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N=4 SYM

Plus extra scalar fields

and fermions

The “simplest” generalization of QCD:

Parameters: and 

Symmetries:

Lorentz:

Conformal: - rotation of the scalars

Super (graded) Lie algebra:



Satisfy Wronskian relation:

New type of the Integrable structure

Baxter equation for the spectrum of SU(2) XXX spin chain

- polynomial

- polynomial

By itself has finite set of solutions!

Gives the spectrum of the theory:

andTwo solutions: polynomial



New type of the Integrable structure

Whereas the Baxter is already quite complicated for SU(3)

The QQ-formulation remains simple:

- polynomial

- polynomial

- polynomial

All conserved charges are encoded into:



Two main ingredients:

• QQ-relations

• Analyticity

What are the analytic properties of the Q’s at finite coupling?

- polynomial

- polynomial

New type of the Integrable structure



Flat connection

Eigenvalues of the monodromy matrix:

Analytic properties:

Motivation from classics

[Bena, Polchinski, Roiban]

[Dorey, Vicedo]

String world-sheet action:

Giving (WKB approximation):



Charges in S5 are integer

New type of the Integrable structure
[N.G., Kazakov, Leuren, Volin]

Charges in AdS5 contain anom.dimension

Simplest analyticity assumptions:



New type of the Integrable structure

QQ-relations

Or another possibility:



New type of the Integrable structure
[N.G., Kazakov, Leuren, Volin]

Deduce gluing condition: [N.G., Sizov, Levkovich-Maslyuk]



Spectrum

of string
=

Standard

QQ-relations
+

[N.G., Sizov, Levkovich-Maslyuk]

String - Math



Numerical Solution of the Spectral Problem



QSC and P-functions Gromov, Kazakov,

Leurent,Volin 2013,14

For any state all Q-functions can be built using

Marboe,Volin 2014

charges

are the main parameters

in our numerics



at n-th iteration

Convergence

Konishi operator, g=0.2

Took 30 sec on a 3GHz

Intel i7 processor



Konishi anomalous dimension NG, F Levkovich-Maslyuk,Sizov 2015

Hegedus, Konczer 2016 up to 7, C++



Quark—anti-quark potential



Cusped Wilson line in N=4 SYM

 Cusp angle

 Angle between the couplings to scalars on two rays

 ‘t Hooft coupling 

Parameters:

generalized     

potential



Flat space limit

In the singular limit                we get the flat space potential 



String theory prediction [Drukker, Forini 11]

NG, F Levkovich-Maslyuk 2015



Weak coupling: results

We have computed the first 7 orders of the expansion

Pefect match with known results

(first 3 orders and partial data at higher loops)

+  new simple formula for

subleading logs to all orders

Ericksson, Semenoff, Szabo, Zarembo 2000;

Pineda 2007; Drukker, Forini 2011; Stahlhofen 2012;

Correa, Henn, Maldacen, Sever 2012;

Bykov, Zarembo 2012; Prausa, Steinhauser 2013; 

NG, F Levkovich-

Maslyuk 2016



NG, F Levkovich-

Maslyuk 2016



Numerical solution

NG, F Levkovich-Maslyuk, Sizov 2015We adapted the efficient algorithm of 

numerics

weak coupling

(3 and 7 loops)

classical + 1 loop

string theory

Matches AdS/CFT predictions!

Maldacena 1998; Rey,Yee 1998

Chu,Hou,Ren 2009; Forini 2010

Ericksson, Semenoff, Szabo, Zarembo 2000

Pineda 2007; Stahlhofen 2012;

Correa, Henn, Maldacen, Sever 2012; ...

~20 digits precision



Ladders limit

Ericksson, Semenoff, Szabo, Zarembo 2000

Correa, Henn, Maldacen, Sever 2012

Double scaling limit

Selects only ladder diagrams

…



Ladders limit

Bethe-Salpeter techniques reduce sum of ladder diagrams

to a Schrodinger problem for the ground state

Can we get it from the QSC ?

Captures all orders in     including all finite-size effects

Ericksson, Semenoff, Szabo, Zarembo 2000

Correa, Henn, Maldacen, Sever 2012

Double scaling limit



Ladders limit in the QSC

Great simplification as 4th order Baxter equation on      factorizes

(similar to ODE/IM ?)

maps to this Baxter equation after a Mellin-type transform!

The Schrodinger equation



ABJ Theory?



Spectral curve for ABJM

SYM ABJ(M)

PSU(2,2|4) OSP(2,2|6)

Quantum Spectral Curve construction is known for ABJM theory

[A. Cavaglia , D. Fioravanti, N. G., R. Tateo]

Important difference is the position of the branch points:

SYM: ABJM:

enters into many important quantities: cusp dimension, magnon dispertion



Finding Interpolation function h

In the near BPS limit we should be able to match with localization

Integrability:
Elliptic type integral

ABJM Matric model integral in its planar limit:

Localization:

Comparing cross-ratios of the branch points:

[N.G., Sizov]

[Pestun][Kapustin, Willett, Yaakov]
[Marino, Putrov]



Interpolation function h

Minahan, Ohlsson Sax, Sieg &
Leoni, Mauri, Minahan, Ohlsson

Sax, Santambrogio, Sieg, Tartaglino-
Mazzucchelli,

Minahan, Zarembo

?

McLoughlin, Roiban Tseytlin
Abbott, Aniceto, Bombardelli

Lopez-Arcos, Nastase

Bergman, Hirano
Bianchi, Bianchi, Bres, Forini, Vescovi

Reproduces ~4 

nontrivial coefficients!



Is ABJ theory Integrable?

Integrability structure of ABJM is too rigid. Impossible to deform

[Cavaglia, N.G., Levkovich-Maslyuk ]



Tests of the conjecture

1) Reality

2) Weak coupling

1) Partial weak coupling

2) Strong coupling

[Drukker, Marino, Putrov ]

[Minahan, Ohlsson Sax, Sieg]

[Leoni, Mauri, Minahan, Ohlsson Sax, 
Santambrogio, Sieg, Tartaglino-Mazzucchelli]

[Minahan, Ohlsson Sax, Sieg]

[Bianchi, Lioni]

[Aharony, Hashimoto, Hirano, Ouyang]

[Honda]



32

Seinberg-like symmetry
4) Expected symmetry duality between two gauge group

So the expression is clearly invariant

[Aharony, Bergman, Jafferis]



Conclusions

• More general systems with different 
symmetries?

• Classification of all consistent matching 
conditions is needed. 

• How Qs are related to the wave functions? 
Applications for 3-point correlators?

• Relation to Integrability found in localization?

• Etc…



BFKL regime



Spectrum for different spins: [Brower, Polchinski, Strassler, -Itan `06]

Important class of single trace operators:

BFKL regime

BFKL regime:

So that: Resumming to all loops terms

In this regime SYM is undistinguishable from the real QCD

[Kotikov, Lipatov, Rej, Staudacher, Velizhanin]



Analytic structure at finite coupling

Gromov,FLM,Sizov 2015



BFKL pomeron intercept

become singular, need to do rotation/rescaling

numerics

weak coupling

strong coupling

Gromov,FLM,Sizov 2015

Kotikov,Lipatov 2002

Brower,Polchinski,Strassler,Tan 2007

Costa,Goncalves,Penedones 2012

Kotikov,Lipatov 2013

Brower,Costa,Djuric,Raben,Tan 2013

Gromov,FLM,Sizov 2014



BFKL in QCD
• At the LO:

• At NLO:

Jaroszewicz, 1982

Lipatov 1986

Kotikov,Lipatov 2002

Kotikov,Lipatov 2002

Kotikov,Lipatov 2000



BFKL regime

Leading

order

N=4 SYM should give the highest transcendentality part of the QCD result

NLO

NNLO

Reproduced from QSC in

[Alfimov,Gromov,Kazakov 2014]

Resums contributions from all loop orders

Costa,Goncalves,Penedones 2012



Basis for NNLO

harmonic sums with transcendentality up to 5, and constants:

In total 288 elements

Each term has transcendentality 5

We derive analytic constraints from QSC

for expansion around poles at  



Our result: BFKL at NNLO

Found from

iterative solution of QSC

NG,Levkovich-Maslyk,Sizov

Phys.Rev.Lett. 115 (2015)

Confirmed recently by an independent calculation by Caron-Huot, Herran


