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Typical Scale of QCD Phenomena
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Typical Scale of QCD Phenomena
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Golec-Biernat-Wuesthoff  
Stasto-Golec-Biernat-Kwiecinski Plot

Geometric Scaling

Qs(RHIC) = 1 ⇠ 2GeV

Qs(LHC) ⇠ 2Qs(RHIC)

LQCD and Qs : scheme dependent
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Four Regimes in HIC
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Color Glass Condensate (CGC)

Color Glass + Plasma = Glasma

(s) Quark-Gluon Plasma

⌧ . 1/Qs ⇠ 0.1fm/c

⌧ . ⌧f ⇠ 10fm/c

Hadronization (quarks → hadrons)

⌧ . ⌧0 ⇠ ⇤�1
QCD
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Glasma
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Everything scales  
with Qs(x)

Negative PL

Flux tubes broken apart by instabilities 
→ Positive PT → Hydrodynamization → Thermalization

Unsolved problems (enjoy talks on this during QM)
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Four Regimes in HIC
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Color Glass Condensate (CGC)

Color Glass + Plasma = Glasma

(s) Quark-Gluon Plasma

⌧ . 1/Qs ⇠ 0.1fm/c

⌧ . ⌧f ⇠ 10fm/c

Hadronization (quarks → hadrons)

⌧ . ⌧0 ⇠ ⇤�1
QCD

QCD Phase Transitions



Sep. 27, 2015 @ QM15

QCD Phase Transitions

Confinement of Quarks and Gluons 

Dynamical Generation of Mass (chiral sym.)

7

⇤�1
QCD

T�1

T ⇠ ⇤QCD

“Constituent” Quark 
Mq ~ 350MeV

“Bare” Quark 
Mq ~ 3~5MeV

percolation
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Order Parameter — Confinement
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Confinement of Quarks (Wilson 1974)
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Area Law
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Order Parameter — Confinement
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t

C

x

LC  
 = (Perimeter)

Pair production of  
      dynamical quarks

hW (C)i ⇠ exp[�#LC ]

Perimeter Law

Confinement of Quarks (Wilson 1974)
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Extension to Finite-T
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Z = tr e�Ĥ/T

it , ⌧

Aµ(⌧ + �) = Aµ(⌧)

 (⌧ + �) = � (⌧)

r W (C) = trL(0) trL†(r)

hW (C)i = htrL(0)trL†
(r)i

= exp[�fqq̄(r)/T ]

! |htrLi|2 (r ! 1)

= exp[�2fq/T ]
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Extension to Finite-T
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Z = tr e�Ĥ/T

it , ⌧

Aµ(⌧ + �) = Aµ(⌧)

 (⌧ + �) = � (⌧)

r W (C) = trL(0) trL†(r)

Polyakov Loop

hW (C)i = htrL(0)trL†
(r)i

= exp[�fqq̄(r)/T ]

! |htrLi|2 (r ! 1)

= exp[�2fq/T ]
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Extension to Finite-T
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Quenched Case (no dynamical quarks)

Dynamical Case (quarks with finite mass)

fqq̄(r) ⇠ �r ! 1 (r ! 1)

fq ! 1 (in conf. phase)

fqq̄(r) ! 2(hadron mass) (r ! 1)

fq ! (hadron mass) (in “conf.” phase)
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Extension to Finite-T
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Dynamical Case
fqq̄(r) ! 2(hadron mass) (r ! 1)

fq ! (hadron mass) (in “conf.” phase)

No way to define confinement at finite T

Linear potential is  
  “screened” at large distances

Lattice from Tokyo group
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Examples from Lattice-QCD
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Polyakov loop increases very smoothly:

There is no clear-cut Tc for deconfinement
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Lattice from Wuppertal-Budapest (2010)Lattice from BNL-Bielefeld (2010)
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Order Parameter — Chiral Sym.
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Instantons — h’ mass
3NG modes for Nf = 2

8NG modes for Nf = 3

Chiral Condensate

hq̄qi

SU(Nf )L ⇥ SU(Nf )R ⇥U(1)A ! SU(Nf )V
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Order Parameter — Chiral Sym.
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For Nf = 2

SU(Nf )L ⇥ SU(Nf )R ⇥U(1)A ! SU(Nf )V

O(4) ! O(3)

Without axial-U(1)

With axial-U(1)  (effective restoration)

O(4)⇥O(2) ! O(3)

2nd-order expected

1st-order expected?

?

Lattice from  
D’Elia et al.
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Examples from Lattice-QCD 
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Chiral condensate decreases (relatively) steeply:

Dl,s : Special combination free from the renormalization

Lattice from Wuppertal-Budapest (2010)Lattice from BNL-Bielefeld (2010)
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Phase Structure with Quark Masses
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Quenched  
Limit

Close to  
  the O(4) 2nd?

Far from  
  the quenched 1st

Crossover 
 confirmed by  
   finite-V analysis

Aoki et al. (2006)
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Examples from Lattice-QCD
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Chiral restoration is more like a real phase transition
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Magnetic Scaling : O(4) vs O(2)

20
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FIG. 5: Fit of the O(2) scaling function to numerical results for the subtracted order parameter M (left) and the non-subtracted
light quark condensate Mb (right). This analysis has been performed for results obtained in calculations with light quark masses
ml/ms ≤ 1/20 and gauge couplings in the interval β ∈ [3.285, 3.31].

ratio of the light to strange quark masses, ml/ms ≤ 1/20 and ml/ms ≤ 1/40. The fit parameters obtained in these
two cases from an analysis of data for M and Mb are summarized in Table II. We note that results for Tc and t0 are
within errors independent on the cut on ml/ms and the observable used. The scale parameter h0 is more sensitive on
the choice of order parameter. However, there is a tendency that results for h0 obtained from M and Mb converge to
a common value if the cut on ml/ms is reduced.

The symmetry breaking field introduced in Eq. 2 is given in terms of the ratio of light to strange quark masses. To
compare our result for scaling functions of QCD with other (model) calculations it may be more convenient to express
H in terms of meson masses. In the present quark mass and gauge coupling range we find the approximate relation
H = ml/ms ≃ 0.52 (mps/mK)2. We therefore may write the scaling variable z as

z = 1.48 z0

!
T − Tc

Tc

"
/

!
mps

mK

"2/βδ

. (14)

As discussed in Section II this allows to determine the scaling behavior of the pseudo-critical line determined by the
peak in the scaling function of the chiral susceptibility, fχ,

Tp(mps) − Tc

Tc
= 0.68

zp

z0

!
mps

mK

"2/βδ

(15)

Using zp from Table I and the values for z0 given in Table II we find 0.68zp/z0 ≃ 0.1 − 0.2. These values, which are
consistent with earlier determinations of the slope of the pseudo-critical line [26, 28], emphasizes the weak dependence
of the pseudo-critical temperature on the pseudo-scalar meson mass.

We stress that this analysis has been performed in QCD at one non-vanishing lattice spacing, i.e. in the cut-off
theory. The cut-off dependence of the normalization constants, the scale invariant ratio z0 and the subtle continuum
limit need to be studied in the future. We emphasize again, however, that the above combination of normalization
constants for the scaling variables is an invariant of QCD and depends, in the continuum limit, only on the strange
quark mass value.

B. Scaling violations

The scaling behavior observed for the chiral order parameters analyzed in the previous section is, of course, expected
to hold exactly only in the limit t → 0 and h → 0, keeping the ratio z = t/h1/βδ fixed. At non-zero values of t and h we
expect to observe scaling violations that may arise from sub-leading corrections to the scaling function as well as from
the regular part of the QCD partition function. These corrections also depend on the definition of the order parameter.
In particular, the two order parameters, M and Mb, introduced here differ in the treatment of contributions that are

Lattice from BNL-Bielefeld (2009)

Tc is better-defined for chiral phase transition

(Scaled) 
Chiral 
Cond.

(Scaled) 
Quark Mass
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Hypothetical Phase Diagram
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Deconfinement  
Chiral Transitions 
 located at close T

Baym (1984) 
“RHIC:From dreams to beams  
 in two decades,” hep-ph/0104138
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Modern QCD Phase Diagram
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Chiral is rather sharp, while deconfinement is blurred
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Experimental Survey
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Changing the collision  
energy the phase boundary 
is investigated:  
— Beam Energy Scan

Andronic et al. (2010)
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Thermal Model Fit
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How to determine T and µ “experimentally”

Andronic 
Braun-Munzinger 
Stachel…
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Thermal Model Fit
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Mesons (blue) 
Baryons (red) 
contained in  
THERMUS2.1 
(from manual)

µQ : determined from the charge conservation 
µS : determined from zero net strangeness

T and µB : fitting parameters
http://www.phy.uct.ac.za/people/wheaton/THERMUS/thermus_index.html

V3.0 is available now…
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Chemical Freezeout Curve
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(Mapping)
p
sNN , T, µB
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Freezeout vs Phase Boundary
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Chemical freezeout ~ “Chemical reaction” turned off 
                                  ~ Inter-particle distance drops down

Thermodynamics  
from THERMUS

Smallness of e�m/T

compensated by entropy
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Caution

28

Do not get confused with the “thermal freezeout"
By definition “temperature” is an exponential slope 

of the particle distribution in momentum space.
Momentum exchange still goes on after the “chemical  
reaction” stops (elastic scatterings).
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FIG. 4. Thermal freeze-out (dashed and dashed-dotted lines) and chemical freeze-out (solid line) curves. The lines connecting
the chemical and thermal freeze-out curves correspond to a fixed S/B (entropy/baryon number) ratio. Only references to the
thermal freeze-out points are indicated explicitly. See Fig. 1 for references to the chemical freeze-out points.

15

Cleymans-Redlich (1999)

where ρ = tanh−1βT (r), K1 and I0 are the modified Bessel functions, mT is the transverse mass
and T is the thermal freeze-out temperature. The shape of each spectrum is determined by the
freeze-out temperature, the velocity of the transverse expansion, the flow profile and the mass
of the particle. The average transverse flow velocity is: < βT > = βs · 2/(2 + α).

Figure 1. Transverse momentum
spectra for identified charged par-
ticles produced in 0-10% most cen-
tral Au+Au collisions at 200 GeV
(y=0). Red points are for charged
pions, green points are for charged
kaons, blue open symbols are for
protons and blue full symbols are
for antiprotons. Data taken from
[6]. Red lines represent the simul-
taneous blast wave fits to the spec-
tra.

Figure 2. Transverse momentum
spectra for identified charged par-
ticles produced in 0-10% most cen-
tral Au+Au collisions at 62.4 GeV
(y=0). Red points are for charged
pions, green points are for charged
kaons, blue open symbols are for
protons and blue full symbols are
for antiprotons. Data taken from
[7, 8]. Red lines represent the si-
multaneous blast wave fits to the
spectra.

The freeze-out properties of the fireball created at RHIC energies have been extensively
studied in the last years. The identified particle spectra at RHIC are well described by the
blast-wave model[3, 4].

The BRAHMS [5] transverse momentum distributions for identified particles produced in
0-10% most central Au+Au collisions at

√
sNN = 200 GeV [6] and

√
sNN = 62.4 GeV [7, 8]

were fitted simultaneously using the standard blast-wave model. Results of the fit parameters:
the thermal freeze-out temperature, T, the average transverse collective flow velocity, < βT >,
the surface collective flow velocity, βs and the flow profile, α, for Au+Au collisions are shown in
the Fig. 1 and Fig. 2 and listed in Table 1.

Table 1. Blast-Wave fit parameters obtained for Au+Au collisions at 200 GeV and 62.4 GeV.

√
sNN [GeV] T [MeV] < βT > βs α

62.4 122± 2 0.601 ± 0.022 0.688 ± 0.010 0.288 ± 0.035
200 118± 2 0.641 ± 0.015 0.752 ± 0.008 0.346 ± 0.020

2

Blast-wave model 
    parameters  
        include Tkin

Ristea et al.
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Signature for Deconfinement

29

Melting of heavy quarkonium

A. Mocsy

3

change of the spectral structure between T/Tc = 1.62
and 1.87, and other features seen in the J/ψ channel are
also observed in the ηc channel as shown in Fig.2.

Let us now evaluate the reliability of the existence (ab-
sence) of the sharp peak at T/Tc = 1.62(1.87) by the two
tests [I] and [II] mentioned before. The first test is the
error analysis of the peak. Shown in Fig.3 are the SPFs
for J/ψ at T/Tc = 1.62 and 1.87 with MEM error bars
(The frequency interval over which the SPF is averaged
is characterized by the horizontal position and extension
of the bars, while the mean value and the 1σ uncertainty
of the integrated strength within the interval are charac-
terized by the heights of the bars). The sharp peak at
T = 1.62Tc is statistically significant, and the absence of
the peak at the same position at T = 1.87Tc is also sta-
tistically significant. The same features are also observed
for ηc.

The second test is the Ndata dependence of the SPFs.
Shown in Fig.4(a) is a comparison of the SPF obtained
with Ndata = 34 and that with Ndata = 39 for the same
temperature T = 1.62Tc (Nτ = 46). The two curves are
almost identical with each other (Note that the maximum
number of temporal data available in this case is 46−7 =
39). Fig.4(b) shows SPFs obtained with Ndata = 26 and
33 for a higher temperature T = 1.87Tc (Nτ = 40). The
maximum number of data points available is 40− 7 = 33
in this case. Again the two curves are almost identical.
Therefore, the qualitative change of the SPF between
T = 1.62Tc and 1.87Tc is the real thermal effect and not
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(b)
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FIG. 1: Spectral functions for J/ψ (a) for T/Tc = 0.78, 1.38,
and 1.62 (b) for T/Tc = 1.87 and 2.33.

caused by the artifact of the insufficient number of data
points.

Here we make a brief comment on related works aiming
at studying the charmonia above Tc using MEM [15, 16].
In contrast to our large temporal grids (Nτ = 46 for
T = 1.62Tc), Nτ in these papers are 3-4 times smaller
(Nτ = 17 in [15] and Nτ = 12 in [16] at T = 1.62Tc). For
such small Nτ with point-point correlation, the reliability
tests [I] and [II] need to be done before drawing physics
conclusions. There is indeed evidence that Nτ = 17 fails
the test [II] as shown in [15].

In summary, we have extracted the spectral functions
of J/ψ and ηc in the deconfined plasma using lattice
Monte Carlo data and the maximum entropy method.
In the quenched approximation, the number of temporal
sites Nτ is taken as large as 46 and 40 for T/Tc = 1.62
and 1.87, respectively. Careful analyses of the MEM er-
rors and the Ndata dependence of the results are carried
out. It is found that there are distinct resonances up to
T ≃ 1.6Tc and they disappear between 1.6Tc and 1.9Tc.
This together with our previous results on ss̄ mesons [8]
on the same lattice indicates that the quark-gluon plasma
is still strongly interacting above Tc so that it can develop
hadronic resonances. Whether these resonances found in
quenched simulation survive in full simulation with dy-
namical quarks is an interesting future problem. It is
also important to unravel the nature of such resonances
by studying their spatial structure on the lattice [17] or
by using non-relativistic potential approaches [18].
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T = 1.87Tc  

T = 2.33Tc  

FIG. 2: Spectral functions for ηc (a) for T/Tc = 0.78, 1.38,
and 1.62 (b) for T/Tc = 1.87 and 2.33.

Asakawa-Hatsuda (2003)

Many (confusing) discussions 
have been triggered by this…  
 
Static potential model 
                  ↓ 
Real-time physics important  
Heavy-flavor diffusion  
(Langevin dynamics)
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Beam-energy Scan
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Beam-energy Scan

31

QCD CP
End-point of 
 1st order phase 
  transition
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Densest Matter
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FIG. 3. (Color online) HRG-estimated baryon density (in-
cluding not only nucleons but all baryonic resonances of the
particle data contained in the THERMUS2.3 package) as a
function of T and µB. The nucleon contribution is nearly a
half of shown results. The vertical lines represent the col-
lision energy with spacing by 1 GeV. The extremal point
corresponds to

p
sNN ' 8 GeV. The chemical freeze-out line

is drawn according to Eqs. (3) and (4).

Figs. 4 and 5 are pushed down by a few percent at most
as compared to the current µQ = µS = 0 case. This
check justifies my discussions without µQ and µS taken
into account.

III. SIMILARITY BETWEEN HRG AND RMF

It is nuclear matter (that is a self-bound system of in-
finite nucleons) that lies in the opposite limit to the non-
interacting matter described by the HRG model. Never-
theless, theoretically speaking, the formulation of nuclear
matter, namely the RMF, is not such far from the HRG
model or they actually share similarity to some extent.

The simplest RMF is known as the �-! model defined
by the partition function:

p = 2 · 2T
Z

d3p

(2⇡)3

n

ln
⇥

1 + e�("p�µ⇤
B)/T

⇤

+ ln
⇥

1 + e�("p+µ⇤
B)/T

⇤

o

� m2
��

2

2
+

m2
!!

2

2
, (9)

where the quasi-particle dispersion relation is "p ⌘
p

p2 +m⇤2
N . Here, quantities with asterisk are “in-

medium” or “renormalized” ones which contain a shift
by the mean-field as

m⇤
N ⌘ mN � g�� , µ⇤

B ⌘ µB � g!! . (10)

These mean-fields of � and !, or equivalently, m⇤
N and µ⇤

B
are determined with the stationary conditions: @⌦/@� =
@⌦/@! = 0, which lead to the gap equations. By
choosing the model parameters appropriately [26]; i.e.,
mN = 939 MeV, m� = 550 MeV, m! = 783 MeV,
gs = 10.3, g! = 12.7, we can reproduce the satura-
tion properties of symmetric nuclear matter with the

saturation density given by 0.17 nucleons/fm3 and the
binding energy per nucleon given by 16.3 MeV. I note
that this simplest �-! model fails in reproducing the em-
pirical value of the compressibility of symmetric nuclear
matter [27]. It is possible to overcome this problem by
extending the model with self-coupling potential of the
mean-fields. For the fluctuations of my present inter-
est, however, such improvement of the model makes only
minor modifications on the final results [28]. This also
implies that a di↵erent choice of m�, e.g. 500 MeV would
not change the final results because gs and g! should be
readjusted to reproduce the saturation density and the
binding energy, and so the di↵erence would be the com-
pressibility only.

From Eq. (9) it is obvious that the RMF estimate
should reduce to nothing but the HRG estimate or Eq. (5)
if I freeze the implicit dependence on µB through the so-
lutions of � and !, or equivalently, m⇤

N and µ⇤
B. In this

sense we can interpret the RMF treatment as a variation
of the HRG model augmented with mean-fields. Unlike
the HRG model, however, the mean-fields have implicit
dependence on µB, from which I should anticipate non-
trivial contributions for the fluctuations.

In closing of this section, I make an explicit statement
about the validity regions of the HRG model and the
RMF models. The HRG model is the most successful
at the top energy of the RHIC, but the agreement of
the thermal model fit to the experimental data slightly
becomes worse for the LHC data. There is no clear ex-
planation for this, but it is conceivable that the HRG
model works the best near the crossover region of de-
confinement. The meson sector of the HRG model is a
valid picture in a fictitious world of Nc ! 1 with which
meson interactions would be turned o↵. The baryon sec-
tor behaves di↵erently, however, and so the HRG model
should naturally break down at high baryon density. A
conservative estimate for this would suggest a validity re-
gion, µB < T , that corresponds to

p
sNN & 10 GeV. On

the other hand, the RMF model is supposed to describe
nuclear matter which is reached at small

p
sNN , and the

validity region is limited by my approximation to neglect
pion fluctuations. Although the e↵ect of pions is indi-
rect for the baryon number fluctuations, it could make a
quantitative modification if the temperature is compara-
ble to the pion mass. This condition would translate into
the validity region

p
sNN . 10 GeV in the energy unit.

So, one may well expect that the HRG model at high en-
ergy should be taken over smoothly by the RMF model
in the intermediate energy

p
sNN ⇠ 10 GeV, which could

be of course understood as another manifestation of the
triple-point-like region [24].

IV. CENTRAL NUMERICAL RESULTS

Figures 4 and 5 show my results for S� and �2 esti-
mated in the HRG (green dotted line) and in the RMF
(blue dashed line) on top of the BES/STAR data (red

Estimate from HRG

RHIC BES 
FAIR 
NICA 
J-PARC
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“Strangest” Matter
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More baryons 
        ↓ 
More L 
        ↓ 
More K+ 

(ns = 0)
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QCD Critical Point

34

mB=0

mB=0/

mud mud

IF this is the case in QCD: 
IF the curvature is large enough: QCD CP exists

QCD CP is a hypothesis (needs exp. confirmation)
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Why QCD CP ?
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2

cated at M = ±M0; we simply postulate the following
form;

P�[M ] = �a(M2
0 �M2)2 (1)

with a parameter a. Here we note that a linear term in M
should be present if the current quark mass is nonzero.
We can neglect this explicit chiral symmetry breaking in
the qualitative level because such a term has only minor
e↵ects on the phase transition in the two-flavor sector.
In the three-flavor case, in contrast, the UA(1) break-
ing term generates a cubic term in M which favors the
first-order phase transition. We will not think of this
situation; our purpose here is to see how the first-order
transition is possible at high density even though it is of
second order at vanishing density. Thus, the above form
of Eq. (1) is valid when all the quarks are massless and
the three-flavor UA(1) breaking is not significant.

Now let us turn finite µ on. As long as µ is smaller
than the lowest-lying mass of fermionic excitation, noth-
ing happens and the vacuum remains empty. Once µ
exceeds a certain threshold M , a finite amount of den-
sity appears. The pressure has a contribution from the
density which is generally expressed as

Pµ[M ] =
Z µ

0
dµ0nq(µ0) . (2)

Here nq(µ) represents the fermion density. In the quasi-
particle picture it is given by the integrated Dirac-Fermi
distribution function with the constituent mass;

nq(µ) = ⌫

Z
d3p

(2⇡)3


1

e("�µ)/T + 1
� 1

e("+µ)/T + 1

�

T=0�! ⌫

6⇡2
(µ2 �M2)3/2 ✓(µ2 �M2) , (3)

where " =
p

p2 + M2 and ⌫ is the fermionic degrees of
freedom (color⇥flavor⇥spin). In two-flavor quark mat-
ter, for relevant example, ⌫ = (3 colors) ⇥ (2 flavors) ⇥
(2 spins) = 12. We note that ✓ denotes the Heaviside
theta function, which signifies that the system at µ < M
is empty. In fact, the theta function is essential to make
a double-peak shape in the total pressure, as we will see
soon.

It is possible to perform the integration (2) to find an
analytical expression with logarithmic terms. To simplify
our qualitative analysis, however, we shall introduce an
approximation as

Pµ[M ] ⇡ ⌫

24⇡2µ2
(µ2 �M2)3 ✓(µ2 �M2) , (4)

which turns out to be a good approximation as shown
in Fig. 1. The solid curve represents Eq. (4), while the
dotted curve is Eq. (2) with Eq. (3) substituted. Because
more particles can reside in the Fermi sphere for smaller
mass, Pµ[M ] has a maximum at M = 0.

Let us consider the condition for P [M ] = P�[M ] +
Pµ[M ] to have a first-order phase transition. Here P�[M ]
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FIG. 1: Comparison between the exact integration in Eq. (2)
(by the dotted curve) and the approximation in Eq. (4) (by
the solid curve).

M

M = M0M = µ

Pµ[M]

P [M]

Pχ[M]

FIG. 2: Sketch of the double-peak pressure P [M ] resulting
from the sum of P�[M ] and Pµ[M ].

and Pµ[M ] have a peak at M = M0 and M = 0 re-
spectively (see Fig. 2). The existence of double peaks
in P [M ] requires that µ . M0, meaning that µ should
not be much greater than M0. [So, µ can be larger than
M0 slightly.] This is necessary for the peak at M = M0

to survive. At M = 0 the pressure curvature (i.e. the
coe�cient of the M2 term) should be negative, that is;

a <
⌫

16⇡2

µ2

M2
0

. ⌫

16⇡2
. (5)

At the first-order critical point the peak at M = 0 is as
high as the second peak at M = M0 (neglecting a small
shift by the contribution from Pµ[M ]), which yields the
critical condition that

a ' ⌫

24⇡2

µ4
c

M4
0

. (6)

As long as µ is raised with µ . M0 satisfied, the curvature
condition (5) is su�cient for the existence of µc deduced
from Eq. (6). This is another way to see why we should
have required µ . M0.

QCD vacuum favors 
 a dynamical mass M0

Finite density causes larger pressure 
with lighter mass (in favor of small M)

1st-order transition!
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Liquid-gas phase transition 
(Nuclear matter is a self-bound fermionic system) 
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4

!0

FIG. 4. Schematic figure of the saturation curve of nuclear
matter with a minimum at ρ0 = 0.17 fm−3 and the binding
energy given by the volume term aV in the Bethe-Weizsäcker
mass formula. An intermediate density ρ < ρ0 can be realized
as a spatial average over bubbles with the core with ρ ∼ ρ0
in the empty vacuum. Though the surface energy effect is
not considered in the above schematic figure where a simple
nucleon-gas picture is depicted, the actual bubble shapes in a
nuclear liquid depend on the surface term aS , etc.

imum as schematically shown in the upper panel of Fig. 4
it would be energetically preferable to form bubbles with
the core with ρ ∼ ρ0 rather than a homogeneous dis-
tribution of dilute ρ. If we consider the surface energy,
the density gradient (Weizsäcker) term, and the charge
neutrality, bubbles should take optimal shapes such as
the nuclear pasta (spaghetti, lasagna, etc) [26]. Such a
state of matter is nothing but a mixed phase associated
with the first-order phase transition, and importantly,
this argument already implies the existence of an inho-
mogeneous ground state near the liquid-gas transition.
In other words, if a mixed phase is characterized by a
typical wave number q, how can we strictly distinguish
such a phase from an inhomogeneous ground state? One
may think that in the case of quark matter the inhomo-
geneity is turned on not in the density only but in the
mass M unlike nuclear matter. We would stress, how-
ever, that M also controls the density and the physics is
just the same if seen in terms of the saturation curve as
in Fig. 3.

It is obvious from Fig. 3 that the vector interaction
as in Eq. (3) disfavors the first-order phase transition.
The minimum in ε/ρB is pushed up by the quadratic
term ∝ ρ2B and eventually the first-order phase transition
disappears when the minimum is lost, as demonstrated
by three solid curves in Fig. 3. In the chiral limit b =
0 the branch of M = 0 is separate, so that the first-
order phase transition survives regardless of the vector
interaction, which may change with different parameters
as we already pointed out. With finite b, however, two
branches with small and large M are smoothly connected
and the minimum diminishes for large b and gv in accord
to Fig. 2.

III. CHIRAL SPIRALS

One may find the usefulness of the saturation curve
for analyses with a wider range of model space. From
now on we shall consider the possibility to form inhomo-
geneous chiral condensates. We here utilize the simplest
Ansatz to introduce it, namely, the one-dimensional chi-
ral spiral; ⟨ψ̄ψ⟩ = χ cos(2qz) and ⟨ψ̄γ5τ3ψ⟩ = χ sin(2qz)
(see Ref. [27] for reviews). This ground state of the chi-
ral spiral can be equivalently described by a chiral ro-
tation ψ = eiγ5τ3qzψ′ with a homogeneous condensate
χ = ⟨ψ̄′ψ′⟩ in the chiral limit. Then, the quasi-particle
dispersion relation in the ψ′-basis is expressed as [27, 28]

ω̃p =
!

p2⊥ + (
"

p2z +M2 ± q)2 , (4)

where ± in front of q corresponds to the flavor and the
chirality that also depends on the sign of pz.

This type of inhomogeneity pattern has been consid-
ered repeatedly in various contexts such as the pion con-
densation in nuclear matter [28], large-Nc QCD [29], the
Overhauser instability [30], the quarkyonic spiral with
confining force [31], and so on. The dispersion rela-
tion (4) should be plugged into Ωmatter/V in Eq. (1).
Unlike the normal dispersion relation, we see that a large
part of the mass effect can be absorbed by q ∼ M , with
which ρ is no longer suppressed even at large M . This is
the reason why a first-order phase transition can occur
from the homogeneous hadronic phase to the chiral spiral
where M is substantially large. Also, we should point out
that the Ginzburg-Landau analysis in Ref. [32] to con-
clude that the chiral spiral is less favored might be inad-
equate; the largest energy gain in Ωmatter/V comes from
the region with large M where the Ginzburg-Landau ex-
pansion should not work.

The physical mechanism to lower the total energy is
the Overhauser effect as argued in Ref. [30]. In the ordi-
nary Overhauser instability the momenta of the spin-up
component are shifted up by pF and those of the spin-
down component are shifted down by pF, so that a gap
opens where two energy dispersion relations cross. In
(1+1)-dimensional NJL model the situation is completely
analogous [27]; a choice of q = 2µq eliminates the µq de-
pendence and the energy gain originates from the fact
that ρ is completely insensitive to M and thus ρ is never
suppressed by M in contrast to the homogeneous solu-
tion. In (3+1)-dimensional case, on the other hand, not
only pz but also p⊥ share the Fermi momentum, and so
the optimal q is not 2µq but rather q ∼ M which will be
confirmed by numerical calculations later.

Thus, Ωmatter always tends to favor the chiral spiral
with q ∼ M , while it is Ω0 that would hinder the growth
of q. In the leading order the vacuum part has an expan-
sion in terms of q as

Ω0[M, q]/V = Ω0[M, q = 0]/V + (αM2 + βb)q2 , (5)

where the first term with α > 0 is a “kinetic” term
against spatial modulation. This term should be van-

Self-bound fermionic systems  
     have a preferred density. 
Diluteness is realized as a  
     “mixed phase” of nuclei.

No argument about whether quarks are self-bound? 
Quark EoS is constrained by neutron stars > 2M⦿
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Smooth bulk p 
(dominant)

+ Fine structure 
(sub-dominant)

Q : How to extract the difference ?
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�(n)
B,S ⌘ @n

@(µB,S/T )n
p

T 4

Smooth bulk p 
(dominant)

+ Fine structure 
(sub-dominant)

Q : How to extract the difference ?

A : Take the (higher) derivative !

enhanced near QCD CP
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Karsch-Redlich (2011)

2

T = 0) should take place at µB = MN � B with MN

and B being the nucleon mass and the binding energy
B ' 16 MeV [20]. Some years ago an interesting pos-
sibility was demonstrated [21]; the chemical freeze-out
condition at low-T and high-µB could be rather sensitive
to nuclear matter properties. The present work aims to
pursue the idea along the same line to show the agree-
ment for not only the chemical freeze-out condition but
also the fluctuations.

One might have an impression that the HRG is a sort
of opposite to nuclear matter and one should abandon
the HRG immediately to switch to the nuclear physics
terrain. This intuition is not totally correct, however,
and we know that the independent quasi-particle picture
makes good sense inside of nuclei and nuclear matter.
Hence, on the formal level, the HRG-like model with
“renormalized” parameters may have a chance to work
continuously from low-µB to high-µB. Indeed, the rel-
ativistic mean-field (RMF) model of nuclear matter is
designed in this spirit. The simplest setup of the RMF
is the �-! model [22] as was adopted in Ref. [21]. This
model deals with nucleons as relativistic quasi-particles
moving in the scalar mean-field � and the vector mean-
field !. I note that we can safely neglect ⇡ fluctuations
as long as we concern the baryon number at small T .
If needed, I can extend my present analysis so as to in-
clude ⇡ fluctuations, for example, with the renormaliza-
tion group improvement [23].

This paper is organized as follows: I give a detailed
description of fluctuations within the framework of the
HRG model in Sec. II. Then, based on the similarity to
the HRG model, I introduce the RMF model in Sec. III
and I present my central numerical results from the RMF
model in Sec. IV. In Sec. V I give more considerations on
the microscopic structures of my numerical results. I also
cover discussions on the di↵erence between the baryon
number and the proton number to discover that the dif-
fusion in isospin space does not a↵ect my results as long
as the Boltzmann approximation makes sense, which is
addressed in Sec. VI. I finally summarize this work in
Sec. VII.

II. FLUCTUATIONS AND THE HADRON
RESONANCE GAS

First of all, before going into the descriptions of the
HRG model, I should elucidate physical observables of
my interest. I follow the standard convention as used in
Ref. [18] for thermal fluctuations which are derived from
the derivatives of the pressure with respect to the relevant
chemical potentials. For the baryon number fluctuation,
thus, I calculate the following dimensionless quantities:

�(n)
B ⌘ @n

@(µB/T )n
p

T 4
, (1)

from which I can construct the mean value (i.e., the par-

ticle number); M ⌘ V T 3�(1)
B . For an arbitrary distri-

bution I can define the Gaussian width �2 together with
the non-Gaussian fluctuations such as the skewness S and
the kurtosis  as [13, 18]:

�2

M
⌘ �(2)

B

�(1)
B

, S� ⌘ �(3)
B

�(2)
B

, �2 ⌘ �(4)
B

�(2)
B

. (2)

Therefore, once some theoretical estimates provide us
with the pressure p as a function of µB, I can give a
prediction for these fluctuations under an assumption of
the dominance of thermal fluctuations.

Second, to make a contact with the collision experi-
ment, it is necessary to relate the collision energy

p
sNN

and T and µB. Fortunately, such parametrization of
T (

p
sNN ) and µB(

p
sNN ) has been well established along

the chemical freeze-out line [14] that reads:

T (µB) = a� b µ2
B � c µ4

B , (3)

µB(
p
sNN ) =

d

1 + e
p
sNN

, (4)

where parameters are chosen as a = 0.166 GeV, b =
0.139 GeV�1, c = 0.053 GeV�3, d = 1.308 GeV, and
e = 0.273 GeV�1 to reproduce experimentally observed
particle yields. Charge and strangeness chemical poten-
tials, µQ and µS , are also parametrized in a similar man-
ner. In my present analysis, I numerically checked that
the inclusion of µQ and µS hardly changes the fluctuation
results, and so I neglect them for clarity of presentation.
These definitions and parametrizations are robust and
unchanged for any model applications.

Now I take a step toward the HRG model. Let us start
with a simple demonstration of free nucleon gas and then
proceed to the realistic HRG model next. In the estimate
with non-interacting hadrons (in which the canonical fac-
tor � is not included) I make use of the standard expres-
sion of the free grand canonical partition function. That
is, the pressure from baryons (fermions) is prescribed as

pfree(mN, µB) =
N
X

i

2T

Z

d3p

(2⇡)3

n

ln
⇥

1+e�("p�µB)/T
⇤

+ ln
⇥

1 + e�("p+µB)/T
⇤

o

. (5)

Here N is 2 for nucleons corresponding to the isospin
degeneracy and the pressure depends on the nucleon
mass mN through the energy dispersion relation: "p ⌘
p

p2 +m2
N. I can then take the derivatives of the above

expression, which results in

�(n)
B =

4

T 3

Z

d3p

(2⇡)3
X(n)(p) , (6)

where 4 appears from the spin and the isospin degeneracy

Skewness Kurtosis

HRG (non-interacting hadrons) + Boltzmann approx.

3
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FIG. 1. (Color online) Skewness of the baryon number esti-
mated in the HRG (THERMUS2.3) by the (red) fine mesh.
The (blue) sparse mesh represents the Skellam expectation:
tanh(µB/T ).
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FIG. 2. (Color online) Kurtosis of the baryon number esti-
mated in the HRG (THERMUS2.3) by the (red) fine mesh.
The (blue) sparse mesh represents the Skellam expectation
that is the unity.

(for N = 2) and the integrands read:

X(1) = np � n̄p ,

X(2) = np(1� np) + n̄p(1� n̄p) ,

X(3) = np(1�np)(1�2np)� n̄p(1�n̄p)(1�2n̄p) , (7)

X(4) = (1� 6np + 6n2
p)np(1� np)

+ (1� 6n̄p + 6n̄2
p)n̄p(1� n̄p)

with np ⌘ [e("p�µB)/T +1]�1 and n̄p ⌘ [e("p+µB)/T +1]�1

being the Fermi-Dirac distribution functions for nucleons
and anti-nucleons. I can continue taking the derivatives
for even larger n if needed.

In the Boltzmann approximation that is valid when
np and n̄p are both dilute, I can neglect the quantum
statistical factors of non-linear np and n̄p terms. Then,

I can approximate Eq. (7) as X(2) ⇡ X(4) ⇡ (eµB/T +
e�µB/T )e�"p/T and X(3) ⇡ (eµB/T � e�µB/T )e�"p/T . In
this particular limit I can readily derive:

S� = tanh(µB/T ) , �2 = 1 , (8)

which are nothing but the Skellam expectations. I can
easily generalize the above derivation of Eq. (8) to a
superposition of arbitrary N with di↵erent masses to
find that Eq. (8) still holds after all. This is because
eµB/T ± e�µB/T is always factored out and the remaining
integrand is common for X(2), X(3), and X(4).

Let us then quantify the breakdown of the Boltzmann
approximation explicitly by scanning the 3D landscape
of S� and �2 for various T and µB. In Figs. 1 and 2
we show our results from (not a free nucleon gas but)
the HRG model using the particle data contained in the
THERMUS2.3 package (by red fine mesh) as well as the
Skellam predictions (by blue sparse mesh). It is clear
from the figures that the quantum correlation certainly
suppresses both S� and �2 in the high-density region
where np is not really dilute. I should note that the HRG
model can describe the onset behavior of finite baryon
density but does not have dynamics enough to realize a
first-order liquid-gas phase transition of nuclear matter
(and this is why I do not show HRG results at temper-
atures smaller than a few tens MeV in Figs. 1 and 2).
Although this suppression e↵ect is noticeable along the
chemical freeze-out line as in Figs. 4 and 5, it is not
su�ciently strong for reproducing the trend of the ex-
perimental data. In short, the quantum correlation is
weak, as correctly speculated in Ref. [18], because the
baryon density never gets large enough on the chemical
freeze-out line.

To have a feeling about how the baryon density be-
haves on the chemical freeze-out line, I shall make a plot
of the integrated baryon density in the standard unit of
fm�3 in Fig. 3. The vertical thin lines correspond to the
collision energy

p
sNN with spacing by 1 GeV. The low-

est collision energy in Fig. 3 starts with
p
sNN = 2 GeV,

and the maximum of the baryon density is found atp
sNN ⇠ 8 GeV. It is interesting that this maximum

position precisely coincides with the triple-point-like re-
gion as speculated in Ref. [24]. This coincidence is not
accidental; in Ref. [24] the triple-point-like region was
recognized based on the horn structure in K+/⇡+ that
is sensitive to the strangeness chemical potential; µS . If
the bulk system maintains zero strangeness, it is not hard
to confirm that µS is almost proportional to µB within
an e↵ective model framework [25]. In this way, natu-
rally, K+/⇡+, ⇤/⇡�, ⌅/⇡�, etc have a peak structure atp
sNN ' 8 GeV with which the baryon density is maxi-

mized.
As a final related remark I point out that the e↵ect

of the strangeness and the charge conservation is only
of a few percent order in S� and �2 along the chem-
ical freeze-out line. I have checked this numerically by
adopting µQ and µS parametrized along the chemical
freeze-out line [18]. I then observed that S� and �2 in
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k ~ how sharp

S ~ how distorted

STAR → Lecture by Nu Xu
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Figure 2: Expansion coe�cients of the pressure at non-zero baryon chemical potential. The left hand figure shows the leading
order correction and the right hand figure shows the relative contribution of the leading and next to leading order corrections.
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Figure 3: The ratio of sixth and second order cumulants of net-baryon number fluctuations versus temperature. This ratio
gives the NNLO correction to the Taylor expansion of the pressure. The insertion shows the temperature range in which this
contribution is less than 1% for µB/T = 2.

B. The net baryon number density in (2+1)-flavor QCD for µB > 0, µS = µQ = 0

The Taylor series for the net baryon number density is easily obtained from the pressure series. All expansion
coe�cients are known, once the pressure series has been analyzed. From Eq. 8 we find

nB

T

3
=

1X

n=2

�

B
n (T )

(n� 1)!
µ̂

n�1
B = �

B
2 (T )µ̂B

✓
1 +

1

6

�

B
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�

B
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2
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B
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�
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4
B + ...

◆
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Suscep'bility�

Lattice from BNL-Bielefeld (thanks to Maezawa)

Deconfinement  
 of heavy flavors  
 (strange, charm,…)

Deviation from HRG  

　　　　↓



Sep. 27, 2015 @ QM15

Another (P-odd) Fluctuations

43

STAR (2009)

∆φ
1

a
v 2v



Sep. 27, 2015 @ QM15

Magnetic Field? Vorticity?

44

Electric Current

Strong field of the QCD scale 
Short life-time (shorter than the QCD scale)  
Vorticity with longer life time
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Right-handed particles 
Momentum parallel to Spin

Left-handed particles 
Momentum anti-parallel to Spin

If topological fluctuations exist in a QGP,  
it should be reflected in charge-sep. fluct.

CME not confirmed but not excluded in HIC
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Q (categorized to QCD) & A
The QGP we obtain at LHC is a strongly interacting fluid.  Do we expect 
that due to the asymptotic freedom QGP at some higher collision 
energies will be an almost ideal gas of quarks and gluons?  If yes then 
how high should be such collision energy? 
“strongly interacting” and “strongly correlated” should be 
distinguished.  Resumed pQCD works already at ~3Tc but the dynamics 
always passes over the sQGP regime near freezeout. 
I think that the QCD system is well described by a free gas, the Quark 
Gluon gas model at high temperature.  However, the results of the 
lattice calculation don't much the results of the Quark Gluon gas model 
even at high temperature, and I have heard that QGP behaves like a 
perfect fluid.  So I'm interested in an approximation method of the 
QGP. 
Resumed pQCD works at ~3Tc for bulk thermodynamic quantities but 
does not account for smallness of the shear viscosity.  Lattice is marginal 
and functional RG might be getting better…
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Q (categorized to QCD) & A
Where does the Cronin effect comes from and which are its 
consequences in collisions?  Can it be influenced by the shadowing 
effect? 
Redistribution of momenta gives enhanced RpA at small pT (Cronin 
effect) that may or may not be influenced by non-linear evolution. 

What are the details of pQCD and lattice QCD calculations?  I would 
like to see basic examples leading to more complicated ones. 
Example : Resumed pQCD at high T (Hard Thermal Loop)

47
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W (gA · K̂)

p ⇠ T

Z
d3p ⇠ Tm3

M ⇠ g6T 4 (mM ⇠ g2T )
(IR Catastrophe)
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Q (categorized to QCD) & A
Are there some theoretical and practical evidences to believe that not 
only scalar-pseudoscalar channel is important for low-energy-QCD 
models, i.e. should we use Fierz complete approach for calculations or 
you believe that standard scalar- pseudoscalar ansatz for effective 
interaction is sufficient? 
Just go beyond the mean-field approximation. 
What is chiral symmetry and why is it expected to be restored in heavy-
ion collisions?  
Just like the disappearance of magnetization at Curie temperature. 
How many critical points one can expect in the QCD phase diagram? 
One we know for sure, two we hope to find, three theory may have. 
What is the critical point in the QCD phase diagram and how would it 
be visible in measurements? 
You are supposed to know now after this lecture… aren’t you?
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Q (categorized to QCD) & A
Is QGP formed in high-multiplicity pPb collisions?  By considering the 
measured particle multiplicity and the small size of the colliding system, 
it can be deduced that the initial energy density in high-multiplicity pPb 
events exceeds the one measured in PbPb collisions, and therefore the 
critical value for the QGP phase transition.  However, could such a 
small and short-lived system reach thermal equilibrium fast enough to 
form a QGP-like droplet? 
This is precisely the hottest topic that will be discussed. 
Go to the parallel and plenary talks and enjoy them!
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Q (categorized to QCD) & A
How is the CSC state of QCD described mathematically, and do we 
expect that it actually manifests itself physically anywhere? 
Mathematically it is defined by the chiral symmetry breaking pattern 
and this is why we can never distinguish CSC from nuclear matter, in 
principle, in a gauge invariant way.  CSC may or may not be realized in 
the cores of neutron star. 

Do we need to go to higher energies in heavy ion collisions i.e. more than 
LHC energy?  If yes then what we would explore in the direction of 
QGP or QCD? 
Depends on physics we are interested in.  For small-x physics it is nicer 
and nicer to go to higher and higher energies, but to explore the phase 
structure physics is dominated at the chemical freezeout which is not 
changed by the collision energies.
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