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Supersymmetric Yang-Mills 
theory in higher dimensions



Maximal 
SYM

• Partial or total cancellation of UV divergences 
(all bubble and triangle diagrams cancel)

• First UV divergent diagrams at D=4+6/L
• Conformal or dual conformal symmetry
• Common structure of the integrands

Bern, Dixon&Co 10

Arkani-Hammed 12

Drummond, Henn, 
Korchemsky, Sokatchev 10

Object: Helicity Amplitudes on mass shell 
with arbitrary number of legs and loops

The case: Planar limit

The aim: to get all loop (exact) result
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Motivation

D=4 N=4

D=6 N=2

D=8 N=1

D=10 N=1



BDS conjecture Bern, Dixon, 
Smirnov 05

• No UV divergences in all loops
• IR & Collinear Divs on shell

IR & Collinear Divs in dimensional regularization Cusp anom dim
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UV & IR Divergences
D=4 N=4



Toy model for gravity

• No IR & Collinear  divergences in all loops
• UV Divs starting from L=6/(D-4)=3 loops

• No IR & Collinear  divergences in all loops
• UV Divs starting from L=[6/(D-4)]=1 loops

N=(1,1)

Compactification on a torus of higher dim maximal SYM theories  
gives lower dimensional maximal SYM theories
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UV & IR Divergences

D=6 N=2

D=8 N=1

D=10 N=1



Used techniques

Cheung, O’Connell 09, 
Bern&Co 10, R.H.Boles D O’
Connell 12, S.Caron-Huot D.
O'Connell 10

Spinor helicity formalism

Dennen, Huang, Siegel 10
On-shell momentum 
superspace for N=(1,1) SYM
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. . .



Color ordered amplitude

Planar Limit

Four-point amplitude

This is what we calculate

Tree level amplitude usually has a simple universal form proportional to the 
delta function (conservation of momenta), in SUSY case - conservation of 
supercharge in on shell momentum superspace
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Color decomposition



1

2

4

● No Bubbles
● No Triangles

Universal expansion for any D in maximal SYM due to Dual conformal invariance
Т. Dennen Yu-yin Huang 10 ,
S.Caron-Huot D.O'Connell 10 

● First UV div at L=[6/(D-4)] loops
● IR finite
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Perturbation Expansion for the 
Amplitudes for any D
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Diagrams which contain 
leading divergence
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Calculated leading divergences

SYM in higher dimensions                                     SFedU                    D.Vlasenko               Dubna 2015 9/18



D=6 N=2 case
Leading Divergences for 5loop diagrams

 Result up to 5 loops

Geom progression !?
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Leading Divergences

 

Doesn’t look like Geom progression anymore,
however, coefficients grow slowly

11/18

D=8,10 N=1 cases
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• In renormalizable theories the leading divergences can be found 
from the 1-loop term due to the renormalization group, in particular, 
for a single coupling theory the coefficient of            in n loops in 
given by

• In non-renormalizable theories the leading divergences can be also 
found from 1-loop due to locality and R-operation

All terms like

should cancel

Leading pole Coeff of  1 loop graph

Leading Divergences from Generalized 
«Renormalization Group»
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Horizontal boxes + tennis courtD=6 N=2

Horizontal boxes + double tennis court

• Similar relations one can get for all other series
• All of them have 1/n! behavior

R-operation and Recurrence 
Relation
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D=8 N=1

Diff eqn

R-operation and Recurrence 
Relation
Horizontal boxes
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s-channel 
term

t-channel 
term

Exact relation for ALL diagrams

Summation

Diff eqn

All loop Exact Recurrence 
Relation

D=6 N=2
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Summation

Diff eqn

s-channel 
term

t-channel 
term

All loop Exact Recurrence 
Relation

D=8 N=1

Exact relation for ALL diagrams
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• Due to non-linearity of equation the fixed point analysis is complicated 

• Equation for the total sum has a fixed point 

• It is stable when                   but depends on kinematics

• Having in mind all channels in full amplitude the fixed point appears to 
be unstable

• Example of the horizontal boxes demonstrates that the limit                   
    might be similar to a gauge theory in D=4

• Existence of a fixed point  does not contradict the equation 

D=6 N=2

Summation of Infinite Series

D=8 N=1 D=10 N=1
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•  It might mean that in nonrenormalizable theories the finite number of PT 
terms has no meaning while the full theory exists.

•  That would imply that  severe UV divergences  present in any given order of 
PT are actually artifacts of the weak coupling expansion. 

•  If this is true, one may try to apply the same arguments to quantum gravity.  
This would mean that one should not be confused by  nonrenormalizability  
of PT in quantum gravity. 

•  It may well be that the full theory is meaningful, PT is just not applicable 
here.

•  In order to understand the nonrenormalizable theories one has to find an 
alternative dual  description. 

•  The result of an alternative approach might be quite different from the PT 
one. 
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Conclusion



Thank you for your 
attention



Exact calculation

Regge Limit

2
0

Anastasiou, Tausk, Tejeda-Yeomans , 00
Bork,Kazakov,Vlasenko, 13

D=6 
N=2 Perturbation Expansion for the Amplitudes



 

Leading Logarithms
Regge Limit

Regge behaviour

Exact  for

UV finite

Perturbation Expansion for the 
Amplitudes

!

2
1

Bork,Kazakov,Vlasenko, 
13



Perturbation Expansion for the 
Amplitudes

Leading Powers

!

UV finite

Interpolation

22

Loops 1 2 3 4 5 6

Values

Numerics 4.93 3.29 2.06 2.05 2.42 3.13

Kazakov, 
14

Panzer,14


