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Entanglement and Rényi Entropy

The density matrix for a state ψ

ρ = |ψ〉〈ψ|
If the Hilbert space factors we can define the reduced density matrix

H = HA ⊗ HĀ

ρA = trĀρ

Entanglement Entropy

SEE = −trρAlog ρA

The Rényi Entropy

Sn = 1
1−n log tr (ρnA)

SEE = limn→1 Sn
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Properties of Entanglement Entropy

For pure states

SA = SĀ
This can be proven via Schmidt
decomposition

Strong Subadditivity

SA+C + SB+C ≥ SA+B+C + SC

Mutual information

I (A,B) = SA + SB − SA+B

Area Law

SA ∼ Area(∂A)
εd−1 + ...

A

B

C
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Holographic Entanglement Entropy

Ryu-Takayanagi formula allows
calculation for QFT’s with holographic
dual (arXiv:hep-th/0605073,
arXiv:1102.0440)

SEE (A) = Area(γA)
4GN

Proof of c-theorem (arXiv:1011.5819)

Black holes (arXiv:1104.3712)

RG flow (arXiv:1202.5650 )

Phase transitions
(arXiv:hep-th/0510092)

A

A

ΓA
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Entanglement Entropy Previous results

For d = 1 + 1 CFT

Sn = c(1+n)
6n log( L

πε sin(π`/L)) + c ′

For d = 1 + 1 CFT at small finite temperature

Sn(T )− Sn(0) = g
1−n

[
1

n2∆

sin2∆(π`/L)
sin2∆(π`/nL)

− n
]
e−2π∆β/L + o(e−2π∆β/L)

For CFT on Sd−1

SEE (T )− SEE (0) = g∆Id(θ)e−β∆/R + o(e−β∆/R)

Id(θ) = 2π Vol(Sd−2)
Vol(Sd−1)

∫ θ
0
dθ′ cos(θ′)−cos(θ)

sin(θ) sind−2(θ′)
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CFT’s on R× Sd−1

We are interested in finding the
EE and Rényi’s on R× Sd−1

We choose A to be a cap of
open angle 2θ

For small temperatures we can
write the density matrix

ρ =
|0〉〈0|+

∑
i |ψi 〉〈ψi |e−βEψ+...

1+ge−βEψ+...

Where ψ is the lowest excited
state with energy Eψ and
degeneracy g

Where Eψ = ∆/R
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Rényi Entropy for small temperature

We now need to calculate tr(ρA)n

tr(ρA)n =
(

1

1+ge−βEψ+...

)n
tr
[
trĀ
(
|0〉〈0|+

∑
i |ψi 〉〈ψi |e−βEψ + ...

)n]
= tr(trĀ|0〉〈0|)n

[
1 +

(
tr[trĀ

∑
i |ψi 〉〈ψi |(trĀ|0〉〈0|)

n−1]
tr(trĀ|0〉〈0|)n

− g

)
ne−βEψ + ...

]
δSn ≡ Sn(T )− Sn(0)

δSn = n
1−n

∑
i

(
tr[trĀ|ψi 〉〈ψi |(trĀ|0〉〈0|)

n−1]
tr(trĀ|0〉〈0|)n

− 1
)
e−βEψ + o(e−βEψ )

= n
1−n

∑
i (
〈ψi (z)ψi (z

′)〉n
〈ψi (z)ψi (z′)〉1 − 1)e−βEψ + o(e−βEψ )

Where we have defined 〈ψi (z)ψi (z
′)〉n as the 2pt function on

n-sheeted cover of Sd−1
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Conformal Transformations

Calculating 2-pt functions on n-sheeted covers are hard

So we need a trick

This comes in the form of a pair of conformal transformations

ds2 = −dt2 + dr2 + r2dΩ2

= Λ2(−dτ 2 + dθ2 + sin2 θdΩ2)

where

t ± r = tan

(
τ ± θ

2

)
Λ =

1

2
sec

(
τ + θ

2

)
sec

(
τ − θ

2

)
This is followed by a special conformal transformation b1 = 1/r and
the rest of bµ = 0

yµ = xµ−bµx2

1−2b·x+b2x2

The combination of these two maps the n-sheeted cover of Sd−1 to a
cone of opening angle 2πn
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Method of Images

We will analytically continue n = 1/m

For free theories we can use the method of images

〈ψ(z)ψ(z ′)〉1/m =
∑m−1

k=0 〈ψ(z)ψ(z ′ + (0, 2πk/m,~0))〉1
For our specific case z’ = (1,2θ,~0), z = (1,0,~0)

2Π�m
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Conformally coupled Scalar

Recall that for a free scalar

〈φ(x)φ(x ′)〉 ∼ (x − x ′)(2−d)/2

The calculation we must do is then

GB
(1/m,d)(2θ) ≡ 〈φ(x)φ(x ′)〉1/m =

∑m−1
k=0 cscd−2(θ + πk/m)

This formula satisfies the following recursion relation

GB
(1/m,d+2)(θ) = 1

(d−1)(d−2)

[(
d−2

2

)2
+ ∂2

θ

]
G(1/m,d)(θ)

This means that we only have to calculate for d = 3 and d = 4 and
then use the recursion relation
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Scalar d = 4

It turns out that even dimensions are easier (this will be true for
fermions also)

In fact, for d = 4 the answer is simply

GB
(1/m,4)(2θ) = m2 csc2(mθ)

δSn = (csc(θ/n) sin(θ)/n2 − 1)/(1− n)e−β/R + o(e−β/R)
δSEE = 2− 2θ cot(θ)

These match the results above with one caveat d → d − 2
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Scalar d = 3

We will use the following integral representation

csc(y) =
∫∞

0 dx xy/π−1

π(1+x)

Plugging this in we get

GB
(1/m,3)(θ) = 1

2π

∑m−1
k=0

∫∞
0

dx xθ/2π+k/m−1

1+x

This integral does not have a closed form for general m

But we can analytically continue the integral

GB
(1,3)(θ) = 1

2 sin(θ/2)

GB
(2,3)(θ) = 1−θ/2π

2 sin(θ/2)

S2 = 2θ/π

A Taylor expansion around m = 1 allows a calculation of the EE

SEE = π
2 tan(θ/2)
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Numerical Check

We want to reduce the Hamiltonian to one dimension

S = − 1
2

∫
ddx
√
−g
[
(∂µφ)(∂µφ) + ξRφ2

]
H = (R sin θ)d−2

√
h

2R

{
R2π2 + (∂θφ)2 + hab(∂aφ)(∂bφ)

sin2 θ
+ (d−2)2

4 φ2
}

Where π is the conjugate momentum and hab is the metric on Sd−1

Integrating over Sd−2

H~̀ =

1
2R2

∫ π
0

{
R2Π2

~̀ − Φ~̀∂
2
θΦ~̀ + 1

4 (2m + d − 2)(2m + d − 4)
Φ2
~̀

sin2 θ

}
dθ

H~̀ = 1
2

∑∞
`=m

{
Π̃2
` + ω2

` Φ̃2
`

}
ω` = 1

R

(
`+ d−2

2

)
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Numerical Check

We can use the discretized Hamiltonian to check our results

-1.0 -0.5 0.5 1.0
cos(θ)

0.5
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1.5

δSn ·e
Δ/RT

δSn=3 in (2 + 1) D
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Free Fermions

We want to repeat what we did for scalars for fermions
First we need to know how fermions act under rotation (Euclidian
space)

ψ(x)→ Λ1/2ψ(Λ−1x)

Λ1/2 = exp
(

1
8ωµν [γµ, γν ]

)
ω01 = −ω10 = φ, γz = γ0 + iγ1 and γ z̄ = γ0 − iγ1,
Λ1/2(φ) = 1

2γ
0(e−iφ/2γz + e iφ/2γ z̄)

Recall that in position space
〈ψ̄(y ′)ψ(y)〉 ∼ − 1

d−2γ
0γµ ∂

∂yµ
1

|y−y ′|d−2

So 〈ψ(z)ψ(z ′)〉1/m =
∑m−1

k=0 〈ψ(z)ψ(z ′ + (0, 2πk/m,~0))〉1
becomes

〈ψ(z)ψ(z ′)〉1/m =∑m−1
k=0 (−1)kΛ1/2(πk/m)〈ψ(z)ψ(z ′ + (0, 2πk/m,~0))〉1
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Free Fermions

Putting everything together we get the following formulation

GF
(1/m,d)(2θ) =

− γ0

d−2 limz→1
∑m−1

k=0

(
e

−πik(m−1)
m γz∂z + e

πik(m−1)
m γ z̄∂z̄

)
1

|z−e2i(πk/m+θ)|d−2

As with bosons there is a recursion relation

GF
(1/m,d+2)(2θ) =

γ0
(
(∂2
θ + d(d − 2))(γz + γ z̄) + 2i(γz − γ z̄)∂θ

) GF
(1/m,d)

(2θ)

8d(d−1)

Again we only need to calculate two dimensions (d = 2 and d = 3)
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Fermion d = 2

In d = 2 the two point function simplifies to

GF
(1/m,2)(2θ) = 1

2

∑m−1
k=0 γ

0

(
γz

exp(−ikπ(m−1)
m )

1−exp(2i(kπ/m+θ)) + c .c .

)
= γ0

(
γz mi

4 e−iθ csc(mθ)− γ z̄ mi
4 e iθ csc(mθ)

)
This leads to

δSn(θ) = 2
1−n (sin(θ) csc(θ/n)− n) e−β/(2R) + o(e−β/(2R))

δSEE = 2(1− θ cot(θ))e−β/(2R) + o(e−β/(2R))

These match the previous results mentioned above
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Fermion d = 3

In d = 3 we have a problem

The integral we used before does not analytically continue n = 1/m∑m−1
k=0

e−iπk(m−1)/m

sin(πk/m+θ) = 1
π

∫∞
0

dx xθ/π−1

1+x
(1+e−iπmx)

1+e iπ/mx1/m

While we cannot use this form to get the Rényi Entropies, but we can
get the EE

δSEE = 4π csc(θ) sin4(θ/2)e−β/R + o(e−β/R)

This matches the previous results above
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Numerical Check

Again we can use the discretized Hamiltonian to check our results

γµ = γI eµI
Dµ = ∂µ + 1

8ωµIJ [γI , γJ ]

H =
√
−gΨ̄(iγjDj)Ψ

ωj
i = cos(θi )

(∏j−1
k=i+1 sin θk

)
dθj

If we integrate over Sd−2

Hd =
∫ π

0
dθ1ψ

†
(
γ0γ1∂θ1 + (d−2)γ0

2 sin(θ1)

)
ψ

This can be discretized and the Rényi and EE can be found
numerically
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Numerical Check

We can also numerically check our results
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Conclusion and Outlook

Entanglement entropy is applicable to many fields of physics

It has a good holographic description

Fermions without boundary terms match previous results

Other free fields can be studied in a similar manner

Can other measures of entanglement be studied similarly
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Entanglement for general CFT’s

We can define an operator called the modular Hamiltonian such that

ρA = e−HM

In hyperbolic space

HM = 2πRd
∫∞

0
du
∫
Sd−2 vol(Sd−2)Tττ sinhd−2(u)

After a conformal transformation to the sphere after transforming the
stress tensor

HM = 2πRd
∫ θ

0
dθ′
∫
Sd−2 vol(Sd−2)Ttt

cos(θ′)−cos(θ)
sin(θ) sind−2(θ′)

Then δSEE = tr[(trĀ |ψ〉〈ψ| − trĀ |0〉〈0|)HM ]e−βEψ + ...

For spaces with boundary

S = − 1
2

∫
ddx
√
−g
[
(∂µφ)(∂µφ) + ξRφ2

]
− ξ

∫
∂M

dd−1x
√
−γKφ2

K of the pull back of the boundary corresponding to A does not
match the natural one on Hd−1
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