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Goal	
  of	
  this	
  study	
  
•  Analyze	
  nonlinear	
  effects	
  in	
  the	
  MICE	
  Step	
  IV	
  laQce	
  
and	
  assess	
  impact	
  on	
  the	
  experimental	
  program	
  

2	
  



Mo;va;on	
  
•  The	
  ini;al	
  and	
  final	
  state	
  (6-­‐vector)	
  of	
  every	
  par;cle	
  will	
  be	
  measured	
  
– MICE	
  is	
  an	
  extraordinarily	
  unique	
  experiment!	
  

•  Provides	
  a	
  means	
  to	
  
–  test	
  our	
  understanding	
  of	
  ioniza;on	
  energy	
  loss	
  dE/ds	
  

•  infer	
  proper;es	
  that	
  are	
  not	
  well	
  known	
  
–  observe	
  muon	
  cooling	
  (Step	
  IV)	
  
–  observe	
  sustained	
  cooling	
  with	
  re-­‐accelera;on	
  (final	
  step)	
  
–  demonstrate	
  our	
  ability	
  to	
  predict	
  in	
  simula/on	
  the	
  performance	
  
of	
  the	
  key	
  elements	
  of	
  a	
  muon	
  cooling	
  channel	
  

•  Cooling	
  can	
  be	
  quan;fied	
  by	
  the	
  beam	
  eigen-­‐emi]ances	
  
–  Two	
  things	
  in	
  MICE	
  affect	
  eigen-­‐emi]ances:	
  (1)	
  laQce	
  
nonlineari;es,	
  (2)	
  beam-­‐material	
  interac;ons	
  

–  Hence	
  understanding	
  nonlineari;es	
  is	
  essen;al	
  to	
  disentangle	
  
these	
  effects	
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Approaches	
  used	
  in	
  this	
  ini;al	
  study	
  
•  1.	
  Brute-­‐force	
  numerical	
  integra;on	
  of	
  
Lorentz	
  force	
  equa;on	
  in	
  z;	
  convert	
  to	
  
canonical	
  momenta	
  for	
  diagnos;cs	
  
–  easiest	
  to	
  implement;	
  requires	
  just	
  B-­‐field	
  

•  2.	
  Brute-­‐force	
  numerical	
  integra;on	
  of	
  
Hamilton's	
  equa;ons	
  in	
  z	
  
–  requires	
  EM	
  poten;als	
  and	
  first	
  par;al	
  
deriva;ves	
  

•  3.	
  Transfer	
  map	
  approach	
  

These	
  should	
  
give	
  iden;cal	
  
results.	
  Doing	
  
both	
  is	
  just	
  a	
  
consistency	
  
check	
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Results	
  using	
  (1)	
  and	
  (3)	
  follow.	
  
(2)	
  was	
  used	
  just	
  as	
  a	
  check.	
  



Lorentz	
  force	
  w/	
  z	
  as	
  independent	
  variable	
  

•  Consider	
  quan;;es	
  (x,γβx,y,γβy,t, γ)	
  (z)	
  
•  Equa;ons	
  of	
  mo;on	
  are:	
  dx
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=
γβx

γβz
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2
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Solenoid	
  Channel	
  Magne;c	
  Field	
  

Bx=-­‐(B'/2)x+(B'''/16)r2x-­‐(B(5)/384)r4x+(B(7)/18432)r6x	
  
By=-­‐(B'/2)y+(B'''/16)r2y-­‐(B(5)/384)r4y+(B(7)/18432)r6y	
  
Bz=B-­‐(B''/4)r2+(B(4)/64)r4-­‐(B(6)/2304)r6-­‐...	
  
	
  
Br=-­‐(B'/2)r+(B'''/16)r3-­‐(B(5)/384)r4+(B(7)/18432)r6-­‐...	
  

Ax=-­‐(B/2)y	
  +	
  (B''/16)r2y-­‐(B(4)/384)r4y+(B(6)/18432)r6y-­‐...	
  
Ay=	
  (B/2)x	
  	
  -­‐	
  (B''/16)r2x+(B(4)/384)r4x-­‐(B(6)/18432)r6x-­‐...	
  
Az=0	
  

For	
  Lorentz	
  force	
  equa;on:	
  

For	
  diagnos;cs	
  (pcanonical=pmechanical+qA):	
  

6	
  



Current	
  Block	
  Solenoid	
  Model	
  

•  Superposi;on	
  of	
  12	
  solenoids	
  modeled	
  via	
  
	
  
B(z)=µ0	
  J	
  (r2-­‐r1)[f(z-­‐z1)-­‐f(z-­‐z2)]	
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f (z) = 1
2
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Coil	
  Parameters	
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equations of motion are,
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To use Hamilton’s equations with z as the independent
variable, we define a 6-vector (x, p

x

, y, p
y

, t, p
t

) (z), where
p
x

and p
y

are Cartesian canonical momenta and where
p
t

= �H , where H is the Hamiltonian with time as the
independent variable [3]. We then rewrite Hamilton’s equa-
tions using dimensionless quantities,
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ȳ = y/l, p̄

y

= p

y

/k

t̄ = !t, p̄
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where l denotes a scale length, k denotes a scale momen-
tum, and ! is a quantity that scales the time. Later on we
will set k = mc, l = 1 m, and ! = c/l, with the result
that these variables are identical to those used in the above
formulation of the Lorentz force equations (except for a
change of sign in the 6th variable).
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In the above, q̂ = q/k and u = !l/c. Also, A =

A(lx̄, lȳ, z, ¯t/!) and similary for  . For this study,  = 0.
Hamilton’s equations are,
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t̄

0 = @K/@p̄

t

, p̄

0
t

= �@K/@ t̄ (4)

Hence, this approach requires knowledge of the potentials
and their first derivatives with respect to x, y, and t. Since
this study involves a time-independent magnetic lattice,
derivatives with respect to time are zero.

In this study the magnetic lattice is modeled using ideal-
ized solenoids based on cylindrical current sheets (see, e.g.,
[4, 5]). The magnetic field and vector potential are deter-
mined from the on-axis field and its transverse derivatives:
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The on-axis magnetic field of a cylindrical current sheet or
inner and outer radii r1 and r2, respectively, located be-
tween longitudinal coordinates z1 and z2, can be expressed
as,

B(z) = µ0J(r2 � r1)) [f(z � z1)� f(z � z2)] , (7)

where the dimensionless field profile is given by,

f(z) =

"
1
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+

z
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log
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p

r22 + z2

r1 +
p

r21 + z2

#
(8)

and where J is the current density and µ0 is the vacuum
permeability. The MICE Step IV beamline is modeled as a
sum of 12 such solenoids.

The results that follow are based on the following coil
parameters for the 12 magnets that make up the MICE
Step IV lattice [6]:

z
center

(m) z
length

(m) r1(m) r2(m)

-3200.d-3 110.6d-3 258.0d-3 325.8d-3
-2450.d-3 1314.3d-3 258.0d-3 280.1d-3
-1700.d-3 110.6d-3 258.0d-3 318.9d-3
-1300.d-3 199.5d-3 258.0d-3 288.9d-3
-861.d-3 201.3d-3 258.0d-3 304.2d-3

-202.75d-3 213.3d-3 267.0d-3 361.8d-3
202.75d-3 213.3d-3 267.0d-3 361.8d-3
861.d-3 201.3d-3 258.0d-3 304.2d-3
1300.d-3 199.5d-3 258.0d-3 288.9d-3
1700.d-3 110.6d-3 258.0d-3 318.9d-3
2450.d-3 1314.3d-3 258.0d-3 280.1d-3
3200.d-3 110.6d-3 258.0d-3 325.8d-3

Table 1: MICE Step IV coil parameters.

The on-axis magnetic field is shown in Fig. 1. Note that
the magnetic field is uniform in the spectrometer solenoids
and has a value of 4 T.

For each simulation, the initial beam 2nd moment ma-
trix is determined using the analysis of Penn assuming the
beam is matched into the upstream spectrometer solenoid
[7]. The numerical distribution is then obtained from a 6D
uncorrelated Gaussian distribution via a Cholesky decom-
position of the initial 2nd moment matrix. Note that, for
this study, the initial energy spread and spread in time-of-
flight are chosen so small as to be effectively zero.

The simulations that follow were performed using ap-
proximately 1 million particles (specifically, we used 256



Current	
  density	
  for	
  3	
  momenta	
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140MeV/c 200MeV/c 240MeV/c
134.d6 134.d6 134.d6
147.d6 147.d6 147.d6
131.d6 131.d6 122.d6
104.d6 135.d6 148.d6
79.d6 113.d6 138.d6
71.d6 104.d6 120.d6
-71.d6 -104.d6 -120.d6
-75.d6 -112.d6 -129.d6
-106.d6 -140.d6 -154.d6
-131.d6 -131.d6 -122.d6
-147.d6 -131.d6 -147.d6
-134.d6 -134.d6 -134.d6

Table 2: MICE Step IV expected current densities for 3
values of beam momenta.
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Figure 1: On-axis magnetic field.

cores with 4000 particles/core). A single pass through the
beamline required less than a minute of execution time. We
used 5000 z-steps to integrate through the channel, which
is more than necessary but helps assure that there are no
numerical artifacts. We used 4th order Runge-Kutta for
integration of the Lorentz equations. We checked our re-
sults by integrating Hamilton’s equations using a symplec-
tic Gauss4 integrator [3].

Since the only relevant trajectories are those that enter
and exit the beamline, if there is particle loss in a simulation
then that simulation was repeated in order to calculate rms
quantities as a function of z using only those particles that
survived.

SIMULATION RESULTS
This section contains the key results, namely, the evo-

lution of the beam eigen-emittances for the various beam
configurations of different average momentum and input
emittance. Before presenting the results for all the cases,
we first show a typical output.

Fig. 2 shows the eigen-emittances and rms emittances
for the case with initial momentum 200 MeV/c and initial

rms emittance 6 mm. Analytically, the two initial eigen-
emittances should be identical, as should the initial rms
emittances. But sampling with only 1 million particles pro-
duces slight differences in x and y. Since the quantity of in-
terest is the overall emittance reduction (and not the slight
difference in x and y due to sampling), we will hence-
forth plot the square root of the 4D phase space volume,p
eigen1⇥ eigen2, where eigen1 and eigen2 are the two

eigen-emittances. Note that the 4D volume is the same
in canonical variables as in non-canonical variables, i.e.,
it is not affected by whether the momenta are mechanical
or canonical, as shown by Swann [8].

Fig. 3 shows the square root of the 4D volume, again
for the case with initial momentum 200 MeV/c and initial
rms emittance 6 mm. But this plot shows the results for
4 different initial seeds. While there are slight differences
in the initial values due to sampling, the shape of all the
curves is roughly the same, as is the overall growth which
is about 0.1%.
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Figure 2: Evolution of the eigen-emittances and rms-
emittances for the 6mm, 200 MeV/c case.
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Figure 3: Evolution of the square root of the 4D phase vol-
ume for the 6mm, 200 MeV/c case. The 4 curves corre-
spond to 4 different random number seeds.



Beam	
  ini;al	
  condi;ons	
  
(per	
  Chris	
  Rogers)	
  

[ 1055.52342e-6   ,        0.        ,        0.        ,  -632.87592112e-3/m ]"
[    0.        ,   760.21240555/m^2,     632.87592112e-3/m,        0.         ]"
[    0.        ,   632.87592112e-3/m,   1055.52342e-6   ,          0.         ]"
[ -632.87592112e-3/m,     0.        ,        0.        ,    760.21240555/m^2  ]"

where	
  m=105.6583715e6	
  eV/c,	
  and	
  the	
  unit	
  of	
  length	
  =	
  meters	
  

Ini;al	
  2nd	
  moment	
  matrix	
  was	
  obtained	
  based	
  on	
  Greg	
  Penn	
  analysis	
  for	
  a	
  matched	
  beam.	
  
Computed	
  at	
  140,	
  200,	
  240	
  MeV/c	
  	
  
Numerical	
  distribu;on	
  obtain	
  from	
  6D	
  uncorrelated	
  Gaussian	
  via	
  Cholesky	
  decompos;on.	
  
Energy	
  spread	
  and	
  spread	
  in	
  ;me-­‐of-­‐flight	
  were	
  effec;vely	
  zero.	
  
	
  
Example:	
  
Let	
  u=(x,	
  mγβx,y,mγβy).	
  
4x4	
  beam	
  ini;al	
  2nd	
  moment	
  matrix	
  for	
  6mm	
  transverse	
  rms	
  emi]ance,	
  200	
  MeV/c	
  
reference	
  momentum,	
  	
  in	
  a	
  4	
  T	
  solenoid,	
  is	
  given	
  by:	
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Hamilton's	
  equa;ons	
  w/	
  z	
  as	
  independent	
  variable	
  
(in	
  dimensionless	
  units)	
  

•  Consider	
  canonical	
  quan;;es	
  (x,px,y,py,t,pt)	
  (z)	
  
•  Define	
  dimensionless	
  variables	
  
–  later	
  we'll	
  set	
  k=mc2,l=1m,	
  ω=c	
  

•  The	
  Hamiltonian	
  is:	
  

x = x / l
px = px / k

y = y / l
py = py / k

t =ωt
pt = pt / (ωlk)

K(x, px, y, py, t , pt ) =
−1
l

ωl
c
pt +

q
kc
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−
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A = A(lx, ly, z, t /ω)

For	
  this	
  study,	
  ψ=0	
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  consistency	
  check	
  in	
  this	
  study.	
  



To	
  integra;on	
  Hamilton's	
  equa;on,	
  need	
  the	
  
electromagne;c	
  poten;als	
  and	
  some	
  deriva;ves	
  

Ax=-­‐(B/2)y	
  +	
  (B''/16)r2y-­‐(B(4)/384)r4y+(B(6)/18432)r6y-­‐...	
  
Ay=	
  (B/2)x	
  	
  -­‐	
  (B''/16)r2x+(B(4)/384)r4x-­‐(B(6)/18432)r6x-­‐...	
  
Az=0	
  

Bx=-­‐(B'/2)x+(B'''/16)r2x-­‐(B(5)/384)r4x+(B(7)/18432)r6x	
  
By=-­‐(B'/2)y+(B'''/16)r2y-­‐(B(5)/384)r4y+(B(7)/18432)r6y	
  
Bz=B-­‐(B''/4)r2+(B(4)/64)r4-­‐(B(6)/2304)r6-­‐...	
  

	
  
Br=-­‐(B'/2)r+(B'''/16)r3-­‐(B(5)/384)r4+(B(7)/18432)r6-­‐...	
  

∂Ax/	
  x=-­‐	
  	
  Ay/	
  y=(B''/8)xy-­‐(B(4)/96)r2xy+(B(6)/3072)r4xy-­‐...	
  ∂ ∂∂

Ax/	
  y=-­‐(B/2)+(r2/16+y2/8)B''-­‐(r2/384+y2/96)r2B(4)+(r2/18432+y2/3072)r4B(6)	
  ∂∂
Ay/	
  x=	
  	
  (B/2)-­‐(r2/16+x2/8)B''+(r2/384+x2/96)r2B(4)-­‐(r2/18432+x2/3072)r4B(6)	
  ∂ ∂
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Simula;on	
  parameters	
  

•  ~1M	
  par;cles	
  (256	
  cores	
  x	
  4K	
  par;cles/core)	
  
•  5000	
  z-­‐steps	
  (overkill)	
  
– Lorentz	
  w/	
  RK4	
  
– Hamilton	
  w/	
  Gauss4	
  

•  Simula;on	
  ;me:	
  <	
  1	
  minute	
  per	
  run	
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On-­‐axis	
  B-­‐field	
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Eigen-­‐emi]ance	
  growth	
  for	
  the	
  case	
  
εx,n=εy,n=6mm,	
  p=200	
  MeV/c	
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Choice	
  of	
  diagnos;c	
  quan;ty	
  
•  In	
  the	
  preceding	
  plot,	
  the	
  horizontal	
  and	
  ver;cal	
  
should	
  be	
  iden;cal	
  but	
  are	
  not	
  due	
  to	
  sampling	
  
w/	
  only	
  ~	
  1M	
  par;cles	
  

•  Quan;ty	
  of	
  interest	
  is	
  overall	
  emi]ance	
  growth,	
  
not	
  slight	
  discrepancies	
  in	
  x	
  and	
  y	
  due	
  to	
  sampling	
  

•  Instead	
  will	
  plot	
  sqrt(eigen1*eigen2)	
  
– same	
  in	
  canonical	
  and	
  noncanonical	
  variables	
  

•  From	
  here	
  on,	
  "emi]ance"	
  refers	
  to	
  
sqrt(eigen1*eigen2)	
  unless	
  noted	
  otherwise	
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Par;cle	
  Loss:	
  
If	
  there	
  is	
  any	
  par;cle	
  loss,	
  the	
  simula;on	
  is	
  run	
  twice	
  

2nd	
  run	
  computes	
  diagnos;cs	
  using	
  just	
  surviving	
  par;cles	
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Sampling:	
  
The	
  emi]ance	
  evolu;on	
  is	
  roughly	
  the	
  same	
  for	
  different	
  
random	
  #	
  seeds	
  but	
  shited	
  due	
  to	
  different	
  ini;al	
  value	
  

18	
  

5.990e-03
5.992e-03

5.994e-03
5.996e-03

5.998e-03
6.000e-03

6.002e-03
6.004e-03

6.006e-03
6.008e-03

-2 -1  0  1  2

sq
rt[

4D
 v

ol
um

e]
 (m

)

z(m)

Emi]ance	
  evolu;on	
  for	
  3	
  different	
  random	
  #	
  seeds	
  (6mm,	
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Varia;on	
  with	
  integra;on	
  step	
  size:	
  
Good	
  convergence	
  when	
  beamline	
  is	
  simula;on	
  w/	
  200	
  steps;	
  

This	
  study	
  used	
  5000	
  steps,	
  which	
  is	
  more	
  than	
  sufficient	
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  Emi]ance	
  evolu;on	
  for	
  different	
  step	
  sizes	
  (6mm,	
  200	
  MeV/c)	
  

5.991e-03
5.992e-03
5.993e-03
5.994e-03
5.995e-03
5.996e-03
5.997e-03
5.998e-03
5.999e-03
6.000e-03
6.001e-03
6.002e-03

-2 -1  0  1  2

sq
rt[

4D
 v

ol
um

e]

z(m)

5000 steps
500 steps
200 steps
150 steps
125 steps
100 steps



Simula;on	
  Results	
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Emi]ance	
  Growth	
  for	
  3mm	
  case	
  
is	
  negligible	
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Emi]ance	
  Growth	
  for	
  6mm	
  case:	
  
~0.1%	
  for	
  240,200	
  MeV/c;	
  ~0.4%	
  for	
  140	
  MeV/c	
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Emi]ance	
  Growth	
  for	
  10mm	
  case	
  
~0.3%	
  for	
  240	
  MeV/c;	
  ~0.6%	
  for	
  200	
  MeV/c;	
  ~1%	
  for	
  140	
  MeV/c	
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RMS	
  size	
  for	
  6mm,	
  200	
  MeV/c	
  case	
  
shown	
  along	
  with	
  sqrt[4D	
  volume]	
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Ini;al	
  increase	
  in	
  4D	
  volume	
  is	
  strongly	
  correlated	
  with	
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  increase	
  in	
  x_rms	
  



Importance	
  of	
  Nonlineari;es	
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200	
  MeV/c;	
  ε=3mm,	
  6mm,	
  10mm	
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•  1-­‐term	
  result	
  is	
  clearly	
  wrong	
  
•  2-­‐term	
  result	
  is	
  adequate	
  
•  3-­‐	
  and	
  4-­‐term	
  results	
  converging	
  

–  "3-­‐term"	
  means	
  keep	
  through	
  B(4)	
  in	
  Bz	
  ,	
  in	
  other	
  
words,	
  5th	
  order	
  code	
  in	
  Hamiltonian	
  formalism	
  

Bx=-­‐(B'/2)x	
  +	
  (B'''/16)r2x	
  -­‐	
  (B(5)/384)r4x	
  +	
  (B(7)/18432)r6x	
  
By=-­‐(B'/2)y	
  +	
  (B'''/16)r2y	
  -­‐	
  (B(5)/384)r4y	
  +	
  (B(7)/18432)r6y	
  
Bz=	
  	
  	
  B	
  	
  	
  	
  	
  -­‐	
  	
  	
  	
  	
  	
  	
  	
  	
  (B''/4)r2	
  	
  	
  	
  	
  +	
  	
  	
  (B(4)/64)r4	
  	
  	
  	
  -­‐	
  	
  	
  (B(6)/2304)r6-­‐...	
  

3	
  term	
  

3mm	
  

6mm	
  

10mm	
  



Comparison	
  w/	
  Map-­‐based	
  Code	
  

•  Preceding	
  used	
  high	
  accuracy	
  integra;on	
  of	
  
exact	
  equa;ons	
  of	
  mo;on	
  w/	
  approximate	
  B	
  field	
  
(expanded	
  as	
  a	
  Taylor	
  series	
  in	
  r)	
  

•  Map-­‐based	
  code	
  expands	
  w.r.t.	
  reference	
  par;cle	
  
– approximate	
  B	
  and	
  approximate	
  equa;ons	
  of	
  mo;on	
  

•  The	
  following	
  uses	
  modified	
  version	
  of	
  MaryLie/IMPACT,	
  
which	
  contains	
  MaryLie	
  5th	
  order	
  rou;nes	
  
–  includes	
  "genmap"	
  rou;nes	
  for	
  sot-­‐edge	
  magnets	
  
–  the	
  beamline	
  was	
  "sliced"	
  and	
  5th	
  order	
  maps	
  were	
  
generated	
  for	
  each	
  slice	
  and	
  applied	
  to	
  par;cles	
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Map-­‐based	
  tracking	
  results:	
  
200	
  MeV/c;	
  ε=3mm,	
  6mm	
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Symplec;c	
  
tracking	
  

Taylor	
  map	
  
tracking	
  

3mm	
  

3mm	
  

6mm	
  

6mm	
  

In	
  this	
  case	
  symplec;c	
  tracking	
  gives	
  a	
  more	
  accurate	
  predic;on	
  of	
  emi]ance	
  growth	
  
than	
  Taylor	
  map	
  tracking.	
  But	
  it	
  is	
  probably	
  academic	
  because	
  the	
  difference	
  is	
  small.	
  

0.1%	
  discrepancy	
  



Impact	
  of	
  Measurement	
  Uncertainty	
  
•  Tracker	
  uncertain;es	
  in	
  measured	
  (x,px,y,py)	
  are	
  
correlated	
  w/	
  each	
  other	
  and	
  w/	
  true	
  values	
  

•  Here	
  we	
  use	
  a	
  simplified	
  model:	
  
– σx=σy=400µm,	
  σpx=2.36	
  MeV/c/m0,	
  σpy=1.8	
  MeV/c/m0	
  	
  	
  

•  Other	
  effects	
  not	
  included	
  in	
  this	
  study:	
  
– par;cle	
  misiden;fica;on	
  
– windows	
  
– magnet	
  misaligments	
  

•  In	
  the	
  following,	
  we	
  modified	
  the	
  simula;on	
  
diagnos;c	
  to	
  add	
  random	
  normal	
  deviates	
  at	
  end	
  
of	
  each	
  z-­‐step	
  based	
  on	
  the	
  above	
  variances	
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3mm,	
  200	
  MeV/c:	
  
(x,y)	
  measurement	
  errors	
  vs.	
  (px,py)	
  measurement	
  errors	
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With	
  (x,y)	
  errors	
  the	
  emi]ance	
  is	
  slightly	
  larger	
  than	
  ideal	
  case	
  
With	
  (px,py)	
  errors	
  the	
  true	
  signal	
  is	
  not	
  visible	
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6mm,	
  200	
  MeV/c:	
  
(x,y)	
  measurement	
  errors	
  vs.	
  (px,py)	
  measurement	
  errors	
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With	
  (x,y)	
  errors	
  the	
  emi]ance	
  is	
  very	
  slightly	
  larger	
  than	
  ideal	
  case	
  
With	
  (px,py)	
  errors	
  the	
  true	
  signal	
  is	
  not	
  visible	
  



10mm,	
  200	
  MeV/c:	
  
(x,y)	
  measurement	
  errors	
  vs.	
  (px,py)	
  measurement	
  errors	
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With	
  (x,y)	
  errors	
  the	
  emi]ance	
  is	
  just	
  noisy	
  compared	
  with	
  ideal	
  case	
  
With	
  (px,py)	
  errors	
  the	
  emi]ance	
  is	
  slightly	
  larger	
  than	
  ideal	
  case	
  



Measurement	
  uncertainty	
  
•  For	
  these	
  parameters,	
  errors	
  in	
  momentum	
  measurement	
  

are	
  more	
  important	
  than	
  errors	
  in	
  posi;on	
  measurement	
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Figure 17: 6mm, 200 MeV/c, comparing the ideal simula-
tion and the same simulation including x- and y- uncertain-
ties in the simulation diagnostic.
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Figure 18: 6mm, 200 MeV/c, comparing the ideal simula-
tion and the same simulation including px- and py- uncer-
tainties in the simulation diagnostic.

basis of the following estimate. Consider that the 2D emit-
tance, in the absence of correlations, is given by

✏2D =

q
�2
x

�2
px

(14)

Now consider a simple model in which the measured vari-
ance, �2

x,m

is related to the true variance, �2
x,t

, and re-
lated to the variance associated with the measurement un-
certainty, �2

x,u

by

�2
x,m

= �2
x,t

+ �2
x,u

(15)

and similarly for �2
px,m

. Then the measured 2D emitance
satisifies,
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Figure 19: 10mm, 200 MeV/c, comparing the ideal simu-
lation and the same simulation including x- and y- uncer-
tainties in the simulation diagnostic.
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Figure 20: 10mm, 200 MeV/c, comparing the ideal simula-
tion and the same simulation including px- and py- uncer-
tainties in the simulation diagnostic.

where we have dropped the small term proportional to
�2
x,u

�2
px,u

. Applying the binomial expansion,

✏2D,m

= ✏2D,t

⇤

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2
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2�2
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+
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2
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+ ...
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(17)

Multiplying the 2D horizontal emittance and 2D vertical
emittance, we have approximately (ignoring differences in
the horizontal and vertical quantities), we find that the mea-
sured 4D emittance is related to the true 4D emittance by,

✏4D,m

= ✏4D,t

⇤

1 +

�

2
x,u

�

2
x,t

+
�

2
px,u
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2
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Now consider, for example, the 6mm - 200 MeV/c case.
The measurement uncertainties and beam initial conditions
are such that �2

x,u

/�2
x,t

⇠ 0.1% and �2
px,u

/�2
px,t

⇠ 1%.
Hence, it is not surprising that the previous plots show that
momentum measurement errors are much more important
than position measurement errors.

•  But	
  the	
  magnitude	
  of	
  the	
  measurement-­‐induced	
  errors	
  is	
  small	
  



A	
  Mismatched	
  Case	
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•  In	
  this	
  example,	
  emi]ance	
  growth	
  due	
  to	
  mismatch	
  is	
  2%,	
  and	
  the	
  
shit	
  due	
  to	
  measurement	
  uncertainty	
  is	
  an	
  addi;onal	
  1%	
  

6mm,	
  200	
  MeV/c	
  case:	
  
Mismatched	
  induced	
  by	
  mul;plying	
  m11	
  and	
  m33	
  by	
  1.5,	
  dividing	
  m22	
  
and	
  m44	
  by	
  1.5	
  



Conclusions	
  (no	
  absorber)	
  
•  Matched	
  input	
  beam	
  emi]ance	
  growth:	
  
– 3mm:	
  negligible	
  
– 6mm:	
  0.1	
  -­‐	
  0.4%	
  
– 10mm:	
  0.4	
  –	
  1.2%	
  

•  Effect	
  of	
  5th	
  order	
  nonlineari;es	
  is	
  visible	
  
–  results	
  are	
  reasonably	
  accurate	
  keeping	
  3rd	
  order	
  
but	
  this	
  is	
  an	
  idealized	
  simula;on	
  
•  suggest	
  keeping	
  5th	
  order	
  in	
  simula;ons	
  

•  Map-­‐based	
  predic;on	
  is	
  more	
  accurate	
  using	
  
symplec;c	
  tracking	
  than	
  Taylor	
  maps,	
  but	
  the	
  
magnitude	
  of	
  the	
  difference	
  is	
  small	
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Conclusions	
  (no	
  absorber)	
  cont.	
  
•  Based	
  on	
  this	
  model	
  of	
  measurement	
  uncertainty:	
  
– momentum	
  errors	
  more	
  important	
  than	
  posi;on	
  errors	
  

•  momentum	
  errors	
  swamp	
  the	
  signal	
  in	
  simula;on,	
  but	
  
probably	
  irrelevant	
  since	
  we	
  only	
  measure	
  ini;al	
  &	
  final	
  state	
  
•  magnitude	
  of	
  effect	
  is	
  small	
  compared	
  w/	
  expected	
  cooling	
  

–  10mm,	
  200MeV/c	
  case:	
  leads	
  to	
  0.3%	
  effect	
  

•  Beam	
  mismatch	
  is	
  a	
  concern	
  
–  In	
  the	
  example	
  here,	
  mismatch	
  caused	
  a	
  2%	
  emi]ance	
  
growth	
  
•  measurement	
  uncertainty	
  shited	
  the	
  emi]ance	
  by	
  an	
  
addi;onal	
  ~1%,	
  but	
  not	
  important	
  since	
  the	
  shit	
  is	
  to	
  both	
  
the	
  ini;al	
  and	
  final	
  state	
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Add	
  LiH	
  absorber	
  

•  Include	
  65mm	
  thick	
  LiH	
  absorber	
  in	
  the	
  simula;ons	
  
•  Beam-­‐material	
  interac;on	
  rou;nes	
  the	
  same	
  as	
  in	
  
ICOOL	
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Emi]ance	
  evolu;on	
  for	
  6mm,	
  200	
  MeV/c	
  case	
  with	
  LiH	
  absorber	
  :	
  
stochas;cs	
  (mul;ple	
  sca]ering	
  &	
  energy	
  straggling)	
  	
  vs.	
  no	
  stochas;cs	
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  All	
  results	
  that	
  follow	
  include	
  stochas;cs	
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Emi]ance	
  Evolu;on	
  for	
  3mm	
  cases	
  
with	
  LiH	
  absorber	
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Emi]ance	
  Evolu;on	
  for	
  6mm	
  cases	
  
with	
  LiH	
  absorber	
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Emi]ance	
  Evolu;on	
  for	
  10mm	
  cases	
  
with	
  LiH	
  absorber	
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Mismatched	
  Case	
  (mul;ply	
  m11,	
  m33	
  by	
  1.5;	
  divide	
  m22	
  and	
  m44	
  by	
  1.5):	
  
Emi]ance	
  Evolu;on	
  for	
  6mm,	
  200MeV/c	
  case	
  with	
  LiH	
  absorber	
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•  Mismatch	
  can	
  cause	
  significant	
  emi]ance	
  growth,	
  obscure	
  cooling;	
  
•  Measurement	
  error	
  (w/	
  the	
  simple	
  model	
  used	
  here)	
  not	
  significant.	
  

•  Need	
  to	
  discuss	
  what	
  amount	
  of	
  mismatch	
  is	
  reasonable	
  to	
  expect	
  
before	
  drawing	
  firm	
  conclusions	
  



Mismatched	
  Case:	
  x_rms	
  and	
  px_rms	
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•  rms	
  divergence	
  at	
  absorber	
  is	
  slightly	
  
less	
  in	
  mismatched	
  case	
  

•  rms	
  beam	
  size	
  at	
  absorber	
  is	
  larger	
  
in	
  mismatched	
  case	
  

•  Larger	
  excursions	
  in	
  rms	
  divergence	
  
in	
  mismatched	
  case	
  



Conclusions	
  (with	
  absorber)	
  

•  Mismatch	
  can	
  cause	
  significant	
  emi]ance	
  
growth,	
  obscure	
  the	
  cooling	
  
–  In	
  the	
  mismatched	
  example	
  studied	
  here,	
  
a	
  4%	
  cooling	
  effect	
  due	
  to	
  LiH	
  absorber	
  was	
  
reduced	
  to	
  a	
  1%	
  effect	
  

– But	
  this	
  needs	
  to	
  be	
  studied	
  further	
  using	
  a	
  
degree	
  of	
  mismatch	
  that	
  is	
  physically	
  mo;vated	
  

•  Measurement	
  error	
  (based	
  on	
  the	
  simple	
  
model	
  used	
  here)	
  does	
  not	
  appear	
  to	
  be	
  a	
  
significant	
  problem	
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Future	
  Plans	
  
•  Rerun	
  some	
  cases	
  using	
  MAUS	
  to	
  verify	
  results	
  
•  Work	
  w/	
  MICE	
  personnel	
  to	
  understand	
  the	
  expected	
  
mismatch	
  and	
  perform	
  simula;ons	
  based	
  on	
  this	
  

•  Adapt	
  sta;s;cal	
  tools*	
  to	
  answer	
  important	
  ques;ons:	
  
–  What	
  values	
  of	
  model	
  parameters	
  best	
  describe	
  the	
  experimental	
  observa;ons	
  

(e.g.,	
  what	
  can	
  we	
  infer	
  about	
  mul;ple	
  sca]ering?)	
  
–  If	
  we	
  turn	
  knobs	
  in	
  the	
  experiment	
  and	
  predict	
  the	
  outcome	
  with	
  simula;on,	
  

what	
  is	
  the	
  uncertainty	
  in	
  the	
  predic;ons?	
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