
But perhaps most importantly...

The Take-Home Message
Dynamical Dark Matter  is  the most general way of 
thinking about the dark sector...

� Stability and minimality are  not  fundamental properties of the dark sector!
� All that is required is a phenomenological balancing of lifetimes against 

abundances.  A much richer dynamical dark sector is possible!
� The resulting physics can satisfy all astrophysical, cosmological, and collider 

constraints on dark matter, and yet simultaneously give rise to new theoretical 
insights and new experimentally distinct signatures.

It is time we shed our theoretical prejudices and embrace all the 
possibilities that dark-sector non-minimality and instability allow!
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Jeff Kost A Tale of Two Timescales

Scalar DDM Ensembles

● One important class of dark-matter candidate consists of
scalar singlets.

● In fact, scalar singlets appear in many theories beyond the
Standard Model, e.g.

● axions, to solve the strong CP problem
● string moduli, involved in compactification, etc.

● As a result, scalar fields play an important general role in early- 
universe cosmology...

What is the cosmology of a DDM ensemble of scalar fields?
What is the cosmology of multiple scalar fields more generally?
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Scalars in the Early Universe
● One important question naturally arises for all such scalar fields:

What early dynamics can occur that would 
significantly affect the late-time abundances 
(energy densities, i.e. the sizes of the slices 
of the cosmic pie) of these fields?
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cosmological phase transition
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Scalars in the Early Universe

2
in scenarios with multiple scalars,
non-trivial mixing amongst the fields.

● One important question naturally arises for all such scalar fields:
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Scalars in the Early Universe

Let us briefly review each of these...

2
in scenarios with multiple scalars,
non-trivial mixing amongst the fields.

1
the fields can undergo a 
mass-generating 
cosmological phase transition

● Two features are often found in models of scalars that can do this:

● One important question naturally arises for all such scalar fields:

What early dynamics can occur that would 
significantly affect the late-time abundances 
(energy densities, i.e. the sizes of the slices 
of the cosmic pie) of these fields?
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      Mass-Generating Phase Transitions1
In a flat cosmology, where spatial variation
in the fields is assumed negligible, they
evolve according to the equation of motion:
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      Mass-Generating Phase Transitions1

Review the case of a constant mass m first: Hubble damping

In a flat cosmology, where spatial variation
in the fields is assumed negligible, they
evolve according to the equation of motion:

field mass2
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In a flat cosmology, where spatial variation
in the fields is assumed negligible, they
evolve according to the equation of motion:

matter-
dominated
universe
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dominated
universe

Hubble damping field mass2
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      Mass-Generating Phase Transitions1

Consider if the mass is generated 
instantaneously at time

field mass2

In a flat cosmology, where spatial variation
in the fields is assumed negligible, they
evolve according to the equation of motion:

● Energy density remains zero
until mass is generated at     .

● Otherwise, evolution is similar to 
the constant-m scenario.

Hubble damping
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      Mass-Generating Phase Transitions1

Allow a non-zero generation timescale

In a flat cosmology, where spatial variation
in the fields is assumed negligible, they
evolve according to the equation of motion:

Hubble damping field mass2
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      Mass-Generating Phase Transitions1

Allow a non-zero generation timescale

In a flat cosmology, where spatial variation
in the fields is assumed negligible, they
evolve according to the equation of motion:

non-zero       typically leads to 
suppression of late-time 
abundance as compared to an 
instantaneous transition, in the 
specific models where it has 
been studied thus far.
Turner, 1986

Hubble damping field mass2
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      Mass-Generating Phase Transitions1

Allow a non-zero generation timescale

In a flat cosmology, where spatial variation
in the fields is assumed negligible, they
evolve according to the equation of motion:

Hubble damping field mass2

actual axion

toy model

For example, in the case of 
the QCD axion, this function
has been explicitly 
calculated...:

● A combination of detailed lattice
studies and a variety of other
approaches have helped determine
the axion mass as a function of 
temperature near its mass-
generating phase transition
at                       .

[most recently Wantz, Shellard (2010)]
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      Non-Trivial Mixing Amongst the Fields2
In scenarios with multiple scalars, there
can be non-trivial mixing amongst the fields,
coupling the equations of motion:

non-diagonal
mass2 matrix
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      Non-Trivial Mixing Amongst the Fields2

non-diagonal
mass2 matrix

also found to suppress their (total) 
cosmological abundance, in the case 
of axions under certain cosmological 
circumstances.
KRD, Dudas, Gherghetta, 1999

In scenarios with multiple scalars, there
can be non-trivial mixing amongst the fields,
coupling the equations of motion:
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Both of these effects have occasionally been studied in
isolation, but what happens when we introduce them
simultaneously, as would occur in a DDM ensemble? 
Do any new phenomena emerge?

The Question...
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Both of these effects have occasionally been studied in
isolation, but what happens when we introduce them
simultaneously, as would occur in a DDM ensemble? 
Do any new phenomena emerge?

● A tacit assumption might be that 
the general picture is essentially 
unchanged for each mass 
eigenstate.  

To what extent is such an
assumption true?

● This is the fundamental 
question we shall now explore.

The Question...
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A Toy Model
● To study these issues, rather than restricting ourselves by focusing

on a specific model, we construct a general toy model.

● Our toy model is simple enough to be tractable, yet rich enough to 
incorporate all the effects of interest: 

2

1 a mass-generating phase transition with non-zero width

non-zero mixing between its fields.
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A Toy Model
● To study these issues, rather than restricting ourselves by focusing

on a specific model, we construct a general toy model.

● Our toy model is simple enough to be tractable, yet rich enough to 
incorporate all the effects of interest: 

2

1 a mass-generating phase transition with non-zero width

non-zero mixing between its fields.

● To do this, we require only two real scalar fields                with an 
explicitly time-dependent potential:

(time-dependent) mass matrix
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A Toy Model
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A Toy Model

at early times, allow for
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A Toy Model

at early times, allow for
a non-zero mass component
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Evolution of the Mass Matrix

generated mass
components

parametrize the mixing that
is generated by angle 

at early times, allow for
a non-zero mass component
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A Toy Model

at early times, allow for
a non-zero mass component

smoothly interpolate between the
early and late regimes, with some
time-dependent function that takes
the width        as a parameter:m
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A Toy Model

generated mass
components

parametrize the mixing that
is generated by angle 

at early times, allow for
a non-zero mass component

Thus, model is equipped with 
free parameters:    ,       , and   
      (in addition to other 
generated mass parameters), 
all of which can impact the 
late-time abundance.

smoothly interpolate between the
early and late regimes, with some
time-dependent function that takes
the width        as a parameter.
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A Toy Model

generated mass
components
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● Thus, even with only two fields, our toy model captures the 
non-trivial interplay between

● Non-zero width of mass-generating phase transition
● Non-trivial mixing
● Overdamped/underdamped dynamical transition
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A Toy Model

generated mass
components

parameterize the mixing that
is generated, by some angle 

at early times allow for
a non-zero mass component

Thus, model is equipped with 
free parameters:    ,       , and   
      (in addition to other 
generated mass parameters), 
all of which can impact the 
late-time abundance.

smoothly interpolate between the
early and late regimes, with some
time-dependent function that takes
the width        as a parameter.
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● We eliminate explicit dependence on the constant mass M
by using the dimensionless time variable                    .
        

● All quantities with mass dimension are understood from this 
point on to be written implicitly as fractions of M. 
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Late-Time Energy DensitiesPerforming Calculations

● The time-dependence in the mass2 matrix (in the region of the phase 
transition) restricts our ability to find analytical solutions, so we solve this 
system numerically in most scenarios.
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Late-Time Energy Densities

● The time-dependence in the mass2 matrix (in the region of the phase 
transition) restricts our ability to find analytical solutions, so we solve this 
system numerically in most scenarios.

This requires a considerable amount of numerical work:

● Our system can be “stiff”, depending on its mass spectrum
and the damping phase of the fields (which are both time-dependent).

● Must therefore use a combination of implicit and explicit methods
(“Runge-Kutta-Fehlberg” and multi-step “Backwards Differentiation
Formula” in a predictor-corrector form) to ensure stability of solutions.

● Field solutions will be evaluated at “late times” --- this requires a
careful definition in our implementation, to ensure that asymptotic
behavior has truly emerged.

● An adaptive error algorithm must be employed to ensure
efficiency, due to the stark changes in behavior that the fields 
undergo before and after the phase transition, damping transition, etc.

Performing Calculations
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Late-Time Energy Densities
● Only interested in how the late-time energy density varies compared

to various benchmarks (i.e. zero mixing, zero phase transition width).

What to Calculate?
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Late-Time Energy DensitiesWhat to Calculate?

Total (late-time) energy density, 
normalized to what it would have 
been with zero mixing and zero 
phase transition width

Tells how total energy density
is apportioned between fields

● Only interested in how the late-time energy density varies compared
to various benchmarks (i.e. zero mixing, zero phase transition width).

● Concentrate on two particular quantities in what follows:
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Late-Time Energy DensitiesDistribution of Components

mixing 
saturation 
(fraction
of maximum 
possible mixing)

phase transition timescale

lighter field 
dominates

heavier field 
dominates
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Late-Time Energy DensitiesDistribution of Components
As the width of the phase
transition is increased,
energy density shifts 
completely to lighter field!

phase transition timescale

mixing 
saturation 
(fraction
of maximum 
possible mixing)

lighter field 
dominates

heavier field 
dominates
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Late-Time Energy DensitiesDistribution of Components
As the width of the phase
transition is increased,
energy density shifts 
completely to lighter field!

non-monotonicities
appear in highly
saturated mixing
regime!

phase transition timescale

mixing 
saturation 
(fraction
of maximum 
possible mixing)

lighter field 
dominates

heavier field 
dominates
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Late-Time Energy Densities

phase transition timescale

not all fields oscillating 
immediately at mass 
generation

matter
dominated
epoch

Late-Time Total Energy Density Comparison
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Late-Time Energy Densities

phase transition timescale

not all fields oscillating 
immediately at mass 
generation

matter
dominated
epoch

Late-Time Total Energy Density Comparison

an enhancement 
develops for small 
mixing, while a 
suppression 
develops when mixing 
is highly saturated!
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Late-Time Energy Densities

phase transition timescale

not all fields oscillating 
immediately at mass 
generation

mixing has no 
effect with rapid 
phase transition
(in this regime)

matter
dominated
epoch

Late-Time Total Energy Density Comparison

an enhancement 
develops for small 
mixing, while a 
suppression 
develops when mixing 
is highly saturated!
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Late-Time Energy Densities

phase transition timescale

not all fields oscillating 
immediately at mass 
generation

an enhancement 
develops for small 
mixing, while a 
suppression 
develops when mixing 
is highly saturated!

mixing has no 
effect with rapid 
phase transition
(in this regime)

matter
dominated
epoch

non-trivial phase 
transition timescale 
allows mixing to 
leave imprint at
late times!

Late-Time Total Energy Density Comparison
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Late-Time Energy Densities

phase transition timescale

radiation
dominated
epoch

Late-Time Total Energy Density Comparison
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Late-Time Energy Densities

phase transition timescale

radiation
dominated
epoch

follows similar 
behavior to matter-
dominated epoch

Late-Time Total Energy Density Comparison



  

Jeff Kost A Tale of Two Timescales

Late-Time Energy Densities

phase transition timescale

mixing now 
suppresses 
energy density 
even with rapid 
phase transition!

radiation
dominated
epoch

follows similar 
behavior to matter-
dominated epoch

Late-Time Total Energy Density Comparison
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Late-Time Energy Densities
fields immediately 
begin oscillating at 
mass generation

phase transition timescale

This regime is
insensitive to  
radiation/matter 
domination

Late-Time Total Energy Density Comparison
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Late-Time Energy Densities

large suppressions:
become increasingly
dramatic as the
mixing is saturated!
(note this is a log-plot)

fields immediately 
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mass generation

phase transition timescale

This regime is
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radiation/matter 
domination

Late-Time Total Energy Density Comparison
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Late-Time Energy Densities

mixing again has 
no effect when the
phase transition is
rapid.

fields immediately 
begin oscillating at 
mass generation

phase transition timescale

This regime is
insensitive to  
radiation/matter 
domination

Late-Time Total Energy Density Comparison

large suppressions:
become increasingly
dramatic as the
mixing is saturated!
(note this is a log-plot)
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Late-Time Energy Densities

again, a sequence  
non-
monotonicities
in the saturated
mixing regime!

fields immediately 
begin oscillating at 
mass generation

mixing again has 
no effect when the
phase transition is
rapid.

phase transition timescale

This regime is
insensitive to  
radiation/matter 
domination

Late-Time Total Energy Density Comparison

large suppressions:
become increasingly
dramatic as the
mixing is saturated!
(note this is a log-plot)
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Late-Time Energy DensitiesOrigin of Non-Monotonic Behavior
● The non-monotonicities seen in the highly mixing saturated curves are due 

to a special property of the mass spectrum in this regime:
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Late-Time Energy Densities

lighter mass 
eigenvalue develops
a “pulse” when
mixing is highly
saturated

Origin of Non-Monotonic Behavior
● The non-monotonicities seen in the highly mixing saturated curves are due 

to a special property of the mass spectrum in this regime:
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Late-Time Energy Densities
● The non-monotonicities seen in the highly mixing saturated curves are due 

to a special property of the mass spectrum in this regime:

Origin of Non-Monotonic Behavior

lighter mass 
eigenvalue develops
a “pulse” when
mixing is highly
saturated

produces an
effective  
parametric 
resonance
in the lighter 
field for a whole 
discrete spectrum 
of widths 

resonant 
enhancement in 
energy density
associated with
the lighter field!
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● Recall: a parametric resonance occurs when a parameter in the system
modulates at frequencies that are certain (integer) multiples of the
natural frequency.
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Origin of Non-Monotonic Behavior
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● Recall: a parametric resonance occurs when a parameter in the system
modulates at frequencies that are certain (integer) multiples of the
natural frequency.
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● Locally, the pulse
appears periodic, 
with some effective
frequency           .

Origin of Non-Monotonic Behavior
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● Recall: a parametric resonance occurs when a parameter in the system
modulates at frequencies that are certain (integer) multiples of the
natural frequency.
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● Locally, the pulse
appears periodic, 
with some effective
frequency           .

● A resonant
enhancement 
is produced when

Origin of Non-Monotonic Behavior

where       is an 
integer.
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Late-Time Energy Densities
● These resonances can be quite dramatic, e.g. for the lighter field:

The Resonant Enhancement on the Lighter Field



  

Jeff Kost A Tale of Two Timescales

Late-Time Energy DensitiesThe Resonant Enhancement on the Lighter Field
● These resonances can be quite dramatic, e.g. for the lighter field:

the abundance of the 
lighter field can be
enhanced by several 
orders of magnitude!
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Late-Time Energy DensitiesA “Re-Overdamping” Phenomenon
● This pulse also has other implications:
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Late-Time Energy DensitiesA “Re-Overdamping” Phenomenon

“Re-overdamping”: 

● The field which has already 
commenced oscillations returns 
to an overdamped state! 

● This pulse also has other implications:
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Late-Time Energy DensitiesA “Re-Overdamping” Phenomenon

“Re-overdamping”: 

● The field which has already 
commenced oscillations returns 
to an overdamped state! 

● Field ceases oscillation -- acts 
as different state of energy (not 
quite vacuum energy, not quite 
matter). 

● This pulse also has other implications:
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Late-Time Energy DensitiesA “Re-Overdamping” Phenomenon

“Re-overdamping”: 

● The field which has already 
commenced oscillations returns 
to an overdamped state! 

● Field ceases oscillation -- acts 
as different state of energy (not 
quite vacuum energy, not quite 
matter). 

● The timescale over which this 
lasts can potentially be much 
longer than the phase transition 
itself...a new kind of “matter” 
between traditional pressureless 
matter and vacuum energy?

● This pulse also has other implications:
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Late-Time Energy DensitiesA “Re-Overdamping” Phenomenon
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Late-Time Energy DensitiesA “Re-Overdamping” Phenomenon
Field behavior if phase transition
had been instantaneous. True field behavior for                  .
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Late-Time Energy DensitiesA “Re-Overdamping” Phenomenon
Field behavior if phase transition
had been instantaneous. True field behavior for                  .

overdamping overdamping

re-overdamping re-overdamping
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Late-Time Energy DensitiesA “Re-Overdamping” Phenomenon
Field behavior if phase transition
had been instantaneous. True field behavior for                  .

overdamping overdamping

re-overdamping re-overdamping

lighter field dominates
in this regime
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Late-Time Energy DensitiesConclusions
● For a simple two-component toy model we have found a rich set of 

phenomena that emerge from the non-trivial interplay between the width
of mass generating phase transitions, non-trivial mixing, and 
overdamped/underdamped behaviors.

● Unexpected suppressions and/or enhancements in late-time energy 
densities.

● Shifts in energy density from lighter to heavier modes, simply by 
increasing timescale of phase transition.

● Effective parametric resonances that cause energy densities to 
fluctuate by several orders of magnitude.

● Surprising “re-overdamped” phases and unexpected field behaviors.

● These effects can potentially be even more dramatic in a full model, with
more than two modes included (KK systems, axiverse, multiple string    
moduli, …).

The cosmology of such systems may be far richer than 
we have previously imagined. Many new possibilities for 

phenomenology and model-building exist.


