c 0.10 0.65
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those from the strong decay of K∗ (K̄∗) after their freeze-out.
Similarly, the yield of nucleons NN includes both directly
produced N and those from the strong decay of !. These
results are obtained by using the Fermi-Dirac and Bose-
Einstein distributions in Eq. (1). We note that approximating
these distributions by the Boltzmann distribution as given
in Eq. (2) does not introduce a large error (at most 1% for
exotic hadrons), while the nonrelativistic approximation used
in Eq. (3) leads to an error of about 30–40%.

C. The coalescence model

The coalescence model for particle production in nuclear
reactions is based on the sudden approximation by calculating
the overlap of the density matrix of the constituents in an
emission source with the Wigner function of the produced
particle [34]. The model has been extensively used to study
light nuclei production in nuclear reactions [35] as well as
hadron production from the QGP produced in relativistic
heavy ion collisions [23–25,36]. In the coalescence model,
the number of hadrons of certain type h produced from the
coalescence of n constituents is given by [24]

N coal
h = gh

! "
n#

i=1

1
gi

pi · dσi

(2π )3

d3pi

Ei

f (xi, pi)

$

×f W (x1, . . . , xn : p1, . . . , pn). (7)

In the above equation, gh is again the degeneracy of the
hadron, whereas gi is that of its ith constituent and dσi

denotes an element of a spacelike hypersurface. The function
f (xi, pi) is the covariant phase-space distribution function of
the constituents in the emission source, and it is normalized to
their number, that is,

!
pi · dσi

d3pi

(2π )3Ei

f (xi, pi) = Ni, (8)

and the function f W (x1, . . . , xn : p1, . . . , pn) is the Wigner
function of the produced hadron and is defined by

f W (x1, . . . , xn : p1, . . . , pn)

=
! n#

i=1

dyie
ipiyi ψ∗(x1 + y1/2, . . . , xn + yn/2)

×ψ(x1 − y1/2, . . . , xn − yn/2), (9)

in terms of its wave function ψ(x1, . . . , xn).
Following the derivation given in Refs. [18,19], where the

nonrelativistic limit is taken and the hadron wave functions
are assumed to be those of a spherically symmetric harmonic
oscillator, the above equation can be reduced to

N coal
h = gh

n#

j=1

Nj

gj

n−1#

i=1

%
d3yid

3kifi(ki)f W (yi, ki)%
d3yid3kifi(ki)

, (10)

where f W (yi, ki), with yi and ki being, respectively, the
internal (relative) spatial and momentum coordinates, is the
Wigner function associated with the internal (relative) wave
function. As in Ref. [19], we assume that the particles in
the emission source are uniformly distributed in space and have

momentum distributions fj (pj ) given by the Boltzmann dis-
tribution of temperature T only for the transverse momentum
pj,T , while the strong Bjorken correlation of equal spatial (ηj )
and momentum (Yj ) rapidities is imposed for the longitudinal
momentum, that is,

fj (pj ) ∝ δ(Yj − ηj ) exp

&

−
p2

j,T

2mjT

'

, (11)

with ηj = ln[(tj + zj )/(tj − zj )]/2 and Yj = ln[(Ej +
pj,z)/(Ej − pj,z)]/2 being the space-time and momentum-
energy rapidities, respectively. From the relation

n#

j=1

exp

&

−
p2

j,T

2mjT

'

= exp
(

− P 2
T

2MT

) n−1#

i=1

f̃i(ki), (12)

with PT and M denoting the total transverse momentum
and the total mass, respectively, we then obtain the two-
dimensional momentum distribution function of the con-
stituents in Jacobi coordinates, f̃i(ki),

f̃i(ki) ∝ exp
(

− k2
i

2µiT

)
, (13)

where the reduced constituent masses µi are defined by

1
µi

= 1
mi+1

+ 1
*i

j=1 mj

, (14)

or, explicitly,

µ1 = m1m2

m1 + m2
, µ2 = m3(m1 + m2)

m1 + m2 + m3
,

µ3 = m4(m1 + m2 + m3)
m1 + m2 + m3 + m4

, (15)

µ4 = m5(m1 + m2 + m3 + m4)
m1 + m2 + m3 + m4 + m5

, etc.

In the nonrelativistic limit, the rapidity variables are
simplified at midrapidities (Y = η ∼ 0) as ηj ≃ zj/tj and
Yj ≃ pj,z/mj . We can thus omit the contribution from the
longitudinal momentum in the Wigner function f W as long as
the time where the coalescence takes place after the collision
is large compared with the internal time scale of the hadron,
tj ≫ 1/ω, where ω is the oscillator frequency. In this case, the
three-dimensional momentum integrations in Eq. (10) reduces
to two-dimensional ones over f̃i(ki) and the Wigner functions
in transverse momentum ki . The latter are given explicitly as

f W
s (yi, ki) = 8 exp

(
− y2

i

σ 2
i

− k2
i σ

2
i

)
,

f W
p (yi, ki) =

(
16
3

y2
i

σ 2
i

− 8 + 16
3

σ 2
i k2

i

)
exp

(
− y2

i

σ 2
i

− k2
i σ

2
i

)

f W
d (yi, ki) = 16

30

+
4

y4
i

σ 4
i

− 20
y2

i

σ 2
i

+ 15 − 20σ 2
i k2

i + 4σ 4
i k4

i

+16y2
i k

2
i − 8(y⃗i · k⃗i)2

,
exp

(
−

y2
i

σ 2
i

− k2
i σ

2
i

)
,

(16)
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Constituent particle 
(a)  Quark (compact multiquark; nq) 
(b)  Hadron (extended molecule; Mol) 

What are exotic hadrons? 
(a) Compact multiquark 

(b) Extended hadronic molecule 
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