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}  Different processes: (ɣɣ, W±ɣ,Z0ɣ, Z0Z0, W±W±, W±Z0) 
}  Testing structure of the Standard Model 

}  Gauge boson self-couplings 
}  Anomalous couplings 

}  Higgs boson production 
}  Background 
}  Signal-background interference 
}  Off-shell production 

}  Beyond Standard Model 
}  Similar final state signatures: background 
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Vector boson pair production 



}  NLO QCD 
}  On-shell production (B. Mele, P. Nason, G. Ridolfi; S. Frixione) 

}  Including leptonic decays (L. Dixon, Z. Kunszt, A. Signer; MCFM) 

}  Gluon fusion 
}  Leading order: one loop (E.W.N. Glover, J. van der Bij) 

}  NLO electroweak 
}  Ongoing work (E. Accomando, A. Denner, C. Meier; A. Bierweiler, T. Kasprzik, 

J. Kühn; M. Billoni, S. Dittmaier, B. Jäger, C. Speckner; A. Denner, S. Dittmaier, M. 
Hecht, S. Pasold; J. Baglio, L.D. Ninh and M. M. Weber) 

}  NNLO QCD 
}  Including decays (Z0ɣ, W±ɣ) (M. Grazzini, D. Rathlev, S. Kallweit) 

}  On-shell (Z0Z0, W+W-) (F. Cascioli et al.) 
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Vector boson pair production: status 



}  Two-loop matrix elements 
}  Explicit poles from loop integration 

}  One-loop matrix elements with one extra parton 
}  Explicit poles from loop integration 
}  Implicit poles from phase space integration 
}  Computed with automated methods                                    

(e.g. OpenLoops: F. Cascioli, P. Maierhöfer, S. Pozzorini)  

}  Tree-level matrix elements with two extra partons 
}  Implicit poles from phase space integration 

}  Method to cancel infrared singularities between channels 
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NNLO QCD corrections 



}  Vector boson pair production 

}  Non-linear kinematical boundary 
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Kinematics 

q(p1) + q̄0(p2) �! V1(p3) + V2(p4)

p21 = p22 = 0 , p23 6= 0 , p24 6= 0
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}  Helicity amplitude for four-lepton production 

}  Two basic amplitudes 

}  Lorentz and gauge invariance 
}  Expressed in terms of 10 basic tensor structures 
}  Schouten identity in 4 dimensions: 9 independent structures 
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Two-loop corrections 

q(p1) + q̄0(p2) ! V1(p3) + V2(p4) ! l5(p5) + l̄6(p6) + l7(p7) + l̄8(p8)
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}  In spinor helicity notation 

 
}  Compute coefficients using projectors 

}  Two independent calculations of coefficients (F. Caola, J. Henn,        
K. Melnikov, A. Smirnov, V. Smirnov; A. von Manteuffel, L. Tancredi, TG) 
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Two-loop corrections 

MLLL(p1, p2; p5, p6, p7, p8)

= [1 p3 2i
n

E1 h15ih17i[16][18]

+ E2 h15ih27i[16][28] + E3 h25ih17i[26][18]

+ E4 h25ih27i[26][28] + E5h57i[68]
o

+ E6 h15ih27i[16][18] + E7 h25ih27i[26][18]
+ E8 h25ih17i[16][18] + E9 h25ih27i[16][28]



}  Classes of diagrams 
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Two-loop corrections 
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Figure 1. Representative Feynman diagrams for classes A, B, C and FV relevant for the produc-
tion of two electroweak vector bosons at the two-loop level. All of these classes receive contributions
both from planar and non-planar diagrams.

We note that the expressions (3.19) and (3.20) are formally identical to the corresponding

formulas derived in [31], such that our form factors E
j

can be mapped one to one to the

F
j

defined in [31].

In the next Section we will describe how to compute form factors A1, ..., A10 (and

therefore also form factors E1, ..., E9) at tree-level, one-loop and two-loop order, following

a straightforward diagrammatic approach. To this end, we want to stress here once more

an important point. Reducing the 10 coe�cients A
j

to the 9 coe�cients E
j

required the

assumption that the external states can be treated as 4-dimensional. In order to avoid

any loss of information, we will work considering the A
j

as fundamental objects (derived

in d dimensions throughout) and refer to formulas (3.21) in order to reconstruct the E
j

explicitly.

4 Organisation of the calculation

The calculation of the two-loop helicity amplitudes can be set up in a way that is indepen-

dent on the nature of the vector bosons considered, by organising the Feynman diagrams

contributing to any such process into di↵erent classes. We find in particular that, as long as

we limit ourselves to QCD corrections only, at any given number of loops, seven di↵erent

types of diagrams can contribute, depending on the arrangement of the external vector

bosons.

Class A collects all those diagrams where both vector bosons are attached on the external

fermion line, such that V1 is adjacent to the quark q(p1). In the case of a left-

handed (right-handed) quark amplitude these diagrams are proportional to LV1
q q

00 L
V2
q

00
q

0

(RV1
q q

00 R
V2
q

00
q

0).

Class B collects all those diagrams where both vector bosons are attached on the external

fermion line, such that V1 is adjacent to the antiquark q̄0(p2). Also these diagrams,
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}  Reduction to master integrals 
}  84 independent integrals 
}  111 integrals including crossings 

}  Kinematical variables: linearize kinematics 

}  Derive differential equations in dimensionless variables 
}  Transform to canonical basis (J. Henn) 

}  Iterative removal of rational factors and ε-terms (S. Caron-Huot, J. Henn; 
A. von Manteuffel, L. Tancredi, TG) 
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Two-loop corrections 
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}  Differential equations for vector of master integrals 

}  With alphabet 
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Two-loop corrections 

d
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2 + 2ȳz̄ � 2x̄ȳz̄,
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}  Integration of differential equation 
}  Alphabet linear in z: integration yields GHPLs 

}  Boundary condition: function of (x,y) at fixed z 
}  Again from differential equations, first in x, then in y 

}  Solution contains many instabilities  
}  Individual GHPLs non-analytic at each zero of the alphabet 
}  Equal-mass limit can not be taken smoothly 
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Two-loop corrections 

G(w1, . . . , wn; z) =

Z z

0

dt

t� w1
G(w2, . . . , wn; t)



}  Simplify master integrals: use reparametrization 

 
}  New alphabet 

}  Basis functions with arguments: ratios of letters 
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Two-loop corrections 
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}  Simplify master integrals 
}  Compute symbol of master integrals and of new basis 

functions (A. Goncharov, M. Spradlin, A. Volovich, C. Vergu, C. Duhr) 

}  Match coefficients of basis functions  
}  Coproduct calculus (A. Goncharov; C. Duhr; L. Tancredi, E. Weihs, TG) 

}  Huge pattern matching problem 
}  Use pre-computed combinations to reduce complexity                    

(A. von Manteuffel, R. Schabinger, H.X. Zhu) 
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Two-loop corrections 



}  Infrared structure factorizes                                           
(S. Catani, L. Cieri, D. de Florian, G. Ferrera, M. Grazzini) 

}  Checks 
}  Pole structure 
}  Vanishing of Furry-type contributions 
}  High-energy limit (G. Chachamis, M. Czakon, D. Eiras) 

}  Agreement with independent calculation                               
(F. Caola, J. Henn, K. Melnikov, A. Smirnov, V. Smirnov) 
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Two-loop corrections 

⌦(1),finite = ⌦(1) � I1(✏)⌦
(0) ,

⌦(2),finite = ⌦(2) � I1(✏)⌦
(1) � I2(✏)⌦

(0)



}  Coefficients of tensor structures 
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Two-loop corrections 

Figure 2. Real parts of the two-loop form factors E[A],(2)
j for the process qq̄0 ! V1V2 in dependence

of the relativistic velocity, �3, and the cosine of the scattering angle, cos ✓3, of the vector boson V1.
The virtualities of the vector bosons are set to p24 = 2p23.

In Figures 2 and 3 we show numerical results for the class A and class C contributions

to our 9 form factors E
j

at the two-loop level. Note that these results were obtained with

our C++ code and thus demonstrate the high numerical reliability of our implementation.

We vary the relativistic velocity, �3 = /(s + p23 � p24), and the cosine of the scattering

angle, cos ✓3 = (2t+s�p23�p24)/, of the vector boson V . For the virtualities of the vector

bosons we have set p24 = 2p23. All results are for N
f

= 5 and given in the q
T

-scheme. The

class A contributions in Figure 2 show pronounced structures in the collinear regions (see

(4.13) for the corresponding tree level coe�cients). In contrast, the class C contributions

in Figure 3 show no such features and are rather smooth functions in the full �3-cos ✓3
plane.

9 Conclusions

In this paper, we presented the derivation of the two-loop massless QCD corrections to the

helicity amplitudes for massive vector boson pair production in quark-antiquark annihila-
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}  Results for the amplitudes  
 
               http://vvamp.hepforge.org   
     
}                                                                                                    

(A. von Manteuffel, L. Tancredi, TG) 
}                                                                                             

(A. von Manteuffel, L. Tancredi) 
}                                                                                                 

(L. Tancredi, TG) 
}                                                                                             

(L. Tancredi, E. Weihs, TG)   

16 

Two-loop corrections 

qq̄ ! V1V2

gg ! V1V2

qq̄ ! V �

gg ! V �



Real radiation at NNLO 
}  qT-subtraction (S. Catani, M. Grazzini) 

}  Production of colourless final states at hadron colliders 
}  Universal behaviour in the limit of small transverse momentum, known 

from resummation  
}  Use small-qT limit to construct subtraction term 

}  Subtraction defined after integration over all but one variables (non-local)  

}  Implementation based on NLO calculation for F+jet 
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d�F
NNLO = HF

NNLO ⌦ d�F
LO +

h
d�F+jet

NLO � d�CT
NLO

i



NNLO QCD for Z0ɣ and W±ɣ 
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}  Calculational setup including leptonic decays 
}  qT subtraction 
}  Tree-level and one-loop matrix elements: OpenLoops 
}  Integrator and infrastructure: MUNICH (S. Kallweit) 

}  Results (M. Grazzini, S. Kallweit, D. Rathlev) 

Figure 11: Rapidity difference between the charged lepton and the photon for Wγ (left) and Zγ
production (right) at LO (blue, dotted), NLO (red, dashed) and NNLO (green, solid). The lower
panel shows the NNLO/NLO ratio. Final-state radiation has been disabled for these plots.

considered the processes pp → ℓ+ℓ−γ, pp → νℓνℓγ and pp → ℓνℓγ, where, in the first case,
the lepton pair ℓ+ℓ− is produced either by a Z boson or a virtual photon. The diagrams in
which the photon is radiated off the final-state charged leptons were consistently included. We
have presented quantitative predictions for fiducial cross sections for pp collisions at

√
s = 7

and 8 TeV, and for various kinematical distributions (only at
√
s = 7 TeV). The impact of QCD

radiative corrections strongly depends on the applied cuts. In the case of Zγ, the impact of NNLO
corrections is generally moderate, ranging from 8% to 18%. We have also shown that the loop
induced gluon fusion contribution is generally small, and it accounts for less than 10% of the full
O(α2

S) correction. In the case of Wγ production the NNLO effects are more important, and range
from 19% to 26%. The larger impact of QCD radiative effects in the case of Wγ production is a
well known consequence of a radiation zero [86] existing in the Wγ amplitude at Born level. This
effect produces a suppression of the LO distribution in the rapidity difference between the charged
lepton and the photon, and NLO and NNLO corrections are thus quite significant. As expected,
the impact of QCD radiative effects is strongly reduced when a jet veto is applied (Njet = 0),
being smaller than 3% in the case of Zγ, and about 7% in the case of Wγ.

We add few comments on the remaining uncertainties affecting our NNLO results. The uncer-
tainties from missing higher-order contributions were estimated through scale variations, which are
performed through independent variations of the renormalization and factorization scales around
their central value (without constraints on their ratio). In the inclusive case the NNLO scale
uncertainties obtained in this way are of the order of ±(1 − 2)% in the case of pp → ℓ+ℓ−γ (see
Table 2), ±(2 − 3)% in the case of pp → νℓνℓγ (see Table 5), and ±4% in the case of pp → ℓνℓγ
(see Table 7). The comparison of the NNLO predictions to what is obtained at NLO shows that
the NNLO–NLO difference is larger than the NLO scale dependence. We thus conclude that, as
usual, scale variations can give only a lower limit on the true perturbative uncertainty. However,
the NNLO is the first order at which all partonic channels are accounted for, and we believe that
the NNLO scale uncertainties obtained in the case Njet ≥ 0 should provide the correct order of
magnitude of the true uncertainty. As discussed, the situation is different for the case Njet = 0,
in which the scale uncertainties are even smaller. Most likely, in this case a more conservative

22



NNLO QCD for Z0Z0  
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}  On-shell production: total cross section 
}  qT-subtraction 
}  Tree-level and one-loop matrix elements: OpenLoops  

}  Results (F. Cascioli, M. Grazzini, S. Kallweit, P. Maierhöfer,  A. von Manteuffel,              
S. Pozzorini, D. Rathlev, L. Tancredi, E. Weihs, TG)  

}  Moderate NNLO corrections 
}  about half of the NNLO correction                                        

due to leading order gg → ZZ 
}  No reduction of scale uncertainty                                                  

NLO → NNLO 

Figure 1: ZZ cross section at LO (dots), NLO (dashes), NLO+gg (dot dashes) and NNLO (solid)
as a function of

√
s. The ATLAS and CMS experimental results at

√
s = 7 TeV and

√
s = 8

TeV are also shown for comparison [3–6]. The lower panel shows the NNLO and NLO+gg results
normalized to the NLO prediction.

the LO result by about 45%. The impact of NNLO corrections with respect to the NLO result
ranges from 11% (

√
s = 7 TeV) to 17% (

√
s = 14 TeV). Using NNLO PDFs throughout, the gluon

fusion contribution provides between 58% and 62% of the full NNLO correction. We find that
the one-loop diagrams involving a top quark provide a contribution which is only few per mille
of the full NNLO cross section. Since the quantitative impact of the two-loop diagrams with a
light fermion loop is extremely small, we estimate that the neglected two-loop diagrams involving
a top-quark contribute well below the per mille level.

The theoretical predictions can be compared to the ATLAS and CMS measurements [3–6]
carried out at

√
s = 7 TeV and

√
s = 8 TeV, which are also shown in the plot. We see that

the experimental uncertainties are still relatively large and that the ATLAS and CMS results
are compatible with both the NLO and NNLO predictions. The only exception is the ATLAS
measurement at

√
s = 8 TeV [5], which seems to prefer a lower cross section. The comparison

between our predictions and the experimental results, however, should be interpreted with care.
First, we point out that the LHC experiments obtain their ZZ production cross section from
four-lepton production using an interval in dilepton invariant masses around the Z boson mass,
thus not including some contribution from far off-shell Z bosons. Then, EW corrections are not
included in our calculation, and are expected to provide a negative contribution to the inclusive
cross section [21].

In Table 1 we report the LO, NLO and NNLO cross sections and scale uncertainties, evaluated
by varying µR and µF simultaneously and independently in the range 0.5mZ < µR, µF < 2mZ

with the constraint 0.5 < µF/µR < 2. From Table 1 we see that the scale uncertainties are about
±3% at NLO and remain of the same order at NNLO. We also see that the NLO scale uncertainty

3

pp → ZZ 



pp → W+W- at NNLO 

20 

}  Total on-shell cross section (M. Grazzini, S. Kallweit, P. Maierhöfer,        
A. von Manteuffel, S. Pozzorini, D. Rathlev, L. Tancredi, TG)  

}  At higher orders: pp → W+W- not well defined 
}  NLO: contribution from gb → WWb 
}  NNLO: contribution from qq/gg → WWbb 
}  Can not be removed consistently in 5FNS 
}  Define 5FNS contribution from scaling                              

behaviour with top quark width 
}  Good agreement of 4FNS and 5FNS 

4
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FIG. 2. The pp → W+W− cross section in the 5FNS at
√
s = 8 TeV is plotted versus a b-jet veto, pT,bjet < pvetoT,bjet,

and compared to results in the 4FNS (which are pvetoT,bjet independent). Full 5FNS results (left plot) are contrasted with top-

subtracted 5FNS predictions (right plot). The relative agreement between 5FNS and 4FNS results is displayed in the lower

frames. Jets are defined using the anti-kT algorithm [39] with R = 0.4, and in order to guarantee the cancellations of final-state

collinear singularities, bb̄ pairs that are recombined by the jet algorithm are not vetoed.

tive definition of the W+W− cross section in the 5FNS,
where resonant top contributions are subtracted along
the lines of Refs. [40, 41] by exploiting their characteris-
tic scaling behaviour in the limit of vanishing top-quark
width. The idea is that doubly (singly) resonant contri-
butions feature a quadratic (linear) dependence on 1/Γt,
while top-free W+W− contributions are not enhanced
at small Γt. Using this scaling property, the tt̄, tW±

and (top-free) W+W− components in the 5FNS are de-
termined from high-statistics evaluations of the 5FNS
cross section at different values of Γt. The 5FNS top-free
W+W− cross section σ5F

WW , defined in this way, is pre-
sented in Figure 2 (right) for

√
s = 8 TeV. Its dependence

on the b-jet veto demonstrates the consistency of the em-
ployed top subtraction: at pvetoT,bjet → 0 we clearly observe
the above-mentioned QCD singularity from initial-state
g → bb̄, while for pvetoT,bjet∼

> 10 GeV, consistently with the

absence of top contamination, σ5F
WW is almost insensitive

to the veto. Thus the inclusive limit of σ5F
WW can be used

as a precise theoretical definition of W+W− production
in the 5FNS, and compared to the 4FNS. The agreement
between the two schemes turns out to be at the level of
1 (2)% at 7 (14) TeV, and this finding puts our NNLO
results and their estimated uncertainty on a firm theo-
retical ground.

In summary, we have presented the first NNLO cal-
culation of the total W+W− production cross section
at the LHC. The W+W− signature is of crucial im-
portance to precision tests of the fundamental structure
of electroweak interactions and provides an important
background in Higgs boson studies and searches for new
physics. Introducing consistent theoretical definitions of
W+W− production in the four and five flavour num-
ber schemes, we have demonstrated that the huge top
contamination of the W+W− signal can be subtracted
without significant loss of theoretical precision. The
NNLO corrections to W+W− production increase from
9% at 7 TeV to 12% at 14 TeV, with an estimated 3%
residual uncertainty from missing contributions beyond
NNLO. Gluon fusion amounts to about 35% of the total
NNLO contribution. The inclusion of the newly com-
puted NNLO corrections provides an excellent descrip-
tion of recent measurements of the W+W− cross section
at 7 TeV and diminishes the significance of an observed
excess at 8 TeV. In the near future more differential stud-
ies at NNLO, including leptonic decays and off-shell ef-
fects, will open the door to high-precision phenomenology
with W+W− final states.

We would like to thank A. Denner, S. Dittmaier and
L. Hofer for providing us with the Collier library. S. K.,

_ _ 



pp → W+W- at NNLO 

21 

}  Total cross section in 4FNS 
}  Improved description of data 
}  Data based on interpolation                                                  

from fiducial region  
}  Calls for fully differential                                               

description, including vector                                                
boson decays and off-shell                                                    
effects  

3

√
s

TeV σLO σNLO σNNLO σgg→H→WW∗

7 29.52+1.6%
−2.5% 45.16+3.7%

−2.9% 49.04+2.1%
−1.8% 3.25+7.1%

−7.8%

8 35.50+2.4%
−3.5% 54.77+3.7%

−2.9% 59.84+2.2%
−1.9% 4.14+7.2%

−7.8%

13 67.16+5.5%
−6.7% 106.0+4.1%

−3.2% 118.7+2.5%
−2.2% 9.44+7.4%

−7.9%

14 73.74+5.9%
−7.2% 116.7+4.1%

−3.3% 131.3+2.6%
−2.2% 10.64+7.5%

−8.0%

TABLE I. LO, NLO and NNLO cross sections (in picobarn)
for on-shell W+W− production in the 4FNS and reference
results for gg → H → WW ∗ from Ref. [75].

decrease when moving from LO to NLO and NNLO.
Moreover, the NNLO (NLO) corrections turn out to ex-
ceed the scale uncertainty of the NLO (LO) predictions
by up to a factor 3 (34). The fact that LO and NLO
scale variations underestimate higher-order effects can be
attributed to the fact that the gluon–quark and gluon–
gluon induced partonic channels, which yield a sizable
contribution to the W+W− cross section, appear only
beyond LO and NLO, respectively. The NNLO is the
first order at which all partonic channels are contribut-
ing. The NNLO scale dependence, which amounts to
about 3%, can thus be considered a realistic estimate of
the theoretical uncertainty due to missing higher-order
effects.

In Figure 1, theoretical predictions in the 4FNS are
compared to CMS and ATLAS measurements at 7 and
8 TeV [5–8]. For a consistent comparison, our results
for on-shell W+W− production are combined with the
gg → H → WW ∗ cross sections reported in Table I.
It turns out that the inclusion of the NNLO corrections
leads to an excellent description of the data at 7 TeV and
decreases the significance of the observed excess at 8 TeV.
In the lower frame of Figure 1, predictions and scale vari-
ations at NNLO are compared to NLO ones, and also the
individual contribution of the gg → W+W− channel is
shown. Using NNLO parton distributions throughout,
the loop induced gluon fusion contribution is only about
35% of the total NNLO correction.

In the light of the small scale dependence of the 4FNS
NNLO cross section, the ambiguities associated with the
definition of a top-free W+W− cross section and its sen-
sitivity to the choice of the FNS might represent a sig-
nificant source of theoretical uncertainty at NNLO. In
particular, the omission of b-quark emissions in our 4FNS
definition of the W+W− cross section implies potentially
large logarithms of mb in the transition from the 4FNS
to the 5FNS. To quantify this kind of uncertainties, we
study the NNLO W+W− cross section in the 5FNS and
introduce a subtraction of its top contamination that al-
lows for a consistent comparison between the two FNSs.
An optimal definition of W+W− production in the 5FNS
requires maximal suppression of the top resonances in
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FIG. 1. The on-shell W+W− cross section in the 4FNS at

LO (dots), NLO (dashes), NLO+gg (dot dashes) and NNLO

(solid) combined with gg → H → WW ∗ is compared to re-

cent ATLAS and CMS measurements [5–8]. In the lower panel

NNLO and NLO+gg results are normalized to NLO predic-

tions. The bands describe scale variations.

the pp → W+W−b and pp → W+W−bb̄ channels. At
the same time, the cancellation of collinear singularities
associated with massless g → bb̄ splittings requires a suf-
ficient level of inclusiveness. The difficulty of fulfilling
both requirements is clearly illustrated in Figure 2 (left),
where 5FNS predictions are plotted versus a b-jet veto
that rejects b-jets with pT,bjet > pvetoT,bjet over the whole
rapidity range, and are compared to 4FNS results. In
the inclusive limit, pvetoT,bjet → ∞, the higher-order correc-
tions in the 5FNS suffer from a huge top contamination.
At 7 (14) TeV the resulting relative enhancement with
respect to the 4FNS amounts to about 30 (60)% at NLO
and a factor 4 (8) at NNLO. In principle, it can be sup-
pressed through the b-jet veto. However, for natural jet
veto values around 30 GeV the top contamination re-
mains larger than 10% of the W+W− cross section, and
a complete suppression of the top contributions requires
a veto of the order of 1 GeV. Moreover, as pvetoT,bjet → 0,
the (N)NLO cross section does not approach a constant,
but, starting from pvetoT,bjet ∼ 10 GeV, it displays a loga-
rithmic slope due to singularities associated with initial
state g → bb̄ splittings. This sensitivity to the jet-veto
parameters represents a theoretical ambiguity at the sev-
eral percent level, which is inherent in the definition of
top-free W+W− production based on a b-jet veto.

To circumvent this problem we will adopt an alterna-
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}  Vector boson pair procuction 
}  Precision observable for electroweak measurements  

}  Complete NNLO QCD description emerging 
}  Two-loop amplitudes 
}  Implementation using qT subtraction 

}  On-shell results 
}  Moderate NNLO corrections 
}  Substantial Born-level gluon fusion contribution 

}  More to come 
}  Full calculation, including off-shell effects and decays 
}  Gluon fusion at NLO 


