
 

 

LATTICE QUANTUM CHROMODYNAMICS 
 
The strong interactions between quarks and gluons that produce the protons, neutrons, nuclei and 
the other hadrons found in nature are notoriously difficult to unravel. In contrast to electromagnetic 
and weak interactions, the strong interactions behave differently at different energies; quarks and 
gluons are the relevant degrees of freedom at high energies, while composite hadrons emerge at 
low energies. While quantum chromodynamics (QCD) has long been thought to be the theory of 
the strong interactions, direct comparison of its predictions with experiment has historically only 
been possible at high energies where deep inelastic scattering experiments have beautifully 
revealed the quark and gluon substructure of hadrons. In the last decade, this situation has 
changed dramatically and it is now possible to say that we have experimental confirmation of QCD 
at low energies relevant for hadronic and nuclear physics. With decades of research developments 
and advances in high-performance computing, the numerical approach of lattice QCD has matured 
to the stage where many properties of hadrons such as their masses and charge distributions are 
now able to be calculated and compared to experiment, providing new confirmations that QCD 
indeed describes the strong interactions. Having reached this point, the coming decade presents a 
golden opportunity for nuclear physics as further improvements in calculational methods and 
advances in high-performance computing will enable more precise calculations of many quantities 
and provide predictions with controlled uncertainties for as-yet-unmeasured quantities The impact 
of lattice QCD calculations in high energy physics has already been immense, with the 
determinations of most of the parameters of the Standard Model relying heavily on the results of 
lattice QCD calculations. The potential for contributions to the intrinsically more complex world of 
nuclear physics is equally high and investments in this field are now paying off. Beyond confirming 
QCD through comparison with experiment, lattice QCD calculations hold the promise of providing 
reliable calculations of hadronic and nuclear processes in situations where laboratory experiments 
are not possible, it provides guidance to the design of future experiments, and plays an essential 
role in analysis of upcoming experiments.  
 
Lattice QCD provides a rigorous definition of QCD in the low-energy, strong-coupling regime and, 
importantly, provides a numerical method with which to perform QCD calculations. As an 
intermediate step in lattice QCD, one considers a discretized version of QCD defined on a space-
time grid (most simply, a four dimensional hypercubic lattice) so as to make amenable to numerical 
calculations. The quark and gluon degrees 
of freedom are defined on this grid and the 
calculation is performed using Monte Carlo 
methods in which representative 
configurations of the quark and gluon 
degrees of freedom are generated with a 
distribution prescribed by QCD, and 
physical observables are then extracted 
from correlations in these samplings. An 
important feature of lattice QCD 
calculations is that is possible to fully 
quantify the statistical uncertainties from 
the Monte Carlo sampling and the 
systematic uncertainties from the finite 
volume and discretization associated with 
any given quantity. Furthermore, these 
uncertainties can be systematically 
reduced to any prescribed level of 
accuracy, limited only by computational 
resources and the available workforce. 
 
Large-scale lattice QCD calculations require a range of computational platforms. Leadership-class 
(capability) computing platforms are required to generate the representative samplings of the QCD 
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III. Future prospects: dark matter, neutrinos and ILC	

!

[Many topics not covered]



Lattice QCD

Provide accurate, predictive calculational capability at 
hadronic scales enabling tests of the SM and searches for 
physics beyond it	


Understand the emergence of hadrons, nuclei and 
extreme forms of matter (RHIC, n-stars)	


Useful toolkit to study strongly interacting field theories  
beyond the SM➣

➣
➣

➣

➣

➣



Quantum Chromodynamics

Lattice QCD: tool to deal with quarks and gluons	


Correlation functions as functional integral  
over quark and gluon d.o.f. on R4 
 
 
perform quark integrals exactly	


Discretise and compactify system	


Finite but large number of d.o.f  (1010)	


Numerically integrate via importance sampling 
(average over important configurations)	


Undo the harm done in previous steps	


Lattice QCD ⇒ QCD

hOi =
Z

dAµdqdq̄O[q, q̄, A]e�SQCDhOi =
Z

dAµdqdq̄O[q, q̄, A]e�SQCD



LQCD status report

Lattice QCD has advanced markedly in the last 5 years 	


Faster computers and better algorithms	


New approaches to physics challenges	


State-of-the-art calculations address all systematics 
(discretisation, finite size, …)	


Sub percent accuracy on some quantities	


Necessitates consideration of small effects: QED, isospin 
breaking (significant intellectual challenges to overcome)	


Scope increasing from meson physics to baryons and to light 
nuclei



Industrial LQCD

Different groups around the world using many technically 
different approaches to LQCD (c.f. 2001 state-of the-art)

ensembles/physics reach

[G Herdoíza]

Lattice QCD
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Fig. 6.1 Quark masses.

• It would allow to study QCD in di�erent conditions, such as high density or
temperature, as took place in the early universe or in very dense systems such as
neutron stars

• QCD is in some sense a model field theory for many extensions of the SM, as
well as for the lattice approach. In QCD we know where the UV fixed point lies
so we know where the continuum limit is and how to approach it. The lattice
method might be necessary to study other field theories, such as those in models
of technicolor or dynamical gauge symmetry breaking, where things might not be
so easy. Clearly having solved QCD is a benchmark to guide future investigations.

Giving the spread of quark masses that span six orders of magnitude, dealing with
all quarks in a lattice simulation is very di⇥cult since approaching the continuum limit
in controlled conditions would require

amq � 1, (6.7)

and therefore extremely fine lattices. This brute force approach is not practical. Fortu-
nately, when we try to describe the low energy regime, the e�ect of the heavy quarks
can be accurately described by an e�ective theory that results from integrating them
out. It is a consequence of the decoupling theorem (Appelquist and Carazzone, 1975)
(which is another scenification of Wilsonian renormalization group), that the e�ects of
the heavy quarks in the low-energy dynamics are well represented by local operators
of the light fields only (gluons and the lighter quarks), where the e�ect of the heavy
scales is reabsorbed in the couplings. This implies that in order to study hadron pro-
cesses at energies much lower than the heavy quark mass scale, we can simply ignore
the heavy quarks.

We are also interested however in processes involving heavy hadrons. An e⇥cient
way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this e�ective theory as an e⇥cient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD

By now, it should be clear how to discretize this action following for example the
Wilson approach

SQCD[U, �̄,�] = S[U ] + SW [U, �̄,�] (6.8)

amq ⇡ 1/3
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Flavour physics
See more in talk of  	


Daping Du, Wed 14:00



FLAG =  Flavour Lattice Averaging Group

Flavour physics has been a mainstay of LQCD	


Many calculations of what are now “simple” quantities	


FLAG (PDG for LQCD)	


Members from most of the major collaborations	


Evaluates and grades different aspects of each calculation	


Provides averages as the “LQCD community consensus” 
value for a given quantity	


Summary report every couple of years  
1105.3453, 1304.5422	


New version early 2016: expanded scope and coverage



FLAG example: decay constants 

Quark masses, decay constants, form factors, kaon mixing, LECs…	


Colour coded for quality of calculation (# lattice spacings, volumes,…)

Situation before lattice 2014

FLAG’13

fK/f⇡ = 1.194(5) nf = 2 + 1 + 1

fK/f⇡ = 1.192(5) nf = 2 + 1

fK/f⇡ = 1.205(6)(17) nf = 2

Nicolas Garron (Trinity College Dublin) Weak interactions of kaons and pions June 24, 2014 3 / 52

FLAG-2 on charm decay constants

[FLAG 2013, Eur J Phys C74 (2014) 2890, arXiv:1310.8555v2]

Figure 13: Decay constants of the D and Ds mesons [values in Table 20 and Eqs. (93), (94)].
The significance of the colours is explained in section 2. The black squares and grey bands
indicate our averages. Errors in FNAL/MILC 13 are smaller than the symbols.

different lattice spacings to fixed values of the heavy-quark mass. In the case of the SU(3)
breaking ratio fDs/fD, the uncertainty associated with the chiral extrapolation is estimated
by comparing fits either following heavy meson χPT or assuming a simple linear dependence
on the light-quark mass. These results have been further updated in ETM 13B [334] by using
optimized smearing interpolating fields in order to suppress excited states contributions and
by changing the chiral extrapolation. The ensembles used are the same as in ETM 11A. Val-
ues at the physical point are obtained by first extrapolating fDs

√
mDs linearly in m2

l and in
a2 and then by extrapolating the double ratio (fDs/fD)/(fK/fπ) using HMχPT. The value
of fK/fπ is taken from the Nf = 2 + 1 average in [1], in order to avoid correlations with
estimates obtained by the ETM collaboration.

As results from just one collaboration exist in the literature, the Nf = 2 averages are
simply given by the values in ETM 13B, which read

Nf = 2 : fD = (208 ± 7) MeV, fDs = (250 ± 7) MeV,
fDs

fD
= 1.20 ± 0.02 . (93)

The ALPHA Collaboration presented preliminary results on fD(s)
with two dynamical

flavours at the Lattice 2013 Conference [336]. The proceedings however appeared after the
deadline for consideration in this review and therefore are not discussed here.

Several collaborations have produced results with Nf = 2 + 1 dynamical flavours. The
most precise determinations come from a sequence of publications by HPQCD/UKQCD [94,
164, 330]. In all cases configurations generated by MILC with Asqtad rooted staggered
quarks in the sea and a one-loop tadpole improved Symanzik gauge action have been analysed
(see [15] and references therein). The main differences are in the ensembles utilized and in
the absolute scale setting. The relative scale is always set through r1 derived from the static
quark-antiquark potential.

In HPQCD/UKQCD 07 [164] three lattice spacings, a ≈ 0.15, 0.12 and 0.09 fm, with
RMS pion masses between 542 and 329 MeV, have been considered. This gives rather large
values for the charm-quark mass in lattice units, 0.43 < amc < 0.85, and indeed lattice

95

2 208(7) 250(7) 1.20(2)
2+1 209.2(3.3) 248.6(2.7) 1.187(12)

fDs [MeV]fD [MeV] fDs/fDNf



Inclusive vs exclusive Vub & Vcb

Long running tension between Vub (and Vcb) extractions from 
inclusive B→Xu (B→Xc) and exclusive decays B→π (B→D)

He↵ =
G
Fp
2
V
ub

ū�µ(1 � �5)b| {z }
⌘ Jµ

¯̀�µ(1 � �5)⌫

He↵ =
G
Fp
2
V
ub

ū�µ(1 � �5)b| {z }
⌘ Jµ

¯̀�µ(1 � �5)⌫



Inclusive:
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�i

Z
d4x e�iq·x hB |T Jµ†(x) J⌫(0) |Bi
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OPE, HQET

!

[I. Bigi, M. Shifman, N. G. Uraltsev, A. Vainshtein, PRL 71, 496 (1993);
A. Manohar and M. Wise, PRD 49, 1310 (1994)]

Inclusive vs exclusive Vub & Vcb
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2014 PDG value based on
J. A. Bailey et al. (FNAL/MILC), PRD 79, 054507 (2009).
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Long running tension between Vub (and Vcb) extractions from 
inclusive B→Xu (B→Xc) and exclusive decays B→π (B→D)

Inclusive Exclusive



Inclusive vs exclusive Vub & Vcb

2 3 4 5

103 ⇥ |Vub|

RBC/UKQCD 2015: J. Flynn et al., PRD 91, 074510 (2015)

FNAL/MILC 2015: J. Bailey et al., arXiv:1503.07839

Inclusive [PDG 2014]

B→πlν [PDG 2014]

Long running tension between Vub (and Vcb) extractions from 
inclusive B→Xu (B→Xc) and exclusive decays B→π (B→D)



Inclusive vs exclusive Vub & Vcb

Possible to reconcile through BSM scenarios that produce RH 
currents at low energy

Note that

h⇡| ū�µb |Bi 6= 0,

h⇡| ū�µ�5b |Bi = 0.

�! New physics with right-handed coupling?

He↵ =
G
Fp
2
V L
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R
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Figure (modified) from arXiv:1504.01568

figure modified from 	

LHCb  1504.01568



Λb decays

Bottom baryons provide another 
exclusive decay channel: Λb→plν	


LHCb: branching fraction ratio measured  
 
 
 
 
[1504.01568=Nature Phys. 11 (2015)]	


Extraction of |Vub/Vcb| requires  
hadronic matrix elements 
 
 
 
from LQCD

• At LHCb, pµ⌫̄ final state easier to identify than ⇡µ⌫̄

• Complementary constraints on right-handed coupling

LHCb result [arXiv:1504.01568 (to appear in Nature Physics)]:
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from lattice QCD.

3. Selection 7/17

The corrected mass

Fit the corrected mass:

Mcorr =
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Determine its uncertainty.
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LHCb result [arXiv:1504.01568 (to appear in Nature Physics)]:
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See more in talk of  	

Mike Williams, Th 08:30



LQCD calculation

12 form factors needed	


Careful consideration of 
systematic uncertainties	


Precise at large q2	


Coordinated with LHCb (ffs 
needed during analysis)	


Compare partial integrals 	


!

Combine with exclusive Vcb 
to get |Vub|

Gray band = statistical uncertainty.

[WD, C Lehner, S Meinel PRD 92 (2015) 034503]



LQCD calculation

12 form factors needed	


Careful consideration of 
systematic uncertainties	


Precise at large q2	


Coordinated with LHCb (ffs 
needed during analysis)	


Compare partial integrals 	


!

Combine with exclusive Vcb 
to get |Vub|
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Inclusive vs exclusive Vub

Consistent with mesonic exclusive measurement

Inclusive [PDG 2014]

B→πlν [PDG 2014]

Λb→plν [DLM/LHCb 2015]

2 3 4 5

103 ⇥ |Vub|

UKQCD 2015)

MILC 2015)

RBC/UKQCD 2015: J. Flynn et al., PRD 91, 074510 (2015)

FNAL/MILC 2015: J. Bailey et al., arXiv:1503.07839

|Vub| = 3.27(0.15)
expt

(0.16)
latt

(0.06)Vcb ⇥ 10�3



Inclusive vs exclusive Vub

Consistent with mesonic exclusive measurement

Inclusive [PDG 2014]

B→πlν [PDG 2014]

Λb→plν [DLM/LHCb 2015]

2 3 4 5

103 ⇥ |Vub|

UKQCD 2015)

MILC 2015)

RBC/UKQCD 2015: J. Flynn et al., PRD 91, 074510 (2015)

FNAL/MILC 2015: J. Bailey et al., arXiv:1503.07839

B→πlν [RBC/UKQCD 2015]

B→πlν [FNAL/MILC 2015]

New LQCD calculations for B→π decays too!

|Vub| = 3.27(0.15)
expt

(0.16)
latt

(0.06)Vcb ⇥ 10�3



Inclusive vs exclusive Vub

Different dependence of baryon decay disfavours RH currents 
as a solution to inclusive/exclusive tension
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Figure (modified) from arXiv:1504.01568

figure modified from 	

LHCb  1504.01568



Synthesis of |Vub| & |Vcb| Calculations

16

35 36 37 38 39 40 41 42 43 44 45

103|Vcb|
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10
3 |V
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© 2015 Andreas Kronfeld, Fermi National Accelerator Laboratory

|Vub|/|Vcb| (latQCD + LHCb)
|Vub| (latQCD + BaBar + Belle)
|Vcb| (latQCD + BaBar)
|Vcb| (latQCD + HFAG, w = 1)
p = 0.26
∆χ

2 = 1
∆χ

2 = 2
inclusive |Vxb|

• Experimental errors for B → D 
will shrink soon.

• Other errors bars: QCD and 
expt comparable.

• Nonzero recoil B → D* starting.

B→D

B→π

Λb→p

Inclusive

Inclusive vs exclusive Vub & Vcb

Exclusive extractions:	


very different 
experimental and 
theoretical systematics	


Mutual consistency 
(p=0.26)	


Inclusive extractions  
creates significant tension	


Solution from RH currents 
disfavoured by baryonic 
extraction	


??????

Summary figure from A Kronfeld



Neutral kaon system

Neutral kaon systems of intense interest for 50+ years	


Physical states are combinations of CP eigenstates 

!

First observation of CP violation [Christenson, Cronin, Fitch & Turlay 1964]	


Both direct and indirect CP violation 
 
 

PDG values

374 Hadronic interactions

the sole source of CP-violation: η00 = η+− = −ϵ̂ and δL = (|q|2−|p|2)/(|q|2+
|p|2) = −(ϵ̂ + ϵ̂∗)/(1 + |ϵ̂|2).

More generally these quantities depend on more parameters. For instance
suppose that both ϵ̂ ̸= 0 and ⟨ππ|Lw|K−⟩ ̸= 0. In order to express how
η00 and η+− can differ from one another in this case it is useful first to
decompose the K → ππ amplitude into its isospin components. Recall to
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where A0 and A2 are the relevant (complex) CP conserving strong interac-
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where, assuming ϵ̂, ξ0, ξ2 ≪ 1, we define
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The definitions of ϵ and ϵ′ here are made in such a way that they are
invariant under any rephasing of the states K0 and K

0. In particular, ϵ′
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on the phase difference, ξ2 − ξ0. At the time of this writing the survey of
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direct ~ ϵ’
indirect ~ ϵ~ϵ (not CP eigenstate)



Neutral kaon mixing

Indirect CP violation arises from mixing 
 

Predominantly from box diagram (ΔS=2 4q operator) 
 
 

Conventional approach: take expt  
for Im A0/Re A0, ΔMK,  
“bag parameter” from LQCD  

BK under precise control

Neutral meson mixing - kaon

PRELIM
INARY

grey band still old average (FLA
G

2013)

FLAG BK Working Group Dimopoulos, Mawhinney, Wittig
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from A Juettner, Lattice 2015
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Fig. 9.7 Box diagrams for ∆S = ±2 interactions.

although the evidence for ϵ′ ̸= 0 has involved some controversy due to there
being conflicting results from competing experiments. This reveals a pattern
wherein (i) CP-violation exists but is a small effect, and (ii) direct CP-
violation also exists but for neutral kaons is suppressed relative to the CP-
violating contribution from K0-K0 oscillations.

9.4.2.2 Standard model predictions

We next turn to what the standard model predicts for these neutral-kaon
parameters, and the extent to which accurate predictions can be made. As
we shall see, the extreme precision of the measured value for mKL − mKS

imposes strong constraints on the model.
Our interest is in the low-energy effective theory defined at energies below

the W mass but above the QCD scale. In this theory the W and Z bosons
do not appear since they are “integrated out,” and strongly-interacting par-
ticles are still described by quarks rather than the hadronic bound states.
We discussed this effective theory extensively in Chapter 7. As we saw there,
at the renormalizable level each quark number is separately conserved; so
both mixing and decay of the K mesons is forbidden. Therefore we must
investigate high dimension operators, specifically dimension-6, four-fermion
operators. The lowest-order operators encountered in Chapter 7 all change
strangeness by at most 1 unit, and so cannot contribute to KK mixing.
They also conserve CP, and so cannot contribute to direct CP-violation.
Therefore we must consider dimension-6 operators which arise from
loops.

The leading ∆S = ±2 contribution to the low-energy Lagrangian arises
from the diagrams of Figure 9.7. Its contribution to the Lagrangian takes
the form

L(|∆S|=2)
w = C[dγµPL s][dγµPL s] + c.c. (9.146)

Naively, since the diagrams in Figure 9.7 are one loop and since the result
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Fig. 7.1 The tree graph that generates the Fermi Lagrangian.

7.2.1 Effective charged-current interactions

This same approximation, in which inverse powers of M2
W are neglected, may

be applied in the same way to all of the other decay and scattering ampli-
tudes that are mediated by the exchange of a W boson between light initial
and final states. The result for all of these possible reactions is efficiently
summarized by directly constructing the relevant effective Lagrangian once
and for all, and then only afterwards computing the particular matrix ele-
ment that is of interest for a particular application.

Following the same steps as in the previous example, it is easy to see
the form of the effective Lagrangian that arises in this way to lowest or-
der in perturbation theory. Recall that the W boson couples to light parti-
cles (in this case the fermions) through an interaction term of the form of
Eq. (2.88):

Lcc = eWWµCµ + h.c. (7.10)

in which the charged current, Cµ, is defined by

Cµ =
3!

m=1

"

iemγµ(1 + γ5)νm +
3!

n=1

iU∗
nmdmγµ(1 + γ5)un

#

(7.11)

The corresponding effective charged-current interaction is obtained to low-
est order in M−2

W by evaluating the general tree-level graph of Figure 7.1, and
approximating the internal (heavy) W -boson line by ηµν/M2

W . The external-
line factors corresponding to the (light) initial and final particles are not
included but are left as operators in the effective interaction that is being
constructed for the low-energy theory.

The effective interaction that is generated in this way by the virtual ex-
change of a W particle is the Fermi Lagrangian:

L′
cc =

GF√
2
CµC∗

µ (7.12)

with the charged currents given by Eq. (7.11).

s d

d̄ s̄



K→ππ decays

Decays through either ΔI=1/2, 3/2 (ΔS=1) with amplitudes 
(δI= strong scattering phases) 

Long standing puzzle  (ΔI=1/2 rule)  
 

Amplitudes relate to CP violating parameters as



K→ππ decays

Many new developments by the RBC/UKQCD collaboration	


Quantitative understanding of ΔI=1/2 rule  
[P Boyle et al . (RBC/UKQCD) Phys.Rev.Lett. 110 (2013) 15, 152001;  
T Blum et al. (RBC/UKQCD) Phys.Rev. D91 (2015) 7, 074502 ]	


Important progress in calculating all pieces of ε and ε’ 
directly from SM	


Full calculations of decay amplitudes  
[Z Bai, et al. (RBC/UKQCD), 1505.07863]	


Kaon mass difference: long distance contributions 
[Z Bai, et al. (RBC/UKQCD) Phys.Rev.Lett. 113 (2014) 112003]	


Additional progress on rare kaon decays  
[N Christ et al (RBC/UKQCD) 1507.03094]



K→ππ decays: ΔI=1/2 rule

Decays through weak ΔI=1/2, 3/2 (ΔS=1) process 
 
 
 

Ten relevant operators in effective Hamiltonian (weak decays, 
QCD and EW penguin operators)	


!

Short distance physics in Wilson coefficients zi(µ) and yi(µ)	


LQCD to determine matrix elements  
 
 
(need to convert lattice operators to MSbar scheme)

Overview of the computation

Some references: [Bernard @ TASI’89, RBC PRD’01, Lellouch @ Les houches ’09]

Operator Product expansion

d̄

s̄

d

ū
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K→ππ decays: ΔI=1/2 rule

Consider operator	


Matrix element evaluation can be Fierzed into two “colour 
contractions” 
 
 
 

Vacuum saturation would give      ~1/3   
Numerical evaluation gives      ~-0.7    	


For ΔI=3/2 contributions add              so significant cancelation	


More complex for ΔI=1/2, but roughly enhanced rather than 
suppressed

Toward an quantitative understanding of the �I = 1/2 rule

Two kinds of contraction for each �I = 3/2 operator
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Contraction 1� Contraction 2�

ReA2 is dominated by the tree level operator

(EWP ⇠ 1%):

Naive factorisation approach: 2� ⇠ 1/3 1�

Our computation: 2� ⇠ �0.7 1�

) large cancellation in ReA2

Nicolas Garron (Trinity College Dublin) Weak interactions of kaons and pions June 24, 2014 43 / 52

explaining how these features combine to provide an
emerging understanding of the !I ¼ 1=2 rule. Of course,
a full quantitative explanation will require a calculation of
ReA0 at physical kinematics, which is underway.

Calculation of the decay amplitudes.—Our evidence is
based on calculations from three domain wall fermion
(DWF) ensembles with 2þ 1 sea-quark flavors (see
Table I). Papers [4,5] describe a complete calculation of
A2 on a 32

3 spacial lattice using the Iwasakiþ dislocation
suppressing determinant ratio (IDSDR) gauge action [11]
for (almost) physical pion and kaon masses and realistic
kinematics. The ensemble was generated at a single lattice
spacing a (a#1 ’ 1:4 GeV), chosen so that the volume is
sufficiently large to accommodate the propagation of
physical pions. In Ref. [3], a complete calculation of
both A0 and A2 was carried out with the Iwasaki gauge
action at a#1 ’ 1:7 GeV for m! ’ 422 MeV, mK ’ 737,
878, and 1117 MeV (here, we present results for mK ’
878 MeV, which corresponds to almost energy-conserving
decays). Although the calculation was performed at thresh-
old, this was the first time a signal for ReA0 had been
obtained in the direct evaluation of the K ! !! matrix
elements. A similar threshold calculation was presented in
Ref. [10] on a larger volume (243) with m! ¼ 329 MeV.
The increased time extent of this lattice suppresses
‘‘around-the-world’’ effects in which one of the pions
from the sink propagates in the forward time direction,
crossing the periodic boundary and reaching the weak
operator with the kaon. The calculation also used two-
pion sources in which the single-pion wall sources are
separated in time by a small number of time slices " (the
results presented here are for " ¼ 4). We find that this
suppresses the (unphysical) vacuum contributions in the
I ¼ 0 channel, significantly reducing the noise. In this way,
ReA0 was resolved using only 138 configurations, com-
pared to 800 in Ref. [3]. With the actions used here, lattice
artifacts scale parametrically as Oða2Þ, although at present
we are not in a position to take the continuum limit.

The amplitudes A0 and A2 can be expressed in terms of
the ‘‘master formula’’

AI ¼FI
GFffiffiffi
2

p VudV
&
us

X10

i¼1

X7

j¼1

f½zið#Þþ$yið#Þ(

)Zlat!MS
ij M!I;lat

j g ðI¼ 0;2Þ: (1)

$ ¼ #V&
tsVtd=V

&
usVud and the Vij are elements of

the Cabibbo-Kobayashi-Maskawa matrix. M!I;lat
i *

hð!!ÞIjQlat
i jKi are the matrix elements calculated on the

lattice. They are determined by fitting three-point correla-
tion functions composed of a kaon source at t ¼ 0, a
two-pion sink at t ¼ !, and one of the operators Qlat

i
in the weak Hamiltonian inserted at all times 0< t <!.
We fit the correlation functions CI;ið!; tÞ

CI;ið!; tÞ + M!I;lat
i N!!NKe

#Eð!!ÞI!e#ðmK#Eð!!ÞI Þt (2)

for 0 , t , !, using a one parameter exponential fit to
determine the matrix elements M!I;lat

i . Eð!!ÞI is the energy
of the two-pion channel with isospin I. All these correla-
tion functions can be expressed in terms of the 48 contrac-
tions enumerated in Sec. 4 of Ref. [3] and labeled s1

through s48 . The contractions are functions of ! and t, but
we leave this dependence implicit, writing for example

C2;1ð!; tÞ ¼ i
ffiffiffiffiffiffiffiffi
2=3

p
fs1 þs2 g.

The renormalization factors Zlat!MS
ij provide the connec-

tion between the bare lattice operators and those renormal-
ized in the modified minimal subtraction with naı̈ve
dimensional reduction (MS-NDR) scheme at the scale #

QMS
i ð#Þ ¼ Zlat!MS

ij ð#; aÞQ0lat
j ðaÞ: (3)

The operators Qi on the left of (3) correspond to the
conventional ten-operator ‘‘physical’’ basis, which is
overcomplete (see, e.g., Ref. [12]). When calculating the
renormalization factors, it is convenient to work in an
equivalent ‘‘chiral’’ basis of seven linearly independent
operators Q0

j with definite SUð3ÞL ) SUð3ÞR transforma-

tion properties [see Eqs. (172)–(175) in Ref. [12]]. zið#Þ þ
$yið#Þ areWilson coefficient functions. FI is the Lellouch-
Lüscher factor relating the finite-volume Euclidean-space
matrix element to the physical decay amplitude [13].
Evaluation of ReA2.—A2 receives contributions from the

electroweak penguin (EWP) operators Q7 and Q8 as well

as a single operator Q3=2
ð27;1Þ

Q3=2
ð27;1Þ ¼ ð"sidiÞLfð "ujujÞL # ð "djdjÞLgþ ð "siuiÞLð "ujdjÞL; (4)

where the superscript 3=2 denotes !I and the subscript
(27, 1) denotes how the operator transforms under
SUð3ÞL ) SUð3ÞR chiral symmetry. i and j are color labels,

TABLE I. Summary of simulation parameters and results obtained on three DWF ensembles. The errors with the Iwasaki action are
statistical only; the second error for ReA2 at physical kinematics from the IDSDR simulation is systematic and is dominated by an
estimated 15% discretization uncertainty, as explained in Ref. [5].

a#1½GeV( m!½MeV( mK½MeV( ReA2½10#8 GeV( ReA0½10#8 GeV( ReA0

ReA2
Notes

163 Iwasaki 1.73(3) 422(7) 878(15) 4.911(31) 45(10) 9.1(2.1) Threshold calculation
243 Iwasaki 1.73(3) 329(6) 662(11) 2.668(14) 32.1(4.6) 12.0(1.7) Threshold calculation
323 IDSDR 1.36(1) 142.9(1.1) 511.3(3.9) 1.38(5)(26) - - - - - - Physical kinematics
Experiment - - - 135–140 494–498 1.479(4) 33.2(2) 22.45(6)
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and the spinor indices are contracted within each pair of
parentheses. The subscript L denotes left, so that, e.g.,
ð !sidiÞLð !ujujÞL ¼ ½ !si!"ð1% !5Þdi&½ !uj!"ð1% !5Þuj&. The

"I ¼ 3=2 components of the operators Q1, Q2, Q9, and

Q10 are all proportional toQ
3=2
ð27;1Þ. From all our simulations,

we confirm that the contribution from the EWP operators
to ReA2 is about 1%; e.g., for physical kinematics, we find
ReA2 ¼ ð1:381' 0:046' 0:258Þ ( 10%8 GeV to which
the EWP operators contribute %0:0171( 10%8 GeV
[4,5] (the physical value is ReA2¼1:479ð4Þ(10%8GeV).
We therefore neglect the EWP operators in the following

discussion. Chiral symmetry implies that Q3=2
ð27;1Þ does not

mix with the EWP operators, so that ReA2 is proportional
to its lattice matrix element; the constant of proportionality
is the product of the Wilson coefficient, the renormaliza-
tion constant, finite-volume effects, and kinematical
factors (see Ref. [5] for a detailed discussion, including
an explicit demonstration that the mixing is indeed negli-
gible in the DWF simulation).

Fierz transformations allow the K ! ## correlation

function of Q3=2
ð27;1Þ to be reduced to the sum of the two

contractions illustrated in Fig. 1, labeled by s1 and s2 . The
two contractions are identical except for the way that the
color indices are summed. A2 is proportional to the matrix
element extracted from the sums1 þs2 . The main message
of this Letter is our observation from all three simulations
that s1 and s2 have opposite signs and are comparable in
size. This is illustrated in Fig. 2 for the results at physical
kinematics from Refs. [4,5], where we plot s1, %s2 , and
s1 þs2 as functions of t. We extract A2 by fitting s1 þs2 in
the interval t 2 ½5; 19&, where there is a significant cancel-
ation between the two terms. A similar, although not quite
so pronounced cancelation occurs at threshold for physical
masses and for the heavier masses studied in Refs. [3,10];
see Fig. 3, for example.

We stress that it is only the correlation function s1 þs2

which has a time behavior corresponding to Eð##Þ2 .
Because the calculation is performed in a finite volume,
Eð##Þ2 ! Eð##Þ0 and s1 and s2 individually have an isospin

0 component. If Eð##Þ2 ¼ mK, then s1 þs2 is independent

of t away from the kaon and two-pion sources, and this is
what we observe, particularly in Fig. 2, where the energies
are most precisely matched.

It has been argued that the factorization hypothesis [14]
works reasonably well in reproducing the experimental
value of A2 (see, e.g., Sec. VIII-4 in Ref. [15]). In this
approach, the gluonic interactions between the quarks
combining into different pions are neglected and A2 is
related to the decay constant f# and the K‘3 form factor
close to zero-momentum transfer. On the basis of color
counting, one might therefore expect that s2 ’ 1=3s1 ,
whereas, for physical kinematics, we find s2 ’ %0:7s1
and that nevertheless s1 þs2 leads to the correct result for
A2. Thus, the expectation based on the factorization
hypothesis proves to be unreliable here.
Following the discovery that s1 and s2 have opposite

signs, we examined separately the two contributions to
the matrix element h !K0jð!sdÞLð!sdÞLjK0i, which contains
the nonperturbative QCD effects in neutral kaon mixing
[11]. The two contributions correspond to Wick contrac-
tions in which the two quark fields in the K0 interpolating

FIG. 1. The two contractions contributing to ReA2. They are
distinguished by the color summation (i and j denote color). s
denotes the strange quark and L that the currents are left handed.

FIG. 2 (color online). Contractions s1 , %s2 , and s1 þs2 as
functions of t from the simulation at physical kinematics and
with " ¼ 24.

FIG. 3 (color online). Contractions s1, %s2 , and s1 þs2 as
functions of t from the simulation at threshold with m# ’
330 MeV and " ¼ 20.
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mix with the EWP operators, so that ReA2 is proportional
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is the product of the Wilson coefficient, the renormaliza-
tion constant, finite-volume effects, and kinematical
factors (see Ref. [5] for a detailed discussion, including
an explicit demonstration that the mixing is indeed negli-
gible in the DWF simulation).
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ð27;1Þ to be reduced to the sum of the two

contractions illustrated in Fig. 1, labeled by s1 and s2 . The
two contractions are identical except for the way that the
color indices are summed. A2 is proportional to the matrix
element extracted from the sums1 þs2 . The main message
of this Letter is our observation from all three simulations
that s1 and s2 have opposite signs and are comparable in
size. This is illustrated in Fig. 2 for the results at physical
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s1 þs2 as functions of t. We extract A2 by fitting s1 þs2 in
the interval t 2 ½5; 19&, where there is a significant cancel-
ation between the two terms. A similar, although not quite
so pronounced cancelation occurs at threshold for physical
masses and for the heavier masses studied in Refs. [3,10];
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We stress that it is only the correlation function s1 þs2

which has a time behavior corresponding to Eð##Þ2 .
Because the calculation is performed in a finite volume,
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of t away from the kaon and two-pion sources, and this is
what we observe, particularly in Fig. 2, where the energies
are most precisely matched.

It has been argued that the factorization hypothesis [14]
works reasonably well in reproducing the experimental
value of A2 (see, e.g., Sec. VIII-4 in Ref. [15]). In this
approach, the gluonic interactions between the quarks
combining into different pions are neglected and A2 is
related to the decay constant f# and the K‘3 form factor
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counting, one might therefore expect that s2 ’ 1=3s1 ,
whereas, for physical kinematics, we find s2 ’ %0:7s1
and that nevertheless s1 þs2 leads to the correct result for
A2. Thus, the expectation based on the factorization
hypothesis proves to be unreliable here.
Following the discovery that s1 and s2 have opposite

signs, we examined separately the two contributions to
the matrix element h !K0jð!sdÞLð!sdÞLjK0i, which contains
the nonperturbative QCD effects in neutral kaon mixing
[11]. The two contributions correspond to Wick contrac-
tions in which the two quark fields in the K0 interpolating
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Long standing discrepancy between measured value and SM 
estimate for muon anomalous magnetic moment (~3σ)  

!

!

!

!

Sign of new physics or problem with theory?	


New experiments aiming at 4-fold uncertainty reduction  
(E989 @ Fermilab, E34 @ JPARC)	


Requires commensurate control of theory

Muon g−2: experiment

! The anomalous magnetic moment of muon has also been studied
extensively in both experiment and theory.

! Experiments using muon storage ring started at CERN in 1960’s. The latest
experiment was conducted at BNL in E821 experiment.
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! Latest world average of the measured aµ:

aµ[exp] = 116 592 089 (63)× 10−11 [0.54ppm]
Bennett, et al., Phys. Rev. D73, 072003 (2006)

Roberts, Chinese Phys. C 34, 741 (2010)
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Breakdown of contributions  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2.3 Summary of the Standard-Model Value and Comparison with
Experiment

We determine the SM value using the new QED calculation from Aoyama [2]; the electroweak
from Ref. [3], the hadronic light-by-light contribution from the “Glasgow Consensus” [31];
and lowest-order hadronic contribution from Davier, et al., [20], or Hagiwara et al., [21], and
the higher-order hadronic contribution from Ref. [21]. A summary of these values is given
in Table 1.

Table 1: Summary of the Standard-Model contributions to the muon anomaly. Two val-
ues are quoted because of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

Value (⇥ 10�11) units
QED (� + `) 116 584 718.951± 0.009± 0.019± 0.007± 0.077↵
HVP(lo) [20] 6 923± 42
HVP(lo) [21] 6 949± 43
HVP(ho) [21] �98.4± 0.7
HLbL 105± 26
EW 154± 1

Total SM [20] 116 591 802± 42H-LO ± 26H-HO ± 2other (±49tot)
Total SM [21] 116 591 828± 43H-LO ± 26H-HO ± 2other (±50tot)

This SM value is to be compared with the combined a

+
µ and a

�
µ values from E821 [6]

corrected for the revised value of � = µµ/µp from Ref [35],

a

E821
µ = (116 592 089± 63)⇥ 10�11 (0.54 ppm), (13)

which give a di↵erence of

�aµ(E821� SM) = (287± 80)⇥ 10�11 [20] (14)

= (261± 78)⇥ 10�11 [21] (15)

depending on which evaluation of the lowest-order hadronic contribution that is used [20, 21].
This comparison between the experimental values and the present Standard-Model value

is shown graphically in Fig. 7. The lowest-order hadronic evaluation of Ref. [28] using the
hidden local symmetry model results in a di↵erence between experiment and theory that
ranges between 4.1 to 4.7�.

This di↵erence of 3.3 to 3.6 standard deviations is tantalizing, but we emphasize that
whatever the final agreement between the measured and SM value turns out to be, it will have
significant implications on the interpretation of new phenomena that might be found at the
LHC and elsewhere. Because of the power of aµ to constrain, or point to, speculative models

contribution. Subsequently a numerical mistake was found. These authors are continuing this work, but the
calculation is still incomplete.

8

2.3 Summary of the Standard-Model Value and Comparison with
Experiment

We determine the SM value using the new QED calculation from Aoyama [2]; the electroweak
from Ref. [3], the hadronic light-by-light contribution from the “Glasgow Consensus” [31];
and lowest-order hadronic contribution from Davier, et al., [20], or Hagiwara et al., [21], and
the higher-order hadronic contribution from Ref. [21]. A summary of these values is given
in Table 1.

Table 1: Summary of the Standard-Model contributions to the muon anomaly. Two val-
ues are quoted because of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

Value (⇥ 10�11) units
QED (� + `) 116 584 718.951± 0.009± 0.019± 0.007± 0.077↵
HVP(lo) [20] 6 923± 42
HVP(lo) [21] 6 949± 43
HVP(ho) [21] �98.4± 0.7
HLbL 105± 26
EW 154± 1

Total SM [20] 116 591 802± 42H-LO ± 26H-HO ± 2other (±49tot)
Total SM [21] 116 591 828± 43H-LO ± 26H-HO ± 2other (±50tot)

This SM value is to be compared with the combined a

+
µ and a

�
µ values from E821 [6]

corrected for the revised value of � = µµ/µp from Ref [35],

a

E821
µ = (116 592 089± 63)⇥ 10�11 (0.54 ppm), (13)

which give a di↵erence of

�aµ(E821� SM) = (287± 80)⇥ 10�11 [20] (14)

= (261± 78)⇥ 10�11 [21] (15)

depending on which evaluation of the lowest-order hadronic contribution that is used [20, 21].
This comparison between the experimental values and the present Standard-Model value

is shown graphically in Fig. 7. The lowest-order hadronic evaluation of Ref. [28] using the
hidden local symmetry model results in a di↵erence between experiment and theory that
ranges between 4.1 to 4.7�.

This di↵erence of 3.3 to 3.6 standard deviations is tantalizing, but we emphasize that
whatever the final agreement between the measured and SM value turns out to be, it will have
significant implications on the interpretation of new phenomena that might be found at the
LHC and elsewhere. Because of the power of aµ to constrain, or point to, speculative models

contribution. Subsequently a numerical mistake was found. These authors are continuing this work, but the
calculation is still incomplete.

8

2.3 Summary of the Standard-Model Value and Comparison with
Experiment

We determine the SM value using the new QED calculation from Aoyama [2]; the electroweak
from Ref. [3], the hadronic light-by-light contribution from the “Glasgow Consensus” [31];
and lowest-order hadronic contribution from Davier, et al., [20], or Hagiwara et al., [21], and
the higher-order hadronic contribution from Ref. [21]. A summary of these values is given
in Table 1.

Table 1: Summary of the Standard-Model contributions to the muon anomaly. Two val-
ues are quoted because of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

Value (⇥ 10�11) units
QED (� + `) 116 584 718.951± 0.009± 0.019± 0.007± 0.077↵
HVP(lo) [20] 6 923± 42
HVP(lo) [21] 6 949± 43
HVP(ho) [21] �98.4± 0.7
HLbL 105± 26
EW 154± 1

Total SM [20] 116 591 802± 42H-LO ± 26H-HO ± 2other (±49tot)
Total SM [21] 116 591 828± 43H-LO ± 26H-HO ± 2other (±50tot)

This SM value is to be compared with the combined a

+
µ and a

�
µ values from E821 [6]

corrected for the revised value of � = µµ/µp from Ref [35],

a

E821
µ = (116 592 089± 63)⇥ 10�11 (0.54 ppm), (13)

which give a di↵erence of

�aµ(E821� SM) = (287± 80)⇥ 10�11 [20] (14)

= (261± 78)⇥ 10�11 [21] (15)

depending on which evaluation of the lowest-order hadronic contribution that is used [20, 21].
This comparison between the experimental values and the present Standard-Model value

is shown graphically in Fig. 7. The lowest-order hadronic evaluation of Ref. [28] using the
hidden local symmetry model results in a di↵erence between experiment and theory that
ranges between 4.1 to 4.7�.

This di↵erence of 3.3 to 3.6 standard deviations is tantalizing, but we emphasize that
whatever the final agreement between the measured and SM value turns out to be, it will have
significant implications on the interpretation of new phenomena that might be found at the
LHC and elsewhere. Because of the power of aµ to constrain, or point to, speculative models

contribution. Subsequently a numerical mistake was found. These authors are continuing this work, but the
calculation is still incomplete.

8

QED (5 loop) [Aoyama et al. 2012] 

SM Theory �

!  QED, hadronic, EW contributions 

�
+ ...+=

✕ ✕ ✕

+ + + ...
✕ ✕

+ + + ...

✕ ✕

QED%%%(5:loop)%
Aoyama%et%al.%
PRL109,111808%(2012)%%
%
%
Hadronic%vacuum%
polarizaJon%(HVP)%
%
%
%
Hadronic%light:by:light%
(Hlbl)%
%
%
Electroweak%(EW)%
Knecht%et%al%02%
Czarnecki%et%al.%02�

+� +%…�

+� +� +%…�

muon’s anomalous magnetic moment

• One of the most precisely determined numbers, starting from the construction of QED.

�

�

µ µ

�

� �

µ µhad

�

W W

⇤

µ µ

Hadronic light-by-light scattering contribution to the muon g� 2 from lattice QCD Masashi Hayakawa

could be estimated by purely theoretical calculation. So far, it has been calculated only based on
the hadronic picture [7, 8]. Thus the first principle calculation based on lattice QCD is particularly
desirable.
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Figure 1: hadronic light-by-light scattering contribution to the muon g� 2

The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
difficult to accomplish with use of supercomputers available in the foreseeable future.

Here we propose a practical method to calculate the h-lbl contribution by using the lattice
(QCD + QED) simulation; we compute
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, (2)

amputate the external muon lines, and project the magnetic form factor, and divide by the factor
3. In Eq. (2) the red line denotes the free photon propagator D!�(x, y) in the non-compact lat-
tice QED solved in an appropriate gauge fixing condition. The black line denotes the full quark
propagator Sf (x, y;U, u) for a given set of SU(3)C gauge configuration

�
Ux,!

⇥
and U(1)em gauge

configuration
�
ux,!

⇥
, where the sum over relevant flavors f is implicitly assumed. The blue line

represents the full muon propagator s(x, y; u). The average ⇥, ⇤ above means the one over the
unquenched SU(3)C gauge configurations and/or the quenched U(1)em gauge configurations 1 as
specified by the subscript attached to it. Since two statistically independent averages overU(1)em
gauge configurations appear in the second term, they are distinguished by the labels A, B.

1For the unquenched QCD plus quenched QED to respect the gauge invariance of QED, the electromagnetic charges
of sea quarks are assumed to be zero.
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2
= (116 592 089 ± 54 ± 33) ⇥ 10�11 BNL-E821

[Andreas Hoecker, Tau 2010, arXiv:1012.0055 [hep-ph]]

Contribution Result (⇥10�11).
QED (leptons) 116 584 718.09 ± 0.15
HVP (lo) 6 923.± 42
HVP (ho) -97.9 ± 0.9
HLBL 105.± 26
EW 154.± 2

Total SM 116 591 802 ± 42HVP(lo) ± 26HLBL ± 02 (49tot).

• 287 ± 80 or 3.6⇥ difference between experiment and SM prediction.

E989 at FNAL is to reduce the total experimental error by,
at least, a factor of four over E821, or 0.14 ppm !

Taku Izubuchi, USQCD All Hands Meeting, JLab, May 6, 2011 20
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(the anomalous magnetic moment, or anomaly)
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hadronic contributions ⇠ 6 ⇥ 10�5 times smaller (leading error).

Tom Blum (UConn / RIKEN BNL Research Center) Hadronic contributions to the muon g-2 from lattice QCD

SM Theory �

!  QED, hadronic, EW contributions 

�
+ ...+=

✕ ✕ ✕

+ + + ...
✕ ✕

+ + + ...

✕ ✕

QED%%%(5:loop)%
Aoyama%et%al.%
PRL109,111808%(2012)%%
%
%
Hadronic%vacuum%
polarizaJon%(HVP)%
%
%
%
Hadronic%light:by:light%
(Hlbl)%
%
%
Electroweak%(EW)%
Knecht%et%al%02%
Czarnecki%et%al.%02�

+� +%…�

+� +� +%…�

muon’s anomalous magnetic moment

• One of the most precisely determined numbers, starting from the construction of QED.

�

�

µ µ

�

� �

µ µhad

�

W W

⇤

µ µ

Hadronic light-by-light scattering contribution to the muon g� 2 from lattice QCD Masashi Hayakawa

could be estimated by purely theoretical calculation. So far, it has been calculated only based on
the hadronic picture [7, 8]. Thus the first principle calculation based on lattice QCD is particularly
desirable.

!

l1l2

Figure 1: hadronic light-by-light scattering contribution to the muon g� 2

The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
difficult to accomplish with use of supercomputers available in the foreseeable future.

Here we propose a practical method to calculate the h-lbl contribution by using the lattice
(QCD + QED) simulation; we compute

⇤ quark ⌅

QCD+quenched QEDA

�
⇤

quark

⌅

QCD+quenched QEDB⇤ ⌅

quenched QEDA

, (2)

amputate the external muon lines, and project the magnetic form factor, and divide by the factor
3. In Eq. (2) the red line denotes the free photon propagator D!�(x, y) in the non-compact lat-
tice QED solved in an appropriate gauge fixing condition. The black line denotes the full quark
propagator Sf (x, y;U, u) for a given set of SU(3)C gauge configuration

�
Ux,!

⇥
and U(1)em gauge

configuration
�
ux,!

⇥
, where the sum over relevant flavors f is implicitly assumed. The blue line

represents the full muon propagator s(x, y; u). The average ⇥, ⇤ above means the one over the
unquenched SU(3)C gauge configurations and/or the quenched U(1)em gauge configurations 1 as
specified by the subscript attached to it. Since two statistically independent averages overU(1)em
gauge configurations appear in the second term, they are distinguished by the labels A, B.

1For the unquenched QCD plus quenched QED to respect the gauge invariance of QED, the electromagnetic charges
of sea quarks are assumed to be zero.

P
o
S
(
L
A
T
2
0
0
5
)
3
5
3

353 / 3

aµ =
g � 2

2
= (116 592 089 ± 54 ± 33) ⇥ 10�11 BNL-E821

[Andreas Hoecker, Tau 2010, arXiv:1012.0055 [hep-ph]]

Contribution Result (⇥10�11).
QED (leptons) 116 584 718.09 ± 0.15
HVP (lo) 6 923.± 42
HVP (ho) -97.9 ± 0.9
HLBL 105.± 26
EW 154.± 2

Total SM 116 591 802 ± 42HVP(lo) ± 26HLBL ± 02 (49tot).

• 287 ± 80 or 3.6⇥ difference between experiment and SM prediction.

E989 at FNAL is to reduce the total experimental error by,
at least, a factor of four over E821, or 0.14 ppm !

Taku Izubuchi, USQCD All Hands Meeting, JLab, May 6, 2011 20

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
Summary/Outlook

The magnetic moment of the muon

In interacting quantum (field) theory g gets corrections

qp1 p2

+
qp1 p2

k

+ . . .

�µ ! �µ(q) =

✓

�µ
F1(q

2) +
i �µ⌫

q⌫

2m
F2(q

2)

◆

which results from Lorentz and gauge invariance when the muon is
on-mass-shell.

F2(0) =
g � 2

2
⌘ aµ (F1(0) = 1)

(the anomalous magnetic moment, or anomaly)

Tom Blum (UConn / RIKEN BNL Research Center) Hadronic contributions to the muon g-2 from lattice QCD

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
Summary/Outlook

The magnetic moment of the muon

Compute these corrections order-by-order in perturbation theory by
expanding �µ(q2) in QED coupling constant

↵ =
e

2

4⇡
=

1

137
+ . . .

Corrections begin at O(↵); Schwinger term = ↵
2⇡ = 0.0011614 . . .

hadronic contributions ⇠ 6 ⇥ 10�5 times smaller (leading error).

Tom Blum (UConn / RIKEN BNL Research Center) Hadronic contributions to the muon g-2 from lattice QCD

SM Theory �

!  QED, hadronic, EW contributions 

�
+ ...+=

✕ ✕ ✕

+ + + ...
✕ ✕

+ + + ...

✕ ✕

QED%%%(5:loop)%
Aoyama%et%al.%
PRL109,111808%(2012)%%
%
%
Hadronic%vacuum%
polarizaJon%(HVP)%
%
%
%
Hadronic%light:by:light%
(Hlbl)%
%
%
Electroweak%(EW)%
Knecht%et%al%02%
Czarnecki%et%al.%02�

+� +%…�

+� +� +%…�

muon’s anomalous magnetic moment

• One of the most precisely determined numbers, starting from the construction of QED.

�

�

µ µ

�

� �

µ µhad

�

W W

⇤

µ µ

Hadronic light-by-light scattering contribution to the muon g� 2 from lattice QCD Masashi Hayakawa

could be estimated by purely theoretical calculation. So far, it has been calculated only based on
the hadronic picture [7, 8]. Thus the first principle calculation based on lattice QCD is particularly
desirable.

!

l1l2

Figure 1: hadronic light-by-light scattering contribution to the muon g� 2

The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
difficult to accomplish with use of supercomputers available in the foreseeable future.

Here we propose a practical method to calculate the h-lbl contribution by using the lattice
(QCD + QED) simulation; we compute

⇤ quark ⌅

QCD+quenched QEDA

�
⇤

quark

⌅

QCD+quenched QEDB⇤ ⌅

quenched QEDA

, (2)

amputate the external muon lines, and project the magnetic form factor, and divide by the factor
3. In Eq. (2) the red line denotes the free photon propagator D!�(x, y) in the non-compact lat-
tice QED solved in an appropriate gauge fixing condition. The black line denotes the full quark
propagator Sf (x, y;U, u) for a given set of SU(3)C gauge configuration

�
Ux,!

⇥
and U(1)em gauge

configuration
�
ux,!

⇥
, where the sum over relevant flavors f is implicitly assumed. The blue line

represents the full muon propagator s(x, y; u). The average ⇥, ⇤ above means the one over the
unquenched SU(3)C gauge configurations and/or the quenched U(1)em gauge configurations 1 as
specified by the subscript attached to it. Since two statistically independent averages overU(1)em
gauge configurations appear in the second term, they are distinguished by the labels A, B.

1For the unquenched QCD plus quenched QED to respect the gauge invariance of QED, the electromagnetic charges
of sea quarks are assumed to be zero.

P
o
S
(
L
A
T
2
0
0
5
)
3
5
3

353 / 3

aµ =
g � 2

2
= (116 592 089 ± 54 ± 33) ⇥ 10�11 BNL-E821

[Andreas Hoecker, Tau 2010, arXiv:1012.0055 [hep-ph]]

Contribution Result (⇥10�11).
QED (leptons) 116 584 718.09 ± 0.15
HVP (lo) 6 923.± 42
HVP (ho) -97.9 ± 0.9
HLBL 105.± 26
EW 154.± 2

Total SM 116 591 802 ± 42HVP(lo) ± 26HLBL ± 02 (49tot).

• 287 ± 80 or 3.6⇥ difference between experiment and SM prediction.

E989 at FNAL is to reduce the total experimental error by,
at least, a factor of four over E821, or 0.14 ppm !

Taku Izubuchi, USQCD All Hands Meeting, JLab, May 6, 2011 20

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
Summary/Outlook

The magnetic moment of the muon

In interacting quantum (field) theory g gets corrections

qp1 p2

+
qp1 p2

k

+ . . .

�µ ! �µ(q) =

✓

�µ
F1(q

2) +
i �µ⌫

q⌫

2m
F2(q

2)

◆

which results from Lorentz and gauge invariance when the muon is
on-mass-shell.

F2(0) =
g � 2

2
⌘ aµ (F1(0) = 1)

(the anomalous magnetic moment, or anomaly)

Tom Blum (UConn / RIKEN BNL Research Center) Hadronic contributions to the muon g-2 from lattice QCD

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
Summary/Outlook

The magnetic moment of the muon

Compute these corrections order-by-order in perturbation theory by
expanding �µ(q2) in QED coupling constant

↵ =
e

2

4⇡
=

1

137
+ . . .

Corrections begin at O(↵); Schwinger term = ↵
2⇡ = 0.0011614 . . .

hadronic contributions ⇠ 6 ⇥ 10�5 times smaller (leading error).

Tom Blum (UConn / RIKEN BNL Research Center) Hadronic contributions to the muon g-2 from lattice QCD

SM Theory �

!  QED, hadronic, EW contributions 

�
+ ...+=

✕ ✕ ✕

+ + + ...
✕ ✕

+ + + ...

✕ ✕

QED%%%(5:loop)%
Aoyama%et%al.%
PRL109,111808%(2012)%%
%
%
Hadronic%vacuum%
polarizaJon%(HVP)%
%
%
%
Hadronic%light:by:light%
(Hlbl)%
%
%
Electroweak%(EW)%
Knecht%et%al%02%
Czarnecki%et%al.%02�

+� +%…�

+� +� +%…�

muon’s anomalous magnetic moment

• One of the most precisely determined numbers, starting from the construction of QED.

�

�

µ µ

�

� �

µ µhad

�

W W

⇤

µ µ

Hadronic light-by-light scattering contribution to the muon g� 2 from lattice QCD Masashi Hayakawa

could be estimated by purely theoretical calculation. So far, it has been calculated only based on
the hadronic picture [7, 8]. Thus the first principle calculation based on lattice QCD is particularly
desirable.

!

l1l2
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The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
difficult to accomplish with use of supercomputers available in the foreseeable future.

Here we propose a practical method to calculate the h-lbl contribution by using the lattice
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1For the unquenched QCD plus quenched QED to respect the gauge invariance of QED, the electromagnetic charges
of sea quarks are assumed to be zero.

P
o
S
(
L
A
T
2
0
0
5
)
3
5
3

353 / 3

aµ =
g � 2

2
= (116 592 089 ± 54 ± 33) ⇥ 10�11 BNL-E821

[Andreas Hoecker, Tau 2010, arXiv:1012.0055 [hep-ph]]

Contribution Result (⇥10�11).
QED (leptons) 116 584 718.09 ± 0.15
HVP (lo) 6 923.± 42
HVP (ho) -97.9 ± 0.9
HLBL 105.± 26
EW 154.± 2

Total SM 116 591 802 ± 42HVP(lo) ± 26HLBL ± 02 (49tot).

• 287 ± 80 or 3.6⇥ difference between experiment and SM prediction.

E989 at FNAL is to reduce the total experimental error by,
at least, a factor of four over E821, or 0.14 ppm !

Taku Izubuchi, USQCD All Hands Meeting, JLab, May 6, 2011 20

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
Summary/Outlook

The magnetic moment of the muon

In interacting quantum (field) theory g gets corrections

qp1 p2

+
qp1 p2

k

+ . . .

�µ ! �µ(q) =

✓

�µ
F1(q

2) +
i �µ⌫

q⌫

2m
F2(q

2)

◆

which results from Lorentz and gauge invariance when the muon is
on-mass-shell.

F2(0) =
g � 2

2
⌘ aµ (F1(0) = 1)

(the anomalous magnetic moment, or anomaly)

Tom Blum (UConn / RIKEN BNL Research Center) Hadronic contributions to the muon g-2 from lattice QCD

Introduction
The hadronic vacuum polarization (HVP) contribution (O(↵2))

The hadronic light-by-light (HLbL) contribution (O(↵3))
Summary/Outlook

The magnetic moment of the muon

Compute these corrections order-by-order in perturbation theory by
expanding �µ(q2) in QED coupling constant

↵ =
e

2

4⇡
=

1

137
+ . . .

Corrections begin at O(↵); Schwinger term = ↵
2⇡ = 0.0011614 . . .

hadronic contributions ⇠ 6 ⇥ 10�5 times smaller (leading error).

Tom Blum (UConn / RIKEN BNL Research Center) Hadronic contributions to the muon g-2 from lattice QCD

Hadronic vacuum polarisation

Hadronic light-by-light

Electroweak (2 loop) [Czarnecki et al. 2006]

Snowmass: The Muon (g-2) Theory Value: Present and Future [T Blum et al. 1311.2198]



Standard Model (g-2)μ

Measured value	


!

Breakdown of contributions  
(2 evaluations of HVP)  
 
 
 
 

!

Deviation

2.3 Summary of the Standard-Model Value and Comparison with
Experiment

We determine the SM value using the new QED calculation from Aoyama [2]; the electroweak
from Ref. [3], the hadronic light-by-light contribution from the “Glasgow Consensus” [31];
and lowest-order hadronic contribution from Davier, et al., [20], or Hagiwara et al., [21], and
the higher-order hadronic contribution from Ref. [21]. A summary of these values is given
in Table 1.

Table 1: Summary of the Standard-Model contributions to the muon anomaly. Two val-
ues are quoted because of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

Value (⇥ 10�11) units
QED (� + `) 116 584 718.951± 0.009± 0.019± 0.007± 0.077↵
HVP(lo) [20] 6 923± 42
HVP(lo) [21] 6 949± 43
HVP(ho) [21] �98.4± 0.7
HLbL 105± 26
EW 154± 1

Total SM [20] 116 591 802± 42H-LO ± 26H-HO ± 2other (±49tot)
Total SM [21] 116 591 828± 43H-LO ± 26H-HO ± 2other (±50tot)

This SM value is to be compared with the combined a

+
µ and a

�
µ values from E821 [6]

corrected for the revised value of � = µµ/µp from Ref [35],

a

E821
µ = (116 592 089± 63)⇥ 10�11 (0.54 ppm), (13)

which give a di↵erence of

�aµ(E821� SM) = (287± 80)⇥ 10�11 [20] (14)

= (261± 78)⇥ 10�11 [21] (15)

depending on which evaluation of the lowest-order hadronic contribution that is used [20, 21].
This comparison between the experimental values and the present Standard-Model value

is shown graphically in Fig. 7. The lowest-order hadronic evaluation of Ref. [28] using the
hidden local symmetry model results in a di↵erence between experiment and theory that
ranges between 4.1 to 4.7�.

This di↵erence of 3.3 to 3.6 standard deviations is tantalizing, but we emphasize that
whatever the final agreement between the measured and SM value turns out to be, it will have
significant implications on the interpretation of new phenomena that might be found at the
LHC and elsewhere. Because of the power of aµ to constrain, or point to, speculative models

contribution. Subsequently a numerical mistake was found. These authors are continuing this work, but the
calculation is still incomplete.
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Figure 1: hadronic light-by-light scattering contribution to the muon g� 2

The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
difficult to accomplish with use of supercomputers available in the foreseeable future.

Here we propose a practical method to calculate the h-lbl contribution by using the lattice
(QCD + QED) simulation; we compute
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amputate the external muon lines, and project the magnetic form factor, and divide by the factor
3. In Eq. (2) the red line denotes the free photon propagator D!�(x, y) in the non-compact lat-
tice QED solved in an appropriate gauge fixing condition. The black line denotes the full quark
propagator Sf (x, y;U, u) for a given set of SU(3)C gauge configuration
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and U(1)em gauge

configuration
�
ux,!

⇥
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represents the full muon propagator s(x, y; u). The average ⇥, ⇤ above means the one over the
unquenched SU(3)C gauge configurations and/or the quenched U(1)em gauge configurations 1 as
specified by the subscript attached to it. Since two statistically independent averages overU(1)em
gauge configurations appear in the second term, they are distinguished by the labels A, B.

1For the unquenched QCD plus quenched QED to respect the gauge invariance of QED, the electromagnetic charges
of sea quarks are assumed to be zero.
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The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
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Hot topic in LQCD

LQCD requirements  
 
 
 
 
 
 
 
[B Casey Lattice 2014 projections]	


Hugely active area of LQCD	


Efforts to increase precision on HVP	


Exploration of techniques to 
address HLbL
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Hadronic vacuum polarisation

Current theoretical estimate  
from dispersive treatment 	


Use data on σ(e+e-→hadrons)  
combining many data sets 
 
 
 
 
 
 
 

Complicated analysis (0.6% prec)
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!  From experimental e+ e- total cross section   

�total(e+e-) and dispersion relation 

 

   time like   q2 = s >= 4 mπ
2 

EQUATIONS

N. YAMADA

aHVP
µ =

1

4π2

! ∞

4m2
π

dsK(s)σtotal(s)(1)

Πµν(q
2) =

!
d4x

(2π)4
e−iq·x⟨0|T [jµ(x)jν(0)]|0⟩|0⟩(2)

Γ(Hlbl)
µ (p2, p1) = ie6

!
d4k1

(2π)4

d4k2

(2π)4

Π(4)
µνρσ(q, k1, k3, k2)

k2
1 k2

2 k2
3

×γνS
(µ)(p2 + k2)γρS

(µ)(p1 + k1)γσ

Π(4)
µνρσ(q, k1, k3, k2) =

!
d4x1 d4x2 d4x3 exp[−i(k1 · x1 + k2 · x2 + k3 · x3)]

×⟨0|T [jµ(0)jν(x1)jρ(x2)jσ(x3)]|0⟩

aSM
µ = (11 659 182.8 ± 4.9) × 10−10 (using [1])(3)

aEXP
µ = (11 659 208.9 ± 6.3) × 10−10 [PDG](4)

aEXP
µ − aSM

µ = (26.1 ± 8.0) × 10−10(5)

Breakdown

aSM
µ = (11 659 182.8 ±4.9 ) × 10−10

aQED
µ = (11 658 471.808 ±0.015 ) × 10−10

aEW
µ = ( 15.4 ±0.2 ) × 10−10

ahad,LOVP
µ = ( 694.91 ±4.27 ) × 10−10

ahad,HOVP
µ = ( −9.84 ±0.07 ) × 10−10

ahad,lbl
µ = ( 10.5 ±2.6 ) × 10−10

Date: July 10, 2012.
1

✕

aHVP,LO
µ = (694.91± 4.27)⇥ 10�10

aHVP,HO
µ = (�9.84± 0.07)⇥ 10�10

“Trick” applies to higher order hadronic VP contributions

h e h h h
µ

�

h

a) b) c) d)

Kinoshita, Nizic, Okamoto 1985, Krause 1996, ...
as well as to analytic calculations of higher order diagrams like

Ia Ib Ic Id
µ

�1

�2
�3 �1

�2
�1 �2

�1

3–loop: Hoang et al 95, 4–loop: Broadhurst, Kataev, Tarasov 93, Kinoshita et al

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 72

[%%~%0.6%%%err%]�

~
2

had.

Leading order of hadronic 
contribution (HVP)�

!  Hadronic vacuum polarization (HVP) 
                
 
  quark’s EM current :  

!  Optical Theorem  
 
!  Analycity 
     �


�

Vμ� Vν��

Vµ =
X

f

Qf f̄�µf

= (q2gµ� � qµq�)�V (q
2)

Im�V (s) =
s

4⇥�
⇤
tot

(e+e� ! X)

�V (s)��V (0) =
k2

⇥

Z 1

4m2
⇡

ds
Im�V (s)

s(s� k2 � i�)

Dispersion relations and VP insertions in g � 2

Starting point:
� Optical Theorem (unitarity) for the photon propagator

Im�⇤⇥(s) =
s

4⇤�
⌅tot(e+e� ⇥ anything)

� Analyticity (causality), may be expressed in form of a so–called (subtracted)
dispersion relation

�⇤⇥(k
2) � �⇤⇥(0) =

k2

⇤

⌅�

0

ds
Im�⇤⇥(s)

s (s � k2 � i⇧)
.

� �
had ⇥

�
� had
� (q2)

�

had

2

� ⇥had
tot (q2)

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 68

F.%Jegerlehner’s%lecture�

Leading order of hadronic 
contribution (HVP)�

!  Hadronic vacuum polarization (HVP) 
                
 
  quark’s EM current :  

!  Optical Theorem  
 
!  Analycity 
     �


�

Vμ� Vν��

Vµ =
X

f

Qf f̄�µf

= (q2gµ� � qµq�)�V (q
2)

Im�V (s) =
s

4⇥�
⇤
tot

(e+e� ! X)

�V (s)��V (0) =
k2

⇥

Z 1

4m2
⇡

ds
Im�V (s)

s(s� k2 � i�)

Dispersion relations and VP insertions in g � 2

Starting point:
� Optical Theorem (unitarity) for the photon propagator

Im�⇤⇥(s) =
s

4⇤�
⌅tot(e+e� ⇥ anything)

� Analyticity (causality), may be expressed in form of a so–called (subtracted)
dispersion relation

�⇤⇥(k
2) � �⇤⇥(0) =

k2

⇤

⌅�

0

ds
Im�⇤⇥(s)

s (s � k2 � i⇧)
.

� �
had ⇥

�
� had
� (q2)

�

had

2

� ⇥had
tot (q2)

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 68

F.%Jegerlehner’s%lecture�

Leading order of hadronic 
contribution (HVP)�

!  Hadronic vacuum polarization (HVP) 
                
 
  quark’s EM current :  

!  Optical Theorem  
 
!  Analycity 
     �


�

Vμ� Vν��

Vµ =
X

f

Qf f̄�µf

= (q2gµ� � qµq�)�V (q
2)

Im�V (s) =
s

4⇥�
⇤
tot

(e+e� ! X)

�V (s)��V (0) =
k2

⇥

Z 1

4m2
⇡

ds
Im�V (s)

s(s� k2 � i�)

Dispersion relations and VP insertions in g � 2

Starting point:
� Optical Theorem (unitarity) for the photon propagator

Im�⇤⇥(s) =
s

4⇤�
⌅tot(e+e� ⇥ anything)

� Analyticity (causality), may be expressed in form of a so–called (subtracted)
dispersion relation

�⇤⇥(k
2) � �⇤⇥(0) =

k2

⇤

⌅�

0

ds
Im�⇤⇥(s)

s (s � k2 � i⇧)
.

� �
had ⇥

�
� had
� (q2)

�

had

2

� ⇥had
tot (q2)

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 68

F.%Jegerlehner’s%lecture�

Leading order of hadronic 
contribution (HVP)�

!  Hadronic vacuum polarization (HVP) �

×�

Hagiwara,%et%al.%
J.Phys.%G38,085003%
(2011)�

ρ� ω�

��

Leading order of hadronic 
contribution (HVP)�

!  Hadronic vacuum polarization (HVP) �

×�

Hagiwara,%et%al.%
J.Phys.%G38,085003%
(2011)�

ρ� ω�

��

HVP from experimental data�

!  From experimental e+ e- total cross section   

�total(e+e-) and dispersion relation 

 

   time like   q2 = s >= 4 mπ
2 

EQUATIONS

N. YAMADA

aHVP
µ =

1

4π2

! ∞

4m2
π

dsK(s)σtotal(s)(1)

Πµν(q
2) =

!
d4x

(2π)4
e−iq·x⟨0|T [jµ(x)jν(0)]|0⟩|0⟩(2)

Γ(Hlbl)
µ (p2, p1) = ie6

!
d4k1

(2π)4

d4k2

(2π)4

Π(4)
µνρσ(q, k1, k3, k2)

k2
1 k2

2 k2
3

×γνS
(µ)(p2 + k2)γρS

(µ)(p1 + k1)γσ

Π(4)
µνρσ(q, k1, k3, k2) =

!
d4x1 d4x2 d4x3 exp[−i(k1 · x1 + k2 · x2 + k3 · x3)]

×⟨0|T [jµ(0)jν(x1)jρ(x2)jσ(x3)]|0⟩

aSM
µ = (11 659 182.8 ± 4.9) × 10−10 (using [1])(3)

aEXP
µ = (11 659 208.9 ± 6.3) × 10−10 [PDG](4)

aEXP
µ − aSM

µ = (26.1 ± 8.0) × 10−10(5)

Breakdown

aSM
µ = (11 659 182.8 ±4.9 ) × 10−10

aQED
µ = (11 658 471.808 ±0.015 ) × 10−10

aEW
µ = ( 15.4 ±0.2 ) × 10−10

ahad,LOVP
µ = ( 694.91 ±4.27 ) × 10−10

ahad,HOVP
µ = ( −9.84 ±0.07 ) × 10−10

ahad,lbl
µ = ( 10.5 ±2.6 ) × 10−10

Date: July 10, 2012.
1

✕

aHVP,LO
µ = (694.91± 4.27)⇥ 10�10

aHVP,HO
µ = (�9.84± 0.07)⇥ 10�10

“Trick” applies to higher order hadronic VP contributions

h e h h h
µ

�

h

a) b) c) d)

Kinoshita, Nizic, Okamoto 1985, Krause 1996, ...
as well as to analytic calculations of higher order diagrams like

Ia Ib Ic Id
µ

�1

�2
�3 �1

�2
�1 �2

�1

3–loop: Hoang et al 95, 4–loop: Broadhurst, Kataev, Tarasov 93, Kinoshita et al

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 72

[%%~%0.6%%%err%]�

Leading order of hadronic 
contribution (HVP)�

!  Hadronic vacuum polarization (HVP) 
                
 
  quark’s EM current :  

!  Optical Theorem  
 
!  Analycity 
     �


�

Vμ� Vν��

Vµ =
X

f

Qf f̄�µf

= (q2gµ� � qµq�)�V (q
2)

Im�V (s) =
s

4⇥�
⇤
tot

(e+e� ! X)

�V (s)��V (0) =
k2

⇥

Z 1

4m2
⇡

ds
Im�V (s)

s(s� k2 � i�)

Dispersion relations and VP insertions in g � 2

Starting point:
� Optical Theorem (unitarity) for the photon propagator

Im�⇤⇥(s) =
s

4⇤�
⌅tot(e+e� ⇥ anything)

� Analyticity (causality), may be expressed in form of a so–called (subtracted)
dispersion relation

�⇤⇥(k
2) � �⇤⇥(0) =

k2

⇤

⌅�

0

ds
Im�⇤⇥(s)

s (s � k2 � i⇧)
.

� �
had ⇥

�
� had
� (q2)

�

had

2

� ⇥had
tot (q2)

F. Jegerlehner SFB/TR 09 Meeting, Aachen, November 14, 2011 68

F.%Jegerlehner’s%lecture�



Hadronic vacuum polarisation

Can be computed from SM  
directly [Blum PRL91 (2003) 052001]	


Analytically continue to Euclidean  
 space [T Blum PRL91 (2003) 052001]  
  
                  
Use modified kernel  
 

Precision goal is challenging, but  
calculations rapidly improving	


Major technical improvements 
at low K2 where f(K2) is peaked	


Ready for large scale calculations
T Izubuchi Lattice 2015 (already out of date)
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HVP from Lattice�

!  Analytically continue to Euclidean/space-like momentum K2 = - q2 >0 

!  Vector current  2pt function 

 

 

!  Jµ(x)    conserved current 

!  (µ,�) = (i,i),   q = 2 Pi / N  x  (real number)  a good approximation if Fourier 

integrand is rapidly suppressed in large |x|   

             X. Feng et al. 2013    C.Lehner  2014        A. Portelli, [Tue 15:20] 
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Hadronic light-by-light

HLbL smaller but hard to determine	


Currently guesstimated from models  
(see Colangelo et al. for dispersive analysis of some pieces)	


Accessible in LQCD from 4-pt correlator  
 
 
 
 
 

32 relevant tensor structures! 	


Required for all k1, k2!

HVP like approach on lattice ?�

!  Calculate 4pt of EM currents 

!  One needs to calc. or fit all (q, k1,k2,k3) 
combination 

 

!  Need to repeat (Volume)3 times  ! 

EQUATIONS

N. YAMADA

Γ(Hlbl)
µ (p2, p1) = ie6

!
d4k1

(2π)4

d4k2

(2π)4

Π(4)
µνρσ(q, k1, k3, k2)

k2
1 k2

2 k2
3

×γνS
(µ)(p/2 + k/2)γρS

(µ)(p/1 + k/1)γσ

Π(4)
µνρσ(q, k1, k3, k2) =

!
d4x1 d4x2 d4x3 exp[−i(k1 · x1 + k2 · x2 + k3 · x3)]

×⟨0|T [jµ(0)jν(x1)jρ(x2)jσ(x3)]|0⟩

aSM
µ = (11 659 182.8 ± 4.9) × 10−10 (using [1])(1)

aEXP
µ = (11 659 208.9 ± 6.3) × 10−10 [PDG](2)

aEXP
µ − aSM

µ = (26.1 ± 8.0) × 10−10(3)

Breakdown
aSM

µ = (11 659 182.8 ±4.9 ) × 10−10

aQED
µ = (11 658 471.808 ±0.015 ) × 10−10

aEW
µ = ( 15.4 ±0.2 ) × 10−10
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µ = ( 694.91 ±4.27 ) × 10−10
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V (x) = −µ⃗l · B⃗(4)
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e
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S⃗l(5)

al =
gl − 2

2
(6)

Γµ(q) = γµ F1(q
2) +

iσµνqν

2 ml
F2(q

2)(7)

F1(q
2) = 1, F2(q

2) = 0(8)

F1(0) = 1, F2(0) = al(9)

al = F2(0)(10)
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The hadronic light-by-light amplitude

+ + ...
Blobs: all possible hadronic states

Model estimates: about (10�12)⇥10�10 with a 25-40%
uncertainty (di�cult to quantify)

Lattice calculation: model independent, approximations
(non-zero a, finite V , . . . ) systematically improvable

Compute directly on lattice, using QCD and QED

Tom Blum (UConn / RIKEN BNL Research Center) Lattice calculation of hadronic light-by-light scattering contribution to the muon g-2



Hadronic light-by-light

Recent calculation at  
fixed kinematics 
[Green et al., 1507.01577]	


Comparison to model 
derived from dispersive 
analysis of γ*γ*→hadrons	


Not viable for all kinematics 
but may help constrain models

Direct 4pt calculation for selected 
kinematical range�

!  Jeremy Green [ Tue, 16:30]  arXiv: 1507.01577 

!  Compute connected contribution of 4 pt function in momentum space 

!  forward amplitudes related to �*�*-> hadron cross section via dispersion 
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FIG. 3. The forward scattering amplitude M
TT

at a fixed
virtuality Q2

1

= 0.377GeV2, as a function of the other photon
virtuality Q2

2

, for di↵erent values of ⌫. The curves represent
the predictions based on Eq. (10), see the text for details.

for some fixed functions f

1,2

and all values of {µ
a

}
and X

4

. The contact terms are present when two or
three lattice conserved currents coincide, and serve to
ensure that the conserved-current relations hold, e.g.,

�(X4)
µ4 ⇧lat

µ1µ2µ3µ4
= 0, where �(X)

µ

is the backward lat-
tice derivative.

The fully-connected contribution to Eq. (12) is evalu-
ated using the method of sequential propagators. First,
a point-source propagator is computed from X

3

. Then,
it is combined with the function f

1

or f

2

to form the
source for a new (sequential) propagator. These sequen-
tial propagators are then used to form sources for double-
sequential propagators that depend on both f

1

and f

2

.
Finally, the fully-connected contraction is formed using
all three kinds of propagators; this is illustrated in Fig. 2.
For generic complex f

1

and f

2

, this requires one point-
source, 16 sequential and 32 double-sequential propaga-
tors, although these counts can be reduced in various spe-
cial cases. We have verified that in our implementation
the four-point function matches the lattice perturbation
theory calculation if the gauge link variables are set to
unity, and that the conserved-current conditions hold on
each gauge configuration.

For evaluating the momentum-space correlator, we set
the functions to be plane waves, f

a

(X) = e

�iPa·X and
compute the Fourier modes with respect to X

4

. Thus,
⇧E

µ1µ2µ3µ4
(P

4

;P
1

, P

2

) can be evaluated e�ciently at fixed
P

1,2

for all P
4

available on the lattice.

FIG. 4. The dependence of the amplitude M
TT

on ⌫, both
photon virtualities being fixed at 0.377 GeV2, at three dif-
ferent pion masses. The dashed and dotted curves show the
⇡0 and ⇡0 + ⌘0 contributions (there is no ⌘ meson in two-
flavor QCD), the solid curve includes all single-meson and
⇡+⇡� contributions, and the dash-dotted curves additionally
include the high-energy contribution for the case of real pho-
tons at the physical pion mass.

IV. RESULTS

We have used three lattice QCD ensembles with two
degenerate flavors of non-perturbatively O(a) improved
Wilson quarks and a plaquette gauge action. The en-
sembles are at a single lattice spacing a = 0.063fm [16],
correspond to pion masses m

⇡

= 451, 324 and 277MeV,
and are respectively of spatial linear size 32, 48 and 48,
the time direction being twice as long; see [17] for more
details. Only the up and down quark contributions to
the electromagnetic current are included. The local vec-
tor current J

l

µ

is renormalized non-perturbatively [18].
The results shown here were obtained using fairly low
statistics, with a maximum of 300 samples.
Due to the finite volume of the lattice, the momenta

take discrete values. The subtracted forward scatter-
ing amplitude, M

TT

(�Q

2

1

,�Q

2

2

, ⌫)�M
TT

(�Q

2

1

,�Q

2

2

, 0)
(which is even in ⌫), is obtained by linearly interpolating
the second term between the available Q

2

2

to match the
first term. It is shown in Fig. 3 at fixed pion mass and
fixed Q

2

1

, and also in Fig. 4 with both photon virtualities
fixed. For the latter, linear interpolation in Q

2

2

was also
used in the first term, except for the points at maximal
⌫. At fixed ⌫, the amplitude tends to decrease as the
virtualities are increased, at fixed virtualities it tends to
increase with |⌫|, and at fixed kinematics we do not find
a significant dependence on the pion mass.

We compare the lattice data with results from the sum
rule, Eq. (10), using a phenomenological model for the
transverse �

⇤
�

⇤ ! hadrons cross section, �
0

+ �

2

, based
on Ref. [8]. We include pseudoscalar, scalar, axial-vector,
and tensor mesons, as well as ⇡

+

⇡

� states [19] (using
scalar QED dressed with form factors). The �

⇤
�

⇤ !
meson form factors have not been measured experi-

2

conventional notation, we have

Mforw

µ1µ2µ3µ4
(q

1

, q

2

) ⌘ M
µ1µ2µ3µ4(q1, q2 ! q

1

, q

2

) (5)

= e

4 (�i⇧
µ1µ3µ4µ2(�q

2

;�q

1

, q

1

)).

The forward scattering amplitude can be decomposed
into eight Lorentz-invariant amplitudes [11]. They are
functions of the virtualities q2

1

and q

2

2

of the photons, as
well as of the variable ⌫ ⌘ q

1

· q
2

. Using the projector
R

µ⌫ onto the subspace orthogonal to q

1

and q

2

, we focus
here on the amplitude [12]

M
TT

(q2
1

, q

2

2

, ⌫) =
1

4
R

µ1µ3
R

µ2µ4Mforw

µ1µ2µ3µ4
(q

1

, q

2

). (6)

Combining Eqs. (5) and (3), we can access the amplitude
M

TT

from the Euclidean correlator,

M
TT

(�Q

2

1

,�Q

2

2

,�Q

1

· Q
2

) (7)

=
e

4

4
R

E

µ1µ3
R

E

µ2µ4
⇧E

µ1µ3µ4µ2
(�Q

2

;�Q

1

, Q

1

),

R

E

µ⌫

⌘ �

µ⌫

� 1

(Q
1

· Q
2

)2 � Q

2

1

Q

2

2

· (8)

h
(Q

1

· Q
2

)(Q
1µ

Q

2⌫

+Q

1⌫

Q

2µ

)

�Q

2

1

Q

2µ

Q

2⌫

� Q

2

2

Q

1µ

Q

1⌫

i
.

The largest value of |⌫| that can be reached with Eu-
clidean kinematics is limited by the virtualities of the
photons [13], |⌫|  (Q2

1

Q

2

2

)1/2  1

2

(Q2

1

+Q

2

2

) ⌘ ⌫

0

, while
the nearest singularity is the s-channel ⇡0 pole located
at ⌫

⇡

= 1

2

(m2

⇡

+ Q

2

1

+ Q

2

2

). A technical issue arises
when Q

1

and Q

2

are collinear: the projector R

E

µ⌫

be-
comes ambiguous. To resolve the issue, we note that
R

E

µ⌫

= R

µ⌫

� U

1µ

U

1⌫

, where R

µ⌫

⌘ �

µ⌫

� Q

1µ

Q

1⌫

/Q

2

1

and U

1

is the unit vector parallel to the projection of
Q

2

onto the subspace orthogonal to Q

1

. The average of
the applied projector over the directions of U

1

in that
subspace yields

hhRE

µ1µ3
R

E

µ2µ4
ii

U1 = 2

5

R

µ1µ3Rµ2µ4 (9)

+ 1

15

⇣
R

µ1µ2Rµ3µ4 +R

µ1µ4Rµ3µ2

⌘
.

We use this averaged projector in Eq. (7) when Q

1

and
Q

2

are collinear.
In [8], it was shown that the HLbL amplitude M

TT

(⌫),
for fixed spacelike photon virtualities, can be obtained
from the following dispersive sum rule,

M
TT

(q2
1

, q

2

2

, ⌫) � M
TT

(q2
1

, q

2

2

, 0) (10)

=
2⌫2

⇡

Z 1

⌫0

d⌫

0
p

⌫

02 � q

2

1

q

2

2

⌫

0(⌫02 � ⌫

2 � i✏)
(�

0

+ �

2

)(⌫0),

where �

0

and �

2

are the total cross sections
�

⇤(q 2

1

)�⇤(q 2

2

) ! hadrons with total helicity 0 and 2 re-
spectively. It can be shown [8] that M

TT

vanishes at
⌫ = 0 if either of the photons is real. It is interesting to
test the sum rule for the ⇡0 pole contribution. Using the

FIG. 1. Four-point function quark contraction topologies.
The vertices represent vector currents and the lines are quark
propagators. In this work, we compute only the leftmost,
fully-connected class of diagrams.

1X X2

X4

1X X2

X4

1X X2

X40 0 0

FIG. 2. Fully-connected four-point function quark contrac-
tions. Each panel represents two contractions with oppo-
site directions of quark flow. The solid quark lines are com-
puted using a point-source propagator, the dashed lines using
sequential propagators, and the dotted lines using double-
sequential propagators.

expression for ⇧
µ⌫⇢�

given in [14] and Eqs. (5, 6), one
finds

M⇡

0

TT

(�Q
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,�Q
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2

, ⌫) = e

4 (⌫2 � Q
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) (11)

F(�Q
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2

+m

2
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(Q2

1

+Q

2

2
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2
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)2 � 4⌫2

with F(q2
1

, q

2

2

) the pion transition form factor as defined
in [14]. For q2

2

= 0, the same result is obtained from the
sum rule, using the expression for the ��

⇤ ! ⇡

0 cross-
section given in [8].
In summary, the amplitude M

TT

can be computed on
the lattice via Eq. (7) and from e

+

e

� collider data via
Eq. (10). In the following, we present a comparison of
the two approaches.

III. IMPLEMENTATION OF THE EUCLIDEAN
FOUR-POINT FUNCTION IN LATTICE QCD

In numerical lattice QCD calculations of n-point func-
tions, the quark path integral is evaluated analytically to
yield a sum of contractions of quark propagators. For the
four-point function of vector currents, these fall into five
distinct topologies, illustrated in Fig. 1. In this work, we
compute only the six contractions that are fully quark-
connected.
We use a Wilson-type quark action, three lattice con-

served currents Jc

µ

and one site-local current J l

µ

(see for
instance [15] for an explicit definition). Generically, we
evaluate the fully-connected contribution to

⇧lat

µ1µ2µ3µ4
(X

4

; f
1

, f
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) ⌘
X

X1,X2

f

1

(X
1

)f
2

(X
2

)

hJc

µ1
(X

1

)Jc

µ2
(X

2

)J l

µ3
(0)Jc

µ4
(X

4

) + contact termsi, (12)



Hadronic light-by-light

Alternate approach: Lattice QCD+QED

Average over combined gluon
and photon gauge configurations

Quarks coupled to gluons and
photons

muon coupled to photons

[Hayakawa, et al. hep-lat/0509016;

Chowdhury et al. (2008);

Chowdhury Ph. D. thesis (2009)]

Tom Blum (UConn / RIKEN BNL Research Center) Lattice calculation of hadronic light-by-light scattering contribution to the muon g-2

Sketches from T Blum



Hadronic light-by-light

Potentially simpler to evaluate in  
QCD+QED [T Blum et al.]

Alternate approach: Lattice QCD+QED

Average over combined gluon
and photon gauge configurations

Quarks coupled to gluons and
photons

muon coupled to photons

[Hayakawa, et al. hep-lat/0509016;

Chowdhury et al. (2008);

Chowdhury Ph. D. thesis (2009)]

Tom Blum (UConn / RIKEN BNL Research Center) Lattice calculation of hadronic light-by-light scattering contribution to the muon g-2

Sketches from T Blum



Hadronic light-by-light

Potentially simpler to evaluate in  
QCD+QED [T Blum et al.]

Keep one photon explicit

Alternate approach: Lattice QCD+QED

Attach one photon by hand
(see why in a minute)

Correlation of hadronic loop
and muon line

[Hayakawa, et al. hep-lat/0509016;

Chowdhury et al. (2008);

Chowdhury Ph. D. thesis (2009)]

Tom Blum (UConn / RIKEN BNL Research Center) Lattice calculation of hadronic light-by-light scattering contribution to the muon g-2

Sketches from T Blum



Hadronic light-by-light

Potentially simpler to evaluate in  
QCD+QED [T Blum et al.]

Keep one photon explicit

Allows for subtraction of 
unwanted (already counted) 
contributions

Formally expand in ↵ electromagnetic

The leading and next-to-leading contributions in ↵ to magnetic
part of correlation function come from

Tom Blum (UConn / RIKEN BNL Research Center) Lattice calculation of hadronic light-by-light scattering contribution to the muon g-2

Sketches from T Blum



Hadronic light-by-light

Potentially simpler to evaluate in  
QCD+QED [T Blum et al.]

Keep one photon explicit

Allows for subtraction of 
unwanted (already counted) 
contributions

Subtraction of lowest order piece

Subtraction term is product of
separate averages of the loop
and line

Gauge configurations identical
in both, so two are highly cor-
related

In PT, correlation function and
subtraction have same contri-
butions except the light-by-
light term which is absent in the
subtraction

Tom Blum (UConn / RIKEN BNL Research Center) Lattice calculation of hadronic light-by-light scattering contribution to the muon g-2

Sketches from T Blum



Hadronic light-by-light

Potentially simpler to evaluate in  
QCD+QED [T Blum et al.]

Keep one photon explicit

Allows for subtraction of 
unwanted (already counted) 
contributions

Test calculation encouraging 
[Blum, Chowdhury, Hayakawa, Izubuchi 1407.2923]

HLbL contribution from lattice QCD+QED

5 10 15 20 25 30
tsep

0

0.1

F 2((
2π

/L
)2 )

QCD+QED (m
π
=330 MeV)

hadronic models, F2(0)

I Stat. errors only, lowest
non-trivial momentum

I Several source/sink
separations for muon

I Significant excited state
contamination

I
m

⇡

= 329 MeV

I Model value/error is
“Glasgow Consensus”
(arXiv:0901.0306 [hep-ph])

Blum, Chowdhury, Hayakawa, and Izubuchi (arXiv:1407.2923)

Tom Blum (UConn / RIKEN BNL Research Center) Lattice calculation of hadronic light-by-light scattering contribution to the muon g-2



Hadronic light-by-light

Potentially simpler to evaluate in  
QCD+QED [T Blum et al.]

Keep one photon explicit

Allows for subtraction of 
unwanted (already counted) 
contributions

Test calculation encouraging 
[Blum, Chowdhury, Hayakawa, Izubuchi 1407.2923]

Recent improvements in method: 
potential to get to 10% accuracy 
[Jin et al, Phys.Rev.Lett. 114 (2015) 1, 012001]

333MeV Pion 243× 64 Lattice with Greater Precision 30/35
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Figure 22. Phys.Rev.Lett. 114 (2015) 1, 012001. arXiv:1407.2923. Compare with the latest method
and result.

• 243× 64 lattice with a−1= 1.747GeV and mπ= 333MeV. mµ= 175MeV.

• For comparison, at physical point, model estimation is 0.08 ± 0.02. The agreement is
accidental, because the result has a strong dependence onmµ, which is choose arbitrarily.
The finite volume effects are also not taken into account.
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contributions

Test calculation encouraging 
[Blum, Chowdhury, Hayakawa, Izubuchi 1407.2923]

Recent improvements in method: 
potential to get to 10% accuracy 
[Jin et al, Phys.Rev.Lett. 114 (2015) 1, 012001]

Still requires many further 
improvements to get final answer
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Future prospects	

!

Nuclear physics for neutrino/DM experiments 
!

Precision Higgs physics at future colliders



Dark matter direct detection

Prospect of unambiguous detection of  
dark matter is very exciting	


Typical DM detector: look for recoil in  
large bucket of nuclei	


Post-detection: aim to determine the nature  
of the interaction with nucleus	


Understand target dependence and effects	


Requires SM calculations of nuclear matrix elements of 
possible currents to distinguish them	


Potentially understand seemingly conflicting positive (DAMA/
CoGeNT, CDMS-Si) and negative signals (LUX, XENON,…)

http://www.hep.ucl.ac.uk/darkMatter/



Neutrino scattering

Important goal of LBNF/DUNE: extraction of neutrino mass 
hierarchy and precise mixing parameters 	


Requires knowing energies/fluxes to high accuracy	


Neutrino scattering on argon target	


Nuclear axial & transition form factors	


Resonances	


Neutrino-nucleus DIS	


~10% uncertainty on oscillation  
parameters [C Mariani, INT workshop 2013]

LBNE, δCP Sensitivity 

DNP Townmeet  

Need energy to distinguish between different δCP 

Need to know neutrino 
energy to better than  
about 100 MeV 

Appearance probability: 
Pµ " e 

[U Mosel FSNu NP town meeting]



Nuclear uncertainties

Nuclear matrix elements are not 
well understood	


Gamow-Teller transitions in nuclei 
are a stark example of problems 
(analogue of neutron decay)	


Best nuclear structure calculations 
are systematically off by 20–30%	


Nuclei (30<A<60) where 
spectrum is well described	


QRPA, shell-model,...	


Correct for it by arbitrarily 
“quenching” axial charge in nuclei	


Can NP become rigorous?
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FIG. 1. Comparison of the experimental matrix ele-
ments R(GT ) with the theoretical calculations based on
the “free-nucleon” Gamow-Teller operator. Each transi-
tion is indicated by a point in the x-y plane, with the
theoretical value given by the x coordinate of the point
and the experimental value by the y coordinate.
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FIG. 2. Comparison of the experimental values of
the sums T (GT ) with the correspondig theoretical value
based on the “free-nucleon” Gamow-Teller operator.
Each sum is indicated by a point in the x-y plane, with the
theoretical value given by the x coordinate of the point
and the experimental value by the y coordinate.

TABLE I. Experimental and theoretical M(GT ) matrix elements. The experimental data have been taken from [19]. Iβ + Iϵ

are the branching ratios . All other quantities explained in the text.

Process 2Jπ
n , 2T π

n Q Iβ + Iϵ log ft M(GT ) W
(MeV) (%) Exp. Th.

41Sc(β+)41Ca 7−, 1 6.496 99.963(3) 3.461(7) 2.999 4.083 6.172
42Sc∗(β+)42Ca 12+, 2 3.851 100 4.17(2) 2.497 3.389 11.127
42Ti(β+)42Sc 2+, 0 6.392 55(14) 3.17(12) 2.038 2.736 3.086
43Sc(β+)43Ca 7−, 3 2.221 77.5(7) 5.03(2) 0.677 0.764 6.172

5−, 3 1.848 22.5(7) 4.97(3) 0.726 0.878
44Sc(β+)44Ca 4+

1 , 4 2.497 98.95(4) 5.30(2) 0.392 0.741 6.901
4+
2 , 4 0.998 1.04(4) 5.15(3) 0.466 0.205

4+
3 , 4 0.353 0.010(2) 6.27(8) 0.128 0.295

44Sc∗(β+)44Ca 12+, 4 0.640 1.20(7) 5.88(3) 0.324 0.276 11.127
45Ca(β−)45Sc 7−, 3 0.258 99.9981 5.983(1) 0.226 0.079 13.802
45Ti(β+)45Sc 7−, 3 2.066 99.685(17) 4.591(2) 1.123 1.551 6.172

5−, 3 1.342 0.154(12) 6.24(4) 0.168 0.280
7−, 3 0.654 0.090(10) 5.81(5) 0.276 0.397
9−, 3 0.400 0.054(5) 5.60(4) 0.351 0.712

45V(β+)45Ti 7−, 1 7.133 95.7(15) 3.64(2) 1.801 2.208 6.172
5−, 1 7.093 4.3(15) 5.0(2) 0.701 0.428

46Sc(β−)46Ti 8+, 2 0.357 99.9964(7) 6.200(3) 0.187 0.277 13.093
47Ca(β−)47Sc 7−, 5 1.992 19(10) 8.5(3) 0.012 0.262 16.331

5−, 5 0.695 81(10) 6.04(6) 0.212 0.235
47Sc(β−)47Ti 5−, 3 0.600 31.6(6) 6.10(1) 0.198 0.235 13.802

7−, 3 0.441 68.4(6) 5.28(1) 0.508 0.611

3

[Martinez-Pinedo et al., Phys. Rev. C53, 2602 (1996)]
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The effective gA in the pf-shell
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Particles, Centre National de la Recherche Scientifique, Université Louis Pasteur, Bôıte Postale 28, F–67037 Strasbourg
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We have calculated the Gamow-Teller matrix elements of
64 decays of nuclei in the mass range A = 41–50. In all the
cases the valence space of the full pf -shell is used. Agreement
with the experimental results demands the introduction of an
average quenching factor, q = 0.744 ± 0.015, slightly smaller
but statistically compatible with the sd-shell value, thus indi-
cating that the present number is close to the limit for large
A.

PACS number(s): 21.10.Pc, 25.40.Kv, 27.40.+z

The observed Gamow Teller strength appears to be
systematically smaller than what is theoretically ex-
pected on the basis of the model independent “3(N−Z)”
sum rule. Much work has been devoted to the subject
in the last fifteen years [1–4]. The heart of the problem
can be summed up by defining the reduced transition
probability as

B(GT ) =

!

gA

gV

"2

⟨στ ⟩2, ⟨στ ⟩ =
⟨f ||

#

k σ
k
t
k
±||i⟩√

2Ji + 1
,

(1)

and asking: Is the observed quenching due to a renormal-
ization of the gA coupling constant —originating in non
nucleonic effects— or is it the στ operator that should
be renormalized because of nuclear correlations?

The analysis of some pf -shell nuclei for which very
precise data are available and full 0h̄ω calculations are
possible, strongly suggests that most of the theoretically
expected strength has been observed [5,6] . The quench-
ing factor necessary to bring into agreement the calcu-
lated and measured values is directly related to the am-
plitude of the 0h̄ω model space components in the exact
wave functions. This normalization factor can also be
obtained from (d, p) or (e, e′p) reactions and reflects the

∗gabriel@nuc2.ft.uam.es
†poves@nucphys1.ft.uam.es
‡caurier@crnhp4.in2p3.fr
§zuker@crnhp4.in2p3.fr

reduction in the discontinuity at the Fermi surface in a
normal system. As such, it is a fundamental quantity,
whose evolution with mass number is of interest.

In principle there are two ways of extracting it from
Gamow Teller processes. One is to equate it to the frac-
tion of strength seen in the resonance region in (p, n)
reactions. The alternative is to calculate lifetimes for in-
dividual β decays and show that they correspond to the
experimental values within a constant factor. The latter
procedure is more precise, but demands high quality shell
model calculations that until recently were available only
up to A = 40 [7–9].

Our aim is to extend these analyses to the lower part of
the pf shell. Full 0h̄ω diagonalizations are done using the
antoine code [10] with the effective interaction KB3, a
minimally monopole modified version [11] of the original
Kuo Brown matrix elements [12]. We refer to [13] for
details of the shell model work.

Following ref. [14] we define quenching as follows: for
beta decays populating well-defined isolated states in the
daughter nucleus, the square root of the ratio of the ex-
perimental measured rate to the calculated rate in a full
0h̄ω calculation is called the quenching factor. An av-
erage quenching factor, q, implies an average over many
transitions, and may be incorporated into an effective
axial vector coupling constant:

q =
gA,eff

gA
, (2)

where gA is the free-nucleon value of −1.2599(25) [14].
Following ref. [7] we define

M(GT ) = [(2Ji + 1)B(GT )]1/2 , (3)

so as to have quantities independent of the direction of
the transition. Note here that our reduced matrix ele-
ments follow Racah’s convention [15]. In table I we list
the M(GT ) values and compare them with the exper-
imental results. The table contain all the transitions
known experimentally. We also include the quantum
numbers of the final states, the Q-values, the branch-
ing ratios and the experimental log ft values from which
the B(GT ) values were obtained using

1

T (GT ) ⇠
sX

f

h� · ⌧ ii!f

Points correspond to different nuclei



LQCD for Nuclear Physics

Nuclei arise from SM, so can be addressed 
using LQCD	


In practice: a hard problem	


Multiple exponentially difficult 
challenges	


Recent progress shows light nuclei  
can be studied rigorously	


Spectroscopy	


Matrix elements	


Connect to larger nuclei through nuclear effective  
field theory [Weinberg 1991;Kaplan Savage Wise 1995,…]



First QCD study of structure of 
nuclei	


Magnetic moments and 
polarisabilities for A<5	


Patterns very interesting but 
calculations not physical	


Similar studies underway for weak 
current, scalar currents,…	


Expect significant progress in 
this area 

Magnetic moments of nuclei

3

p

n

-0.2

-0.1

0.0

0.1

�
��

(�
)

d

3He

3H

-0.2

-0.1

0.0

0.1

�
��

(�
)

0 1 2 3 4

|�� |

FIG. 2: The calculated �E(B) of the proton and neutron
(upper panel) and light nuclei (lower panel) in lattice units
as a function of |ñ|. The shaded regions corresponds to fits
of the form �E(B) = �2µ |B|+� |B|3 and their uncertainties.
The dashed lines correspond to the linear contribution alone.

dure. Fits are performed only over time ranges where
all of the individual correlators in the ratio exhibit sin-
gle exponential behavior and a systematic uncertainty is
assigned from variation of the fitting window. Figure 1
shows the correlator ratios and associated fits for the var-
ious states that we consider: p, n, d, 3He, and 3H, for
ñ = +1,�2,+4.

As mentioned above, the magnetic moments of the pro-
ton and neutron have been previously calculated with lat-
tice QCD methods for a wide range of light-quark masses
(in almost all cases omitting the disconnected contribu-
tions). The present work is the first QCD calculation of
the magnetic moments of nuclei. In Figure 2, we show
the energy splittings of the nucleons and nuclei as a func-
tion of |ñ|, and, motivated by Eq. (3), we fit these to a
function of the form �E

(B) = �2µ |B| + � |B|3, where �

is a constant encapsulating higher-order terms in the ex-
pansion. We find that the proton and neutron magnetic
moments at this pion mass are µ

p

= 1.792(19)(37) NM
(nuclear magnetons) and µ

n

= �1.138(03)(10) NM, re-
spectively, where the first uncertainty is statistical and
the second uncertainty is from systematics associated
with the fits to correlation functions and the extraction
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FIG. 3: The magnetic moments of the proton, neutron,
deuteron, 3He and triton. The results of the lattice QCD cal-
culation at a pion mass of m⇡ ⇠ 806 MeV, in units of lattice
nuclear magnetons, are shown as the solid bands. The inner
bands corresponds to the statistical uncertainties, while the
outer bands correspond to the statistical and systematic un-
certainties combined in quadrature, and include our estimates
of the uncertainties from lattice spacing and volume. The red
dashed lines show the experimentally measured values at the
physical quark masses.

of the magnetic moment using the above form. These
results agree with previous calculations [14] within the
uncertainties. In the more natural units of lattice nu-
clear magnetons (LNM), e

2M

N

, where M

N

is the mass
of the nucleon at the quark masses of the lattice cal-
culation, the magnetic moments are µ

p

= 3.119(33)(64)
LNM and µ

n

= �1.981(05)(18) LNM. These values at
this unphysical pion mass can be compared with those
of nature, µ

expt
p

= 2.792847356(23) NM and µ

expt
n

=
�1.9130427(05) NM, which are remarkably close to the
lattice results. In fact, when comparing all available
lattice QCD results for the nucleon magnetic moments
in units of LNM, the dependence upon the light-quark
masses is surprisingly small, reminiscent of the almost
completely flat pion mass dependence of the nucleon ax-
ial coupling, g

A

.
In Figure 2, we also show �E

(B) as a function of |ñ|
for the deuteron, 3He and the triton (3H). Fitting the
energy splittings with a form analogous to that for the
nucleons gives magnetic moments of µ

d

= 1.218(38)(87)
LNM for the deuteron, µ

3He = �2.29(03)(12) LNM for
3He and µ

3H = 3.56(05)(18) LNM for the triton. These
can be compared with the experimental values of µ

expt
d

=
0.8574382308(72) NM, µ

expt
3He = �2.127625306(25) NM

and µ

expt
3H = 2.978962448(38) NM. The magnetic mo-

ments calculated with lattice QCD, along with their
experimental values, are presented in Figure 3. The
naive shell-model predictions for the magnetic moments
of these light nuclei are µ

SM
d

= µ

p

+µ

n

, µ

SM
3He = µ

n

(where
the two protons in the 1s-state are spin paired to j

p

= 0
and the neutron is in the 1s-state) and µ

SM
3H = µ

p

(where
the two neutrons in the 1s-state are spin paired to j

n

= 0

n p d 3 3

μ -1.98(1)(2) 3.21(3)(6) 1.22(4)(9) -2.29(3)(12) 3.56(5)(18)

In units of appropriate nuclear magnetons (heavy MN)
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The dashed lines correspond to the linear contribution alone.

dure. Fits are performed only over time ranges where
all of the individual correlators in the ratio exhibit sin-
gle exponential behavior and a systematic uncertainty is
assigned from variation of the fitting window. Figure 1
shows the correlator ratios and associated fits for the var-
ious states that we consider: p, n, d, 3He, and 3H, for
ñ = +1,�2,+4.

As mentioned above, the magnetic moments of the pro-
ton and neutron have been previously calculated with lat-
tice QCD methods for a wide range of light-quark masses
(in almost all cases omitting the disconnected contribu-
tions). The present work is the first QCD calculation of
the magnetic moments of nuclei. In Figure 2, we show
the energy splittings of the nucleons and nuclei as a func-
tion of |ñ|, and, motivated by Eq. (3), we fit these to a
function of the form �E

(B) = �2µ |B| + � |B|3, where �

is a constant encapsulating higher-order terms in the ex-
pansion. We find that the proton and neutron magnetic
moments at this pion mass are µ
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= 1.792(19)(37) NM
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deuteron, 3He and triton. The results of the lattice QCD cal-
culation at a pion mass of m⇡ ⇠ 806 MeV, in units of lattice
nuclear magnetons, are shown as the solid bands. The inner
bands corresponds to the statistical uncertainties, while the
outer bands correspond to the statistical and systematic un-
certainties combined in quadrature, and include our estimates
of the uncertainties from lattice spacing and volume. The red
dashed lines show the experimentally measured values at the
physical quark masses.

of the magnetic moment using the above form. These
results agree with previous calculations [14] within the
uncertainties. In the more natural units of lattice nu-
clear magnetons (LNM), e

2M

N

, where M

N

is the mass
of the nucleon at the quark masses of the lattice cal-
culation, the magnetic moments are µ

p

= 3.119(33)(64)
LNM and µ

n

= �1.981(05)(18) LNM. These values at
this unphysical pion mass can be compared with those
of nature, µ

expt
p

= 2.792847356(23) NM and µ

expt
n

=
�1.9130427(05) NM, which are remarkably close to the
lattice results. In fact, when comparing all available
lattice QCD results for the nucleon magnetic moments
in units of LNM, the dependence upon the light-quark
masses is surprisingly small, reminiscent of the almost
completely flat pion mass dependence of the nucleon ax-
ial coupling, g

A

.
In Figure 2, we also show �E

(B) as a function of |ñ|
for the deuteron, 3He and the triton (3H). Fitting the
energy splittings with a form analogous to that for the
nucleons gives magnetic moments of µ

d

= 1.218(38)(87)
LNM for the deuteron, µ

3He = �2.29(03)(12) LNM for
3He and µ

3H = 3.56(05)(18) LNM for the triton. These
can be compared with the experimental values of µ

expt
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=
0.8574382308(72) NM, µ
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3He = �2.127625306(25) NM

and µ

expt
3H = 2.978962448(38) NM. The magnetic mo-

ments calculated with lattice QCD, along with their
experimental values, are presented in Figure 3. The
naive shell-model predictions for the magnetic moments
of these light nuclei are µ
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d

= µ
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+µ

n

, µ

SM
3He = µ

n

(where
the two protons in the 1s-state are spin paired to j

p

= 0
and the neutron is in the 1s-state) and µ
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(where
the two neutrons in the 1s-state are spin paired to j
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QCD @ mπ = 800 MeV 
Experiment

[NPLQCD PhysRevLett. 113 (2014) 25, 252001]



Precision Higgs physics

Future ILC will determine Higgs couplings to unprecedented 
accuracy: further quantitative tests of SM	


Requires precise SM inputs and calculations	


High order pQCD calculations	


Commensurately precise b, c quark masses, strong 
coupling	


Recent study [Lepage, Mackenzie & Peskin 1404.0319] of prospects for 
reaching requisite precision for relative uncertainties in Higgs 
partial widths

uncertainty on the the corresponding partial width.

�A =
1

2

��(h ! AA)

�(h ! AA)
. (1)

For definiteness, we set the Higgs boson mass to mh = 126.0 GeV throughout this
paper.

More generally in this paper, we will use the symbol � to denote an absolute
uncertainty on a measurable quantity, and � to denote the relative uncertainty,

�X =
�X

X
. (2)

In this notation, �A = 1

2

��(h ! AA).

There are two contributions to the �A. The first is the theoretical error due to
the fact that the perturbation theory is computed only up to a certain order. As
we will see, theoretical errors for the �A are, in almost all cases, already at the few
parts-per-mil level. The second is the parametric error due to the uncertainties of
needed input parameters. These parametric errors will have most of our attention in
the paper.

In [6] and [8], uncertainties are quoted for the prediction of Higgs branching ratios.
We prefer to work with partial widths, because these are more primitive objects.
Branching ratios are composites that depend on all of the partial widths, through

BR(h ! AA) =
�(h ! AA)

P
C �(h ! CC)

, (3)

where the sum over C runs over all decay modes. This can potentially lead to some
confusion. For example, in Table IV of [6], the authors quote an uncertainty of 2%
in the branching ratios BR(h ! ⌧+⌧�) and BR(h ! WW ⇤) for a 120 GeV Higgs
boson due to parametric dependence on the b quark mass. This comes entirely from
the dependence on �(h ! bb) in the denominator of (3) and has nothing to do with
the Higgs couplings to ⌧+⌧� or WW . This impression is rectified in the presentation
in Table 1 of [7]. We note that the complete program of Higgs boson measurements
planned for the ILC allows the absolutely normalized partial widths to be extracted
in a model-independent way [4].

A Higgs boson partial width typically has the structure

�(h ! AA) =
GFp
2

mhm
2

A

4⇡
· F (4)

where F is a scalar function of coupling constants and mass ratios. The factor m2

A

arises from the fact that the Higgs coupling to AA is proportional to mA. It is often

3

For the corrections of type (iii), the complete O(↵) result is known [17,18,19], but
at the 2-loop level only the leading terms ofO(↵am2

t/m
2

h) [20,21] andO(↵2m4

t/m
4

h) [22]
have been computed. Numerically, these three terms are, respectively,

�� = 0.3%� 0.02% + 0.05% (15)

Thus, the theoretical understanding of this decay is already close to the part-
per-mil level in �b. The parametric dependence on the most important parameters
is

�b = 1. · �mb(10)� (�0.28) · �↵s(mZ) . (16)

In [5], it was estimated that the hbb coupling would be measured to 0.3% at the ILC
in its late stages.

3.2 h ! cc

The theoretical calculation of the partial width �(h ! cc) is essentially the same
as that for h ! bb. In particular, the qualitative picture that the theory is close to
part-per-mil accuracy continues to hold. The parametric uncertainty, combining (12)
and (14), is

�c = 1. · �mc(3)� (�0.80) · �↵s(mZ) . (17)

In [5], it was estimated that the hcc coupling would be measured to 0.7% at the ILC
in its late stages.

3.3 h ! ⌧+⌧�

The theoretical calculation of the partial width �(h ! ⌧+⌧�) is very similar to
that for h ! bb, except that there are no QCD corrections except for universal ones.
We see no issue here in obtaining a precise SM prediction. In [5], it was estimated
that the h⌧+⌧� coupling would be measured to 0.7% at the ILC in its late stages.

3.4 h ! gg

The theoretical prediction for the partial width �(h ! gg) begins in O(a2).
The series of QCD corrections has been computed to O(a4) by Schreck and Stein-
hauser [23], with each term given as a series in ⌧ = m2

h/4m
2

t . Baikov and Chetyrkin [24]
and Moch and Vogt [25] have also obtained the leading term at O(a5). If �

0

is the
leading-order result for mt � mh, the series evaluates to

�

�
0

= 1.0671 + 19.306a+ 172.76a2 + 467.68a3

= 1.0671 + 0.6942 + 0.2234 + 0.0217 (18)
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For the corrections of type (iii), the complete O(↵) result is known [17,18,19], but
at the 2-loop level only the leading terms ofO(↵am2

t/m
2

h) [20,21] andO(↵2m4

t/m
4

h) [22]
have been computed. Numerically, these three terms are, respectively,

�� = 0.3%� 0.02% + 0.05% (15)

Thus, the theoretical understanding of this decay is already close to the part-
per-mil level in �b. The parametric dependence on the most important parameters
is

�b = 1. · �mb(10)� (�0.28) · �↵s(mZ) . (16)

In [5], it was estimated that the hbb coupling would be measured to 0.3% at the ILC
in its late stages.

3.2 h ! cc

The theoretical calculation of the partial width �(h ! cc) is essentially the same
as that for h ! bb. In particular, the qualitative picture that the theory is close to
part-per-mil accuracy continues to hold. The parametric uncertainty, combining (12)
and (14), is

�c = 1. · �mc(3)� (�0.80) · �↵s(mZ) . (17)

In [5], it was estimated that the hcc coupling would be measured to 0.7% at the ILC
in its late stages.

3.3 h ! ⌧+⌧�

The theoretical calculation of the partial width �(h ! ⌧+⌧�) is very similar to
that for h ! bb, except that there are no QCD corrections except for universal ones.
We see no issue here in obtaining a precise SM prediction. In [5], it was estimated
that the h⌧+⌧� coupling would be measured to 0.7% at the ILC in its late stages.

3.4 h ! gg

The theoretical prediction for the partial width �(h ! gg) begins in O(a2).
The series of QCD corrections has been computed to O(a4) by Schreck and Stein-
hauser [23], with each term given as a series in ⌧ = m2

h/4m
2

t . Baikov and Chetyrkin [24]
and Moch and Vogt [25] have also obtained the leading term at O(a5). If �

0

is the
leading-order result for mt � mh, the series evaluates to

�

�
0

= 1.0671 + 19.306a+ 172.76a2 + 467.68a3

= 1.0671 + 0.6942 + 0.2234 + 0.0217 (18)
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The parametric dependence of (18) on ↵s is obtained as

↵s(mh)

�

d

d↵s(mh)
� = 2.6 (19)

There is also an electroweak correction of +5%, known only to the leading order
(which is already O(↵a2)), computed by Actis, Passarino, Sturm, and Uccirati [26].
At the 1% level, some final states produced by the hgg coupling contain bb due to
gluon splitting. It should be clarified through simulation to what extent these final
states will be classified by the experiments as h ! bb rather than h ! gg decays.

We find that the uncertainty from theory in the prediction of the hgg coupling
is now at the 1% level. This situation is improvable, although computing additional
orders of perturbation theory will be challenging. The important parametric depen-
dence of the SM prediction is

�g = 1.2 · �↵s(mZ) . (20)

In [5], it was estimated that the hgg coupling would be measured to 0.6% at the ILC
in its late stages.

3.5 h ! ��

For �(h ! ��), the leading term is O(↵2). The electroweak correction of order
O(↵2). has been computed by Passarino, Sturm, and Uccirati [27], and the QCD
corrections of O(↵↵2

s) and O(↵↵3

s) have been computed by Maierhöfer and Mar-
quard [28]. The relative sizes of the corrections are, respectively,

� 1.6% + 1.8% + 0.08% . (21)

The uncertainty in the prediction of the h�� coupling is, then, at the parts-per-mil
level, and there is no significant parametric uncertainty. In [5], it was estimated that
the h�� coupling would eventually be measured to 0.8% using a combination of LHC
and ILC results.

3.6 h ! WW ⇤, h ! ZZ⇤

The situation for the decays h ! WW ⇤ and h ! ZZ⇤ is somewhat more com-
plicated, and beyond the scope of this paper to explain in full. The decay involves
color-singlet particles in leading order, so the radiative corrections are at the percent
level. The complete O(↵s) and O(↵) corrections have been computed by Bredenstein,
Denner, Dittmaier, and Weber [29]. These authors find corrections of, for example,
1% for h ! e+e�µ+µ�, 3% for h ! ⌫ee

+µ�⌫µ, 7% for h ! ⌫ee
+qq, and 10% for
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Precision Higgs physics

Consider expected growth in computing resources in ILC 
timeframe [1404.0319] 
 
 
 
 
 
 
 
 

Allows finer lattice spacings (LS, LS2) and higher statistical 
precision (ST) (also requires higher order lattice perturbation 
theory matching)	


Will be an important contribution to Higgs program

�mb(10) �↵s(mZ) �mc(3) �b �c �g

current errors [10] 0.70 0.63 0.61 0.77 0.89 0.78

+ PT 0.69 0.40 0.34 0.74 0.57 0.49
+ LS 0.30 0.53 0.53 0.38 0.74 0.65
+ LS2 0.14 0.35 0.53 0.20 0.65 0.43

+ PT + LS 0.28 0.17 0.21 0.30 0.27 0.21
+ PT + LS2 0.12 0.14 0.20 0.13 0.24 0.17

+ PT + LS2 + ST 0.09 0.08 0.20 0.10 0.22 0.09

ILC goal 0.30 0.70 0.60

Table 1: Projected fractional errors, in percent, for the MS QCD coupling and heavy quark
masses under di↵erent scenarios for improved analyses. The improvements considered are:
PT - addition of 4th order QCD perturbation theory, LS, LS2 - reduction of the lattice
spacing to 0.03 fm and to 0.023 fm; ST - increasing the statistics of the simulation by a
factor of 100. The last three columns convert the errors in input parameters into errors on
Higgs couplings, taking account of correlations. The bottom line gives the target values of
these errors suggested by the projections for the ILC measurement accuracies.

are presented in Table 1. This table shows the percent errors we expect in the masses
and coupling from the correlator analysis under various scenarios for improvements:
PT denotes the e↵ect of computing QCD perturbation theory through 4th order. LS
denotes the e↵ect of decreasing the lattice spacing to 0.03 fm. LS2 denotes the e↵ect
of using lattices with 0.03 fm and 0.023 fm lattice spacing. We recall that the stage
LS2 corresponds to an increase in computing power by about a factor of 100. ST
denotes the e↵ect of improving the statistics by a factor of 100. We also show percent
errors for the Higgs couplings to bb, cc, and gg, accounting for correlations among
the errors in the determination of the parameters. The last line of the table gives,
for comparison, the experimental uncertainties in the Higgs boson couplings expected
after the ILC measurements [5].

We find that reducing the lattice spacing to 0.023 fm is su�cient to bring paramet-
ric errors for the Higgs couplings below the errors expected from the full ILC. Adding
4th-order perturbation theory reduces the parametric errors further, to about half of
the expected ILC errors. Adding statistics gives a relatively small further reduction
in the errors.

These error estimates are likely conservative because they assume that there will
be no further innovation in LQCD simulation methods. There already are many
alternative lattice methods for extracting the QCD coupling from LQCD simulations:
see, for example, [32,40,41,42,43]. None of these methods involve heavy quark masses
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Summary

LQCD has come of age in the last decade and is a precision tool for 
many quantities	


Flavour physics, charged leptons, nuclear effects, SM parameters	


Not discussed: thermodynamics, hadron spectroscopy and 
structure, strongly interacting models of EWSB, composite DM,…	


Progress on many fronts	


Increase precision (deal with newly relevant systematics: QED, 
isospin breaking) 	


Ways to compute new observables (nuclei, multi-body decays, non-
local operator matrix elements	


New computational tricks to get more from less flops	


Lots more to come
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