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Introduction: the graviton mass

Introduction: the graviton mass

General relativity (GR), as a classical theory, contains a massless spin-2 particle:
the graviton.

Treating GR as a quantum theory, it is not clear that the graviton remains
massless.

Graviton is massless if the graviton self-energy has no longitudinal modes i.e.

pµΠµν,ρσ(p) = 0

GR with matter interactions is perturbatively non-renormalisable. [’t Hooft, Veltman, 1974;

Deser, van Nieuwenhuizen, 1974; ...]

We shall use effective field theory approach to gravity. [Donoghue, 1994]
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Theoretical Framework Abelian Higgs model

Theoretical framework: Abelian Higgs model

Study the Abelian Higgs (AH) model in curved spacetime:

S = SG + SM =

∫
d4x
√
−g
(

Λ +
1
κ2 R + LM

)
, κ2 = 16πG

Matter sector:

SM =

∫
d4x
√
−g
[
− 1

4
gµρgνσFµνFρσ + gµν(∇µφ)†∇νφ− λ

(
φ†φ− µ2

2λ

)2]
+ Sf ,

Fµν ≡ ∂µAν − ∂νAµ, φ =
1√
2

(v +H+ iG), ∇µφ = ∂µφ− ieAµφ

Fermion sector:

Sf =

∫
d4x
√
−g
[

1
2
(
∇µψ̄Q)ieµa γaψQ − 1

2
ψ̄Qieµa γ

a(∇µψQ)− mψψ̄
QψQ

]
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Theoretical Framework Abelian Higgs model

Theoretical framework: Abelian Higgs model

Within the background field method (BFM), split fields into background and
quantum fields:

H = H̄ + HQ, G = Ḡ + GQ, Aµ = Āµ + AQ
µ

gµν = ηµν + κ(h̄µν + hQ
µν) = ḡµν + κhQ

µν

Add gauge fixing terms and ghost actions for diffeomorphism symmetry and U(1)

gauge invariance.

Gauge fixing parameters: ξD, σ for diffs, ξG for U(1).

Masses:

m2
H = 2λv2 m2

A = e2v2, m2
G = ξGm2

A, m2
c = ξGm2

A
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Theoretical Framework Diffeomorphism symmetry and the master Ward identity

Diffeomorphism symmetry in the BFM

Invariant under xµ → x′µ = xµ + κεµ(x), εµ << 1.

Field transformations are Lie derivatives with respect to κεµ(x)

In BFM, can distribute the gauge transformations arbitrarily, as long as full field
transforms correctly.

BFM transformations:

H̄′ = H̄ + κεα∂αH̄, H′Q = HQ + κεα∂αHQ,

Ḡ′ = Ḡ + κεα∂αḠ, G′Q = GQ + κεα∂αGQ

Ā′µ = Āµ + κεα∂αĀµ + κ(∂µε
α)Āα, A′Qµ = AQ

µ + κεα∂αAQ
µ + κ(∂µε

α)AQ
α.

h̄′µν = h̄µν + ∂µεν + ∂νεµ + κ(h̄αν ∂µεα + h̄αµ∂νεα + εα∂
αh̄µν) ,

h′Qµν = hQ
µν + κ(hQ

αν∂µε
α + hQ

αµ∂νε
α + εα∂

αhQ
µν) .
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Theoretical Framework Diffeomorphism symmetry and the master Ward identity

Diffeomorphism symmetry: Master Ward identity

To quantise the theory, we introduce the generating functional:

Z = N
∫
DΦ exp

[
iS+

∫
d4x
√
−ḡ
(
Jµνh hQ

µν + J̄ψψ
Q + ψ̄QJψ + JHHQ + JGGQ + JµA AQ

µ

)]
,

DΦ ≡ DhQ
µν DAQ

µDHQDGQDψ̄QDψQ

Action remains invariant under diffeomorphisms.
Path integral measure remains invariant under diffeomorphisms, as∫

d4x ∂µεµ = 0
Source transformations:

J′µνh = Jµνh + κ(εα∂αJµνh − Jναh ∂µεα − Jµαh ∂νεα) ,

J′H = JH + κεα∂αJH ,

J′G = JG + κεα∂αJG ,

J′ψ = Jψ + κεα∂αJψ ,

J̄′ψ = J̄ψ + κεα∂αJ̄ψ ,

J′µA = JµA + κ(εα∂αJµA − εα∂
µJαA ) .
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−ḡ
(
Jµνh hQ

µν + J̄ψψ
Q + ψ̄QJψ + JHHQ + JGGQ + JµA AQ

µ

)]
,

DΦ ≡ DhQ
µν DAQ

µDHQDGQDψ̄QDψQ

Action remains invariant under diffeomorphisms.
Path integral measure remains invariant under diffeomorphisms, as∫

d4x ∂µεµ = 0
Source transformations:

J′µνh = Jµνh + κ(εα∂αJµνh − Jναh ∂µεα − Jµαh ∂νεα) ,

J′H = JH + κεα∂αJH ,

J′G = JG + κεα∂αJG ,

J′ψ = Jψ + κεα∂αJψ ,

J̄′ψ = J̄ψ + κεα∂αJ̄ψ ,

J′µA = JµA + κ(εα∂αJµA − εα∂
µJαA ) .

Daniel Burns (University of Manchester) Matter Quantum Corrections to the Graviton Self-Energy and the Newtonian Potential 6 / 24
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Theoretical Framework Diffeomorphism symmetry and the master Ward identity

Graviton sector of Ward identity

Master Ward identity:[
δαµ∂ν + κ

(
h̄αν ∂µ + ∂µh̄αν +

1
2
∂αh̄µν

)]
δΓ̄

δh̄µν(x)
+ κ
(
∂αĀµ − ∂µĀα − Āα∂µ

) δΓ̄
δĀµ

+ κ∂αH̄
δΓ̄

δH̄
+ κ∂αḠ

δΓ̄

δḠ
+
δΓ̄

δψ
κ∂αψ + κ∂αψ̄

δΓ̄

δψ̄
= 0 .

where we have defined the object:

Γ̄[h̄µν , ψ, ψ̄, H̄, Ḡ, Āµ] ≡ Γ[h̄µν , ψ, ψ̄, H̄, Ḡ, Āµ, 0, 0, 0, 0] .

Setting matter field arguments to zero:[
δαµ∂ν + κ

(
h̄αν ∂µ + ∂µh̄αν +

1
2
∂αh̄µν

)]
δΓ̄

δh̄µν(x)
= 0

Ward identity:

pµ

( )µν,ρσ
+
κ

2

[
ηνρpµ

( )µσ
+ ηνσpµ

( )µρ
− pν

( )ρσ]
= 0 .

Daniel Burns (University of Manchester) Matter Quantum Corrections to the Graviton Self-Energy and the Newtonian Potential 7 / 24



Minimisation of the effective action

Minimisation of the effective action

Minimisation may remove the longitudinal modes from the self-energy.
In the BFM, we have the generic condition:

δΓ

δX

∣∣∣∣
X=0

= 0, X ∈ {hµν , ψ, ψ̄,H,G,Aµ}

Writing Γ = Γ(0) + Γ(n≥1), the graviton equation becomes:

δΓ

δhµν
=

1
2

ḡµν
(

1
κ

R̄ + κ(Λ0 + ΛH
0 )

)
− 1
κ

R̄µν − κ

2
T̄µν +

δΓ(n≥1)

δhµν
= 0

ΛH
0 = − λ0

4

(
v2

0 −
µ2

0

λ0

)2

Minimisation depends on the handling of the bare cosmological constant.
Writing Λ0 = Λ + δΛ, we impose:

Γ[0] = Λ0 + ΛH
0 + Γ(n≥1)[0] = Λ

δΛH = 0 at the one-loop level. Setting Λ = 0, we obtain

δΛ + Γ(1)[0] = 0.
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Minimisation of the effective action The cosmological constant

Minimisation: The cosmological constant

In dimensional regularisation [’t Hooft, Veltman, 1972], we can calculate Γ(1)[0].

The sum

Aµ+ G + c =
3i

2(4π)2

(
m2

A

2
A0(m2

A)− m4
A

12

)

is independent of the U(1) gauge fixing parameter ξG.

Here, A0(m2) is the scalar integral

A0(m2) ≡ (2πµ)4−d
∫

ddk
iπ2

1
k2 − m2 = m2

[
1
ε̄

+ 1− ln
(

m2

µ2

)]
,

1
ε̄

=
1
ε
− γE + ln 4π

Total cosmological constant counterterm δΛ is independent of the gauge fixing
parameters ξG, ξD, σ.
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Minimisation of the effective action Graviton tadpoles

Minimisation: Graviton tadpoles

Define:
δΓ(1)

δhµν
= iTµνh

Renormalisation of the tadpole graphs proceeds through additive renormalisation
of quantum field i.e. hµν → hµν + δhµν .

One-loop minimisation becomes:∫
d4y

[
δ2S

δhµν(x)δhρσ(y)

∣∣∣∣
gµν=ηµν

δhρσ(y)

]
+

κ

2
ηµνδΛ + Tµνh = 0

Solving for counterterm δhµν :

δhρσ(x) = −
∫

d4y ∆µνρσ(x− y)
(

Tρσh (y) +
κ

2
ηρσδΛ

)
.

Daniel Burns (University of Manchester) Matter Quantum Corrections to the Graviton Self-Energy and the Newtonian Potential 10 / 24



Minimisation of the effective action Graviton tadpoles

Minimisation: Graviton tadpoles

Consider gauge sector once more:

hµν
G +

hµν
Aµ+

hµν
c =

3iκ
4(4π)2 η

µν

(
m2

A

2
A0(m2

A)− m4
A

12

)
Again, this is independent of ξG. This is in contrast to Higgs tadpole
renormalisation, which is gauge dependent.

Try to compute δhµν :

Tµνh +
κ

2
ηµνδΛ =

3iκ
4(4π)2

(
m2

A

2
A0(m2

A)− m4
A

12

)
− κ

2
3i

2(4π)2

(
m2

A

2
A0(m2

A)− m4
A

12

)
= 0 !

This occurs for all sectors independently.
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The graviton low-energy theorem

The graviton low-energy theorem

Consider the Higgs low-energy theorem in its canonical form [Pilaftsis, 1998]:
∂

∂v
Γ =

δΓ

δH̄(0)

Derived from the shift symmetry:

v→ v + s, H̄ → H̄ − s,

Relates Higgs tadpole contributions to the v dependence of the cosmological
constant.
Similar symmetry in the gravitational sector:

η′µν = ηµν + sµν , h̄′µν = h̄µν −
1
κ

sµν

Symmetry gives the shift Ward identity:

κ
∂

∂ηµν
Γ =

δΓ

δh̄µν(0)

We call this the Graviton low-energy theorem (GLET).
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The graviton low-energy theorem

GLET in action: The graviton self-energy

Consider the counterterm in the effective action to cancel Γ(n≥1)[0]:

∆S =

∫
d4x
√

−g δΛ ,

The GLET produces the relation

Tµνh +
κ

2
ηµνδΛ = 0 !

The renormalised self-energy:

Πµν,ρσR (p) = Πµν,ρσ(p) −
κ2

4
PµνρσδΛ + ∆Πµν,ρσ(p)

Pµνρσ ≡ ηµρηνσ + ηµρηνσ − ηµνηρσ

Using the GLET, one can show
κ

2
Pµνρσ δΛ = −ηνρ Tσµh − ηνσ Tρµh + ηµν Tρσh

Therefore

Πµν,ρσR (p) = Πµν,ρσ(p) +
κ

2

(
ηνρ Tσµh + ηνσ Tρµh − ηµν Tρσh

)
+ ∆Πµν,ρσ(p)

and so:
pµΠµν,ρσR (p) = 0

Graviton is massless after minimisation and renormalisation of the cosmological constant.
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The graviton low-energy theorem

GLET in action: The graviton self-energy

To check these results, we computed the graviton self-energy at the one-loop level.

Renormalisation proceeds in the MS scheme. [Bardeen et al., 1974]

As model is Lorentz covariant:

Πµν,ρσ
R (p) = pµpνpρpσF1(p2) + ηµνηρσF2(p2) +

(
ηµρηνσ + ηνρηµσ

)
F3(p2)

+
(
ηµνpρpσ + ηρσpµpν

)
F4(p2)

+
(
ηµρpνpσ + ηνρpµpσ + ηµσpνpρ + ηνσpµpρ

)
F5(p2)

Ward identity relates these form factors:

p2F1 + F4 + 2F5 = 0,

F2 + p2F4 = 0,

F3 + p2F5 = 0.
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The graviton low-energy theorem

Higgs contribution to the self-energy

Higgs contribution to the self-energy:

H

H

+

H

We find the form factors:

F1(p2
) =

κ2

3600(4π)2(p2)2

[(
α1 + α4

)
B0(p2

,m2
H ,m2

H)

+
(
α2 + α5

)
A0(m2

H) +
(
α3 + α6

)]
,

F2(p2
) =

κ2

3600(4π)2

(
α1 B0(p2

,m2
H ,m2

H) + α2 A0(m2
H) + α3

)
,

F3(p2
) =

κ2

7200(4π)2

(
α4 B0(p2

,m2
H ,m2

H) + α5 A0(m2
H) + α6

)
,

F4(p2
) = −

κ2

3600(4π)2p2

(
α1 B0(p2

,m2
H ,m2

H) + α2 A0(m2
H) + α3

)
,

F5(p2
) = −

κ2

7200(4π)2p2

(
α4 B0(p2

,m2
H ,m2

H) + α5A0(m2
H) + α6

)
,

α1 = 15
[

8m4
H + 16m2

Hp2
+ 3(p2

)
2
]
,

α2 = − 30
(

4m2
H + 3p2

)
,

α3 = 120m4
H + 220m2

Hp2 − 42(p2
)

2
,

α4 = 15
(

p2 − 4m2
H

)2
,

α5 = − 30
(

8m2
H + p2

)
,

α6 = 16
[

15m4
H − 10m2

Hp2
+ (p2

)
2
]
.
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The graviton low-energy theorem

The self-energy for the Abelian Higgs model

B0(p2,m2
1,m

2
2) is the 2-point scalar integral:

B0(p2
,m2

1,m2
2) ≡ (2πµ)

4−d
∫

ddk
iπ2

1
k2 − m2

1

1
(k + p)2 − m2

2

=
1
ε̄

+ 2 − ln
(

m1m2

µ2

)
+

1
p2

[
(m2

2 − m2
1) ln

(
m1

m2

)
+ λ

1/2
(p2
,m2

1,m2
2) cosh−1

(
m2

1 + m2
2 − p2

2m1m2

)]
Total self-energy:

Πµν,ρσ
R (p) =

N0∑
i=1

Πµν,ρσ
0 (p,m0,i) +

N1/2∑
i=1

Πµν,ρσ
1/2 (p,m 1

2 ,i
) +

N1∑
i=1

Πµν,ρσ
1 (p,m1,i) ,

Each sector independently satisfies the Ward identity and the GLET.
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Quantum corrections to the Newtonian potential

Applying quantum corrections: The Newtonian potential

Newtonian potential is derivable from single graviton exchange between two
scalar fields.

It can be quantum corrected through radiative corrections to this process.

Massless matter corrections already well established [Hamber, Liu, 1995; Donoghue et al.,

2003; ...]:

V(r) = −Gm1m2

r

[
1 + 3

G(m1 + m2)

rc2 +
41~G

10πc3r2 +

(
9
4

N0 + 3N 1
2

+ 12N1

)
~G

45πc3r2 + O(~2)

]

How do massive matter fields contribute?
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Quantum corrections to the Newtonian potential

Obtaining the Newtonian potential

Single graviton exchange between two scalar fields ϕ1, ϕ2 of masses m1 and m2:

ϕ1(p1)

ϕ2(p2)

ϕ1(k1)

hµν(q)

ϕ2(k2)

= iMtree = iVµνϕ1ϕ1h(p1,−k1)∆0,µν,ρσ(q)Vρσϕ2ϕ2h(p2,−k2)

with qµ = (p1 − k1)µ = (p2 − k2)µ.
Ward identity for scalar vertices:

(p1 − k1)µVµνϕ1ϕ1h(p1,−k1) = 0 , (p2 − k2)µVµνϕ2ϕ2h(p2,−k2) = 0 ,

Graviton propagator:

∆0,µν,ρσ(q) =
1

q2 + iε

[
Pµνρσ −

(
4(1 + ξD) +

8
σ − 1

+
3 − ξD

(σ − 1)2

)
qµqνqρqσ

(q2)2

+

(
2 +

1
σ − 1

)(
qµqν

q2
η
ρσ

+
qρqσ

q2
η
µν

)

+ (ξD − 1)

(
qµqρ

q2
η
νσ

+
qµqσ

q2
η
νρ

+
qνqρ

q2
η
µσ

+
qνqσ

q2
η
µρ

)]
,
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Quantum corrections to the Newtonian potential

Obtaining the Newtonian potential

Non-relativistic limit:

Mtree(~q) = −κ
2m2

1m2
2

|~q|2

Convert this to a potential by using the Born approximation [Donoghue et al., 2003]:

V(~r) =
1

2m1

1
2m2

∫
d3q

(2π)3 ei~q·~rMtree(~q) .

Using the well-known result ∫
d3q

(2π)3 ei~q·~r 1
|~q|2 =

1
4πr

,

we obtain:

V(r) = −Gm1m2

r
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Quantum corrections to the Newtonian potential

Newtonian potential: Matter quantum corrections

Matter quantum corrections:

ϕ1(p1)

ϕ2(p2)

ϕ1(k1)

ϕ2(k2)

= iM1−loop = iVµνϕ1ϕ1h(p1,−k1)∆µν,ρσ(q)Vρσϕ2ϕ2h(p2,−k2)

The resummed propagator:

∆µν,ρσ = ∆0µν,ρσ − ∆0µν,αβΠαβ,γδR ∆0 γδ,ρσ + ∆0µν,αβΠαβ,γδR ∆0 γδ,λκΠλκ,εζR ∆0 εζ,ρσ + · · ·

Ward identity:
qµΠµν,ρσ

R (q) = 0

Non-relativistic limit:

M1−loop(~q) = −κ2m2
1m2

2

[
4
3

(
1

|~q|2 + 4F3(−|~q|2)

)
+

1
3

(
1

3F2(−|~q|2) + 2F3(−|~q|2)− |~q|2

)]
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Quantum corrections to the Newtonian potential

Newtonian potential: Matter quantum corrections

Convert q to complex variable and evaluate as a contour integral.∫ R

−R
dq
(

q
r

eiqrM1−loop(q)

)

R

γR1γR2

γε2

γbranch

γε3γε1

2mi
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Quantum corrections to the Newtonian potential

Newtonian potential: Matter quantum corrections

Quantum corrected Newtonian potential:

V(r) = −Gm1m2

r

(
α+ ∆V(r)

)
Newtonian potential is scaled by

α =
1
4

[
4
3

(
1− 4

n∑
i=1

ai

)−1

− 1
3

(
1 + 2

n∑
i=1

ai + 3
n∑

i=1

bi

)−1]
,

ai =
∂F2,i(q2)

∂q2

∣∣∣∣
q2=0

, bi =
∂F3,i(q2)

∂q2

∣∣∣∣
q2=0

.

The modification for a massive scalar field (̂rH = 2mHr):

∆VH(r) = −
Gm2

H

360π

[
1
2
π
(

7r̂2
H − 45

)
r̂2

H

(
LLL−1(r̂H)K0(r̂H) + LLL0(r̂H)K1(r̂H)

)
−

7πr̂3
H

2
+

45πr̂H

2

+ 7r̂3
HK1(r̂H) − 7r̂2

HK0(r̂H) − 38r̂HK1(r̂H) + 60K0(r̂H) − 36K2(r̂H)

]
.
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Quantum corrections to the Newtonian potential
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Quantum corrections to the Newtonian potential

Summary

Diffeomorphism invariance alone doesn’t guarantee that the graviton is massless.

Graviton mass is only zero after minimisation, renormalisation of the cosmological
constant and through the graviton low-energy theorem.

Shown this explicitly by calculating the graviton self-energy at the one-loop level
and showing that it is transverse.

Used the same work to produce corrections to the Newtonian potential.

Newtonian potential is rescaled by a factor dependent on the masses of the matter
fields of the model.

Correction to Newtonian potential exhibits an exponential fall-off dependence on
the distance r.
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