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String(Gravity)/Gauge theory duality

I Contemporary understanding of dualities originates
from String theory

I The main example of these phenomena is AdS/CFT,
or more generally holographic correspondence
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Closed strings

I The action: the most general sigma model string
action preserving the symmetries of the theory and
renormalizability is

S = SG + SB + SΦ

where
I G-coupling

SG = − 1

4πα′

∫
d2σ
√
g gαβ∂αX

µ∂βX
νGµν(Xµ)

I B-coupling

SB = − 1

4πα′

∫
d2σ εαβ∂αX

µ∂βX
νBµν(Xµ)

I Φ-coupling

SΦ = − 1

4π

∫
d2σ
√
gΦ(Xµ)R(2).
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Low-energy limit of string theory
Requirements: the fluctuations have to respect string
theory invariances:

I 2d reparametrization invariance

I target space Lorentz invariance
I Weyl invariance
• The energy-momentum tensor is:

Tαβ = ∂αX
µ∂βXµ −

1

2
ηαβ∂

ρXσ∂ρXσ = 0.

• The conservation conditions

∂αTαβ = 0, , Tαα = 0.

Define Θ(z) = T 00 + T 01 and Θ̄(z̄) = T 00 − T 01. The
algebra closed by Θ(z) is the so-called Virasoro algebra

[Ln, Lm] = (n−m)Ln+m+
c

12
n(n2−1)δn+m,0, Θ(z) =

∑
n

Ln
zn+2

.
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• Requiring above symmetries of the σ-model string
action, one ends up with the conditions ensuring the
vanishing of the corresponding β-functions:

βGµν : Rµν −
1

4
HµσλH

σλ
ν + 3Dµ∂νΦ = 0,

βBµν : −1

2
DσHσµν +HσµνD

σΦ = 0,

βΦ :
1

6
[d− 10]− α′

2

[
D2Φ− 2(∇Φ)2 − 1

12
H2

]
= 0.

The effective 10d action from closed strings

S =
1

2κ

∫
d10X

√
|G|e−2Φ

(
R+ 4(∂Φ)2 − 1

12
H2

)
√

should be understood as a universal one, i.e. any
superstring background must satisfy the above equations√

the equations of motion following from this action
coincide with the conditions ensuring vanishing of the
β-functions.
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Open strings

I adding open string sector
In the case of boundaries of the world sheet one can
write the action as

S =
1

1πα′

(∫
Σ
d2σ

1

2
(∂αXµ∂

αXµ

+εαβBµν∂αX
µ∂βX

ν) +

∫
∂Σ
dσ1Aµ∂1X

µ

)

I boundary conditions:

(NN) : ∂σX|σ=0,π = 0 =⇒

X(τ, σ) = q + 2α′pτ + i
√

2α′
∑
n6=0

1

n
cosnσe−inτ
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(DD) : X|σ=0 = qi, X|σ=π = qf =⇒

X(τ, σ) = qi +
1

π
(qf − qi) +

∑
n6=0

1

n
cosnσe−inτ

(ND) : ∂σX|σ=0 = 0, X|σ=π = qf =⇒

X(τ, σ) = qf + i
√

2α′
∑

n∈Z+1/2

1

n
cosnσe−inτ

I expanding the above action we get model dependent
terms

SIIopen = − 1

2κ2

∫
d10x

∑
p

1

2(p+ 2)!
F 2
p+2,

where Fp+2 is the field strength of a p+ 1 form gauge
field. The couplings Aµ get promoted to gauge fields
on the subspace where string endpoints live.
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Brane degrees of freedom

I Dirichlet boundary conditions: determine a subspace
called D-brane

I Stack of N parallel D branes

,

ji

.

.

. . .
.

. .

. .

D−brane D−brane

A
ij

Xµ
Iij

Figure: The degrees of freedom N parallel D-branes.
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Effective open string action sources

To complete this discussion we list the various sources
that arise in string theory in Table 1.

type form electric source magnetic source
IIA F[2] D0 D6
IIA F[4] D2 D4
IIB F[1] D(-1) D7
IIB F[3] D1 D5
IIB F[5] D3 D3

Table: Field strengths and sources in type II strings

The main conclusion one can draw is that the
(p+ 1)-dimensional world-volume serves as source of
(p+ 2)-form field F[p+2].
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Gauge theories on Dp brane

SDp = SDBI + SWZ ,

SDBI = −Tp
∫
Dp

dp+1ξ STr
√
−det (Pab[Gµν +Bµν ] + 2πα′Fab) ,

SWZ = Tp

∫
Dp

∑
i

STrP[C(i)] ∧ eP[B]+2πα′F ,

where Tp is the brane tension.

Tp =
1

gS (2π)pα′(p+1)/2
.

The pull-back of the background metric Gµν and
Kalb-Ramond-field Bµν is denoted by P. STr is the
symmetrized trace.
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One can expand the brane action and obtain the leading
contribution

S = Tp

∫
dp+1ξ

√
ge−φ(2πα′)2 1

2
tr
(
FαβF

αβ
)

+ Tp

∫ ∑
r

C(r) ∧ tre2πα′F + · · · , (1)

where we have not written terms involving fermions and
scalars. This action is the sum of

I a Yang-Mills term,
I a Wess-Zumino term,
I an infinite number of corrections at higher orders in
α′ indicated by · · · in (1)
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transform under adjoint representation of the gauge
group. The large number of these branes gives the
background geometry.

I The string endpoints ending on different Dp −Dp′

branes transform in the fundamental. This is the way
we introduce flavors in the theory.
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The solution for the D3 branes can be obtained under
simple assumptions of Lorentz invariance, rotational
symmetry in the transverse space and supersymmetry. It
arises from solving the combined system

S =
1

2κ2

∫
M

d10L(10) +

∫
Σ

d4zLD3 + Sint. (2)

The explicit form of the D3-brane solution is

D3-brane =


ds2 = H−

1
2dx2

(4) +H
1
2

(
dy2 + y2dΩ2

(5)

)
,

H(y) = 1 +
(
R
y

)4
,

F(5) = d4x ∧ dH−1 + ?d4x ∧ dH−1,

eΦ = gs, R4 = 4πgsNc(α
′)2.

We note that all the elementary brane solutions for small
y have the warp factor which on the near horizon limit
determines the geometry of the background.
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I Explicit form of the correspondence:

ZQFT = 〈exp[
∫
φ0O]〉QFT = ZGrav[φ → φ0].

where

ZGrav[φ → φ0] =
∑

φ|∂AdS=φ0

eSGrav [φ]

I After (holographic) renormalization

logZQFT = ZrenGrav[φ → φ0].

I Defining ϕ = x∆−d
0 φ one can state the

correspondence

〈O(x1) · · · O(xn)〉 =
δnSrenGrav[φ]

δϕ(x1) · · · δϕ(xn) |ϕ=0

.
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I There are various studied case where the
correspondence (sometimes approximately) hold.
Such a theory: Strings in Pilch-Warner background.

I There are cases where the SUSY is broken down to
N = 1 and those theories are much closer to
Quantum ChromoDynamics (QCD).

I There are cases where holography is established for
lower dimensions - AdS4/CFT3, AdS3/CFT2.

•We will be interested mainly in AdS4/CFT3, or
so-called ABJM theory. The ABJM model represents the
IR limit of the theory of N coincident M2-branes moving in
R2,1 × C4/Zk background. It is a N = 6 supersymmetric
U(N)k × U(N)−k CS gauge theory, with bi-fundamental
scalars, fermions in the fundamental of the SU(4)R.
• Consistent Abelization ansätz in bottom-up approach to
ABJM⇒ Abelian vortices and Toda system1.

1JHEP 1211 (2012) 073 A. Mohammed, J. Murugan and
H. Nastase
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Non-abelian vortices

The Field content:
I Gauge fields Aµ, µ = 0, 1, . . . , d− 1
I Two Higgs fields: N ×N matrices H1, H2

I Adjoint scalars coming from dimensional reduction
φr, r = 1, . . . , 6− d.

The Lagrangian density. We give below the lagrangian
in 6d. The other cases can be obtained by trivial
dimensional reduction2.

L6d = tr

[
− 1

2g2
FµνF

µν +DµH i(DµH
i)†
]
− V, (3)

where (we include the covariant derivative for eventual
scalars φr coming from the dimensional reduction)

Dµφ
r = ∂µφ

r + i[Aµ, φ
r], DµH = (∂µ + iAµ)H,

Fµν = −i[Dµ, Dν ]. (4)

2The gauge field Aµ, µ = 0, 1, 2 depends only on 3d coordinates.
The other components of the connection become scalars φr

depending also on 3d coordinates.
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The potential V is given by

V =
g2

4
tr
[(
H1H1† −H2H2† − c1

)2
+ 4H2H1†H1H2†

]
.

(5)
• Dimensional reduction⇒ additional terms:

1

2g2
[φr, φs]2 + (H2H2† +H1H1†)φrφr. (6)

The triplet of Fayet-Iliopoulos parameters is chosen to the
third direction: (0, 0, c).
• The SUSY requires vanishing of the vacuum energy.
This means that the following equations must be satisfied

H1H1† −H2H2† = c1 (7)

H2H1† = 0. (8)

The additional terms coming from the dimensional
reduction force φr = 0, r = 1, 2, 3.
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Symmetries:
I Gauge symmetry: U(NC)
I Flavor symmetry: SU(NF ).

The Higgs fields: H1 transforms as (N, N̄) while H2

transforms as (N̄,N). The explicit matrix structure of
these field is as follows:

H1 ≡ H1a
i , H

2 ≡ H2i
a, a = 1, . . . , NC , , i = 1, . . . , NF

where a are U(NC) index and i is SU(NF ) index.
In either dimension, the vacuum is the so-called
color-flavor locking phase, i.e. the ground state develop a
gap. This phase is characterized by

H1 =
√
c1N , & H2 = 0. (9)

In this phase the symmetry is broken

U(NC)× SU(NF )
c>0−→ SU(N)(C+F ). (10)

The symmetry is further broken by the presence of vortex:

SU(N)(C+F )
vortex−→ U(1)N .
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Vortex equations. To obtain the vortex equations we use
the Bogomol’nyi completion trick. Namely, we write that
energy (hamiltonian density) as complete square

E = tr

[
1

g2

(
B3 +

g2

2
(c1N −HH†)

)2
+ (D1H + iD2H)·

·(D1H + iD2H)†
]

+ tr
[
−cB3 + 2i∂[1HD2 ]H

†
]
, (11)

where we set H1 = H, F12 = B3 is the third component of
the magnetic field. All others are vanishing in order to
satisfy the vacuum conditions.
We conclude that the Bogomol’nyi bound is saturated iff

D1H + iD2H = 0, (12)

F12 =
g2

2
(HH† − c1N ). (13)
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Tension: The tension of the vortex string measures the
winding number k of the U(1) part of the broken U(NC)
gauge symmetry

T = −c
∫
dxtrF12 = 2πck, k ∈ Z≥0. (14)

D4

∆x6

N

NS5

NS5′

D2

∆x9

k
D4

Mx345

x6

x9

the gauge coupling g: g = ∆x6ls
2gs

; FI parameter: (c =)v2 = ∆x9

(2π)3gsl3s

Figure: The brane construction of non-abelian vortices and the
corresponding parameters (Hanany-Tong, Tong).
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The moduli space for k = 1 vortices is:
MN,k=1 = C× CPN−1, and for l copies of them looks like

z1

~χ1

z2

~χ2
~χl

zl

CPN−1

CPN−1
CPN−1

CP

Figure: The moduli space of k = 1 vortex.

In the case of arbitrary k the moduli space is more
complicated. For instance in the case of NC = NF

MN,k =
{H0(z) |H0(z) ∈MN , deg(det(H0)) = k}
{V (z) | Ṽ (z) ∈MN , detṼ (z) = 1}

, (15)

where MN = N ×N are matrices of polynomials of z:
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• One can start with the moduli space of instantons which
can be described by the following quotient

Mk,N = {(B, I) | [B,B†] + II† = ζ1}/U(k)

= {(BC, IC)}/GL(k;C), (16)

where we have defined the k ×N matrix
(I = (Ik1 , Ik2 , . . . , IkN )) (each Iki is a k-column).
•Where and how (BC, IC) act ⇒
BC ∈ Hom(V, V ); BC : V −→ V (dimCV = k); (17)
IC ∈ Hom(W,V ); IC : W −→ V (dimCW = N). (18)

w v

I

J B2

B1
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The ADHM construction uses the following data:
I complex vector spaces V and W of dim k and N,
I k × k complex matrices B1, B2, a k ×N complex

matrix I and a N × k complex matrix J ,
I a real moment map
µr = [B1, B

†
1] + [B2, B

†
2] + II† − J†J ,

I a complex moment map µc = [B1, B2] + IJ .

I Given B1, B2, I, J such that µr = µc = ζ1, an
anti-self-dual instanton in a SU(N) gauge theory
with instanton number k can be constructed,

I All anti-self-dual instantons can be obtained in this
way and are in one-to-one correspondence with
solutions up to a U(k) rotation which acts on each Bi
in the adjoint representation and on I and J via the
fundamental and antifundamental representations

I The metric on the moduli space of instantons is that
inherited from the flat metric on Bi, I and J .
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Noncommutative instantons: (N. Nekrasov,
A. Schwarz, 98’) In a noncommutative gauge theory, the
ADHM construction - the procedure is identical to thye
commutative case, moment map ~µ is set equal to the
self-dual projection of the noncommutativity matrix of the
spacetime times identity matrix.

Vortices: Setting B2 and J to zero, one obtains the
classical moduli space of nonabelian vortices in a
supersymmetric gauge theory with an equal number of
colors and flavors. The Fayet-Iliopoulos term, which
determines a squark condensate, plays the role of the
noncommutativity parameter in the real moment map.
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• Abelian case:
The setup:

I φ is a complex smooth scalar field on R2 (≡ H1

above).
I Ai, i = 1, 2 is a smooth real vector field.

We assume that the above two fields satisfy

D±φ := (∂1 ± i∂2)φ− i(A1 ± iA2)φ = 0.

For ω ∈ R2 smooth and real, we have the invariance

φ → eωφ; Ai → Ai + ∂iω,

I We assume that A is specified according to the
Coulomb gauge, i.e. it is divergence-free

∂1A1 + ∂2A2 = 0. (19)

I We choose a real function, ξ, satisfying

∇ξ = ±(−A2, A1), (20)

ψ := e−ξφ ⇒ (∂1 ± i∂2)ψ = 0. (21)
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Moduli matrix approach.
To solve votex eqs ⇒ ansatz:

H = S−1(z, z̄)H0(z), (22)

S−1(z, z̄) ∈ GL(Nc,C); H0(z) is an arbitrary (so far)
holomorphic matrix.

• Vortex eqs give:

A1 + iA2 = −2iS−1(z, z̄)∂z̄S(z, z̄). (23)

The matrix H0(z, z̄) is called moduli matrix.
It is convenient to introduce a matrix Ω(z, z̄) as

Ω(z, z̄) := S(z, z̄)S†(z, z̄). (24)

In terms of Ω(z, z̄) (13) takes the form

∂z(Ω
−1∂z̄Ω) =

g2

2
(c1Nc − Ω−1H0H

†
0). (25)
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In terms of Ω(z, z̄) the energy density (11) is

EBPS = 2c∂̄∂

(
1− 4

cg2
∂̄∂

)
log detΩ. (26)

The equation (25): asymptotically Ωz→∞ → 1
cH0H

†
0 . The

vorticity k:

T = 2πck = − c
2
i

∮
dz∂z log det(H0H

†
0) + c.c. (27)

which leads to boundary conditions for H0 on S′∞:

det(H0) ∼ zk, for z →∞. (28)

• The zeroes of H0: positions moduli:

P (z) = det(H0) =
k∏
i=1

(z − zi).

• Orientational moduli:

H0(zi)~χi = 0 ⇐⇒ H(z = zi, z̄ = z̄i)~χ = 0. (29)
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A different approach:

I Let {z1, . . . , zN} be the set of zeroes of φ (with
multiplicities). It is useful to explicitly separate zeroes

φ̂(z, z̄) := eξ(z,z̄)
N∏
j=1

(z − zj) ĥ(z), (30)

where ĥ(z) is non-vanishing (and ĥ−1 exists!)
Now we can change the gauge as

φ̂ −→ |ĥ|ĥ−1φ̂. (31)

Then one can define the field φ using ξ and ĥ as

φ(z) = |φ(z)|e
±i

N∑
j=1

ϕj
, |φ(z)| = eξ|ĥ(z)|

N∏
j=1

|z − zj |,

|ĥ| = |det ĥ(z)|, ϕj = Arg(z − zj).
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The equation (19) (D±φ = 0) becomes

∂2 log |φ|+ ∂1

N∑
j=1

ϕj = ±A1,

∂1 log |φ| − ∂2

N∑
j=1

ϕj = ∓A2. (32)

I The equations (32): smooth expressions for Ai in
terms of gauge invariant quantity |φ|!

I Having that ∇ξ = (−A2, A1), one easily finds that
log |h| is a harmonic.

I For the laplacian of log |φ| we find

−∆ log |φ|2 = −2∆ξ − 2∆ log |h|2 − 4π
N∑
j=1

δ(z − zj)

= ±F12 − 4π

N∑
j=1

δ(z − zj). (33)
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j=1

ϕj = ∓A2. (32)

I The equations (32): smooth expressions for Ai in
terms of gauge invariant quantity |φ|!

I Having that ∇ξ = (−A2, A1), one easily finds that
log |h| is a harmonic.

I For the laplacian of log |φ| we find

−∆ log |φ|2 = −2∆ξ − 2∆ log |h|2 − 4π
N∑
j=1

δ(z − zj)

= ±F12 − 4π

N∑
j=1

δ(z − zj). (33)
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• In the abelian case φ(z) defines the Higgs (matter)
sector. To make connection with Liouville theory let us
define

ρ := log |φ|2, & set of zeroes {z1, . . . , zN}. (34)

Then the field φ(z) takes the form familiar from Liouville
theory

φ(z) = e

1
2
ρ(z)±i

N∑
j=1

ϕj
. (35)

The equations (32) in terms of ρ are

A1 = ±

1

2
∂2ρ+ ∂1

N∑
j=1

ϕj

 (36)

A2 = ∓

1

2
∂1ρ− ∂2

N∑
j=1

ϕj

 . (37)
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I The equation for Higgs-Maxwell vortex in terms of ϕ
becomes that of Liouville field, namely

−∆ρ = 1− eρ − 4

N∑
j=1

δ(z − zj), (38)

in the gauge A0 = 0.

I If we consider Chern-Simons term with a Higgs field,
we get CS-Higgs self-dual vortex. In that case we
manipulate the quantities analogously and find

−∆ρ =
4

k2
eρ(v2 − eρ)− 4

N∑
j=1

δ(z − zj) (39)

A0 = ±1

k
(v2 − eρ). (40)

I Any solution for ρ(z) has the structure

ρ(z) =
N∑
j=1

log |z − zj |2 + smooth function (41)
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• Non-abelian case: Consider non-abelian Higgs-CS
theory defined with the combined lagrangians

L(A, φ) = kLCS + tr
[
Daφ(Daφ)†

]
− V

ACS =
εµνα

2
tr

(
Aµ∂νAα +

2

3
AµAνAα

)
(42)

V =
1

k2

∣∣∣[[φ, φ†], φ]− v2φ
∣∣∣2 .

Expanding explicitly on the generators of the gauge
group, φ = φaEa we find

V =
1

k2

∣∣∣φa(v2 − Cba|φb|2)
∣∣∣2 , DaD

aφ =
∂V

∂φ†

k

2
εµαβFαβ = −iJµ, Jµ = i

(
[Dµφ, φ†]− [φ, (Dµφ)†]

)
.
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The setup in the non-abelian case uses

A = Aαdx
α; Aα = −iAaαTa; φ = φaEa, (43)

where Ta:the generators of the gauge group, Ea: the
simple roots generators, Aaα ∈ R, φa ∈ C, a set of zeroes
of φ, {z1, . . . , zNa} where Na ∈ N. For the non-abelian
generalization:

φa := e

1
2
ρa±i

N∑
j=1

ϕaj
, a = 1, . . . , r; ϕaj = Arg(z − zaj ).

CbaA
b
1 = ±

1

2
∂2ρa + ∂1

N∑
j=1

ϕaj


CbaA

b
2 = ∓

1

2
∂1ρa − ∂2

N∑
j=1

ϕaj


CabA

b
0 = ±1

k

(
v2 − Cbaeρb

)
.
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In these notations the self-dual vortex equations become

−∆ρa =
4

k2

(
v2Cbae

ρb − CbaeρbCcbeρc
)
− 4π

N∑
j=1

δ(z − zaj ).

I Specializing to SU(n+ 1) we get Toda lattice system
coupled to SU(n+ 1) Cartan matrix Cab.

> > >

Conclusions:

I In this talk we report on the construction of
non-abelian vortices in ABJM theory.

I On string side we give the embedding of the brane
construction of non-abelian vortices in ABJM theory.

I We have explicitly shown the connection with Toda
integrable system.
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Some general comments

1. AdS/CFT correspondence:
In all regimes AdS/CFT provides an excellent
laboratory for studying wide variety of problems of
the fundamental Physics.

I Gauge theories at strong coupling: a) spectacular
developments in understanding large classes of
gauge theories (anomalous dimensions, correlation
functions); b) developing holographic meson
spectroscopy for large class theories; b) QFT at finite
temperature;

I AdS/QCD program: a) there is big progress in
studying important features in QCD, in particular
heavy ion phenomenology; b) applying this
philosophy to quantum chromodynamics has led to
the fruitful synthesis of lattice QCD and heavy ion
phenomenology with gauge/string duality via the
AdS/QCD program;

I AdS/Condense Matter theory - superfluidity;
transport coefficients; strongly correlated systems via
holography;
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2. Brane engineering (and AGT conjecture).

I Construction of large class N = 2 exactly solvable
theories. Understanding of quivers, computation of
important indices etc;

I Engineering of N = 2 QDC-like theories;
I Construction of theories with realistic Yukawa

couplings;
3. Higher spin theories:

I Understanding Higher spin theories and their
applications;

I · · · · · ·
4. Black holes · · · Cosmology · · ·
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I Engineering of N = 2 QDC-like theories;
I Construction of theories with realistic Yukawa

couplings;
3. Higher spin theories:

I Understanding Higher spin theories and their
applications;

I · · · · · ·

4. Black holes · · · Cosmology · · ·
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