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Introduction: the graviton mass

Introduction: the graviton mass

@ General relativity (GR), as a classical theory, contains a massless spin-2 particle:
the graviton.
@ Treating GR as a quantum theory, it is not clear that the graviton remains
massless.
@ Graviton is massless if the graviton self-energy has no longitudinal modes i.e.
PuIl""* (p) =0
@ GR with matter interactions is perturbatively non-renormalisable. [t Hooft, Veltman, 1974;

Deser, van Nieuwenhuizen, 1974; ...]

@ We shall use effective field theory approach to gravity. [ponoghue, 1994]
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Theoretical Framework Abelian Higgs model

Theoretical framework: Abelian Higgs model

@ Study the Abelian Higgs (AH) model in curved spacetime:
S =S¢+ Sy = /d4x\/—g(A + %R+ LM>, K = 167G
@ Matter sector:

1 vo v t 2\?
Su = /d4xv_g|:_ Zgupg FuvFpo +g" (VM@TVv(b_)\ (@TQ_ %) :| + S,

Fuo = 0, Ay — 0, A, 6= —

(v+H+iG), Vud=20u.0—ieA,d

N

@ Fermion sector:

5= / d'x/=g B(vmg)ieww@ — ey (V) mw/?QwQ]
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Theoretical Framework Abelian Higgs model

Theoretical framework: Abelian Higgs model

@ Within the background field method (BFM), split fields into background and
quantum fields:
H=H+H? G=G+G° A,=A4,+A°
8uv = Mv + K&l + hgu) =&uv + “h;Qw

@ Add gauge fixing terms and ghost actions for diffeomorphism symmetry and U(1)
gauge invariance.

@ Gauge fixing parameters: &p, o for diffs, & for U(1).
@ Masses:

2 2 2 2.2 2 2 2 2
my =2\ my =e Vv, mg=Emy, mg=Emy

Daniel Burns (University of Manchester) Matter Quantum Corrections to the Graviton Self-Energy and the Newtonian Potential 4/24



Theoretical Framework Diffeomorphism symmetry and the master Ward identity

Diffeomorphism symmetry in the BFM

@ Invariant under x* — x'* = x* + ket (x), e* << 1.
@ Field transformations are Lie derivatives with respect to xe* (x)

@ In BFM, can distribute the gauge transformations arbitrarily, as long as full field
transforms correctly.

@ BFM transformations:

H' = H + ke®0,H, H? =2 + neo‘aaHQ,
G' =G+ ke®9,G, G'? = G2 + ke®0,G2
A, = Ay + ke®00Ay + K (Ope™)Aq, A;LQ = Ag + neaaaAg + 1(9pe™)AL.

il/ul' = huy + Ouev + Opeu + k(hS Opea + izjja,,ea + €a0%hu) ,
W2 =8, + k(hS,0ue® + h2,,00€* + ead™hS,) .

Daniel Burns (University of Manchester) Matter Quantum Corrections to the Graviton Self-Energy and the Newtonian Potential 5/24



Theoretical Framework Diffeomorphism symmetry and the master Ward identity

Diffeomorphism symmetry: Master Ward identity
@ To quantise the theory, we introduce the generating functional:
7 :N/Dq)exp |:lS+/d4X\/ 7(?(‘]//;“’]1?“} +‘71;)/wQ +’QT)QJ1) +JHHQ +J(;GQ +J//:A/Q,) ,

— 0 0 51712 D2 D2 D)2
D® = Dhl, DAY DH® DG? Dy° Dy
@ Action remains invariant under diffeomorphisms.
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Theoretical Framework Diffeomorphism symmetry and the master Ward identity

Diffeomorphism symmetry: Master Ward identity

@ To quantise the theory, we introduce the generating functional:
7 :N/Dq)exp |:lS+/d4X\/ 7(?(‘]//;“’]1?“} +‘71;)/wQ +’QT)QJ1) +JHHQ +J(;GQ +J//:A/Q,) ,

D& = Dhe, DA? DH® DG? Dy Dy°

@ Path integral measure remains invariant under diffeomorphisms, as
Jd'x 0 =0
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Theoretical Framework Diffeomorphism symmetry and the master Ward identity

Diffeomorphism symmetry: Master Ward identity

@ To quantise the theory, we introduce the generating functional:
7 :N/Dq)exp |:lS+/d4X\/ 7(?(‘]//;“’]1%” +]Uwa +U;QJU +JHHQ +J(;GQ +J//:A/Q,) ,

D& = Dhe, DA? DH® DG? Dy Dy°

@ Source transformations:
T =T 4 (€0l — T 0 eq — 0 ea)
Jy =Ju + k€“0adn ,
Jo =Jo + ke“0als ,
Jy =Jy + K€ 0aty ,
Jy =Ty + ke 0ady ,
JE =T+ k(€205 — €a0"IT) .
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Theoretical Framework Diffeomorphism symmetry and the master Ward identity

Graviton sector of Ward identity

@ Master Ward identity:

leY T T 1 (e 5F a T T 5f
[%ay Yk (hya# + 0B + 50 hw)} e ﬁ(a A, — 9,A% — A aQE
_ 6T _or oT _6T
QH—_ e hiall it e Ch T — 0.
+ k0 6H+n6 G5G+6¢/€8 Y+ KO w(w
where we have defined the object:
f[/jlulh ¢7 1Z7I:I> G,AH] = F[Ijlll«lh w, 1;7 H7 G7Au7 07 07 07 O] .
@ Setting matter field arguments to zero:
_ N P 5T
le% L ha ha - ah N _ —
{@8 +m( 2 Ou + 0y V+26 " )] e 0
@ Ward identity:
o
=0.

@) @) @) @)
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Minimisation of the effective action

Minimisation of the effective action

@ Minimisation may remove the longitudinal modes from the self-energy.
@ In the BFM, we have the generic condition:

or _
& - 07 Xe {huww7¢7H7G7Au}
X=0
@ Writing T' = I'® 4+ 'Y the graviton equation becomes:
6T 1,0 (15 H 1 K~ sr=)
= 3" [ R+ r(Ao+AH)) — R — Bpwv =0
Shy 28 <n o+ °)> . 20 T o,

i (o md\
A()— 4(V0 )\0
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Minimisation of the effective action

Minimisation of the effective action

@ Minimisation may remove the longitudinal modes from the self-energy.
@ In the BFM, we have the generic condition:

or _
& - 07 Xe {huww7¢7H7G7Au}
X=0
@ Writing T' = I'® 4+ 'Y the graviton equation becomes:
6T 1,0 (15 H 1 K~ sr=)
= 3" [ R+ r(Ao+AH)) — R — Bpwv =0
Shy 28 <n o+ °)> . 20 T o,

p_ X (aomY
A()— 4(V0 )\0

@ Minimisation depends on the handling of the bare cosmological constant.
@ Writing Ap = A + 0A, we impose:

r[0] = Ao + Af +T"=V[0] = A
@ /Ay = 0 at the one-loop level. Setting A = 0, we obtain
SA +TM[0] = 0.
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Minimisation of the effective action The cosmological constant

Minimisation: The cosmological constant

@ In dimensional regularisation [t Hooft, Veltman, 1972], we can calculate r® [0].

@ The sum
-< -~
// A ’ 3i m3 2 mt
A I = AN 4
SR )67 ‘ 2(47r)2<2 (1) 12)
N r'd R .
~- ~
is independent of the U(1) gauge fixing parameter &g.
@ Here, Ao(m?) is the scalar integral
e [d% 1 1 m’ 1 1
2\ 4—d 2 —

@ Total cosmological constant counterterm JA is independent of the gauge fixing
parameters &g, &p, 0.
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Minimisation of the effective action Graviton tadpoles

Minimisation: Graviton tadpoles

@ Define:
5T

Ohy
@ Renormalisation of the tadpole graphs proceeds through additive renormalisation
of quantum field i.e. hu, — huw + 0hpy.

_ pv
=T,

@ One-loop minimisation becomes:

d'y Shpo (¥) +E77W6A+TW:O
[ |Gty ., ) * 5 h
@ Solving for counterterm dh,,,.:
{od R lod
Shpo®) = = [ &' Buuprlx=3) (1270) + Fu708)
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Minimisation of the effective action Graviton tadpoles

Minimisation: Graviton tadpoles

@ Consider gauge sector once more:

huw o=~ hyw hyuw -~ 3 2 4
w6+ At W, = i () - )
\__, < 4(4m) 2 12

@ Again, this is independent of ;. This is in contrast to Higgs tadpole
renormalisation, which is gauge dependent.

@ Try to compute dhy.:

. 2 4 . 2 4
TRy S NP L (L o S ) S O Sy L7 YYoe S Ry
Lo+ 3 2@z \2 A00m) =5 ) = 3 5m | 3 Aolm) '

@ This occurs for all sectors independently.
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The graviton low-energy theorem

The graviton low-energy theorem

@ Consider the Higgs low-energy theorem in its canonical form [pilattsis, 1998]:

o r— or
dv.  SH(0)
@ Derived from the shift symmetry:
V—=>v+s, H—H- S,

@ Relates Higgs tadpole contributions to the v dependence of the cosmological
constant.
@ Similar symmetry in the gravitational sector:

77:w = Nuv + Spv, Ijl;w = il;w - Es;w
@ Symmetry gives the shift Ward identity:
0 or

K I' = —
My 8huw (0)

@ We call this the Graviton low-energy theorem (GLET).
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The graviton low-energy theorem

GLET in action: The graviton self-energy

@ Consider the counterterm in the effective action to cancel T'"=1[0]:
AS = / d*x\/—g A,
@ The GLET produces the relation
TH + S SA = 0!
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The graviton low-energy theorem

GLET in action: The graviton self-energy

@ Consider the counterterm in the effective action to cancel T'"=1[0]:
AS = / d*x\/—g A,
@ The GLET produces the relation
TH + S SA = 0!
@ The renormalised self-energy:
IR"P7 (p) = P9 (p) — %ZP’”””M + AI*"P7(p)
PHVPT = plPpVT L pHPpVT Ll o
@ Using the GLET, one can show
gPWP” SA = —pPPTTR — Yo PR g e PO
@ Therefore

P2 (p) = TP (p) 4 D (0T TR — ) AT ()

K
2
@ and so:

pullp""(p) =0

@ Graviton is massless after minimisation and renormalisation of the cosmological constant.
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The graviton low-energy theorem

GLET in action: The graviton self-energy

@ To check these results, we computed the graviton self-energy at the one-loop level.
@ Renormalisation proceeds in the MS scheme. [Bardeen et al., 1974]

@ As model is Lorentz covariant:
TP (p) = "o Fa(p) + 0 Fap) + (00" + 0Pt ) Fa(p?)
+ (0P 0 ) Falp?)
+ (n“"p"p" +0"p"p” + 7P P’ + n””p“pp)Fs (")
@ Ward identity relates these form factors:

P°Fi + Fy +2Fs = 0,
F> —|—p2F4 =0,
F3 + p°Fs = 0.
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The graviton low-energy theorem

Higgs contribution to the self-energy

@ Higgs contribution to the self-energy:

H H

Pt P ~

MWW, - !

\

@ We find the form factors:

~__.7 4
H WWWIM/M/

2
2\ K [( ) 2 2 2
F = B s s
1) = Sgo0@mygryz L\ + s ) Bol mig my) . 22 202
s o = 15[8mH + 16mip* +3(%) } ,
=+ (az + Ots)A()(mH) + (043 + 046)} s
) oz = —30(4n; + 3,72) ,
R(Y) = - (041 Bo(p”, miyy, migy) + 2 Ao(miyy) + 04%) ) 4 2 2 2.2
3600(4)? ’ a3 = 120my + 220mpp” — 42(p7)" ,
2 2
2y _ K 2 2 2 2 = 15(p* — am?
F3(p°) = 72000402 (a4Bo(P sy, my) + as Ag(my) + 046) ) O (l’ ’"H) )
2 2
) P s 2 o , as = 730(8mH+p) s
Fa(p”) = — W(MBO(P s My, M) + a Ao (myy) +a3> ) . ., -
T as = IG[ISmH —10mp” + () ] )
N K 2 2 2 2
Fs(p") = — W(O&;Bo(ﬁ ,my, my) + osAo(my) + af,) R
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The graviton low-energy theorem

The self-energy for the Abelian Higgs model

@ By(p?, mi, m3) is the 2-point scalar integral:

k1 1

2 2 2 4—d

B ,my, = (2 —

o(p”,my,my) = (2mp) /l.Tr2 e (k+p) —m

myny
= - +2—ln( )
€ u?

1 2 2 _ 2
+ 7 [(mg —m) In <Z—;) + )\l/z(pz,mf,mg) cosh™ ' (1711, tmop )}

2mymy

—_

@ Total self-energy:

Nij2

Ny Ny
Hﬁu,pa(p) _ anu,po(pymoﬂi) + ZHT/Vz’pG(Pvm%,,') + anw’pg(]?,ml,i),
i=1

i=1

@ Each sector independently satisfies the Ward identity and the GLET.

i=1
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Quantum corrections to the Newtonian potential

Applying quantum corrections: The Newtonian potential
@ Newtonian potential is derivable from single graviton exchange between two
scalar fields.
@ It can be quantum corrected through radiative corrections to this process.

@ Massless matter corrections already well established [Hamber, Liu, 1995; Donoghue et al.,
2003; ...]:

V(r) = —Gmm iy 3G o)

(m1 +m2) 411G n 2N0 3N, + 12
rc? 107c3r? 2

4 45mc3r?

@ How do massive matter fields contribute?
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[e] um corrections to the Newtonian potential

Obtaining the Newtonian potential

@ Single graviton exchange between two scalar fields i, ¢» of masses m; and ms:

\\\»0\2(172) w(kz_)/
Dy (q) lM“ee = Lpl(mh@h kl)AOaHV po (q) V(Z;pzh (P27 _kz)
—”»;1(—171) 901(;1\)\\

with g, = (p1 — ki) = (P2 — ko)
@ Ward identity for scalar vertices:

(p1 — ki) th(]’b k) =0, (P2 — kz)”VZ;ch(pz’ —k) =0,
@ Graviton propagator:

8 3-&p > 79" q"q°

Ao, uv,po(q) = |:P‘wpa <4(] +¢p) + + (o —1)? (@)

q* + ie
(s 5) (T )
wop w,o v oo
+(§D_1)<q;1nw+q;1 " qnWJrq;an)],
q q q
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Quantum corrections to the Newtonian potential

Obtaining the Newtonian potential

@ Non-relativistic limit:
nzm%m%

\91*

Miree(q) =

@ Convert this to a potential by using the Born approximation [ponoghue et al., 2003]:

L1 [ dyg
2m1 2m2 (271’)3

V(F) = €T Miee () -

@ Using the well-known result

@ we obtain:
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Quantum corrections to the Newtonian potential

Newtonian potential: Matter quantum corrections

@ Matter quantum corrections:

\\\49\2(1’2) ’»92(762’)’_

= iMooy = Vi [ (P, —kD) Ay po (@) V0 (P2, —2)

T oi(m) pi(ky) T

@ The resummed propagator:

Apv,po = Do, pe — Ao uu,aBHgB’véoné,po + Aouu,a@HEB”&Aows,mﬂﬁ"’e(Ao eC,po T o
@ Ward identity:
quI1x7"%(q) = 0
@ Non-relativistic limit:

Miiop(§) = —K* mim3 [i («z—lﬂ) +3 ( T 1 B ~z>]
3\ gl +4F:(=1g*) ) = 3 \3F:(-|g]) +2F:(=|3]) — |4
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Quantum corrections to the Newtonian potential

Newtonian potential: Matter quantum corrections

@ Convert g to complex variable and evaluate as a contour integral.

[ (5]

"branch
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Quantum corrections to the Newtonian potential

Newtonian potential: Matter quantum corrections

@ Quantum corrected Newtonian potential:

V(r) =

- (o1 AV(r))

@ Newtonian potential is scaled by

174 N - ~)

_ OFy(q) _ OF(d)
a; = a5 5 br’ - T a7
aq 7?=0 dq ¢?=0
@ The modification for a massive scalar field (7y = 2mpr):
Gm?, [1 ) . . . . . Tni3,  45n
AVH(r) = —ﬁ [EW (7)’%.1 —45) r,%, (L_l(rH)Ko(rH) +L()(I’H)K|(I’H)> — 2H —+ 3 L

+ 75K (Fu) — T4 Ko(Pr) — 387uK; (Pu) + 60K (i) — 361{2(?,,)} )
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Quantum corrections to the Newtonian potential

\J
|

Oev

o)
o)
e

v m——== 0.5 €V

600k vy
\ A Y
\ 2¢eV

—_— = 1leV

AV(r) [107%°]
D
S

200
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[e] um corrections to the Newtonian potential

Summary

Diffeomorphism invariance alone doesn’t guarantee that the graviton is massless.

Graviton mass is only zero after minimisation, renormalisation of the cosmological
constant and through the graviton low-energy theorem.

@ Shown this explicitly by calculating the graviton self-energy at the one-loop level
and showing that it is transverse.

Used the same work to produce corrections to the Newtonian potential.

Newtonian potential is rescaled by a factor dependent on the masses of the matter
fields of the model.

Correction to Newtonian potential exhibits an exponential fall-off dependence on
the distance r.
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