3a SUPERSYMMETRIC GAUGE THEORIES
AND HILBERT SERIES

Stefans Cremones!
(\(LV\S'S Co ‘:\,ea-z. LOV\AOV\D

SJCHE —Ma‘l?e\. 2016 ! Co Uéﬁ{. de, Hrance , Yaris



1309. 265

403, 0585
: 2384

1408. 6835

1410. 1S 84

150S. 02469

160%2. ¢

with

Havxahg . Laffaron

H Mekareeya., 2 34
J N-=4-
Fcrlitb) H, M
H, M) Z
Sd T N=2
} (su.bclq,ss)

2L N=3 2
M Z } .



MODULI SPACE OF SUPERSYMMETRIC VACUA M [ Luty, Taylor 's5]

- 4d N=1 GAUGE THEORY: - Qauge group G VECTOR. MULTIPLETS V% (real)
— Representation R CHIRAL MULTIPLETS X' (cplx)
— G-Invariant” F°l3 W(X) - SUPERPOTENTIAL
s SC.Q‘.O.T PO'EV\JCIQ.‘. ‘ V: ;If—: |2'+_li_ 32§D°'D°' E = %%JT | “F—TERMS”
D = ZX‘:Q‘“ )"3 X "D-TERMS"

(D= Z:Lqilxll"—g for 6=U(|))

« MODUL| SPACE OF SUSY VACUA .

¥

M {0 | Raeo ¥, Bixreo v, = {x| M=)

G
SBMP\ec’Cic_ quo‘l'ieu’c ko\ow\orp‘/\.ic c'uot'ie_wt

GC.

4d N=1 SUSY =5 M  KAHLER (Teday: M as cplx algebraic variety )



THE C(HIRAL RING

[Larc.l«e Vafa, Warner '8 3]

. GAUGE INVARIANT CHIRAL OQPERATORS Oi('::.): 5& O.(x)=0 (Q“ ] a& superd\al:ges)

Expectation values (O.) are HoLoMORPHIC FUNCTIONS on M.

FACTS : ’I) <d&(...)>= O O,~ 0, + a(' )

Spacetime const onl

- CHIRAL RING :

— GENERATORS
—> COORDINATE RING ot M : (E[O“J“' O ]/I

— RELATIONS

4d N=1 gauge theories: O. are G- invariant polynomials in X.



THE HILBERT SERIES OF M. [Bafit i, e,

Fehj ; Hahan3 , He 06

Kl : R-clr\a.rgz, [R' a:,: E, RW=a\W.
af: FLAVOR clr\arjes [6,, ,'d]-.-. 0/ Q:W =0,
=0 RO‘:':Y' O‘:
* EXAMPLES (G={t] = M=F)
X
* 4 chiral X v/ W=0 H=1+t+t%... = TL-E' = PE(T]) =t O
M <0 X
N 2
L chirel X of Wer®. e et els £ ) t®
M C(X)/cx>
' | | ! 2/3
e 3 clmrals XIY)Z \\II w-_-XYZ' H = + ry - D b= 'C=t
[-Tx l-'l:j -T2
A xyz=|

| A= 'c"(-jz.+ xX2Z+AYy ) + 21:3‘.7.!2.
] (4-Tx)(h- tj)(l-'t 2)




- GAVGING GG

H(ED = fugo Hioze) |, fepler= (5 ) T (Bl

G J=1 |%:|=t i ueb'l' T
J r=rk(G)
% EXAMPLE S LI
invariants
. C[3]G= C[""'J'“:ur
¢« G wtk 1 o.d:)owd:' @ 1 édpc(x) PE[‘CX &(:r.)] = 4 Td‘(G) dej w; = d.(6)
(> Coulomb branch of 4d N=?_)
AS
K Clil'. ’@ I : 1
5 G:U(1) with 2 fHavors: ,U‘) T WV’ B) = §m X PE[tx(u"'E)"'tg_; (‘r"'\r)]
oe ‘ n+B
= ;—‘o [MB’“JW k [P
g [‘n 'n-l-lBl ’Cm+lgl , B<O
. CxYewW
R=0: H(t, wv; o) PE[ [‘a ']u’“.tt't4] CONFOIC{ [x‘r-zw;

PE(fl,.., t)= (T, o ftr,ty) = Pe[ZaTEd]=T (1_%5;,)-@; , [ Bl = %) X 9

Lt ¢ )



- Moduli spaces of vacua of 4d (N=1) SUSY gauge Theories and Hilbert series

MATH  —  (Hyper) Kahler quotients
PHY S —  most |j CLASSICAL ( quav\f’um : [Seiber3 9334 ])

. In the rest of my tak , I will discuss a differerit construction

MATH — (H:,Per)Kaklu
PHYS — QUANTUM

which s based on e ‘a‘/\.\\jS(CS of 3d (N'al) SUSY gouge theories
[Infriligafor) &dbeg 36 de Boel‘; HoriJOoSuri,Oz '56;

Aharony, Hanany ,Intﬁl[gnfor, Seibery, Strassler '93; de Boer
Hori, 02 ‘93 ; Dorey ,Ténj 39 ; Tong '00; Intriligator, Setberg "BJ

NOVELTY ~ 't Hooft monopole operators : extra chiral operdfors
subject to quantum relations not derived from a superpotential .




'T HOOFT MONOPOLE OPERATORS hwaBa o

+3d N=2 "BARE"' MONOPOLE OPERATOR \/,(x):

1 _gFS
Cuclidean Pad'k 'mtﬂml over field o:rw(:\ss witf &rac. mouopo(.«. Singularity ot x: UN)=G.

\— - D
/ MULTIPLET MULTIPLETS
(Y, 0] Ar: g. Fr=r Vm
R
AGNETIC Dwrac 2T M
"W. € L\. / \, MAG : ’ £ =1 = | ME Pvl Wl .
L l CHARGE quantization G
J [Goddard, Nuyts, Olive 7]

e Can do the same for GLOBAL non-R SYMMETRIES : BACKGROUND MAGNETIC CHARGES .

m e O real scalar GAVGE
Moropole operators N\ | o o R e G restmase FLAVOR

B et>F F| parameler TOPOLOGICAL




CHARGES OF BARE MONOPOLE OPERATORS

CLASSICAL: . TOPOLOGICAL SYMMETRY G.= Z(GY)

. CHARGES FROM CHERN-SIMONS COUPLINGS 9. ~22[AndAs.. for UM)'s

{Ma 2 {m;, we B ° Q:(M)=-2;_KABMB

AU L.
J -Fulﬂ;vav __T topolojlcal

GUANTUM QM =-1 = Q]| m¥w| ottty
Qﬂﬂl\l/ Bewini, Closset, SC ‘I

Py "
'meq (M) = § QA("'I&] Ma EF::SC;'WG

We will count wmonopole operators acc.ordi.uj b thear (classical + quantum) charges -

Q2 a (M) =- % Kﬁ (M) Ma 1] where k:‘: M)= kg +1 5 &Z.%QA[\[@] QB(\(%] Stgw. 'mf(M)

EFFECTIVE CS LENELS



DRESSED MONGPOLE GPERATORS FRTIPY it

e BARE monopole operafor defined via VECTOR mulﬁplets': — Gau.ae./ Fla\mr[ Top.
G x G «x GJ
G = G, "RESIDUAL GAUGE GROUP"
Gm'l'l\=0
=5 Il 't-lu(m“ (1—:.“)8“(")’0
oled,
+ Can be DRESSED by matter fields (CHIRAL multi Plei's) v <  Representation

R R
\mjg (m,)=0(m)+p(®)=0 l . “RESIDUAL MATTER FIELDS" EECTRLP

-1 o (w8 (W)

— T (¢f28) PE[5, s ¥ 58] (€ W0

Dress bare MOwPOh- op- b\lj G, -invariants of residual matter ﬁelds, then average. over W.

* Kronecker - adjoin{' Hisjs mechanism . % Prefacdtor: quantiom correchion. o mouopo\e dao.r?s



DRESSED MONGPOLE OPERATORS AND HILRERT SERIES

DRESSING governed by "RESIDUAL GAUGE THEORY T .

m,mB

— RESIDUAL GAUGE GROLUP @,  (FLavor GROUP Gio )

L Hilbert series
— RESIDUVAL MATTER FIEDS in rep. of G x G — HTN';'B g
— RESIDUAL SUPERPOTENTIAL G(m, 7, B) (£, %)
— BACKGROUND ELECTRIC (HARGES Q;(m,&,B) 4or G, TP e

« HILBERT SERIES H(‘t,or-,z,- m, B)= 17*“ : (2- i ¥ ];x.{. )
| (_SC. IS ; Sc , Mekareeyq
s ) a (M . B) + ) 2offaroni "6 to agpear]
~ A — J'(m R MJE,B ~ 9 '™ ™, ;‘; ~
H(t’ =+ B) N El_ 2k ‘I;‘-'Jl'.: HQ(M,W\,B) ('-t) ©

l_‘:'I = [/W or a sublattice thereof (due to nonperturbative eFFefiS')- &:23:#2

LATTICE "



COVLOMB BRANCH OF 3d N=4 GAUGE THEORIES

| HyperKahler
G - (N=4 VECTOR) = (N=2 VECTOR) ® (N=2 CHIRAL  cadj) dim M, =r
R+ (N=4 HYPER) = (N=2 CHIRAL <R) @ (N=2 CHIRAL ¢ R) My, HK. quotient
Borskhov, Kapustin, Wu 02
| A f P‘A /
— —-i ;IN(M)l ~+ "lz‘ QZ? | e(M)-l- (M)‘ Lea-lo-u'-ol\.)diﬂlh '08} J

SC, Hanany, Zatfaront ‘I3
"o+ Mekaruﬂa "14

=)

HILBERT SERIES of M.c :
(j°°d/“jlfj -tb.ories)

cf (Gaiotto-witten ‘'08)

REMARKS :
/\ \ : |
+ m=0: M_ cone VS.  WM#$0 (Par’cto.l) resolution

o (Very computable) limit of SUSY indices [Razamoi, Willeft ‘14 - Clossek, Kim 16 ] .

* Can often deduce ckar\gcs of 3enera:l'ors / relations . Complcmeuka\g o [Bullimonz , Dimoﬂ'e, Gaiolfo |'5] ;



EXAMPLES (m=0)

2N
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D—N]  HEd=X F&mmiNEnp o
P (T - w) 3k 3ev\e,ra:tovs

M2..2M
T k relah
= PE ;(sz-l- (Z'l' Z-‘) 'CN-Zlk+j) _tz(ﬂ-k-j)) onsS
J"" S 0.(39 [Bul\imora’ DiMO'H:Q, Gq'i_dﬂ'o '[SJ
® -E ie
XTENDED AFFINE QUIVERS Hfor INSTANTON MoDUL| SPACES -
| . [S¢ Ferlito, Hunany, Mekavesya. 14]
2.9. E@ E\'-@l@.
k - -EFE RLeRED
A g _ @/ B H _ P K- \ ./ P41
| Mow {r-o (e 0]t + [p; A%Jtm)

| — ...‘l:k”'-l-...:] for ‘”{jg

500 ('8 raverman, FinKellerg, Nakajima 'IGJ



MODULI SPACES OF 3d N=2 THEORIES

o YANG-M|LLS THTSORIES (W=0 or ﬁmPlicllj , ﬂ=8=0) [SC. 'IS'}' Hanawy ot a\ 'ISJ

Ht,2,%)= Z 20 T T #d’“ T (1) <o O gy (gee” zf-'#)"'e'""pe[s 8 5]

WME I" ale SECTT9 o em),0

l_'c' {'mer' /W‘ Z e (o} )snaue(m)efo v x;(w)=0 Vi, }

% Examples US)J 'i(')& Ui‘)A
Ab-®>m  Higzy)= T2 g gz pe
QL mel 415 &
i i 1
= + + «l =1, 1= -2' .

cf [Ahamnj el al de Boer et ol '57)

GL[MM )v+)v_J

V:L MINOY (M\): O

T_— wminor,. (M)=0
s m>0>m, T =[UN-D wNg ] x U()* '7:7///‘ < IR, 4

LV minor (M)=0

cE [Ahnarony '97)



¥ EXAMPLE OF CHERN-SIMONS QUIVER : M2-BRANES PRORING C(Ql'l"
toric C

W=Tr (A,B.A,,EL -A,B, A'ZB')"'

* F1Bﬂ q1 + P':.qu?_ i

€. L' 2
m j Lim| _ - - n
= Ezz t 81( )u."lr,lml) :[- nZ“ ['n.,n.,n :F:"t
e SU(?.)3 X U(l)R
‘:BP
N>l : M= SHMN C(Q'J"') ' =YIp

. B+O, ﬁ:ﬁo . resolutiong of C(Ql’l") :

[Behini, C |or£l:, SC'09 ¢ Jafferis 'OED

[sc, Mekaresya, Zaffaron. J
To appear

N [ N

Tl\e, HS -FDYMOJL%M Coun, Le. O.FP[»CA "‘:b A la.\'gz_ d.as.s OP MZ— brau 'Ea.uor(-ts Probinj CY4 cones .



QUTLOOKC

T presented a general formalism to count gauge. invariant chival opara'l'ors that Pammei:rize_
moduli spaces of vacua of 3d N=2 gouge theories .

This simplifies the S‘t‘udﬂ of the chiral riv«j and in favorable. cases determines it complete(\y ,
SOME OPEN PROBLEMS :
o Explicit chir rirg relations (like [Bullimore , Dimofte, Gaistto 'IS) for N=4 )
o Mathematical definition (\ike. [Nakajima 15 ; Braverman, Finkelberg, N. '16 -ForN=dD

« Path ivxfeﬁml derivation as an dex (like [Razamat, Willett ‘14 Closset, kim ‘6] for N=4)
(i F is a comple.te. intersect'ion)



QUTLOOKC

T presented a general formalism to count gauge. invariant chival opera'l'ors that Pammei:ri 2e.
moduli spaces of vacua of 3d N=2 gouge theories .

This simplifies the S‘t'udﬂ of the chiral riv«j and in favorable. cases determines it compld'e(\y ,
SOME OPEN PROBLEMS :
@ Explidt chiral rirg relotiowns (like, [‘E’mllimore , Dimofte, Gaistt 'IS) for N=4)
o Mathematical defintion (\ike_ [Nakogim'lsl- Braverman, Finkelberg N. 'I¢ -ForN=<‘-9

« Path inteﬁml derivation as an index (like [Razamat, Willett ‘14 ; Closset, Kim 'le] for N=4)
(i F is a comple.te. int'e.rsecf'ion)

THANK YOU £0R YOUR. ATTENTION!



