Classical Spinning Strings in AdS3/CFT,

The study of an integrable deformation

Juan Miguel Nieto

Based on [R. Hernandez and JMN, 2014]
and [R. Hernandez and JMN, 2015]

Universidad Complutense de Madrid

27/05/2015

Juan Miguel Nieto Strings in AdS3/CFT),



Outline

AdS/CFT introduction

The spinning string ansatz for R x §3
The spinning string ansatz for AdSs x S3
The pulsating string ansatz

Conclusions

Juan Miguel Nieto Strings in AdS3/CFT,



Outline

AdS/CFT introduction

Juan Miguel Nieto Strings in AdS3/CFT),



AdS/CFT generalities

The prime example is the duality between ' = 4 SYM in four
dimensions and type IIB string theory on AdSs x S® with RR flux.
There we can use integrability to find the spectrum of anomalous
dimensions in the SYM.

Integrability methods are potentially applicable to other AdSy
backgrounds with RR flux. Examples of that are the AdSs/ABJM
duality and the AdS3/CFT; (in particular integrability have been
proven for AdS; x S3 x T4 and AdS; x S3 x S3 x S!) we are
going to treat here.
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AdS3/ CFT, correspondence and integrability

However we are going to consider the case where we have an
arbitrary combination of RR and NS-NS fluxes controlled by a
parameter g € [0,1]. The case of pure RR flux (corresponding to
g = 0) can be studied using usual integrability methods, while the
case of pure NS-NS flux (corresponding to g = 1) can be rewritten
as a WZW model.

Nonetheless, using supercoset formulation in GS action with a WZ
term, the Lax connection for general g for both T4 and S3x st
cases (and for any semi-symmetric permutation coset) was found
in [Cagnazzo, Zarembo, 2012], therefore we can apply the
integrability toolbox to this case.
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The spinning string ansatz for R x §3
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Spinning string ansatz

Let's start with the simpler case of spinning strings with most of
the AdSs dynamics frozen

Y14+iYo =0, Y3+iY0:eiWOT,
X1+ X = rl(a') e"[wlT"rOél(U)] . X3+ iXy = I’2(0’) ei[sz-i-az(a)] ’

where r2(c) + r3(o) = 1. Later we will see that the generalization
to full AdSs x S3 is straightforward from this results.
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The S3 C AdS; x S® x T, Lagrangian

If we freeze the dynamics on the AdS;3 space, the Polyakov action
can be written as

2
1
LS3: ZE (r +r )2—r2w2]

i=1
A
+ \2/7

- [ar3 (w10 — w2a})]

'\J\>

(rf +1r3—1)

supported with the Virasoro constrains

M)

(r,f2 + riz(a;-z + w?)) =nd, Z rPwia =0 .
i=1 i=1
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The Neumann-Rosochatius Lagrangian

The lagrangian we have obtained is a deformation of the
Neumann-Rosochatius lagrangian presented in [Arutyunov, Russo,
Tseytlin, 2003] for AdSs x S°

3

3
72 r? + rPaf? —wr)—f (Zr,-z—l),
i=1

i=1

N[ —

this lagrangian is integrable (because is an extension of a set of
oscillators on a sphere), and the flux deformation we are looking at
do not break the integrability.
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The Neumann-Rosochatius Lagrangian

The lagrangian we have obtained is a deformation of the
Neumann-Rosochatius lagrangian presented in [Arutyunov, Russo,
Tseytlin, 2003] for AdSs x S°

1 3 1<
Z _712_("}1'2rl'2)_§/\(zr1'2_1)
,:1 fi i=1

this lagrangian is integrable (because is an extension of a set of
oscillators on a sphere), and the flux deformation we are looking at
do not break the integrability.
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Equations of motion and First integrals

There are two ways to obtain the dynamics from this lagrangian

m To solve directly the equations of motion. This method is
useful for calculating constant radii solutions.

m To use the (deformed) Uhlenbeck constants. This method is
useful for calculating elliptic solutions.
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Constant radii solutions: E. O. M.

The equations of motion for our lagrangian are

2
Vi + qry€jjw;j .
041-2722 =12,
i

I
—rlw% + r1a12 — Ay,

iy
I

2 2
ry = —nws + nay — Ary + 2gn(wiah — waay)

and we are going to take r; =const. and af- = m; =const. (which
have the interpretation of winding numbers) therefore we can join
them as

(Wi — w3) — (M} — M3) + 2q(wi M — wamy) = 0
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Constant radii solutions: finding the w’s and the dispersion
relation (as a power series)

Using the result from the previous slide and the definition of total
angular momentum J = VA", (r,?w,- -2 e,-jqr22r71j> we can find
the w; as a power series on J:

wlz\JF)\-i—\grﬁl(ﬁvl—i—r_ng)(l—f)[l—\?qﬁvz—i—...} ,
Wy = \Jﬂ — q(my — mp) + ijz(r'nl + m)(1 — ¢?)
. 1—?q(ﬁ71+ﬁ72)+...}.
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Constant radii solutions: finding the w’s and the dispersion
relation (as a power series)

Using the result from the previous slide and the definition of total
angular momentum J = VA", (r,?w,- -2 e,-J-qr22r71j> we can find
the w; as a power series on J:

wlz\JF)\-i—\grﬁl(ﬁvl—i—r_nz)(l—f)[l—\?qﬁvz—i—...} ,
Wy = \Jﬂ — q(my — mp) + ijz(r'nl + m)(1 — ¢?)
. 1—?q(ﬁ71+ﬁ’12)+...}.

A
E? = J2 — 2V Agi J + 5 (M2 + M3 h)(1—¢*) + PmiJ] + -
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Constant radii solutions: interesting simplifications

There are two limits where these results simplify and we can find
the exact dispersion relation:
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Constant radii solutions: interesting simplifications

There are two limits where these results simplify and we can find
the exact dispersion relation:
m The limit m = —mp = M (= J1 = J,, already considered in
[Hoare, Stepanchuk, Tseytlin, 2014]). In this case
J J
wp = —— —2qm, E2=J?—2qmJ)+m*.

VA
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Constant radii solutions: interesting simplifications

There are two limits where these results simplify and we can find
the exact dispersion relation:
m The limit m = —mp = M (= J1 = J,, already considered in
[Hoare, Stepanchuk, Tseytlin, 2014]). In this case

J wzzi—zqm, E% = J2 —2qmJ + m* .

VA

m The limit g = 1, which corresponds to pure NS-NS flux and to
WZW model. In this case:
J J _ _ _
W1 = ——= wgz——(ml—mz), E2:(J—m1)2.

VA VA
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Snoidal solutions: Uhlenbeck constants

To find non-constant radii solutions we can use the (deformed)
Uhlenbeck constant

- 1 Vi + gun)? V2
L= r12(1—q2)+ﬁ {(rlré —rn)®+ %é + %
Wy — w3 61 6
2 2
If we change to coordinates —1 + 2 = 0 we get

C_Wl C—w§

3
¢? = 41 - A [~
i=1
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Snoidal solutions: Uhlenbeck constants

To find non-constant radii solutions we can use the (deformed)
Uhlenbeck constant

- 1 vi + qun)? v2
L= r12(1—q2)+ﬁ {(rlré —rn)®+ %@2 + %rlz
Wy — W3 n r

2 2
1,4+ -2, =0 we get

If we change to coordinates 2 T

3
*=—41-)]J-3),
i=1
which can be easily solved

2 _ _
(o) = <32 w12+% <325”2 <U\/(1—q2)(43—é1) s <2>-

ws — W]  wh; —wi GG
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Snoidal solutions: g = 1 limit

The dispersion relation is not easy to find for general g because, to
do that, we have to invert the periodicity condition

W\/(l —q*)(G — ¢1) = nK <§§ — 2) .
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Snoidal solutions: g = 1 limit

The dispersion relation is not easy to find for general g because, to
do that, we have to invert the periodicity condition

W\/(l —q*)(G — ¢1) = nK (2 — gj) .

However when g = 1 the elliptic functions and periodicities
become trigonometric (¢ = —4w? [T2_,(¢ — ¢;)) and we find

- ) - -
2 G-wi G- .-,
rn(o) = -"5— > sin“(wo) ,
Wy, —wy; Wy Wy
where 2w € Z.
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Snoidal solutions: g = 1 limit

The dispersion relation is not easy to find for general g because, to
do that, we have to invert the periodicity condition

W\/(l —q*)(G — ¢1) = nK (2 — gj) .

However when g = 1 the elliptic functions and periodicities
become trigonometric (¢ = —4w? [T2_,(¢ — ¢;)) and we find

5 _
rlz(a) = C22 w12 + % 622 sinz(wa) ,
Wy, —wy; Wy Wy

where 2w € Z. And the dispersion relation can be found
analytically

E? = \(M2 — M3 + 4wy — 3w?) — 2V \J(y + mp — 2w) .
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The spinning string ansatz for AdSs x S3
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The AdS; x S3 C AdS; x S3 x T, Lagrangian

We can repeat the same steps with a dynamic AdSs space. The
lagrangian now can be written as

A
L= L53 ‘|‘LAd53 = L53 —|—£

b (__/ 2
yp g? (zazb—i—zazaﬂb

A

— Z,Z,Wp) — ) ( P zaz, + 1) —2qz; (wofy — waffp) |

supported with the Virasoro constrains

2
2 2052 2 2 2052 2 202 2
72y +75(Bg +wg) = 2" + 21 (B +W1)+Z(ri + (e +wi))
i=1
2
Z2wi B + Z rewial = 22 wo B .
i=1
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Constant radii solutions: E. O. M.

The equations of motion for the part of the sphere does not
change and those for the AdS are nearly the same but with factors
of g%. In the constant radii case (with 3] = k), can be written as

(wf — w3) — (M} — M3) + 2q(wim — waimy) =0,

w? — k? — w@ +2qrk =
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Constant radii solutions: Dispersion relation

After using the Virasoro constrains and some algebra we can find
the (two possible) dispersion relation

kS A _
E.=J+S—V\q (ml + 2J> + ﬁ(ﬁﬁh + m3 )y + k2S)
A o _

E =J-S—V)\gm + 2%2(57@1 + M3 — k*S)(1—q¢°) + -
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Constant radii solutions: Dispersion relation

After using the Virasoro constrains and some algebra we can find
the (two possible) dispersion relation

kS A _
E.=J+S—V\q (ml + 2J> + ﬁ(ﬁﬁh + m3 )y + k2S)

(1-¢°) - %2q2l_<5(ﬁ‘lJ + kS)+---

E =J-S—V)\gm + 2%2(57@1 + M3 — k*S)(1—q¢°) + -

The dynamics again simplifies in g = 1 where

Er=S+\(J—mpP—4kS, E —J-S—m.

Juan Miguel Nieto Strings in AdS3/CFT,



Snoidal solutions

Again, we can repeat step by step the calculations done for the
sphere (with some changes of signs) and we get

2

2/ N _ H3—Wg  H2—H3 o \/ > M3 — 2

Z = + sn 1-— — 2
0(o) W12 _ Wg W12 — Wg <‘7 ( q?)(p3 — 1) 13 — Ml)

Again, the dispersion relation is not easy to find unless g = 1
because, to do that, we have to invert the periodicity condition

R I

M3 — H1
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Snoidal solutions: g = 1 limit

In that limit elliptic functions and periodicities become
trigonometric and we find

~ 2 ~ ~
J— W pa— .
23(0) = ,u22 0+ M; N22 sin(w'o) |
wi—wg  wi—w

where 2w’ € Z.
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Snoidal solutions: g = 1 limit

In that limit elliptic functions and periodicities become
trigonometric and we find

~ 2 ~ ~
J— W pa— .
23(0) = ,u22 0+ M; H22 sin(w'o) |
wi—wg  wi—w

where 2w’ € Z.

Ey = [VA(KZ + m2 — (M — 3w)(M2 — w) — w'?) — 2kt S
— 2./([711 + my — 2(,0)}/(2/_(1) ,

and something similar for E_
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The pulsating string ansatz
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A comment on the pulsating strings

Another interesting anstaz | want to talk about is the pulsating
string anstaz, which have the same functional form as the spinning
string ansatz but changing 7 <> o. That is

Y14 iYs = z(7) /Mot yg vy = zo(7) oot B
X1+ iXo = rl(T) ei[w1cr+a1(7’)] . X3+ iXy = r2(7_) ei[w20+a2(7')] ’

where r2(1) + r3(7) = 23(7) — Z2(7) = L.
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A comment on the pulsating strings

The same procedure can be applied to pulsating strings (with some
subtleties related with the periodicity conditions). For the case
S x AdSz we have found that
2 at
— =gk + —1+ 75—
\/X qKi 2k]_ q:F aq (k]%—w2)2

which agrees with the result obtained in [Maldacena, Ooguri, 2000]
by means of the WZW model limit (g = 1).

E w? — k2
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Conclusions

m We have found a general class of solutions (with and without
constant radii) of the flux-deformed Neumann-Rosochatius
system.

m The ellipsoidal solutions contains more general solutions |
have not covered here, like giant magnon solutions.

m We have seen a huge simplification of the expressions (in
particular the dispersion relation) when we take the limit
g = 1. This is a consequence of the description as a WZW
model in this limit, which have more symmetries.

m We already had a good description for the g = 0 case (using
integrability) and g = 1 case (using WZW models). This
results provides a description in the interpolating regime
between those two well known cases.
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