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@ What are Entanglement and Rényi Entropy
@ Holographic EE and Ryu-Takayanagi

© Thermal corrections for CFT's

@ Thermal Corrections for Scalars

© Thermal Corrections for Fermions
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Entanglement and Rényi Entropy

@ The density matrix for a state ¥
o p=[¥){¥|
If the Hilbert space factors we can define the reduced density matrix
o H=Hsy® H;
o pa=1trzp
Entanglement Entropy
o See = —trpalog pa
The Rényi Entropy

o S, =1 logtr(ph)
o Sege =lim,_1 S,
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Properties of Entanglement Entropy

@ For pure states
e S5p=35;
e This can be proven via Schmidt
decomposition

@ Strong Subadditivity

® Sarc+ Seyc > Sarsrc+ Sc
@ Mutual information

° I(A, B) =54+ S58— Sass
@ Area Law

o Sy~ Ar::—(,alA) + ...
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Holographic Entanglement Entropy

@ Ryu-Takayanagi formula allows
calculation for QFT's with holographic
dual (arXiv:hep-th /0605073,

arXiv:1102.0440) ¢
o See(A) = 7Ari?§,7A)

Proof of c-theorem (arXiv:1011.5819)
Black holes (arXiv:1104.3712)
RG flow (arXiv:1202.5650 )

Phase transitions
(arXiv:hep-th/0510092)
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Entanglement Entropy Previous results

@ Ford=1+1CFT
o S, = (1+") log(£ sin(m¢/L)) + ¢’
@ Ford=1 + 1 CFT at small finite temperature
o 5)(T)—5,(0) = & {LLTWL)) _ n] e=27AB/L | o(g=2mAB/LY

1—n | n?2 sin?2(mt/nL
e For CFT on §9-1
° SEE( ) SEE(O) gA/d(O)eiﬁA/R + O( ﬁA/R)
d—

° /d(e) o 2ﬂ_xo: - fo 0/cos(95m c)os(@) sin 2(9/)
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CFT's on R x S971

@ We are interested in finding the
EE and Rényi's on R x S9!

@ We choose A to be a cap of
open angle 20

@ For small temperatures we can
write the density matrix

o o= 1001 i) (pile™ vt
p= 1+ge PEv 4 .

@ Where v is the lowest excited
state with energy Ey and
degeneracy g

e Where E;, = A/R
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Rényi Entropy for small temperature

@ We now need to calculate tr(pa)”

o tr(pa) = (b )t [tra (10)(0] + X2, [ (wile ™% + )"

1+gefBE’l’ +...

rltrz Do i) (Wil (trz n—1
— tr(trz/0)(0])" {1 N (t [tra 3, i) (il (trz]0) (01)" ] _g) pe—BEu 4 ]

tr(trg[0) (0[)"
0 65, = Sn(T) — Sn(0)

__n trftrglvi) (Wil (tral0)¢0)" "] - -
o 65n = 1-n Z,’ ( 4 tr(tr;\O)?OD" - 1) e BEy + O(e ﬂEﬂ’)

— n Ypi(z ’([),- z' n _ _
B Z,(m —1)e PEv 4 o(e PEv)

@ Where we have defined (v;(2)v;(Z')), as the 2pt function on
n-sheeted cover of S9!
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Conformal Transformations

o Calculating 2-pt functions on n-sheeted covers are hard
e So we need a trick
@ This comes in the form of a pair of conformal transformations
o ds?=—dt? +dr* + rPdQ?
= N?(—d7? 4 d6? + sin? 0dQ?)

where

tir:tan<7—i0>

2
/\—lsec ﬂ sec 79
2 2 2

@ This is followed by a special conformal transformation b! = 1/r and
the rest of b* =0

xH — bt x?
1—2b-x+b?x?

o yH =

@ The combination of these two maps the n-sheeted cover of S9! to a
cone of opening angle 27n
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Method of Images

e We will analytically continue n=1/m
@ For free theories we can use the method of images

o (Y(2)P(2))1ym = Xio ((2)i(Z + (0,2mk/m, )
e For our specific case z' = (1,20,0), z = (1,0,0)
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Conformally coupled Scalar

@ Recall that for a free scalar
o (P(x)p(x")) ~ (x — x')2=N/2
@ The calculation we must do is then
0 GE 1 a)(20) = ($(x)(x))1/m = 1 csc?2(0 + wk/m)
This formula satisfies the following recursion relation
on2
© Gf/mai2(9) = GoE [(%) +8§} G(1/m,a)(0)

@ This means that we only have to calculate for d = 3 and d = 4 and
then use the recursion relation
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Scalar d =4

@ It turns out that even dimensions are easier (this will be true for
fermions also)

@ In fact, for d = 4 the answer is simply

G /may(20) = m? csc®(mé)

o 0S, = (csc(/n)sin(8)/n> —1)/(1 — n)e P/R 4+ o(e=P/R)

o 5555 =2-20 cot(9)

@ These match the results above with one caveat d — d — 2
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Scalar d =3

o We wiII use the following integral representation
y/m—1
cse(y) = fo d 7Xr(1+x
° Plugglng this in we get
1 roo «0/2m+k/m—1
° G(l/m3 (0) = 2= 2o Jo dx Thx
@ This integral does not have a closed form for general m
@ But we can analytically continue the integral
° Gia(6) = mrary
1—-0/2m
° 6550 = 75
4] 52 = 29/71’
@ A Taylor expansion around m = 1 allows a calculation of the EE

o Se = %tan(0/2)
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Numerical Check

@ We want to reduce the Hamiltonian to one dimension
o S=—3 [dx=g [(0.0)(0"¢) + £ R ¢?]

in d=2 b a —2)°
o H = (Bs Za? ﬁ{R27T2+(89¢)2+ h (Zi;i;)éam) + (d42) ¢2}

o Where 7 is the conjugate momentum and h?” is the metric on S9!
o Integrating over S92

y

=
2
e Jo {Rznﬁ*— ®05;+ 3(2m+d —2)(2m +d —4)Sif£9} df
o Hp=132 {ﬁ% +w,§&>g}
0w =7 (l+%5?)
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Numerical Check

@ We can use the discretized Hamiltonian to check our results

§Sn—zin (2+1) D
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Free Fermions

o We want to repeat what we did for scalars for fermions
o First we need to know how fermions act under rotation (Euclidian
space)
o Y(x) = Aippth(Ax)
o Ayjp = exp (gwuw ™ 7"])
o wor = —wig = ¢,7° ="+ iyt and 7 =70 — it
o Aiya(9) = 37°(e7 /2y + €9/29%)
@ Recall that in position space
o (W) ~ g7 o e

® So (U(2)¥())1/m = Lkg (¥(2)e(2' + (0,2k/m, 0)))1

becomes
o (U(2)b())1jm = )
o (—1)*Ayjo(mk/m)(ih(2)9 (2 + (0, 2k/m, 0))1
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Free Fermions

@ Putting everything together we get the following formulation
° G(l/m a)(20) =
1 —7rlk(m 1) wik(m—1) _ 1
fﬁ I|mzﬁ\1 ZT:O (e Za +e m 7282) W
@ As with bosons there is a recursion relation

o G(l/m d+2)(29) =
,(26)

z Gl /m,a)
70 (95 + d(d = 2))(v* +77) + 2i(v* — 7)) 5757y
@ Again we only need to calculate two dimensions (d =2 and d = 3)
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@ In d = 2 the two point function simplifies to

exp( rk-rr(m 1)

° G(l/mZ (20) = %ZT 01’}/0 ('Y Texp(2i(kn/m18)) —|—c_c.>
=7° (72%6_’9 csc(m) — 2 T 0 csc(me))
@ This leads to
o §5,(0) = 12 (sin(0) csc(/n) — n) e=P/CR) 4 o(e=F/(2R))
° 05ge = 2(1 — O cot(h))eP/2R) 4 o(e=B/(2R))

@ These match the previous results mentioned above
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@ In d = 3 we have a problem

o The integral we used before does not analytically continue n=1/m

m—1 e—r'/rkm 1)/m _ 1 X0/7r 1 (1+e—lrrmx)
o ko Satersmra) = 7 Jo T irerrmam

@ While we cannot use this form to get the Rényi Entropies, but we can
get the EE
o 0Sge = 4mesc(f)sin*(0/2)eP/R 4 o(e=F/R)

@ This matches the previous results above
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Numerical Check

@ Again we can use the discretized Hamiltonian to check our results
o v =~lel
o Dy =0, +_%Wu_lJ[VI,’7J]
o H=/—gV(ivD)V¥
wf,- = COS(Q,‘) (H‘L;I’Jrl sin 6k> d@l
o If we integrate over S92
o Hy = J7 ot (vomdo, + Seths ) v
@ This can be discretized and the Rényi and EE can be found
numerically
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Numerical Check

@ We can also numerically check our results

55 RT
s RT
k3

O0SEe in (2 —+ 1) D 0S,—2 in (3 + 1) D
55EE in (3+ 1) D 55,1:4 in (3+ 1) D
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Conclusion and Outlook

Entanglement entropy is applicable to many fields of physics
It has a good holographic description
Fermions without boundary terms match previous results

Other free fields can be studied in a similar manner

Can other measures of entanglement be studied similarly
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Entanglement for general CFT's

@ We can define an operator called the modular Hamiltonian such that
o paA= e
@ In hyperbolic space
o Hy =27R¢ fooo du [ss vol(§972) T, sinh®~2(u)
@ After a conformal transformation to the sphere after transforming the
stress tensor

o Hy =27R? foe do’ [sq— vol(5972) Ttt%@c)osw) sin?=2(¢")

o Then §Sgg = tr[(trz W) (1| — trz|0)(0])Hple P Ev + ...
@ For spaces with boundary
o S=—3 [dx=g [(0,0)(0"¢) + E RG] — & [o, d¥ Ixy/=7K$?
@ K of the pull back of the boundary corresponding to A does not
match the natural one on H9~1
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