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Why ?

Present interest in precision approaches to the Z boson

• √s ∼ 10 GeV → Belle-II will measure 109 µ+µ− events,
→ T. Ferber, Belle-II, DESY, talk at DPG meeting 2015.

• √s ∼ MZ → Fcc-ee expects 1013 events at the Z resonance,
→ Need complete electroweak 2-loop calculation; see e.g. A. Freitas, talk at Pisa meeting 2015.
Model-independent alternative: How to do?
→ Request by the Fcc-ee physics study group
→ S-matrix approach a la SMATASY/ZFITTER; see e.g. T. Riemann, talk at Pisa meeting 2015.

2-loop weak corrections to the Z resonance
At the Z peak, one needs essentially vertex corrections.
Much has been done by Hollik et al., Czakon et al., Freitas et al., see: [1] and many refs. therein.

AMBRE/MB/MBnumerics: 2-loop weak vertex corrections
We (J. Gluza, I. Dubovyk, J. Usovitsch, T.R.) are developing a tool for the (semi-)automatized calculation of
2-loop massive vertex (and other) integrals.
Under development.
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Outline

S-matrix approach to the Z line shape
• Developed as a model-independent analysis tool of

e+e− → (γ, Z)→ f +f− around the Z boson resonance
• Aim: determinations of MZ and ΓZ

• → σT : Leike/TR/Rose 1991 [2]
→ AFB,LR,pol: TR 1992 [3],
→ SMATASy code: Kirsch/TR 1994 [4]

• First application: LEP/L3 1993 [5], also: Tristan/TOPAZ,VENUS, LEP/OPAL, . . .
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Introduction

The reaction

e+e− → (γ, Z)→ f +f− + (n γ) (1)

allows to study the Z boson, its mass MZ , its width ΓZ , its couplings, and potentially
deviations from the Standard Model.

Need correct “model”
See experiences with constant and s-dependent Z width:

1
[s−M2

Z + iMZ ΓZ(s)]
versus

1
[s−M2

Z + iMZ ΓZ ]
(2)

To a very good accuracy, it holds: ΓZ(s) ≈ s/M2
Z × ΓZ

see next slide,→ Bardin/Leike/Riemann/Sachwitz 1988 [6]; also: Berends/Burgers/Hollik/v.Neerven 1988 [7]

Need correct unfolding ..
.. of Realistic Observables in order to get Pseudo Observables. → e.g.: Borrelli/Consoli/Maiani/Sisto

1990 [8], Later: Bardin/Passarino 1999 [9], Bardin/Grünewald/Passarino 1999 [10], Passarino 2003 [11], Passarino 2013 [12] and refs. therein.
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Lesson: The model influences numerical results

Total cross section for e+e− → µ+µ−

production at LEP . . .
. . . without (left) and with (right) QED
corrections. Both sample data produced
with an energy-dependent Z width.
The assumptions on the Z-propagator in
the fit formulas influence the location of the
peak, but not the “experimental errors”.
Fig.: from [6], license Number:
3557090997554.

Born Born + QED
from fit: → MZ ΓZ MZ ΓZ

ΓZ(s) 93.000 ± 0.013 2.498 ± 0.009 93.000 ± 0.016 2.498 ± 0.011
ΓZ 92.966 ± 0.013 2.498 ± 0.009 92.966 ± 0.016 2.498 ± 0.011
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Introduction

The Standard Model analysis tool for the Z resonance:
ZFITTER (D. Bardin et al.)
• Complete electroweak radiative corrections;
• QED corrections by convolution:

with some σ0(s′)
beware: for initial-final state interferences with some σ0(s, s′);

• semi-analytical QED integrations;
• free choice of σ0(s′) by user interfaces;
• Standard Model interfaces: four weak form factors ρ, κe, κf , κef .

ZFITTER is well-tested, flexible, accurate and fast.

References
• ZFITTER has been published in CPC in 1990 [13], 2001 [14], 2006 [15].

• The actual Fortran package is v.6.44; version 6.42 is public in CPC program library, with CPC-licence.

• Beware: Gfitter/GSM (2007-2011) is an illegal clone of ZFITTER, available at
http://zfitter-gfitter.desy.de/ and
http://fh.desy.de/projekte/gfitter01/Gfitter01.htm.
See also: http://zfitter.education, http://zfitter.com.
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Introduction

Stuart 1991 [16], S-Matrix ansatz for e+e− −→ Z −→ f +f−

M =
R

s− s0
+ F(s), s0 = M2

Z − iMZΓZ (3)

Allows to study:
• Mass MZ and width ΓZ → Leike/Riemann/Rose 1991 [2]

• How many independent degrees of freedom? → Leike/Riemann/Rose 1991 [2], Kirsch/S.Riemann, L3 [17, 5]

• But also: How to define mass and width of the Z boson at higher orders of
perturbation theory? → Denner 2014 [18], Freitas 2014 [1] and Fcc-ee [19], Degrassi FCC-ee [20] and refs. therein
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Total cross sections

There are immediate questions, from an experimental point:
• What about the photon exchange?
• What about QED corrections, e.g. the 2→ 3 part of the cross sections?
• What about asymmetries, besides σtot?

We have to describe
e+e− −→ (γ, Z) −→ f +f−(γ) (4)

Ansatz in the complex energy plane, for four helicity matrix elements:

Mi(s) =
Ri
γ

s
+

Ri
Z

s− sZ
+ Fi(s), i = 1, . . . 4. (5)

Beware: Eqn. (5) is mathematically not consistent → Böhm/Sato 2004 [21]

The poles of M have complex residua RZ and Rγ , the latter corresponding to the
photon, and the background F(s) is an analytic function without poles:

Fi(s) =

∞∑
n=0

Fi
n(s− s0)

n (6)
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Comment on the photon term (3 Feb 2015)

Ri
γ(s)
s

=

∑∞
n=0 Ri

n(s− s0)
n

s
(7)

=

∑∞
n=0 Ri

n(s− s0)
n

s0 − (s0 − s)

=

∞∑
n=0

Ri
n(s− s0)

n 1
s0

1
1− s0−s

s0

=

∞∑
n=0

Ri
n(s− s0)

n 1
s0

[
1 +

s0 − s
s0

+

(
s0 − s

s0

)2

· · ·

]

The term Ri
γ(s)/s is part of the the background term F(s).

• It is useful to sum up a selected part of self-energy insertions in the propagators
in order to derive the Breit-Wigner resonance form,

• It is useful to sum up a selected part of the photonic background of the Z
resonance in order to take explicit notice of physically known pieces of the input
expressions.
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Ansatz for realistic applications

The analysis of the Z line shape will be based here on the cross section

σ(s) =

4∑
i=1

σi(s) =
1
4

4∑
i=1

s|Mi(s)|2, (8)

where the sum must be performed over four helicity amplitudes with different residua
Ri

Z and functions Fi(s). The result is, with QED corrections folded in:

σT(s) =
4
3
πα2

∫
ds′

s

[
rγ

s
+

sR + (s−M2
Z)J

(s−MZ
2)2 + M2

ZΓZ
2

+ · · ·
]
ρini

(
s′

s

)
. (9)

The radiation connected with initial-final state interferences can be taken into account
by an analogue formula to (9) with a slightly more complicated structure [22, 23]:

σint(s) =

∫
ds′σ(s, s′)ρint(s′/s). (10)
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Some details

The correct ansatz for the S-matrix based cross section is:

σ(s, s′) =
1
8

s′
∑

i

[
Mi(s)M∗i (s′) +M∗i (s)Mi(s′)

]
. (11)

From Leike/Riemann/Rose:

σ(s) =
∑

A

σA(s), A = Z, γ,F, γZ, ZF,Fγ, (12)

with the contributions:

σZ(s) =
srZ

|s− sZ |2
, rZ = 1

4

∑
|Ri

Z |2,

σγ(s) =
rγ
s
, rγ = |Rγ |2,

σF(s) = srF(s), rF(s) = 1
4

∑
|Fi(s)|2,

σγZ(s) = 2Re
C∗γCZ

s− sZ
, Cγ = Rγ , CZ = 1

4

∑
Ri

Z ,

σZF(s) = 2Re
sCZF(s)
s− sZ

, CZF(s) = 1
4

∑
Ri

ZFi∗(s),

σFγ(s) = 2Re
[
C∗γCF(s)

]
, CF(s) = 1

4

∑
Fi(s).
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Some details

After making denominators real one remains with the following formula for the effective Born
formula for the Z line shape:

σ(s) =
R + (s−M2

Z)I
|s− sZ |2

+
rγ
s

+ r0 + (s−M2
Z)r1 + . . . (13)

Besides MZ ,ΓZ , the real constants R, I, r0 and r1 · · · are introduced:

R = M2
Z
[
rZ + 2(ΓZ/MZ)

(
=mCR + MZΓZ<e(C′R)

)]
,

I = rZ + 2<eCR,

CR(s) = C∗γCZ + sZCZF(s),

r0 = M2
Z
[
rF −MZΓZ=m(r′F)

]
+ <eCr −MZΓZ=mC′r,

r1 = rF + M2
Z
[
<e(r′F)− (ΓZ/MZ)=m(r′F)

]
+ <eC′r,

Cr(s) = C∗γCF(s) + CZF(s). (14)

The energy-dependent functions CZF,CF, rF , and their (primed) derivatives with respect to s have
to be taken at s = sZ . As may be seen, the cross section may be described by only six real
parameters as long as one takes into account only the first two terms in the expansion of the
functions Fi(s) around s = sZ and at most terms of the order (s − M2

Z)n, n = 0, 1 in the cross
section parametrization.
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Born Asymmetries
On a Sunday in Summer 1992, I had a discussion with Luciano Maiani in the CERN library.
He had doubt that an analogue to the model-independent ansatz for σtot might be usefully formulated, especially
in view of the QED corrections.

I believed one can do that, and I followed the rule “The proof of the pudding is in the eating” [3]. The result:

ABorn(s) = A0 + A1

(
s

M2
Z
− 1
)

+A2

(
s

M2
Z
− 1
)2

+ . . . (15)

AFB =
σFB

σT
, Apol =

σpol

σT
. (16)

The AFB and Apol are helicity combinations as also σT is, i.e. have also S-matrix ansatzes.

The parameters in ABorn(s) are in QED-Born approximation:

A0 =
RA

RT
, (17)

and

A1 =

[
JA

RA
− JT

RT

]
A0. (18)
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Some details

RT = κ2(a2
e + v2

e)(a2
f + v2

f ) + 2κ|QeQf |vevf
ΓZ

MZ
=m

α(s)
α

,

RFB = 3κ2aeveaf vf +
3
2
κ|QeQf |aeaf

ΓZ

MZ
=m

α(s)
α

,

Rpol = −2κ2(a2
e + v2

e)aτ vτ − 2κ|QeQf |veaτ
ΓZ

MZ
=m

α(s)
α

, (19)

JA = 2|QeQf |<e
α(s)
α

κκA,

κT = vevf , (20)

κFB =
3
4

aeaf , (21)

κpol = −veaτ , (22)

κ =
Gµ√

2

M2
Z

8πα
= 0.3724

(
MZ

91

)2

. (23)
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Scetch of derivation of the expression for AFB(s)

AFB(s) =
σFB(s)
σT (s)

=

sRFB
(s−M2

Z)2+M2
ZΓ2

Z
+

(s−M2
Z)JFB

(s−M2
Z)2+M2

ZΓ2
Z

+ · · ·

sRT
(s−M2

Z)2+M2
ZΓ2

Z
+

(s−M2
Z)JT

(s−M2
Z)2+M2

ZΓ2
Z

+ · · ·

=
RFB +

s−M2
Z

s JFB + · · ·

RT +
s−M2

Z
s JT + · · ·

=
RFB

RT
×

1 +
s−M2

Z
s

JFB
RFB

+ · · ·

1 +
s−M2

Z
s

JT
RT

+ · · ·
=

RFB

RT

(
1 +

s− M2
Z

s
JFB

RFB
+ · · ·

)(
1−

s− M2
Z

s
JT

RT
+ · · ·

)

=
RFB

RT
+

(
1−

M2
Z

s

)(
JFB

RFB
−

JT

RT

)
RFB

RT
+ · · ·

AFB(s) = A0,FB +
(
1−M2

Z/s
)

A1,FB + · · ·

A0,FB =
RFB

RT
, A1,FB =

(
JFB

RFB
− JT

RT

)
A0,FB (24)
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QED corrections for asymmetries

QED corrections to asymmetries lead to few simple correction factors [3, 4]:

AQED
LR (s) = ABorn

0,LR + c1,T(s) ABorn
1,LR

(
s

M2
Z
− 1
)

+ · · · (25)

AQED
FB (s) = c0,FB(s) ABorn

0,FB + c1,FB(s) ABorn
1,FB

(
s

M2
Z
− 1
)

+ · · · (26)

The A0 and A1 are constant, and the same as in Born approximation.
The QED corrections are contained in the model-independent factor C(s).

c0,FB(s) =
CR

FB

CR
T
, c0,T(s) = 1 (27)

c1,A(s) = c0,A
CJ

T

CR
T

(28)

Sample QED factor

CR
T,FB(s) =

∫
dk ρT,FB(s′/s)

s′R
sR

(s−M2
Z)2 + M2

ZΓ2
Z

(s′ −M2
Z)2 + M2

ZΓ2
Z

(29)

and similarly for the others.
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Scetch of derivation of the expression for AFB(s) with QED corr’s I

The QED corrected cross-sections σT , σFB, σLR, σpol··· can be represented (with k = s′/s) as:

σ
QED
A =

∫
dk ρA(k) σBorn

A , A = T, FB, LR, · · · (30)

Beware that e.g. ρT (k) = ρLR(k), but definitely [23]:

ρFB(k) 6= ρT (k) (31)

Now with QED corrections, again try the Born-like asymmetry ansatz, and then re-write the new constants R̄, J̄
etc. accordingly. The QED corrected total cross section is:

σ̄(s) =
4
3
πα

2

[
r̄γ
s

+
sR̄ + (s− M2

Z)J̄
(s− M2

Z)2 + M2
ZΓ2

Z
+ · · ·

]
. (32)

The QED corrected asymmetries are also searched as Born-like expressions:

Ā(s) = Ā0 + Ā1

(
s

M2
Z
− 1
)

+ + · · · , A = T, FB, LR, pol, · · · (33)

Rewrite now as follows:

σ̄(s) ∼
∫

dk ρ(k)

[
s′R + (s′ − M2

Z)J
(s′ − M2

Z)2 + M2
ZΓ2

Z
+ · · ·

]
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Scetch of derivation of the expression for AFB(s) with QED corr’s II

Look now only at the term R:

∼
∫

dk ρ(k)
s′R
sR

(s− M2
Z)2 + M2

ZΓ2
Z

(s′ − M2
Z)2 + M2

ZΓ2
Z
×

sR
(s− M2

Z)2 + M2
ZΓ2

Z

=

∫
dk ρ(k)

s′R
sR

(s− M2
Z)2 + M2

ZΓ2
Z

(s′ − M2
Z)2 + M2

ZΓ2
Z
×

sR
(s− M2

Z)2 + M2
ZΓ2

Z
(34)

= CR
(s)×

sR
(s− M2

Z)2 + M2
ZΓ2

Z
(35)

So we got:

R̄ = CR
(s)× R, (36)

J̄ = CJ
(s)× J, with CR

(s) 6=CJ
(s) (37)

and

Ā0,FB =
CR

FB(s)
CR

T (s)
A0,FB, with CR

FB(s)6=CR
T (s) (38)

Ā1,FB =
CJ

T (s)
CR

T (s)

[
JFB

RFB
−

JT

RT

]
Ā0,FB (39)
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QED corrections for asymmetries

√s [GeV]

A
F

B
(e

+
e- →

µ+
µ- )

no QED

with QED, no cuts
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0
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82.5 85 87.5 90 92.5 95 97.5 100

Figure 1 : The forward-backward asymmetry for the process e+e− → µ+µ− near the Z boson
peak. From Kirsch/Riemann 1994 [4], license Number: 3557090997554.
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Applications

In Leike/S.Riemann/Riemann 1992 [24] correlations are discussed.

For the Z peak position speak, one may derive the relation:

∆
√

speak = ∆MZ +
1
4

Γ2
Z

MZ
∆

(
JT

RT

)
+ . . . (40)

between an uncertainty in MZ and an uncertainty in the γZ interference.
The latter also influences A1.

Similarly, for a hypothetical heavy gauge boson Z′, the effects from its virtual exchange
transform after a partial fraction decomposition into simple shifts of the γZ interferences
[24]:

∆

(
JT

RT

)
= −2

g′2

g2

M2
Z′

M2
Z′ −M2

Z

(aea′e + vev′e)(af a′f + vf v′f )
(a2

e + v2
e)(a2

f + v2
f )

, (41)
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Correlations

From LEPEWWG et al., Phys. Rept. 2006, section 2 [25]:
The extra free parameter jtot

had is strongly anti-correlated with mZ , resulting in errors on
mZ enlarged by a factor of almost three, as is observed in the existing S-matrix
analyses of LEP-I data [77].
The dependence of mZ on jtot

had is given by:

jtot
had =

Gm2
Z√

2πα(m2
Z)

QegVe · 3
∑
q 6=t

QqgVq (42)

∂mZ

∂jtot
had

= −1.6MeV/0.1 (43)

. . .
Improved experimental constraints on the hadronic interference term are obtained by
including measurements of the hadronic total cross-section at centre-of-mass
energies further away from the Z pole than just the off-peak energies at LEP-I.
Including the measurements of the TRISTAN collaborations at KEK, TOPAZ [78] and
VENUS [79], at q(s) = 58 GeV, the error on jtot

had is about ±0.1, while its central value
is in good agreement with the SM expectation.
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Correlations

From LEPEWWG et al., Phys. Rept. 2006, section 2 [25], continued:
Measurements at centre-of-mass energies above the Z resonance at LEP-II [80-83]
also provide constraints on jtot

had, and in addition test modifications to the interference
terms arising from the possible existence of a heavy Z′ boson.”

[77] = L3, OPAL 1993 . . . 2003 [26, 27, 28] (see also K. Sachs, L3 [29, 30])
[78] = TOPAZ 1994 [31]
[79] = VENUS 1999 [32]
[80] => correct ref: ALEPH 1996 [33]
[81] = DELPHI 1999 [34]
[82] = L3 1993 . . . 2000 [5, 35, 30]
[83] = OPAL 1997 [36]

22/27 v. 2015-07-29 09:34 Tord Riemann S-matrix & Z line shape July 2015, CALC, JINR, Dubna



Introduction Total cross sections Asymmetries Applications SMATASY/ZFITTER Summary

Correlations

From LEPEWWG et al., Phys. Rept. 2013, App. A [37]:
In the LEP-I combination the measured value of the Z boson mass

mZ = 91.1929± 0.0059 GeV

agrees well with the results of the standard nine parameter fit,

[mZ =] 91.1876± 0.0021 GeV,

albeit with a significantly larger error, resulting from the correlation with the large
uncertainty on jtot

had.
This uncertainty is the dominant source of uncertainty on mZ in the S-Matrix fits.
The measured value of

jtot
had = −0.10± 0.33

also agrees with the prediction of the SM,

[jtot
had =] 0.2201+0.0032

−0.0137.
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Correlations

An analysis of the LEP-2 data in terms of jtot
had is lacking.

But see Holt 2001 [38] and Sachs 2003 [29].
Including more measurements from LEPII solves this problem, reducing the correlation. The
final result of MZ = 91 186.9 ± 2.3 MeV 8 is in very good agreement with the result of the
standard lineshape fit MZ = 91 187.6 ± 2.1 MeV9 with only slightly increased error.
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Figure 2: Correlation between the mass of the Z and jtothad. Results are shown for LEPI data only and for a
combined fit to LEPI and LEPII data. The yellow band indicates the 1 σ error from the 9 parameter fit.

Figure 2 : K. Sachs, “Standard model at LEP II”, talk held at Moriond 2001, fig. 2 [29]
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Correlations P
r
H
E
P
 
h
e
p
2
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0
1

electroweak fits [8].

LEP experiments use cross-section and
Expt Data jtot

had

L3: LEP I + LEP II 0.30 ± 0.10
OPAL: LEP I + LEP II 0.21 ± 0.12
VENUS: VENUS + LEP I 0.20 ± 0.08

Table 1: Measurements of jtot
had

forward-backward asymmetry results from√
s ∼ MZ and LEP II. OPAL and L3
have reported preliminary results which

are given in Table 1, and are compared to

the value obtained by VENUS [9] using

data at
√
s ∼ 60 GeV and preliminary

LEP I S-Matrix results. The results are consistent with each other, and with the SM
prediction jtot

had
= 0.22.

Figure 3 : P. Holt, “Fermion pair production above the Z0 resonance”, talk held at HEP 2001, table
1 [38]
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Fortran programs: ZPOLE and SMATASY/ZFITTER

ZPOLE – The stand-alone Fortran test package (Leike/Riemann, v.0.5, July 1991) is
available on request.
It was used for the numerics of [2].

ZUSMAT . . . the S-Matrix interface of older ZFITTER versions.
ZUSMAT was used for analysing the total cross sections, but could not treat asymmetries.

SMATASY/ZFITTER – With interface package SMATASY one has the full functionality
of ZFITTER corrections [14, 15, 39].

The actual Fortran program for the S-matrix Z line shape approach:
M. Grünewald, S. Kirsch, T. Riemann 1994 [4]
SMATASY v.6.42.01 = SMATA642 (2 June 2005)
available at https://gruenew.web.cern.ch/gruenew/smatasy.html
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Summary

• The S-matrix approach is absolutely independent of the Standard Model
approach.

• The degrees of freedom for σtot are, at minimum:
MZ

ΓZ

R – the residue of the Z resonance, per scattering channel
J – the value of the γZ interference, per scattering channel

• So we have at least four degrees of freedom.
This deserves at least five data points as a function of s.

• Asymmetries may be described as well as σtot.
• For a exact numerical analysis of data, an accurate description of QED

corrections is mandatory.
This has been realised by combining SMATASY with ZFITTER.

• With so much more statistics at the Fcc-ee compared to LEP-1 and LEP-2:

The S-matrix approach might gain at the Fcc-ee even more interest as an
alternative to the Standard Model approach.
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