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Review: KK relations
Kleiss, Kuijf (1988) [1]
Color ordering = (n — 1)!/2 primitive amplitudes:
A= Y Te(TUT%® .. T%m)A(1,0(2),...,0(n))

0€Sn—1({2,...,n})

KK relations:
AL, B,2,0) = (=D)L Y~ A(1,2,0)

o€apT

= KK basis:
{AL,2,0) | 0 € Spa({3,...,n})}

= DDM decomposition:
Del Duca, Dixon, Maltoni (1999) [2, 3]

Atr%e — Z fa2a0(3)b1 fb1aa(4)b2 fbn—3aa(n)a1
n, -
Uesn72({37~~~7n})



Review: DDM decomposition
Del Duca, Dixon, Maltoni (1999) [2, 3]

o@3) o) ... o)

+ oo,

A%r%e — Z fa2a0(3)b1fb1aa(4)b2 o ]Ebn_gaa(n)al
0E€Sn—2({3,...,n})
< A(1,2,0(3),...,0(n))

R S
c€Sp—2({3,....,n})

jﬂ.lA(l, 2,0(3),...,0(n))



Invitation: Loop level applications

Badger, Mogull, AO, O’Connell (2015) [4]

A(1,2,3,4) + A(1,2,4,3) + A(1,4,2,3) =0
4 points, 2 loops:

2 3 2 4 2 3
12 13 12 l4 lg l3

l1 Iy Iy I3

5 points, 2 loops:
5 1 5 2 5 1




Invitation: Loop level application

AZIooP (1 9 3+ 4t 5+) =

{< ><< )+ () 3o (L




Invitation: Outline

n particles: color kinematics
KK relations = BCJ relations =

n gluons only || KK basis, (n —2)! = BCJ basis, (n — 3)!
DDM decomposition

(n—2k) gluons || KK relations = new BCJ relations?

k quark pairs || Melia basis, (n — 2)!/k! = | reduced BCJ basis?
new color decomposition?

This talk: all question marks resolved and more!



QCD color structure

]Edae]?ebc _ ]Edbe]?eac — ]Eabe]?dec

a b b ma __ fabe e
T4, - Th T = foo T3

b c b c b
a d a d “
k b k b

a



Pure-quark Melia basis

Melia (2013) [5]

{A(1,2,0) | o € Dyck;_; }

‘ Dyck word = well-formed brackets ‘

pure-quark A6,3(l) é) 3, Z) 5, 6)
fix 1, 2; rest must form Dyck words of length 4

4) & {34}{56}, {56}{34}
,6) & {3{56}4}, {5{34}6}

Melia basis for n = 6, k = 3:
A(l7 §7 37 Z7 57 6) 9 A(la ia éa 67 37 Z) 9 A(la i7 37 57 67 Z) 9 A(l7 §7 57 37 Za 6)



Melia basis of primitive amplitudes

Melia (2013) [5, 6]

{A(1,2,0) | 0 € Dyck;_; x {gluon insertions},_ox }

Melia basis for n =5, k = 2:

A(lu 27 57 37 4—) ) A(l7 §7 37 57 Z) ) A(lu 57 37 Zu 5)

empty brackets
e N
(2k — 2)!
Kk —1)!

dressed quark brackets

(n —2)!
k!

x(n, k) = x(kE—=1)!x(2k—-1)(2k)...(n—2) =

insertions of (n—2k) gluons



New color decomposition

(n,k)
A= Y. CLZ0)AQL20),

o € Melia basis

— {g T°® =Y,
- g}

=%
- =

C(L.2,0) = (~1)F" {2/o]1)

Q QI

I s

=) 1l®--eleT'e1le-- 91’1
s=1 7

checked analytically up to 8 points



5-point color example

¢
Ag5" = Cias31 A1aszz + Cragas Aiagas + Cragsa Aiassa
by b T T b 5:55§ :g: 4
Ciasza = — 2EPBIT"@ E 41} = - (1T )712711111314 = _ g g,
2 »- > — 1
-5
3 g7 5
—_ —a b a =
Ciagis = - CIBIT SN =~ T ) Thoo = §  §
53 » 9y ]
Ciassa = — {2|{3|(Tb5® 20) EgP 41} = 5(T T T ixta — Tml(TbT“ )isa
: 8.
= J—= - 3 —= 1
STtg gt o g 1
2 :S :S —1 3 :S > 1
Reminder: -
5 ) (_1)k—1 g — wWT’®=]_,
CL,2,0)=(=1)"""{2lo[1} = _, \a}
g — 9



Tensor representation

l

s




Higher-point color example

665280
Alfs = > CL2,0)AL2,0),

o € Melia basis

C(1,2,13,3,5,6,4,7,9,14,11,12,10,8) :

|



QCD color structure

]Edae]?ebc _ ]Edbe]?eac — ]Eabe]?dec

a b b ma __ fabe e
T4, - Th T = foo T3

b c b c b
a d a d “
k b k b

a



Review: BCJ color-kinematics duality
Bern, Carrasco, Johansson (2008,10) [7, 8]
Johansson, AO (2014) [9]

CsTs + CtTig + Cy Ty

Atree —

X >
Jo2

t U

XX

works for color
check/impose on kinematics



Review: BCJ double copy

Atree _ CsMs + CiNy + Cy Ny
4 t U
2,b 3,c 2,b 4,d 2.b 3,¢
1,a id 1la 3¢ b 4,d
ct O My Cy OF Ty, Cs OF Mg

2 2 2
=i (422, 12)
S t U

Extends to any multiplicity, loop order and group rep.

Bern, Carrasco, Johansson (2008,10) [7, 8]

Johansson, AO (2014) [9]
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Review: BCJ relations

Bern, Carrasco, Johansson (2008) [7]

Atree — 2 : Cinyg
'I'L,k DZ

cubic graphs I';

Ci—Cj=C < Ny—Nj;="ng

=

n—1 [

Z(Zsjn) A2, i+l n—1)=0
=2 j=2

All other BCJ relations can be derived from relabelings thereof.
Feng, Huang, Jia (2010) [10]

=

basis of (n — 3)! primitives



4-point kinematic example

3,a 4,b ,
;o TeTY.
i _ cin
E = (st misies) = O
1,i 2,7 s13—m 1
4,b 3,a ,
i T2T2 can
% é =3 R (w1 (bh a+m)dhve) = %2
1,4 2,7 S14—m 2
3,a 4,b
Z-fabch_ ) )
E = 55 (ke en) (i) — 2k <) (@ghva)
. _ _ c3n
Li 2,7 + (s en)(@mls — o)) = 5
c1 — cg = c3 — commutation relation

ny —ng —ng X UK13g4v2 + U1g3gukave — (€3 - €4) (U1 (K1 + K2)v2) =0
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4-point amplitude relation

c1n CoMNg Cc3ng ni ns no ns
Atree — =c — _—2 c = =
e D1+D2+D3 1( " >+2< >

= o Ajg3y + 1 Ay3y3

n n 1 1 n
141534:_2_—3 <—+ )nQ_—l

= DQ D5 D2 D_3 Dd

n1 ns 1 1 n2
A12437D—1+D—3 <D—1+D—3>7’L1—D—3

o Ag = (L4 LoD ne— =LA
1284 7\ Dy, ' D3 (D1+Ds3)Ds3 > Di+Dg 2B

2 _ 2 _
= (s14—m )A;§34 = (s13—m )A;243
S14 — m2
tree __ as a4 a4 a3 _
Ait = (Tm‘sz‘l RO m2>A;234
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5-point kinematic example

3,k 4,7
) 1 b b - _ cini
5a= ————————Tim T T m =
9= 373 (15 — m)sms 7Tt (g5 (.5 1 )y o) (U yuva) = —5-
27-7 b
K 4,1

—1 1 b _ Ccan2
5,a :—7TlmT 7 (T —ma)ehv2) (Usyuva) =
‘é é NACTET ki (01" (Bo,5 —ma2)gsv2) (U3 yuva) = 5

3,k 4,1
7 1 _ _ _ _
E\ 5.0= /3 512591 F ST ((u1%v2)(u3/ﬁ/5v4) — (urlfsv2) (tsgsva)

. _ _ Cs5M
25 Li — (017" 02) (Ty04) (kaz-e5) ) = 52
5

Cl1 —C2 = Cs C3 —C4 = —Cs

ny —n2 =nNs n3 —nNg = —Ns

= (s35 —m3) Aygasy + (512 — 534) Ayggqs — (525 — m3) A 7 =

0
or  (sg5 —m3)Aygsgz + (514 — 523) Ajgasg — (515 — m7) Ajggqs = 0




BCJ relations for QCD

n—1 %
purely gluonic: Z (Z sjn>A(1, 2,...4,n,i+1,...,n—1) =
=2 j=2
n—1 7
§:<§:§m—n%)AOWZ..Lnj+l,.wn—1):0

becomes

where n is a gluon

number of independent BCJ relations:

k\n[3]4]5] 6] 7] 8
0 |0 1]4]18]96] 600
1 [0[1[4]18]096]600
2 |[-]0]1] 6 ]36]240
3 [-[-]-]0] 4] 40
T | -1-7-7T-1-To




Solution to BCJ relations for QCD

General BCJ relations:
2 F (g, 0, 1]0)

2
i=1 52,a1,...,a; — 1)

e
L»—t
Nl
R
=
=

Il
=

—
ol
|

where « is purely gluonic
Melia basis of (n — 2)!/k! primitives
{A(1,2,0) | o0 € Dyck;,_; x {gluon insertions},_ox }
= new BCJ basis of (n — 3)!(2k — 2)/k! primitives

{A(l, 2,q,0) ‘ {g,0} € Dyck;,_; x {gluon insertions in O'}n_gk}



New amplitude decomposition

Full color-dressed amplutude in terms of only
(n — 3)!(2k — 2)/k! color-ordered primitive amplitudes:

:Lr,ekeZQ = Z A(lv 5) q,0

(g,0) € BCJ basis

o] ,
x{C(l,Zg,a) + > C(l,?,a,g,ﬁ)n%}

BCo aeS(c\B) =1 T2
o\B gluonic

:Lr,ekegl = Z A(172a370)
aESn,3({4,...,’I’L})

o] <
{ (1,2,3,0) + Y 2012a36)HL1_|2)mg}

BCo acS(o\B) 52,01,
or (n — 3)! primitives for kK = 0,1
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Conclusions

» New color decomposition for any quark-gluon tree
amplitude in basis of (n — 2)!/k! primitives
» Can be used inside loops similarly to DDM decomposition
» Color-kinematics duality for massive quarks
» New BCJ relations for any quark-gluon tree amplitude
» Reduced basis of (n — 3)!(2k — 2)!/k! primitives
(or (n —3)! for k =1,0)

» New amplitude decomposition after KK and BCJ relations



Thank you!



Backup slides



6-point color example

tree
6,3

= Ciaas6 Aizas6+ Crasosa Arzseaa+Crass
<<« 5—<x3e3j
23 4 o S 6
3 - _ 8. 1
S—ege§ 3—ege]
[~ [~
2 :S > S: 1
H—= : -3 5 —= : <
3 —e— S#Z + 3—e—ge g <
——2p—2p—1 > >
{218IT*® E{{5|T°® E3|6}[4}|1}
3—e—z+—] 3 —e—g
g g
5 —e— - + D—ege——=
——2p—2p—1 > >
{21{5IT*® E{{3|T"® E3|4}(6}|1}

= {2/{3|T"® 7 |4}{5/T"® =] (6} |1}

= {2|{5|T"® E4|6}{3|T"® =4|4}|1}

[l ~S B =

IS

= o

V]



Review: Double copy for loops
Bern, Carrasco, Johansson (2010) [8]

ALroop _ LZ / ;Z;DDKL; T;Z)Cz

Ci—Cj=C <= Ny—Nj;="ng

Ci— —Ci & N — —N;

d'Pe 1 nin
ML loop L+1 Z/ ?
2m)DL S, D

Similarly for fundamental representation
Johansson, AO (2014) [9]
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5-point amplitude relation

tree _ C1M1  CoMg  C3N3  C4Ny  C5Ny

52 T D1 D2 D3 D4 D5

A n2 n3 ns
3= T T . T T
1253 Do Ds D
A _ ni N4 ns
12345 Dy Da D-
ns N4
A R

= —CQAl§5§Z—Cl Al§§15+(—(31 +C4)Al2

354

or (s95— m%)AﬁE@Z + (514 — 523)

2
tree __ b as b b as b 835 — M3 o
A = (ThaTi T e Tn 2 ) Arassa
2

2
b p S15— M
+ T2 T T 71) Azys

1) g2 7,32482

_ (T%,Tb b

11]7 J 127 13%




New formula for gravitational scattering amplitudes

A= D C(L2.0)A(1.2,0),

o€Melia basis

C(1,2,0) is constructed out of ¢;

Mug = 2. K(1,2.0)A012.0),

o€Melia basis

K(1,2,0) is constructed out of n;

Gravity coupled to massive scalars, fermions, vectors

30/
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