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Where is the new physics?

HEP experimental community searching for tiny effects of  new heavy particles via 
broad program of precision measurements, targeting process that are

(1) Extremely rare
(or even forbidden)
in the Standard Model

(2) Predicted to high
theoretical precision
in the Standard Model

charged 
leptons

Higgs

neutrinos

quark flavor
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HEP experimental community searching for tiny effects of  new heavy particles via 
broad program of precision measurements, targeting process that are

(1) Extremely rare
(or even forbidden)
in the Standard Model

(2) Predicted to high
theoretical precision
in the Standard Model

charged 
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Higgs
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quark flavor

We do not know where the 
new physics lies ➜

cast a wide net!
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[Ligeti, Snowmass 2013]

New-physics reach
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[adapted from 
Z. Ligeti]

Quantum-mechanical loops 
sensitive to new particles 
above the TeV scale, e.g. 
in neutral kaon mixing
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➡ Precision measurements essential ingredient of  
experimental program:

If LHC discovers new particles, flavor & CP-violating 
couplings needed to determine underlying theory

If new physics lies above the TeV scale, indirect searches 
will be only probe!

[adapted from 
Z. Ligeti]

Quantum-mechanical loops 
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above the TeV scale, e.g. 
in neutral kaon mixing

τ
−

ντ

d

K0

s̄

s

d̄

K0
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Why lattice QCD?

Comparison between measurements and Standard-Model predictions limited in most 
cases by theory, often from hadronic matrix elements
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Why lattice QCD?

Comparison between measurements and Standard-Model predictions limited in most 
cases by theory, often from hadronic matrix elements
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Lattice-QCD calculations 
crucial to maximize scientific 
impact of the current & future 

HEP experimental program



Brief introduction to 
lattice-QCD simulations
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QCD Lagrangian contains 1 + nf + 1 parameters that can be fixed from equal number of 
experimental inputs

Fundamental parameter                                 Experimental input

Gauge coupling g2                                                       r1, mΩ, Υ(2S-1S), or fπ

nf quark masses mf                                                       mπ, mK, mJ/ψ, mΥ, ...

θ = 0                                                                       neutron EDM (|θ| <10-11)

Once the parameters are fixed, everything else is a prediction of the theory

Calculations of hadronic parameters challenging in practice because low-energy QCD is 
nonperturbative
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Numerical lattice QCD
Systematic method for calculating 
hadronic parameters from QCD first 
principles 

Define QCD on (Euclidean) spacetime 
lattice and solve path integral 
numerically

Recover QCD when lattice spacing 
a→0 and box size L→∞
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Simulate using Monte-Carlo methods and 
importance sampling

Sample from all possible field 
configurations using a distribution given 
by exp(-SQCD)

Run codes upon supercomputers and 
dedicated clusters

Argonne Natl. Lab BG/Q
∼10 PetaFlops peakl
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Modern lattice-QCD simulations

8

Realistic simulations include dynamical 
u, d, s (& c) quarks in the vacuum 

(Typically���������	
��������������������  sea���������	
��������������������  mu=md)

Control systematic errors using gauge-
field ensembles with different 
parameters, e.g.:

Multiple lattice spacings to 
extrapolate to continuum limit (a→0)

Multiple up/down-quark masses to 
extrapolate to physical Mπ =135 MeV

Test and validate methods by

(1)  Comparison with experiment

(2)  Independent calculations 
sensitive to different systematics



BK

Simple quantities in lattice QCD

Easiest quantities to compute with controlled 
systematic errors & high precision have single 

hadron in initial state & at most one hadron in final 
state, where hadrons are stable under QCD
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Simple quantities in lattice QCD
✦ Hadron spectrum 

✦ Quark masses & αs → Higgs couplings

✦ Weak matrix elements → CKM matrix & BSM 

searches 
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✦ Hadron spectrum 

✦ Quark masses & αs → Higgs couplings

✦ Weak matrix elements → CKM matrix & BSM 

searches 

Validate lattice 
methods!
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Tests lattice methods for charm & 
bottom quarks, which often rely on 
effective field theories

Hadron spectrum
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Light hadron masses much larger than 
constituent quark masses, so primarily 
due to energy stored in gluon field and to 
quarks’ kinetic energy

➡ Tests nonperturbative QCD dynamics
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Predicted from lattice QCD 
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[HPQCD & Fermilab Lattice,
PRL 94 (2005) 172001] 
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quarks’ electromagnetic current to O(αS3) perturbative expressions 
Moments can be obtained from experimental e+e- annihilation data, and also computed 
numerically with lattice-QCD simulations with negligible statistical uncertainties

Heavy-quark masses



R. Van de Water EPS-HEP 2015: Lattice QCD for the precision era

1.05 1.10 1.15 1.20 1.25 1.30 1.35 1.40 1.45
mc(mc,n f = 4) (GeV)

ETM 14
HPQCD 14
HPQCD 10
ALPHA 13 (preliminary)
ETM 10
ABRAMOWICZ 13
ALEKHIN 13
DEHNADI 13
SAMOYLOV 13
NARISON 11
BODENSTEIN 11
LASCHKA 11
AUBERT 10
CHETYRKIN 09
SIGNER 09
BOUGHEZAL 06
BUCHMULLER 06
HOANG 06

PDG 2014 average

u,d,s,c sea

u,d,s sea

u,d sea

N
on

-la
tti

ce
La

tti
ce

Q
C

D

4.0 4.1 4.2 4.3 4.4 4.5
mb(mb,n f = 5) (GeV)

ETM 14 (preliminary)
HPQCD 14 (HISQ)
HPQCD 14 (NRQCD)
HPQCD 13 (NRQCD)
HPQCD 10 (HISQ)
ALPHA 13
ETM 12
LUCHA 13
BODENSTEIN 12
HOANG 12
NARISON 11
LASCHKA 11
AUBERT 10
CHETYRKIN 09
SCHWANDA 08
BOUGHEZAL 06
BUCHMULLER 06
PINEDA 06
BAUER 04

PDG 2014 average

u,d,s,c sea

u,d,s sea

u,d sea

N
on

-la
tti

ce
La

tti
ce

Q
C

D

12

Most precise mc and mb obtained by fitting moments of correlation functions of the 
quarks’ electromagnetic current to O(αS3) perturbative expressions 
Moments can be obtained from experimental e+e- annihilation data, and also computed 
numerically with lattice-QCD simulations with negligible statistical uncertainties

Heavy-quark masses

0.6% 0.5%

Agree with non-lattice 
determinations with 
competitive errors



R. Van de Water EPS-HEP 2015: Lattice QCD for the precision era

Several independent lattice methods 
available

Most precise result from fitting 
NNNLO QCD β-function to
short-distance lattice quantities built 
from Wilson loops (fits of heavy-
quark correlators yield similar 
precision)

Approaches consistent, and each is 
more precise than experiment

13

Strong coupling constant

αS(MZ) 

9. Quantum chromodynamics 29

overall χ2 to the central value is determined. If this initial χ2 is larger than the number
of degrees of freedom, i.e. larger than the number of individual inputs minus one, then
all individual errors are enlarged by a common factor such that χ2/d.o.f. equals unity.
If the initial value of χ2 is smaller than the number of degrees of freedom, an overall,
a-priori unknown correlation coefficient is introduced and determined by requiring that
the total χ2/d.o.f. of the combination equals unity. In both cases, the resulting final
overall uncertainty of the central value of αs is larger than the initial estimate of a
Gaussian error.

This procedure is only meaningful if the individual measurements are known not to
be correlated to large degrees, i.e. if they are not - for instance - based on the same
input data, and if the input values are largely compatible with each other and with the
resulting central value, within their assigned uncertainties. The list of selected individual
measurements discussed above, however, violates both these requirements: there are
several measurements based on (partly or fully) identical data sets, and there are results
which apparently do not agree with others and/or with the resulting central value, within
their assigned individual uncertainty. Examples for the first case are results from the
hadronic width of the τ lepton, from DIS processes and from jets and event shapes in
e+e− final states. An example of the second case is the apparent disagreement between
results from the τ width and those from DIS [264] or from Thrust distributions in e+e−

annihilation [278].
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Figure 9.3: Summary of values of αs(M2
Z) obtained for various sub-classes

of measurements (see Fig. 9.2 (a) to (d)). The new world average value of
αs(M2

Z) = 0.1184 ± 0.0007 is indicated by the dashed line and the shaded band.

Due to these obstacles, we have chosen to determine pre-averages for each class of
measurements, and then to combine those to the final world average value of αs(MZ),
using the methods of error treatment as just described. The five pre-averages are
summarized in Fig. 9.3; we recall that these are exclusively obtained from extractions
which are based on (at least) full NNLO QCD predictions, and are published in
peer-reviewed journals at the time of completing this Review. From these, we determine
the new world average value of

αs(M
2
Z) = 0.1184 ± 0.0007 , (9.23)

July 9, 2012 19:53
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Figure 9.2: Summary of determinations of αs from hadronic τ -decays (a), from
lattice calculations (b), from DIS structure functions (c) and from event shapes and
jet production in e+e−-annihilation (d). The shaded bands indicate the average
values chosen to be included in the determination of the new world average of αs.

model and constraints on new physics from data at the Z-pole, αs(M2
Z) = 0.1197± 0.0028

will be used instead, as it is based on a more constrained data set where QCD corrections
directly enter through the hadronic decay width of the Z. We note that all these
results from electroweak precision data, however, strongly depend on the strict validity
of Standard Model predictions and the existence of the minimal Higgs mechanism to
implement electroweak symmetry breaking. Any - even small - deviation of nature from
this model could strongly influence this extraction of αs.

Determination of the world average value of αs(M2
Z)

A non-trivial exercise consists in the evaluation of a world-average value for αs(M2
Z).

A certain arbitrariness and subjective component is inevitable because of the choice of
measurements to be included in the average, the treatment of (non-Gaussian) systematic
uncertainties of mostly theoretical nature, as well as the treatment of correlations among
the various inputs, of theoretical as well as experimental origin. In earlier reviews
[243–245] an attempt was made to take account of such correlations, using methods as
proposed, e.g., in Ref. 281, and - likewise - to treat cases of apparent incompatibilities
or possibly underestimated systematic uncertainties in a meaningful and well defined
manner:

The central value is determined as the weighted average of the different input values.
An initial error of the central value is determined treating the uncertainties of all
individual measurements as being uncorrelated and being of Gaussian nature, and the

July 9, 2012 19:53

(Schrödinger func.)

[Particle Data Group 2014]
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will be used instead, as it is based on a more constrained data set where QCD corrections
directly enter through the hadronic decay width of the Z. We note that all these
results from electroweak precision data, however, strongly depend on the strict validity
of Standard Model predictions and the existence of the minimal Higgs mechanism to
implement electroweak symmetry breaking. Any - even small - deviation of nature from
this model could strongly influence this extraction of αs.
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A non-trivial exercise consists in the evaluation of a world-average value for αs(M2
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measurements to be included in the average, the treatment of (non-Gaussian) systematic
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proposed, e.g., in Ref. 281, and - likewise - to treat cases of apparent incompatibilities
or possibly underestimated systematic uncertainties in a meaningful and well defined
manner:
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An initial error of the central value is determined treating the uncertainties of all
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[Particle Data Group 2014]
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Implications for Higgs couplings

Observation of new physics effects at 
next-generation colliders requires theory 
errors at the sub-percent level

Standard-Model Higgs predictions 
currently limited by parametric errors from 
b,c-quark masses and αs  [LHC Higgs X-
Section WG, EPJ C71 (2011) 1753]

Lepage, Mackenzie, & Peskin [1404.0319] 
showed with toy Monte Carlo that 
existing lattice methods + anticipated 
computing resources in next decade 
will enable straightforward reduction 
in errors on mc, mb, & αs to needed 
precision

14
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Standard-Model flavor structure

Mixing between quark flavors under charged weak interactions parameterized by 
Cabibbo-Kobayashi-Maskawa (CKM) matrix:

CKM elements & phase are parametric inputs to Standard Model predictions for many 
flavor-changing processes such as neutral kaon mixing and rare kaon decays

16

VCKM =

�

⇤
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

⇥

⌅ =

�

⇤
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⇥

⌅

d s b

t

c

u

Quarks change 
flavor via W-

boson exchange

qi qj

W

∝ Vqiqj
No tree-level 

flavor-changing 
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qi qi

Z, γ
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(Experiment) = (known) x (CKM factors) × (Hadronic Matrix Element)

Compute nonperturbative QCD parameters 
(decay constants, form factors, B-parameters,...) 
numerically with Lattice QCD

�m(d,s) ,

d�(B ! ⇡`⌫)
dq2

,
d�(B ! D(⇤)`⌫)

dw
, . . .

“Measuring”the CKM matrix

17

µ
−

νµ

W−

pion

dd

meson
B

b

d d

u

vertex ∝ Vub

Measure flavor-changing processes 
involving hadrons

Absorb nonperturbative QCD 
dynamics into hadronic 
parameters

Infer CKM elements within Standard 
Model by comparing experimental 
measurements of flavor-changing 
interactions with theory predictions
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(decay constants, form factors, B-parameters,...) 
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d�(B ! ⇡`⌫)
dq2
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d�(B ! D(⇤)`⌫)

dw
, . . .

“Measuring”the CKM matrix
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µ
−

νµ

W−

pion

dd

meson
B

b

d d

u

vertex ∝ Vub

Measure flavor-changing processes 
involving hadrons

Absorb nonperturbative QCD 
dynamics into hadronic 
parameters

Infer CKM elements within Standard 
Model by comparing experimental 
measurements of flavor-changing 
interactions with theory predictions

Lattice community has well-established & successful 
program to calculate weak matrix elements needed to 

obtain elements and phase of CKM matrix
(see Flavor Lattice Averaging Group (FLAG) review, 1310.8555)
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Control discretization errors 
associated with large b-quark mass 
using effective theory
Few calculations use highly improved b-
quark action + very fine lattice spacings

Some physical light-quark mass results

18
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See Pena Lattice ’15 &
Bouchard Lattice ‘14 heavy-flavor reviews

https://indico2.riken.jp/indico/getFile.py/access?contribId=353&sessionId=0&resId=0&materialId=slides&confId=1805
https://indico2.riken.jp/indico/getFile.py/access?contribId=353&sessionId=0&resId=0&materialId=slides&confId=1805
http://arxiv.org/pdf/1501.03204.pdf
http://arxiv.org/pdf/1501.03204.pdf
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New results: 
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*, and fBc*

[HPQCD, arXiv:1503.05762]

First 3-flavor Bs→Klυ form factors
[HPQCD, PRD90 (2014) 5, 054506;
RBC/UKQCD, PRDD91 (2015) 7, 074510]

Update of FNAL/MILC B→D*lυ zero-recoil 
form factor [PRD89 (2014) 11, 114504]
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Bouchard Lattice ‘14 heavy-flavor reviews
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New results: 
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*, and fBc*
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First 3-flavor Bs→Klυ form factors
[HPQCD, PRD90 (2014) 5, 054506;
RBC/UKQCD, PRDD91 (2015) 7, 074510]

Update of FNAL/MILC B→D*lυ zero-recoil 
form factor [PRD89 (2014) 11, 114504]

Focus on semileptonic form 
factors: especially active area 

with many new results

See Pena Lattice ’15 &
Bouchard Lattice ‘14 heavy-flavor reviews
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New! B→π form factors

19

Vector (f+) and scalar (f0) form factors 

Two new three-flavor calculations using 
different light & b-quarks actions
[RBC/UKQCD, RDD91 (2015) 7, 074510; 
FNAL/MILC arXiv:1503.07839]

Vector form factor gives dominant contribution 
to B→πlν decay rate

d̄

u

µ
+

µ
−

u

u, c, t

W−

b̄

γ

b̄

B→πll:
f+ , f0 , & fT 

µ
−

νµ

W−

ub

d̄dd̄d

B→πlν:
f+ & f0 

Tensor form factor (fT) 

First three-flavor lattice calculation
[FNAL/MILC, arXiv:1503.07839]
Enables predictions of observables for 
all B→π semileptonic decay processes 
in Standard Model & all BSM theories
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New! B→πlν form factors 

20
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~3.5%
lattice 
error

RBC/UKQCD: first results for
f+ and f0 [PRDD91 (2015) 7, 
074510]

FNAL/MILC: significant update 
of 2008 f+ with increased 
statistics and finer lattice 
spacings; also first f0
[arXiv:1503.07839]

Independent calculations ➜ 
cross-check
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FNAL/MILC: significant update 
of 2008 f+ with increased 
statistics and finer lattice 
spacings; also first f0
[arXiv:1503.07839]

Independent calculations ➜ 
cross-check

f+(q2) shape consistent with 
measured B→πlν differential 
decay rate (dB/dq2)

Obtain |Vub| from joint lattice 
+ experiment fit to model-
independent z-expansion

Use of all experimental & theoretical 
information minimizes error on |Vub|
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New! B→Dlν form factors @ nonzero recoil
[Bailey et al. [FNAL/MILC], arXiv:1503.07237; Na et al. [HPQCD], arXiv:1505.03925]

Traditionally obtain |Vcb| from
comparison of theory & experiment
at zero recoil (w=1)

First three-flavor form factors at w>1

Confirmation from two independent 
calculations
Shape consistent with experiment

Joint lattice + experiment fit using 
w>1 data reduces error on |Vcb|

!
+

ν!

W+

D(∗)−

cb

B0

dd

(w ≡ vB·vD*) Combination with experimental 
rate enables |Vcb| determination

[fit from Gambino @ EPS;
Glattauer talk on Belle measurement]
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First three-flavor Λb→p form factors with 
relativistic b-quark at physical mass; first 
three-flavor Λb→Λc form factors

Combine chiral-continuum extrapolation 
with q2 fit via modified z-expansion

➡ 5.3% LQCD error on |Vub| /|Vcb|:

22

New! Λb→plν and Λb→Λclν form factors
[Detmold, Lehner, & Meinel, arXiv:1503.01421]

Combination with ratio of 
experimental rates enables 
determination of |Vub| /|Vcb|

→ first from baryon decay!

28

VI. PREDICTIONS FOR THE ⇤b ! p `�⌫̄` AND ⇤b ! ⇤c `�⌫̄` DECAY RATES

In this section, we present predictions for the ⇤b ! p `�⌫̄` and ⇤b ! ⇤c `�⌫̄` di↵erential and integrated decay rates
using our form factor results. Including possible right-handed currents with real-valued ✏Rq , the e↵ective Hamiltonian
in Eq. (2) leads to the following expression for the di↵erential decay rate in terms of the helicity form factors,

d�

dq2
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F |V L

qb|2
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, (84)

where, as before, X = p, ⇤c denotes the final-state baryon, and

s± = (m⇤b ± mX)2 � q2. (85)

Expressions for the individual helicity amplitudes and the angular distributions can be found in Refs. [27, 28, 65]. By
combining experimental data with our form factor results, novel constraints in the (V L

qb, ✏Rq ) plane can be obtained.

In the following, we consider the Standard Model with V L
qb = Vqb and ✏Rq = 0. Our predictions of the ⇤b ! p `�⌫̄`

and ⇤b ! ⇤c `�⌫̄` di↵erential decay rates for ` = e, µ, ⌧ are shown in Figs. 14 and 15. The central values, statistical
uncertainties, and systematic uncertainties have been calculated using Eq. (83); all baryon and lepton masses were
taken from Ref. [1]. Our results are most precise in the high-q2 region, where the form factor shapes are most tightly
constrained by the lattice QCD data. We obtain the following partially integrated decay rates

1

|Vub|2
Z q2

max

15 GeV2

d�(⇤b ! p µ�⌫̄µ)

dq2
dq2 = (12.32 ± 0.93 ± 0.80) ps�1, (86)

1

|Vcb|2
Z q2

max

7 GeV2

d�(⇤b ! ⇤c µ�⌫̄µ)

dq2
dq2 = (8.39 ± 0.18 ± 0.32) ps�1, (87)

and their ratio

|Vcb|2
|Vub|2

R q2
max

15 GeV2

d�(⇤b!p µ�⌫̄µ)
dq2 dq2

R q2
max

7 GeV2

d�(⇤b!⇤c µ�⌫̄µ)
dq2 dq2

= 1.470 ± 0.115 ± 0.104, (88)

where the first uncertainty is statistical and the second uncertainty is systematic. Together with experimental data,
Eqs. (86), (87), and (88) will allow determinations of |Vub|, |Vcb|, and |Vub/Vcb| with theory uncertainties of 5.0%,
2.2%, and 5.3%, respectively. The predicted total decay rates for all possible lepton flavors are

�(⇤b ! p e�⌫̄e)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1 (89)

�(⇤b ! p µ�⌫̄µ)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1, (90)

�(⇤b ! p ⌧�⌫̄µ)/|Vub|2 = (17.5 ± 1.5 ± 1.9) ps�1, (91)

�(⇤b ! ⇤c e�⌫̄e)/|Vcb|2 = (21.1 ± 0.8 ± 1.4) ps�1, (92)

�(⇤b ! ⇤c µ�⌫̄µ)/|Vcb|2 = (21.1 ± 0.8 ± 1.4) ps�1, (93)

�(⇤b ! ⇤c ⌧�⌫̄µ)/|Vcb|2 = (7.13 ± 0.17 ± 0.29) ps�1. (94)

Motivated by the R(D(⇤)) puzzle [14], we also provide predictions for the following ratios:

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c e�⌫̄µ)
= 0.3378 ± 0.0079 ± 0.0085, (95)

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c µ�⌫̄µ)
= 0.3388 ± 0.0078 ± 0.0085. (96)

QED corrections to the decay rates, which may be relevant at this level of precision, have been neglected here.
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Eqs. (86), (87), and (88) will allow determinations of |Vub|, |Vcb|, and |Vub/Vcb| with theory uncertainties of 5.0%,
2.2%, and 5.3%, respectively. The predicted total decay rates for all possible lepton flavors are

�(⇤b ! p e�⌫̄e)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1 (89)

�(⇤b ! p µ�⌫̄µ)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1, (90)

�(⇤b ! p ⌧�⌫̄µ)/|Vub|2 = (17.5 ± 1.5 ± 1.9) ps�1, (91)

�(⇤b ! ⇤c e�⌫̄e)/|Vcb|2 = (21.1 ± 0.8 ± 1.4) ps�1, (92)

�(⇤b ! ⇤c µ�⌫̄µ)/|Vcb|2 = (21.1 ± 0.8 ± 1.4) ps�1, (93)

�(⇤b ! ⇤c ⌧�⌫̄µ)/|Vcb|2 = (7.13 ± 0.17 ± 0.29) ps�1. (94)

Motivated by the R(D(⇤)) puzzle [14], we also provide predictions for the following ratios:

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c e�⌫̄µ)
= 0.3378 ± 0.0079 ± 0.0085, (95)

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c µ�⌫̄µ)
= 0.3388 ± 0.0078 ± 0.0085. (96)

QED corrections to the decay rates, which may be relevant at this level of precision, have been neglected here.

µ
−

νµ
W−

cb

Λ0
b

uu

d d

Λ+
c

µ
−

νµ
W−

p

ub

Λ0
b

uu

d d

[See Artuso EPS-HEP talk on 
corresponding LHCb measurement]
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Implications for |Vub| & |Vcb|
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Implications for the“|Vxb| puzzle”
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ï¿½ 2015 Andreas Kronfeld, Fermi National Accelerator Laboratory
pexcl. = 0.19
68% CL
95% CL

B→D*lν

B→Dlν

Λb→plν

Λb→Λ
clν

B→πlν

B→Xulν
& B→Xclν

[fit from Kronfeld]

Increased lattice-QCD 
precision + new measurements 
sharpening picture of inclusive-

exclusive tensions

LQCD will continue to address “Vxb” 
puzzle through: 

❖ New b→u decays (e.g. Bs→Klν)

❖ Independent Λb→p & Λb→Λc 
form factors

❖ B→D*lν form factors at w>1

|Vcb| from B→D*lν extrapolates 
measurement to zero recoil using 

CLN parameterization ➜ time for 
model-independent analysis!
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Impact on global CKM UT fit

24

allowed 
(ρ,η)

|Vub|/|Vcb| excl.

[figures from Lunghi]
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Impact on global CKM UT fit

24

allowed 
(ρ,η)

new |Vub| & |Vcb| WAs
from exclusive SL

decays B➜π, B➜D(*),
Λb➜p/Λb➜Λc

[Kronfeld]

[figures from Lunghi]

Tension between
measurements growing,

but still (disappointingly!) good 
agreement with Standard Model ...
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... UT fit at the end of the year?

25

preliminary ξ from
Lattice 2015

[Simone for FNAL/MILC]

Lattice improvements in 
neutral B(s)-meson mixing 
will continue to reduce 

allowed parameter space

[figures from Lunghi]



Beyond simple quantities: Muon g-2

Unable to cover numerous other exciting 
advances in lattice-QCD calculations of
✤ K→ππ decays,
✤ long-distance matrix elements,
✤ nucleon structure,
✤ QCD resonances, ... and more!



Beyond simple quantities: Muon g-2

Unable to cover numerous other exciting 
advances in lattice-QCD calculations of
✤ K→ππ decays,
✤ long-distance matrix elements,
✤ nucleon structure,
✤ QCD resonances, ... and more!

First Re(ε’/ε) in Standard 
Model with controlled errors!
[RBC/UKQCD,1505.07863;

Soni talk @ EPS-HEP]
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Muon anomalous magnetic moment (g-2) among best-measured quantities (0.54 ppm!) 
➜ provides some of most precise constraints on extensions of Standard Model

BNL measurement disagrees with
Standard Model by ≳3σ, while

Fermilab Muon g-2 Experiment
aims to reduce error by factor of four

Experimental status of g-2

27

[Blum
 et al.,arXiv:1311.2198 ]

SUSY

⌫̃

�� �� µ�µ�

X-Dimensions

⌫KK

W� W� µ�µ�

SM

µ�µ�

�

Dark photons

µ�µ�

A0

≳3σ

7σ?

http://arxiv.org/abs/arXiv:1311.2198
http://arxiv.org/abs/arXiv:1311.2198
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Theoretical status of g-2

28

Uncertainty on SM prediction dominated by nonperturbative hadronic contributions

[1] Davier, Hoecker, Malaescu,  Zhang, Eur.Phys.J. C71 (2011) 1515
[2] Prades, de Rafael, Vainshtein, arXiv:0901.030

Contribution Result (�1011) Error
QED (leptons) 116 584 718 ± 0.14 ± 0.04� 0.00 ppm
HVP(lo) [1] 6 923 ± 42 0.36 ppm
HVP(ho) -98 ± 0.9exp ± 0.3rad 0.01 ppm
HLbL [2] 105 ± 26 0.22 ppm
EW 154 ± 2 ± 1 0.02 ppm
Total SM 116 591 802 ± 49 0.42 ppm

Hadronic Vacuum Polarization

Hadronic Light-by-Light

http://inspirebeta.net/author/Davier%2C%20Michel?recid=873506&ln=en
http://inspirebeta.net/author/Davier%2C%20Michel?recid=873506&ln=en
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Theoretical status of g-2

28

Uncertainty on SM prediction dominated by nonperturbative hadronic contributions

To leverage the anticipated experimental measurement, the SM theory error must be 
shored-up and brought to a comparable precision

+ +
QCD

Hadronic vacuum polarization (HVP)

QCD

Hadronic light-by-light (HLbL) 

estimated from QCD models 
such as large Nc, χPT, vector 

meson dominance,  etc...
(subjective and somewhat 

controversial)

obtained from experimental 
result for e+e-→ hadrons plus 

dispersion relation
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Theoretical status of g-2

28

Uncertainty on SM prediction dominated by nonperturbative hadronic contributions

To leverage the anticipated experimental measurement, the SM theory error must be 
shored-up and brought to a comparable precision

Both hadronic contributions are calculable, in principle, with lattice QCD

+ +
QCD

Hadronic vacuum polarization (HVP)

QCD

Hadronic light-by-light (HLbL) 

methods are in place, and first 
results have been reported 

from different collaborations 
and with different approaches

very difficult, but methods 
being developed and tested
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Fig. 1. Low-Q2 behavior of the integrand f(Q2,m2

µ)(⇧(0)�⇧(Q2)) in Eq. (1). Red points show
typical data on a 643 ⇥ 144 lattice with lattice spacing 0.06 fm and periodic boundary conditions.

are in progress.6 The other is to obtain more precise data at currently available
values of Q2, using for instance AMA error reduction.7 If a theoretically reliable
fit function for the Q2 behavior of ⇧(Q2) can be found, it may then be possible to
extrapolate the integrand of Eq. (1) to smaller values of Q2, so that the integral
aHVP
µ can be computed with a small enough error. Quite likely, a combination of

these methods will be necessary in practice.
The most commonly used fitting functions are based on the assumption of vector

meson dominance (VMD).8 The problem with these is that such fits assume that
the lowest singularity in ⇧(Q2) is at �Q2 = m2

⇢, while in reality ⇧(Q2) has a
cut starting at �Q2 = 4m2

⇡ ⌧ m2
⇢. Clearly, the use of this assumption introduces

a model element into the computation, in conflict with the notion of the lattice
providing us with an approach from first principles!

Theoretically, one can do much better. Based on results obtained in the literature
on Padé approximants (PAs), it was proven in Ref. 5 that the functions

⇧(Q2) = ⇧(0)�Q2

0

@a0 +

[P/2]X

n=1

an
bn +Q2

1

A , an�1 > 0 , bn � 4m2
⇡ (2)

with either a0 = 0 or a0 free provide a series of PAs converging to the vacuum
polarization everywhere except near the cut Q2 2 (�1,�4m2

⇡] on the Minkowski
axis. We note that choosing P = 2, a0 = 0 and b1 = m2

⇢ corresponds to a VMD-type
assumption, but it does not correspond to a valid PA: as we increase the order of
the PA, the poles in Eq. (2) should approach the branch point at Q2 = �4m2

⇡.
While initial explorations of the PA-based fitting method of the low-Q2 behavior

of ⇧(Q2) look promising,5 it is important to have an independent test of any fitting
method. This is particularly important as long as the data in the strongly peaked
region of Fig. 1 will remain sparse. Reference 9 describes the construction of a
QCD-based model that allows us to set up a “test laboratory” for fits of the low-Q2

[Aubin et al., 1311.5504]

In
te
gr
an
d

Standard lattice method for aμHVP

[Blum, Phys.Rev.Lett. 91 (2003) 052001]

Calculate aμHVP directly from
Euclidean space vacuum
polarization function Π(Q2)

Π(Q2) captures 
nonperturbative QCD effects 
➜ compute numerically in 
lattice QCD from simple two-
point correlation function of 
electromagnetic quark current

1-loop QED integral accounts for 
interaction between muon and 
external photon field

Challenging because integrand 
f(Q2)[Π(Q2)-Π(0)] peaks around 
Q2≈(mμ/2)2, where lattice data is 
sparse and noisy

29

aHVP(LO)
µ =

⇣↵

⇡

⌘2
Z 1

0
dQ2f(Q2)

⇥
⇧(Q2)�⇧(0)

⇤

qµ q⌫

i⇧µ⌫(q2) = QCD
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Recent lattice progress on aμHVP

Statistical-error-reduction techniques: all-
mode averaging [Blum et al, PRD 88 (2013) 
094503], stochastic sources [Marinkovic et 
al., 1502.05308]

Methods for controlling q2 extrapolation:
Padé approximants to remove hidden 
model systematics in q2 extrapolation 
[Aubin et al.,PRD86 (2012) 054509]

Twisted boundary conditions to access 
smaller momentum values below (2π/L) 
[Della Morte et al., JHEP 1203 (2012) 
055; Aubin et al., PRD88 (2013) 7, 
074505]

Moments method to sidestep q2→0 
extrapolation by expressing aμHVP in 
terms of derivatives of Π(q2) at q2=0 
[Chakraborty et al. (HPQCD), PRD89 
(2014) 11, 114501]

30

Active research area with several 
independent ongoing efforts!

400 600 800

a
µ

HVP (x 1010)

(stat. only)
Aubin and Blum 2006

UKQCD 2011

ETMC 2014

ETMC 2011

Mainz 2011

Mainz 2014 (a
µ

ud)
(preliminary, stat. only)

BMW 2013
(preliminary, stat. only)

e+e- (Davier 2011)

u, d, s, c sea

u, d, s sea

u, d sea
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u, d, s, c sea

u, d, s sea

u, d sea

Methods are in place 
 for a percent-level lattice-QCD 

calculation of aμHVP within the 
next few years ➜

highlight���������	
��������������������  of���������	
��������������������  EPS-HEP���������	
��������������������  2017?



“[An] area of striking progress has been lattice gauge theory. ... It is now possible to 
compute the spectrum of hadrons with high accuracy, and lattice computations have 

been crucial in the measurement of the properties of heavy quarks.  Continuing 
improvements in calculational methods are anticipated in coming years.”

— Snowmass Executive Summary

Conclusions
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Lattice-QCD calculations needed throughout current & future experimental high-
energy physics program

For precision measurements of rare kaon and B decays, muon g-2, neutrino oscillation 
parameters, Higgs properties, ...

For searches for μ→e conversion, dark matter, proton decay, nucleon EDMs, ... 

Ambitious worldwide lattice-QCD program in place to deliver the needed 
theoretical support by

Increasing precision of present calculations of parameters of the QCD Lagrangian & 
simplest quark flavor-changing matrix elements

Providing first reliable QCD calculations of new, more challenging quantities such 
as muon g-2, long-distance amplitudes, decays to QCD resonances or multi-hadron 
final states, ...

Theoretical innovation in methods & algorithms drive progress in lattice QCD, but sufficient 
computational resources are absolutely essential!

Summary & outlook

32
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Future experiments, aided by lattice-QCD 
calculations, will continue to tighten the noose on 

the Standard Model and probe the nature of 
whatever new particles and forces lie beyond
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Further reading

Lattice 2014 review talks:

✤ “Weak interactions of pions and kaons”

✤ “Testing the Standard Model under the weight of 
heavy flavors”

2013 FLAG report:

✤  “Review of lattice results concerning low-energy 
particle physics”

Snowmass working-group reports:

✤ “Charged Leptons”

✤ “Higgs Working Group Report ...” 

✤ “Lattice field theory ... Scientific goals and 
computing needs”

✤ “Report of ... QCD Working Group”

✤ “Report of ... Quark Flavor Physics Working Group”

33
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Nonzero Temperature and Density

Physics Beyond the Standard Model

Standard Model Parameters and Renormalization

Theoretical Developments

Vacuum Structure and Confinement

Weak Decays and Matrix Elements

See Lattice 2015 website for 
more hot-off-the-press results!
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http://arxiv.org/abs/1311.1076
http://arxiv.org/abs/1311.1076
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1.3%

For all simple quantities

Physical light-quark masses
Nonperturbative or no renormalization
Confirmation from independent results

(Sub-)percent precision ➔ EM & isospin-
breaking becoming relevant

Kaon overview

35

See Lattice ’15 light-flavor review by Jüttner
& ICHEP ’14 meson-mixing review by Carrasco

0.3%

0.2%
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+
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+
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fπ

fK
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+
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W+
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−

ūs̄

K0

dd

f+
K→π(q2=0)

https://indico2.riken.jp/indico/getFile.py/access?contribId=347&sessionId=0&resId=0&materialId=slides&confId=1805
https://indico2.riken.jp/indico/getFile.py/access?contribId=347&sessionId=0&resId=0&materialId=slides&confId=1805
http://arxiv.org/pdf/1410.0161.pdf
http://arxiv.org/pdf/1410.0161.pdf
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Kaon overview

35

See Lattice ’15 light-flavor review by Jüttner
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0.3%

0.2%

Kaon-mixing 
matrix elements 
of all possible 
ΔS=2 BSM 
operators also 
available

https://indico2.riken.jp/indico/getFile.py/access?contribId=347&sessionId=0&resId=0&materialId=slides&confId=1805
https://indico2.riken.jp/indico/getFile.py/access?contribId=347&sessionId=0&resId=0&materialId=slides&confId=1805
http://arxiv.org/pdf/1410.0161.pdf
http://arxiv.org/pdf/1410.0161.pdf
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Pion & kaon decay constants

36

Decay-constant ratio fK/fπ can be computed to sub-% precision with lattice QCD:

Statistical fluctuations correlated between numerator & denominator
fK=fπ in SU(3) limit ms=mud, so some systematics suppressed by (ms-mud)/ΛQCD

µ
+

νµ

W+u

π
+

d̄

µ
+

νµ

W+u

K+

s̄

Combination with experimental 
decay rates enables |Vud| /|Vus| 

determination [Marciano]

0.2%
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K→πlυ semileptonic form factor

37

Combination with experimental 
rate enables |Vus| determination

Zero-recoil form factor
f+(q2=0) highly constrained by 
SU(3)f and chiral symmetries:

f+(0) = 1 in SU(3) limit ms=mud

Leading-order correction to 
unity is known function of {mπ, 
mK, fπ} [Leutwyler & Roos]

f2=-0.023 numerically small 
because second-order in (mK

2-
mπ

2) [Ademollo-Gatto]

Lattice-QCD calculation does 
not require renormalization

µ
+

νµ

W+

π
−

ūs̄

K0

dd

} q2=(mK
2+mπ

2-2mKEπ)2

0.3%
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0.9484 0.9488 0.9492 0.9496

|Vud|
2

0.0492

0.0496

0.05

0.0504

0.0508

|V
us
|2

fK+/f
π+

(FNAL/MILC)

Kl3
(FNAL/MILC)

nuclear 
β-decay

unitarity prediction

|Vud|2 + |Vus|2 + |Vub|2 = 1

Using preliminary 2015 K→πlυ form factor 
from FLAG, latest experimental f+Kπ(0) x |Vus| 
from Moulson [1411.5252] and |Vud| from 
Hardy & Towner [1411.5987]:

Error on |Vus|2 now smaller than on |Vud|2

➡ Motivates revisiting error on |Vud| from nuclear β 
decays

2.1σ tension between K→πlυ, fK/fπ, and 
unitarity prediction

Implications for 1st row of CKM matrix

38

|Vud|2 +|Vus|2 +|Vub|2 -1

= -0.0021(29)Vus(41)Vud
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Combination with measurement of 
indirect CP violation in kaon 

system (εK) constrains CKM phase

Percent-level lattice-QCD 
calculation of BK enabled by:

Chiral fermion actions

Nonperturbative 
renormalization

Kaon mixing constrains scale of 
new physics with generic O(1) 
flavor couplings to ≳ 10,000 TeV 
[Isidori, Nir, Perez (2010)]

Lattice-QCD results for matrix 
elements of all possible ΔS=2 
BSM operators available for 
model building

Neutral kaon mixing parameter

τ
−

ντ

d

K0

s̄

s

d̄

K0

W

W

u, c, t

τ
−

ντ

d

K0

s̄

s

d̄

K0

ū, c̄, t̄

u, c, t

W W

0.2%
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K→ππ decays

Describe ΔS=1 FCNC
transitions with
effective Hamiltonian

Short-distance effects factorized in Wilson coefficients → continuum perturbation theory

Long-distance effects factorized in matrix elements ⟨ππ|Qi|K⟩ → lattice QCD
New physics above EW scale modifies Wilson coefficients, but hadronic matrix elements 
remain the same
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• Sensitive to new particles, 
interactions, sources of CP 
violation

• “ΔI=1/2 rule”: empirically 
observe enhancement 
ReA0/ReA2 ≃ 22.5

ū

d̄

π
−

π
+

d

W−

/H
−

s

K0

ud̄

He↵(�S = 1) =
GFp

2

10X

i=1

✓
V ⇤

usVud zi(µ)� V ⇤
tsVtd yi(µ)

◆
Qi(µ)

See Kelly
Lattice 2015 Review 

https://indico2.riken.jp/indico/getFile.py/access?contribId=166&sessionId=0&resId=0&materialId=slides&confId=1805
https://indico2.riken.jp/indico/getFile.py/access?contribId=166&sessionId=0&resId=0&materialId=slides&confId=1805
https://indico2.riken.jp/indico/getFile.py/access?contribId=166&sessionId=0&resId=0&materialId=slides&confId=1805
https://indico2.riken.jp/indico/getFile.py/access?contribId=166&sessionId=0&resId=0&materialId=slides&confId=1805
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New!  K → ππ matrix elements 

Lattice complication: additional Lüscher 
formalism needed to relate amplitudes 
calculated in Euclidean box to physical 
observables in Minkowski space 
[Briceño review, PoS LATTICE2014 
(2015) 008]
First complete three-flavor K → ππ 
amplitudes with controlled errors using 
domain-wall (chiral) fermions
Also first Wilson-fermion results from 
Ishizuka et al. [arXiv:1505.05289] 
with heavy, zero-momentum pions
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ΔI=1/2 amplitude (A0)
[RBC/UKQCD, arXiv:1505.07863]

170 MeV pions with physical kinematics

Small spatial volume mπL≈3.2 and single 
lattice spacing a~0.14 fm 

→ ~35% error on Re(A0)

Will be reduced with higher statistics, 
larger volumes, continuum limit, ...

ΔI=3/2 amplitude (A2)
[RBC/UKQCD, PRDD91 (2015) 7, 074502]

Physical-mass pions, continuum limit, and 
approximately physical kinematics  

→ ~10% errors on Re(A2), Im(A2)

Dominant uncertainty from perturbative 
truncation error in continuum Wilson 
coefficients

Emerging explanation of ΔI=1/2 rule: 
Significant cancellation between 
dominant contributions to Re(A2)
which does not occur for Re(A0)

http://arxiv.org/abs/arXiv:1505.05289
http://arxiv.org/abs/arXiv:1505.05289
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-5 0 5 10 15 20

Re(ε’/ε) x 104

NA48 + KTeV (PDG 14)

RBC/UKQCD 15
u, d, s sea

experiment

3× expt. error

New!  Re(ε’/ε) in the Standard Model
[RBC/UKQCD, arXiv:1505.07863]

Measures direct CP violation in K → ππ decays
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Lattice-QCD calculation of 
Re(ε’/ε) with ~10% 

uncertainty achievable
in the forseeable future!

Re
✓

✏0

✏

◆
⇡ 1

6


�(KL ! ⇡+⇡�)/�(KS ! ⇡+⇡�)
�(KL ! ⇡0⇡0)/�(KS ! ⇡0⇡0)

� 1
�

Lattice Im(A0,A2) + 
experimental Re(A0,A2)
➜ first Re(ε’/ε) in 
Standard Model with 
controlled errors
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Small errors due to

Physical light-quark masses
Improved charm-quark actions
+ fine lattice spacings

No renormalization (PCAC)

D-meson summary

43

See Pena Lattice ’15 &
Bouchard Lattice ‘14 heavy-flavor reviews

200 250 300

fD (MeV)          fDs (MeV)        

ALPHA 13

ETM 09
ETM 11
ETM 13

FNAL/MILC 05

HPQCD 10
HPQCD 07

FNAL/MILC 11
HPQCD 12
χQCD 13

ETM 14
u, d, s, c sea

u, d, s sea

u, d sea

FLAG 13 Nf = 2+1 averages

TWQCD 14

FNAL/MILC 140.6% 0.5%

0.6 0.7 0.8 0.9

f+
Dπ(0)         f+

DK(0)        

ETM 11

HPQCD 11,10

FNAL/MILC 04

HPQCD 13

u, d, s sea

u, d sea

FLAG 13 Nf = 2+1 averages

4.4% 2.5%
fD

fDs

µ
+

νµ

W+c

D+

d̄

µ
+

νµ

W+c

D+
s

s̄

µ
+

νµ

W+

π
−

dc

D0

ūū
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+

νµ

W+

K0

sc

D+

d̄dd̄d

f+
D→K(q2=0)

https://indico2.riken.jp/indico/getFile.py/access?contribId=353&sessionId=0&resId=0&materialId=slides&confId=1805
https://indico2.riken.jp/indico/getFile.py/access?contribId=353&sessionId=0&resId=0&materialId=slides&confId=1805
http://arxiv.org/pdf/1501.03204.pdf
http://arxiv.org/pdf/1501.03204.pdf
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Recent highlights: 
First 3-flavor Ds→φlυ form factors 
[HPQCD, PRD90 (2014) 7, 074506]

First 4-flavor D-mixing matrix elements 
(all five ΔC=2 SM & BSM operators, 
only short-distance contributions)
[ETM, 1505.06639]

Small errors due to

Physical light-quark masses
Improved charm-quark actions
+ fine lattice spacings

No renormalization (PCAC)

D-meson summary

43

See Pena Lattice ’15 &
Bouchard Lattice ‘14 heavy-flavor reviews
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https://indico2.riken.jp/indico/getFile.py/access?contribId=353&sessionId=0&resId=0&materialId=slides&confId=1805
https://indico2.riken.jp/indico/getFile.py/access?contribId=353&sessionId=0&resId=0&materialId=slides&confId=1805
http://arxiv.org/pdf/1501.03204.pdf
http://arxiv.org/pdf/1501.03204.pdf
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Heavy Flavors
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Figure 5: Recent lattice results from FNAL/MILC [13], ETM [16, 18], TWQCD [15], and HPQCD [33] are
shown in magenta. Previous year’s results are shown in gray and are taken from FLAG [7].

the squared form factor on the right-hand side with an error roughly twice as large. The current
experimental error is expected to be cut nearly in half within the first 5 ab�1 of data at BelleII [11],
i.e. within the first year or two of data taking. This is a rough characterization of the status of
experiment and lattice as the analysis of B ! pln is done over the full kinematic range of q2, as
shown in the left panel of Fig. 6. This plot, taken from [7], shows the result of a simultaneous z
expansion fit to lattice and experiment to extract |Vub|.

There are several ongoing lattice calculations of the B ! pln form factors. Preliminary results
from FNAL/MILC [35] have errors matching current experimental precision and yield the most
precise determination of |Vub| to date. This calculation uses the MILC Nf = 2+ 1 asqtad config-
urations with a FNAL b quark and asqtad light valence quarks, four lattice spacings (0.045, 0.06,
0.09, and 0.12 fm), and pions as light as 177 MeV. Recent results from RBC/UKQCD [36] use
Nf = 2+ 1 domain wall sea quarks and Iwasaki gauge fields, domain wall light valence quarks,
and a non-perturbatively tuned relativistic heavy quark treatment of the b quark. They simulate
at two lattice spacings (0.09 and 0.11 fm) and with pions as light as 289 MeV. HPQCD is calcu-
lating form factors for this decay using the MILC Nf = 2+ 1 asqtad gauge fields, NRQCD b and
HISQ light valence quarks, two lattice spacings (0.09 and 0.12 fm), and pion masses down to 190
MeV [29]. This work is also exploring the feasibility of using the combination of hard pion chiral
perturbation theory and the z expansion to include lattice simulation data at low values of q2.

The right panel of Fig. 6 shows inclusive and exclusive semileptonic and leptonic determina-
tions of |Vub|. Using the FNAL/MILC preliminary result, |Vub|= 3.72(14)⇥10�3, a 2.4s persistent
tension remains between the inclusive and exclusive semileptonic determinations. Though current
experimental errors prevent |Vub| from B ! tn from rivaling the precision of semileptonic deter-
minations, BelleII 2020 projections for B(B ! tn) [11] combined with current lattice precision
for fB suggest a leptonic |Vub| with 2% precision in five years.

8

2.4%

1.9%

[Bouchard, arXiv:1501.03204]

|Vcd| & |Vcs| from leptonic D(s) decays limited by experimental errors

Slight tension between |Vcs| from leptonic &  semileptonic decay

Implications for 2nd row of CKM matrix

44
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Figure 5: Recent lattice results from FNAL/MILC [13], ETM [16, 18], TWQCD [15], and HPQCD [33] are
shown in magenta. Previous year’s results are shown in gray and are taken from FLAG [7].

the squared form factor on the right-hand side with an error roughly twice as large. The current
experimental error is expected to be cut nearly in half within the first 5 ab�1 of data at BelleII [11],
i.e. within the first year or two of data taking. This is a rough characterization of the status of
experiment and lattice as the analysis of B ! pln is done over the full kinematic range of q2, as
shown in the left panel of Fig. 6. This plot, taken from [7], shows the result of a simultaneous z
expansion fit to lattice and experiment to extract |Vub|.

There are several ongoing lattice calculations of the B ! pln form factors. Preliminary results
from FNAL/MILC [35] have errors matching current experimental precision and yield the most
precise determination of |Vub| to date. This calculation uses the MILC Nf = 2+ 1 asqtad config-
urations with a FNAL b quark and asqtad light valence quarks, four lattice spacings (0.045, 0.06,
0.09, and 0.12 fm), and pions as light as 177 MeV. Recent results from RBC/UKQCD [36] use
Nf = 2+ 1 domain wall sea quarks and Iwasaki gauge fields, domain wall light valence quarks,
and a non-perturbatively tuned relativistic heavy quark treatment of the b quark. They simulate
at two lattice spacings (0.09 and 0.11 fm) and with pions as light as 289 MeV. HPQCD is calcu-
lating form factors for this decay using the MILC Nf = 2+ 1 asqtad gauge fields, NRQCD b and
HISQ light valence quarks, two lattice spacings (0.09 and 0.12 fm), and pion masses down to 190
MeV [29]. This work is also exploring the feasibility of using the combination of hard pion chiral
perturbation theory and the z expansion to include lattice simulation data at low values of q2.

The right panel of Fig. 6 shows inclusive and exclusive semileptonic and leptonic determina-
tions of |Vub|. Using the FNAL/MILC preliminary result, |Vub|= 3.72(14)⇥10�3, a 2.4s persistent
tension remains between the inclusive and exclusive semileptonic determinations. Though current
experimental errors prevent |Vub| from B ! tn from rivaling the precision of semileptonic deter-
minations, BelleII 2020 projections for B(B ! tn) [11] combined with current lattice precision
for fB suggest a leptonic |Vub| with 2% precision in five years.

8

2.4%

1.9%

[Bouchard, arXiv:1501.03204]

|Vcd| & |Vcs| from leptonic D(s) decays limited by experimental errors

Slight tension between |Vcs| from leptonic &  semileptonic decay

Implications for 2nd row of CKM matrix

44

Ongoing efforts to calculate D→π(K)lυ form 
factors over full kinematic range
[HPQCD, arXiv:1305.1462;
FNAL/MILC, PoS LATTICE2012 (2012) 272; 
ETM, PoS LATTICE2013 (2014) 391]
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Combination with measurement of
Bd/Bs oscillation frequencies constrains 

apex of CKM unitarity triangle

Matrix-element ratio
ξ≡ fBd Sqrt[BBd]/fBs Sqrt[BBs] can 
be computed precisely because:

Statistical fluctuations correlated

Bd & Bs matrix elements equal in 
SU(3) limit, so some systematics 
suppressed by (ms-mud)/ΛQCD

Preliminary FNAL/MILC calculation 
with increased statistics, lighter quark 
masses, & finer lattice spacings
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−
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ū, c̄, t̄

W W

τ
−

ντ

b̄

B0
s

s

s̄

b

B0
s
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ū, c̄, t̄

W W

ξ = 1.211(19) ➡
|Vtd|/|Vts| = 0.2069(6)exp(32)LQCD

New! Neutral B-mixing matrix elements
[Bouchard, Freeland, et. al [FNAL/MILC], presented at Lattice 2015]

1.6%

[figure from Pena, Lattice 2015]
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Combination with measurement of
Bd/Bs oscillation frequencies constrains 

apex of CKM unitarity triangle

Matrix-element ratio
ξ≡ fBd Sqrt[BBd]/fBs Sqrt[BBs] can 
be computed precisely because:

Statistical fluctuations correlated

Bd & Bs matrix elements equal in 
SU(3) limit, so some systematics 
suppressed by (ms-mud)/ΛQCD

Preliminary FNAL/MILC calculation 
with increased statistics, lighter quark 
masses, & finer lattice spacings
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ū, c̄, t̄

W W

τ
−

ντ

b̄

B0
s

s

s̄

b

B0
s

u, c, t
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ξ = 1.211(19) ➡
|Vtd|/|Vts| = 0.2069(6)exp(32)LQCD

New! Neutral B-mixing matrix elements
[Bouchard, Freeland, et. al [FNAL/MILC], presented at Lattice 2015]

1.6%

Also present B-mixing matrix elements of all 
possible ΔB=2 BSM operators

[figure from Pena, Lattice 2015]
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Only need one normalization point from lattice QCD ➜ choose zero recoil (w=1) 
where it can be computed most precisely

F(1)→1 in the static limit (mb=mc→∞) [Isgur & Wise], and Luke’s theorem ensures 
that the leading heavy-quark corrections to F(1) are of O(1/mb

2,1/mc
2)

Can compute form factor using double ratio of lattice three-point correlation 
functions in which statistical and systematic errors largely cancel 

New FNAL/MILC calculation with increased statistics, lighter quark masses, & finer 
lattice spacings ➜ 1.4% precision on F(1) 

46

New! B→D*lν form factor @ zero recoil
[Bailey et al. [FNAL/MILC], PRD89 (2014) 11, 114504]

!
+

ν!

W+

D(∗)−

cb

B0

dd  F(1) = 0.906(4) stat(12) sys

Combination with experimental 
rate enables |Vcb| determination

(w ≡ vB·vD*)
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|Vub| from B → πlν decay

B→πlν semileptonic decay enables determination of |Vub| via:

Few percent determination of exclusive |Vub| challenging because:
Lattice statistical & discretization errors grow with increasing pion momentum ➜ 
determination of hadronic form factor f+(q2) best at large momentum-transfer (q2)

Experimental branching fraction most precise at low q2

47
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|Vub| = 3.72(16) × 10-3

Lattice + experiment fit for |Vub| 

Fit lattice-QCD and experimental 
data together to model-independent 
parameterization (“z-expansion”) 
based on analyticity, unitarity, and 
crossing symmetry [Boyd, Grinstein, 
Lebed, PRL74, 4603 (1995); Bourrely, 
Caprini, Lellouch, PRD79 (2009) 
013008]

Relative normalization (|Vub|) free 
parameter determined in fit

Combined fit to  Belle, BaBar, and 
2015 FNAL/MILC lattice data yields
|Vub| with a 4.3% uncertainty:

48

Use of all experimental & 
theoretical information 
minimizes error in |Vub|

[FNAL/MILC], arXiv:1503.07839]
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Figure 27. Left: comparison of vector form factor f
+

(z) from z expansion fits to: only the lattice-

QCD data (cyan band) and only experimental data including all four measurements (gold band).

Right: the similar plot for the partial branching fraction dB/dq2. The fits including lattice results

use Nz = 4, while the experiment-only fit uses Nz = 3. The experimental data points and the

experiment-only z-fit result in the left plot have been converted from
�
�B/�q2

�
1/2 to f

+

using

|Vub| from the combined fit. The lattice-only fit result(cyan band) and the combined-fit result (red

band) in the right plot is converted from the form factor with the same |Vub|.

VI. RESULTS AND CONCLUSION

Our final result for |Vub|, obtained from our preferred z fit combining our lattice-QCD cal-

culation of the B ! ⇡`⌫ form factor with experimental measurements of the corresponding

decay rate, is

|Vub| = (3.72± 0.16)⇥ 10�3. (6.1)

The error includes all experimental and lattice-QCD uncertainties. The contribution from

lattice QCD to the total error is now comparable to that from experiment. The error reported

here, following HFAG [6], does not apply the PDG prescription for discrepant data; that

prescription [65] would scale the error by a factor of
p

�2/dof = 1.2. As can be seen from

Table XVII and Fig. 26, the low fit quality is due to the tension between the BaBar11 data

set and the others. An inspection of all the experimental data in Fig. 27 shows that the

point near z = �0.1 in the BaBar11 data set is lower than the others and a bit more precise

than one might have anticipated, but does not suggest that this or any of the data sets have

any systematic problems.
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Reminder: right-handed currents fit
• Fit for a right-handed current before LHCb: 

•                           p-value = 9%

46

8. Implications 15/17

Can new physics explain the puzzle?

Right-handed currents proposed as a solution. [arXiv:1408.2516]
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= 2.5/1, p-value = 0.1.
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contours hold 68% CL

[arXiv:1408.2516]

Moriond Electroweak 2015 William Sutcli↵e V

ub
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b

! pµ�⌫µ

�2/ndf = 2.8/1 Plot based on [6].

[6] F. Bernlochner, Z. Ligeti, S. Turczyk, Phys. Rev. D 90, 094003 (2014)

SM

[based on Bernlochner et al., PRD 90, 094003 (2014)]

A sign of new physics?

49

Can ease |Vub| tension by 
allowing small right-
handed contribution to 
Standard-Model weak 
current [Crivellin, PRD81 
(2010) 031301]

~15% admixture 
of RH current

B→Xulν

B→πlν

SM

B→τν
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Reminder: right-handed currents fit
• Fit for a right-handed current before LHCb: 

•                           p-value = 9%

46

8. Implications 15/17

Can new physics explain the puzzle?

Right-handed currents proposed as a solution. [arXiv:1408.2516]
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[6] F. Bernlochner, Z. Ligeti, S. Turczyk, Phys. Rev. D 90, 094003 (2014)

SM

[based on Bernlochner et al., PRD 90, 094003 (2014)]

A sign of new physics?

49

Can ease |Vub| tension by 
allowing small right-
handed contribution to 
Standard-Model weak 
current [Crivellin, PRD81 
(2010) 031301]

RH currents disfavored 
by Λb decays (taking |Vcb| 
from B→D*lν + HFAG to 
obtain |Vub|)

Including the LHCb result
• Fit for a right-handed current after LHCb: 

•                            p-value = 0.03%
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�2/ndf = 16.0/2

8. Implications 16/17

Can new physics explain the puzzle?

No longer possible to get a good global fit.
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First three-flavor lattice form factors
Enable predictions of observables (decay 
rate, forward-backward asymmetry, ...) 
in Standard Model & all BSM theories
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B → Kl+l-

[HPQCD, PRD88 (2013) 054509]

Vector, scalar, and tensor form factors

Use model-independent z-expansion to 
extend results over full q2 range

B(s) → K* and Bs→φ
[Horgan et al., PRDD89 (2014) 9, 094501]

Conference update [arXiv:1501.00367] 
includes correlations between form 
factors through kinematic constraints 

Use modified z-expansion to extend 
results over full q2 range

*Caveat: K* and φ treated as stable 
hadrons in simulations

New! B → K(*)l+l- form factors

d

µ
+

µ
−

s̄

d

u, c, t

W−

/H
−

b̄

γ

b→s flavor-changing neutral-
current processes sensitive to 
new particles & interactions
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Implications for new-physics searches

Standard-Model predictions for
B → K(*)l+l-  rates systematically 
1-2σ higher than measurements

➡ Treat K* as resonance for robust 
test (in progress)

51

[JHEP 1406 (2014) 133]



R. Van de Water EPS-HEP 2015: Lattice QCD for the precision era

Implications for new-physics searches

Standard-Model predictions for
B → K(*)l+l-  rates systematically 
1-2σ higher than measurements

➡ Treat K* as resonance for robust 
test (in progress)

51

[JHEP 1406 (2014) 133]

If deviations in b→s transitions grow in significance, correlations between 
B→K, B→K*, and Bs→φ can provide information on masses & couplings of 

underlying new physics  [see e.g. Altmannshofer & Straub, arXiv:1503.06199]

http://arxiv.org/abs/arXiv:1503.06199
http://arxiv.org/abs/arXiv:1503.06199
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Bs→μ+μ- decay

52

Combined LHCb + CMS Result

Observation:

BR(Bs → µ+µ−) = (2.9 ± 0.7) × 10−9

BR(B0 → µ+µ−) = 3.6+1.6
−1.4

× 10−10

LHCb-CONF-2013-012, CMS-PAS-BPH-13-007
Stephanie Hansmann-Menzemer 26[S. Hansmann-Menzemer, EPS 2013]
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Observation of the rare B0
sRm1m2 decay from the

combined analysis of CMS and LHCb data
The CMS and LHCb collaborations*

The standard model of particle physics describes the fundamental
particles and their interactions via the strong, electromagnetic and
weak forces. It provides precise predictions for measurable quanti-
ties that can be tested experimentally. The probabilities, or branch-
ing fractions, of the strange B meson (B0

s ) and the B0 meson decaying
into two oppositely charged muons (m1 and m2) are especially inter-
esting because of their sensitivity to theories that extend the standard
model. The standard model predicts that the B0

s ?m1m2 and
B0?m1m2 decays are very rare, with about four of the former occur-
ring for every billion B0

s mesons produced, and one of the latter
occurring for every ten billion B0 mesons1. A difference in the
observed branching fractions with respect to the predictions of the
standard model would provide a direction in which the standard
model should be extended. Before the Large Hadron Collider (LHC)
at CERN2 started operating, no evidence for either decay mode had
been found. Upper limits on the branching fractions were an order
of magnitude above the standard model predictions. The CMS
(Compact Muon Solenoid) and LHCb (Large Hadron Collider beauty)
collaborations have performed a joint analysis of the data from
proton–proton collisions that they collected in 2011 at a centre-of-
mass energy of seven teraelectronvolts and in 2012 at eight teraelec-
tronvolts. Here we report the first observation of the B0

s ? m1m2

decay, with a statistical significance exceeding six standard deviations,
and the best measurement so far of its branching fraction.
Furthermore, we obtained evidence for the B0?m1m2 decay with
a statistical significance of three standard deviations. Both mea-
surements are statistically compatible with standard model predic-
tions and allow stringent constraints to be placed on theories beyond
the standard model. The LHC experiments will resume taking data in
2015, recording proton–proton collisions at a centre-of-mass energy
of 13 teraelectronvolts, which will approximately double the produc-
tion rates of B0

s and B0 mesons and lead to further improvements in
the precision of these crucial tests of the standard model.

Experimental particle physicists have been testing the predictions of
the standard model of particle physics (SM) with increasing precision
since the 1970s. Theoretical developments have kept pace by improving
the accuracy of the SM predictions as the experimental results gained in
precision. In the course of the past few decades, the SM has passed
critical tests derived from experiment, but it does not address some
profound questions about the nature of the Universe. For example, the
existence of dark matter, which has been confirmed by cosmological
data3, is not accommodated by the SM. It also fails to explain the origin
of the asymmetry between matter and antimatter, which after the Big
Bang led to the survival of the tiny amount of matter currently present
in the Universe3,4. Many theories have been proposed to modify the SM
to provide solutions to these open questions.

The B0
s and B0 mesons are unstable particles that decay via the weak

interaction. The measurement of the branching fractions of the very
rare decays of these mesons into a dimuon (m1m2) final state is espe-
cially interesting.

At the elementary level, the weak force is composed of a ‘charged
current’ and a ‘neutral current’ mediated by the W6 and Z0 bosons,

respectively. An example of the charged current is the decay of the p1

meson, which consists of an up (u) quark of electrical charge 12/3 of
the charge of the proton and a down (d) antiquark of charge 11/3. A
pictorial representation of this process, known as a Feynman diagram,
is shown in Fig. 1a. The u and d quarks are ‘first generation’ or lowest
mass quarks. Whenever a decay mode is specified in this Letter, the
charge conjugate mode is implied.

The B1 meson is similar to the p1, except that the light d antiquark
is replaced by the heavy ‘third generation’ (highest mass quarks)
beauty (b) antiquark, which has a charge of 11/3 and a mass of
,5 GeV/c2 (about five times the mass of a proton). The decay
B1R m1n, represented in Fig. 1b, is allowed but highly suppressed
because of angular momentum considerations (helicity suppression)
and because it involves transitions between quarks of different genera-
tions (CKM suppression), specifically the third and first generations of
quarks. All b hadrons, including the B1, B0

s and B0 mesons, decay
predominantly via the transition of the b antiquark to a ‘second gen-
eration’ (intermediate mass quarks) charm (c) antiquark, which is less
CKM suppressed, into final states with charmed hadrons. Many
allowed decay modes, which typically involve charmed hadrons and
other particles, have angular momentum configurations that are not
helicity suppressed.

The neutral B0
s meson is similar to the B1 except that the u quark is

replaced by a second generation strange (s) quark of charge 21/3. The
decay of the B0

s meson to two muons, shown in Fig. 1c, is forbidden at
the elementary level because the Z0 cannot couple directly to quarks of
different flavours, that is, there are no direct ‘flavour changing neutral
currents’. However, it is possible to respect this rule and still have this
decay occur through ‘higher order’ transitions such as those shown in
Fig. 1d and e. These are highly suppressed because each additional
interaction vertex reduces their probability of occurring significantly.
They are also helicity and CKM suppressed. Consequently, the
branching fraction for the B0

s?mzm{ decay is expected to be very
small compared to the dominant b antiquark to c antiquark transitions.
The corresponding decay of the B0 meson, where a d quark replaces the
s quark, is even more CKM suppressed because it requires a jump
across two quark generations rather than just one.

The branching fractions, B, of these two decays, accounting for
higher-order electromagnetic and strong interaction effects, and using
lattice quantum chromodynamics to compute the B0

s and B0 meson
decay constants5–7, are reliably calculated1 in the SM. Their values are
B(B0

s?mzm{)SM~(3:66+0:23)|10{9 and B(B0?mzm{)SM~
(1:06+0:09)|10{10.

Many theories that seek to go beyond the standard model (BSM)
include new phenomena and particles8,9, such as in the diagrams
shown in Fig. 1f and g, that can considerably modify the SM branching
fractions. In particular, theories with additional Higgs bosons10,11 pre-
dict possible enhancements to the branching fractions. A significant
deviation of either of the two branching fraction measurements from
the SM predictions would give insight on how the SM should be
extended. Alternatively, a measurement compatible with the SM could
provide strong constraints on BSM theories.

*Lists of participants and their affiliations appear in the online version of the paper.
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Compatible with Standard-Model 
prediction, but experimental & theoretical 

errors will continue to improve... 
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Standard-Model prediction for Bs→μ+μ- 

Current uncertainty in Standard-Model 
prediction ~5% using 2011 lattice-QCD 
calculation of fBs from HPQCD
[McNiele et al., PRD85 (2012) 031503 ]

Error in fBs will continue to improve with analysis of 
data at even finer lattice spacings ➜ limited by 
error on |Vtb*Vts| for foreseeable future
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BR(Bs→μ+μ-) using FBs

[Buras et al., JHEP 1307 (2013) 77]
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Standard-Model rate proportional to pseudoscalar decay constant fBs
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BR(Bs→μ+μ-) using BBs

[Buras et al., JHEP 1307 (2013) 77]

Δms
0.3%Mt

0.8%

τBs
0.7%

BBs
4.5%

Alternatively, can express Standard-Model rate 
in terms of oscillation frequency Δms and 
hadronic matrix element BBs

Obtain similar precision for uncertainty in 
Standard-Model prediction using 2009 
lattice-QCD calculation of BBs from HPQCD 
[Gamiz et al., PRD80 (2009) 014503]

Uncertainty in Standard-Model theory prediction via 
this approach will shrink with anticipated improvements 
in Bs-mixing matrix elements
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Controlling lattice-QCD systematics

Statistical errors dictated by number of 
gauge-field configurations (sample size)

To control systematic errors, generate 
sets of gauge-field ensembles with 
different parameters, e.g.: 
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Latest generation supercomputers enabling 
simulations with physical u,d-quark masses,

& number of results obtained at physical point
is growing rapidly!
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[Buras, Acta Phys.Polon.B41:2487-2561,2010]

LHT RSc 4G 2HDM RHMFV
D0 � D̄0 (CPV) FFF FFF FF FF
✏K FF FFF FF FF FF
S � FFF FFF FFF FFF FFF
S�KS F F FF
ACP (B ! Xs�) F F
A7,8(K⇤µ+µ�) FF F FF
Bs ! µ+µ� F F FFF FFF FF
K+ ! ⇡+⌫⌫̄ FFF FFF FFF FF
KL ! ⇡0⌫⌫̄ FFF FFF FFF FF
µ! e� FFF FFF FFF
⌧ ! µ� FFF FFF FFF
µ + N ! e + N FFF FFF FFF
dn F FFF F FFF
de F FFF F FFF
(g � 2)µ F FF F

FFF = sizeable NP e�ects
FF = moderate to small NP e�ects
F = no visable NP e�ects

New-physics complementarity

55

Different processes & 
observables sensitive to 
different new-physics 
scenarios

❖ Pattern of 
measurements can 
distinguish between 
models & constrain 
model parameters

We do not know where 
the new physics lies ➜
cast a wide net!

Quark
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