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Ji’s	  Sum	  Rule:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  !	  three	  independently	  measured	  quanMMes	  

•  O.	  Gonzalez	  Hernandez	  et	  al.,	  Phys.	  Rev.	  C88;	  arXiv:1206.1876	  
•  M.	  Diehl	  and	  P.	  Kroll,	  Eur.	  Phys.	  J.	  C73;	  arXiv:1302.4604	  	  
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Mazous	  et	  al.	  PRL	  (2007)	  
DVCS	  +	  VGG	  

Laece	  QCD	  evaluaMon	  of	  
GTMD	  F14	  

M.	  Engelhardt,	  this	  meeMng	  

Using	  flavor	  separated	  nucleon	  
form	  factors	  from	  Jlab	  

Using	  the	  measured	  value	  	  
of	  ΔΣu-‐d	  

Jq = Lq +
1

2
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Ji’s	  Sum	  Rule	  Singlet:	  

•  O.	  Gonzalez	  Hernandez	  et	  al.,	  Phys.	  Rev.	  C88;	  arXiv:1206.1876	  
•  M.	  Diehl	  and	  P.	  Kroll,	  Eur.	  Phys.	  J.	  C73;	  arXiv:1302.4604	  	  
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Mazous	  et	  al.	  PRL	  (2007)	  
DVCS	  +	  VGG	  

Laece	  QCD	  evaluaMon	  of	  
GTMD	  F14	  

M.	  Engelhardt,	  this	  meeMng	  

Using	  flavor	  separated	  nucleon	  
form	  factors	  from	  Jlab	  

Using	  the	  measured	  value	  	  
of	  ΔΣu+d	  
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Jaffe	  Manohar’s	  Sum	  Rule:	  
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Laece	  QCD	  evaluaMon	  of	  
GTMD	  F14+	  gauge	  link	  

M.	  Engelhardt,	  this	  meeMng	  

Using	  the	  measured	  value	  	  
of	  ΔG	  

!	  four	  independently	  measured	  quanMMes	  

Using	  the	  measured	  value	  	  
of	  ΔΣu+d	  

Lg=0	  

Lg=-‐0.4	  

1

2
� (�G+ LJM

g ) = LJM
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1
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Brodsky&Gardner	  using	  
COMPASS	  data	  PLB	  2011	  
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The	  Electron	  Ion	  Collider	  will	  allow	  us	  to	  access	  partonic	  Orbital	  
Angular	  Momentum	  experimentally	  	  	  	  

Tensor charge 

DVπoP, DηVP,  
  

La
tti

ce
 

SIDIS 

DiFF 

A.	  Courtoy,	  S.	  Baessler,	  M.	  Gonzalez	  Alonso,	  S.L.,	  arXiv:1503.06814	  &	  PRL	  2015	  	  
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Express	  the	  various	  components,	  ΔΣ, ΔG, Lq, Jq, Jg, Lq, Lg in	  terms	  of	  non-‐local	  	  
light-‐cone	  operators	  of	  twist	  2	  and	  twist	  3.	  	  

Angular	  Momentum	  Sum	  Rules	  

Ji:	  	  

M +12 = ψ t σ 12ψ + ψ tt x × (−i∂)[ ]3ψ + Tr(ε +−ijF + jA j )+ 2 iTrF + j (x × ∂)A j

ΔG 

       ΔΣ 

Jaffe	  Manohar:	  	  in	  LC	  gauge	  rewrite	  AM	  using	  Dirac	  eqn.	  to	  isolate	  spin	  terms	  	  

M +12 = ψ t σ 12ψ + ψ tt x × −i

D( )⎡⎣ ⎤⎦

3
ψ + x ×


E ×

B( )⎡⎣ ⎤⎦

3

Lg Lq        ΔΣ 

Jg Lq 

Simonetta Liuti 
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1.   The	  two	  sum	  rules	  give	  equivalently	  valid	  representa8ons	  	  

2.   Different	  mechanisms	  for	  genera8ng	  OAM	  in	  the	  proton	  can	  
coexist	  

3.   The	  ones	  that	  will	  make	  physical	  sense	  are	  the	  ones	  that	  can	  
be	  measured	  

	  	  	  	  	  	  	  	  	  	  



9/7/15 Simonetta Liuti 9 9/7/15 9 

	  
OAM	  represents	  the	  correlaMon	  between	  the	  posiMon	  and	  momentum	  of	  the	  
quarks	  and	  gluons	  

W x,

b ,

kT( ) = d 2ΔT

2π( )2∫ eiΔT ⋅b d 2zTd
2z−

2π( )3∫ ei(xP
+z−−kT ⋅zT ) P ',Λ 'ψ (0)γ +U(0,∞ | n)ψ (z) P,Λ

z+ =0

Lq,Lq = dxd 2bd 2kT∫
!
b ×
!
kT( )3W x,

!
b ,
!
kT( )

Wilson-‐line	  gauge	  link,	  “n”	  defines	  the	  path	  along	  which	  
we	  evaluate	  the	  vector	  potenMal	  
	  

Hasa	  (2011)	  
Lorce,	  Pasquini	  (2011)	  
	  

Hasa	  (2011)	  
Burkardt(2013)	  
	  

OAM	  Wigner	  Distribu8on	  

Simonetta Liuti 

GTMD	  

Generalized Transverse Momentum Distribution F14 Description 



9/7/15 Simonetta Liuti 10 

The	  Wigner	  distribuMon	  defining	  OAM	  through	  a	  (b	  x	  kT )	  term	  is	  the	  
Fourier	  transform	  of	  a	  GTMD	  called	  F14	  	  with	  coefficient	  (ΔT x kT)	  	  
(Lorce,	  Pasquini,	  2011;	  Meissner,	  Metz,	  Schlegel,	  2009)	  

vector  helicity non-flip AUL correlation 

 A.Courtoy, G.Goldstein, O.Gonzalez Hernandez, S.Liuti and 
A.Rajan,  PLB 731(2014) 
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Lq = �
Z 1

�1
dx

Z
d

2
kT

k

2
T

M

2
F14(x, 0, kT , 0, 0) = �F

(1)
14

Lorce&Pasquini,	  Hasa,	  Metz,	  Schlegel	  
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"  Define	  twist	  three	  GPDs	  	  	  

Lq (x) = − xG2 (x)

G2 (x, 0, t,Q
2 ) = dy

yx

1

∫ (H + E)− dy
y2x

1

∫ !H
⎡
⎣
⎢

⎤
⎦
⎥+G2

In	  the	  hypothesis	  that	  a	  genuine	  twist	  three	  term	  integrates	  to	  0	  (generalized	  
Burkhardt	  Coengham	  SR)	  Ji’s	  OAM	  distribuMon	  is	  idenMfied	  with	  a	  twist	  3	  GPD	  

Twist	  three	  Generalized	  Parton	  DistribuMon	  -‐-‐	  Polyakov’s	  relaMon	  

Simonetta Liuti 

"  Derive	  Wandzura	  Wilczeck	  relaMon	  using	  OPE	  tw	  2	  and	  tw	  3	  operators.	  	  
"  Take off-forward matrix elements 

	  	  

genuine 
twist three 

Polyakov et al. (2000), Hatta&Yoshida (2012) 

Similarly to the forward case, 
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xG2 (x)
t = 3
!"# = −x dy

yx

1

∫ H (x, 0, 0)+ E(x, 0, 0)[ ]+ x dy
y2x

1

∫ $H (x, 0, 0)

G2
WW → τ = 2

! "%%%%%%%% #%%%%%%%%
+ G2

tw3 − dy
yx

1

∫ G2
tw3⎡

⎣
⎢

⎤
⎦
⎥

τ = 3
! "%%% #%%%

Generalized	  Wandzura	  Wilczek	  relaMon	  
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What	  do	  the	  two	  descripMons	  have	  in	  common?	  



Evaluate	  gauge	  links	  (Hasa	  Yoshida,	  2012;	  Burkardt,	  2013)	  
	  
Lq

JM!	  “staple”	  gauge	  link,	  	  
	  
	  
	  
LqJi!	  “straight”	  gauge	  link	  

15 

Lq
JM − Lq

Ji = d 2zTdz
−

2π( )3∫ P ',Λ 'ψ (z)γ + (−g) dy−U
z−

∞

∫ z1G
+1(y− )− z2G

+2 (y− )⎡⎣ ⎤⎦Uψ (z) P,Λ
z+ =0

∞,zT 

∞,0 

z-,zT 

0,0 

The	  difference	  of	  the	  two	  gives	  a	  torque,	  	  

∞,zT 

∞,0 

z-,zT 

0,0 

 ! “Chromodynamic	  torque”* 

Jaffe	  Manohar	  
Ji 

*a	  Qiu-‐Sterman	  term	  type	  term	  analogous	  to	  f1Tperp	  
Simonetta Liuti 

!
τ = !r ×

!
F

F14 can describe both Ji and Jaffe-Manohar OAM  
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G2 ≡ !E2T
Meissner,	  Metz	  and	  Schlegel,	  JHEP(2009)	  
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There	  exists	  a	  connecMon	  between	  	  F14	  and	  G2	  that	  uncovers	  different	  types	  of	  quark-‐
gluon	  interacMons	  behind	  the Jaffe Manohar and Ji  mechanisms for generating OAM  
(A.	  Courtoy,	  M.	  Engelhardt,	  S.	  L.,	  A.	  Rajan,	  2015)	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  a	  unique	  probe	  of	  quark-‐gluon	  interacMons	  	  

Using	  directly	  the	  unintegrated	  quark-‐quark	  correlator	  defining	  GTMDs,	  	  
	  

i /D = i∂−γ
+ − ∂T ⋅γ T + g /A

d 2zTd
2z−

2π( )3∫ eixP
+z−−i

!
kT ⋅
!zT P ',Λ 'ψ (0)iσ i+[i /D(0)−m]ψ (z) P,Λ

z+ =0
= 0

WΛΛ '
σ i+γ 5 = d 2zTd

2z−

2π( )3∫ eixP
+z−−i

!
kT ⋅
!zT P ',Λ 'ψ (0)iσ i+γ 5ψ (z) P,Λ z+ =0

…	  and	  the	  EquaMons	  of	  MoMon,	  

iDµ = i∂µ + gAµ

Simonetta Liuti 
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Sum	  rules	  relaMng	  GTMD	  and	  twist	  3	  GPD	  descripMons	  

Z 1

�1
dxxẼ2T = �

Z 1

�1
dxx(H + E) +

Z 1

�1
dxH̃ +

Z 1

�1
dxGtw3

EquaMons	  of	  MoMon	  	  (EoM)	  relaMon	  

Lorentz	  Invariant	  RelaMon	  (LIR)	  

In	  Ji’s	  picture	  F14	  and	  Ē2T	  give	  us	  similar	  informaMon	  on	  OAM!	  

d

dx

F

(1)
14 = Ẽ2T ) F

(1)
14 = �

Z 1

x

dy Ẽ2T (y) )
Z 1

�1
dxF

(1)
14 =

Z 1

�1
dxxẼ2T
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d 2kT∫
kT
2

M 2 F14
JM x, 0,

!
kT( ) = d 2kT∫

kT
2

M 2 F
Ji
14 x, 0,

!
kT( )+ "Qiu$ Sterman"

Compare	  with	  gauge-‐links	  derivaMon	  

d 2kT∫
kT
2

M 2 F
JM
14 x, 0,

!
kT( ) = d 2kT∫

kT
2

M 2 F
Ji
14 x, 0,

!
kT( )+ "tw3Ji " − "tw3JM "

We	  are	  invesMgaMng	  further	  this	  connecMon	  
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WW
Sum Rule Integrand
LC model

x

L q(
x)

-0.4

-0.2

0

0.2

0.4

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

≠F14! 

u	  quark	  

Simonetta Liuti 

GPDs	  calculated	  in	  
Reggeized	  diquark	  model	  	  
GGL	  PRD	  (2010),	  	  
O.	  Gonzalez	  et	  al,	  PRC(2013)	  	  

x dependence 



Effect	  of	  evoluMon	  

-0.5
-0.25

0
0.25

0.5
0.75

1
1.25

1.5
u Q2=µ2 Q2=4 GeV2

d Q2=µ2 Q2=4 GeV2
J q(

x)

x

L q(
x)

-0.6
-0.4
-0.2

0
0.2
0.4
0.6
0.8

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

GPDs	  calculated	  in	  Reggeized	  diquark	  model	  	  
GGL	  PRD	  (2010),	  O.	  Gonzalez	  et	  al,	  PRC	  	  (2013)	  	  
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-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 0  0.2  0.4  0.6  0.8  1
x

x(H+E)
H tilde

G2F14X(H+E)	  

G2 

-H tilde 
F14 

Preliminary results in reggeized diquark model (With Abha Rajan) 

Q2=2 GeV2 

Jq	   ΔΣq	   Lq	   Int	  -‐xG2	   Int	  F14	  

0.24	   0.46	   -‐0.22	   -‐0.025	   -‐0.045	  

u quark 
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Diquark	  Model	  calculaMon	  of	  Torque	  (Abha	  Rajan)	  	  

F14
"straight" =N M 2

x (k − Δ)2 −mΛ
2⎡⎣ ⎤⎦

2
k2 −mΛ

2⎡⎣ ⎤⎦
2 ⇒ Lq

Ji

F14
"staple" =N M 2 (1− x)

(k − Δ)2 −mΛ
2⎡⎣ ⎤⎦

2
d 2lT
(2π )2

1+ lT ⋅kT
lT
2

⎛
⎝⎜

⎞
⎠⎟

(lT − kT )
2 −M2 (x)− 2xlT

2⎡⎣ ⎤⎦⎡⎣ ⎤⎦
2∫ ⇒ Lq

JM

Torque is 
given by 
the 
difference 

NormalizaMon	  is	  not	  known	  
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g2 (x)
t = 3
! = −g1(x) +

dy
yx

1

∫ g1(x)

g2
WW → τ = 2

! "## $##
+ g2

tw3 − dy
yx

1

∫ g2
tw3⎡

⎣
⎢

⎤
⎦
⎥

τ = 3
! "### $###

ConnecMon	  with	  g2,,	  d2	  

d2  measurements provide an independent normalization 

d2 = 2

Z
dx x

2
g1(x) + 3

Z
dx x

2
g2(x)

d2 = 2

Z
dx x2 (H(x) + E(x)) + 3

Z
dx x2Ẽ2T (x)
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"  SimilariMes	  with	  g2	  	  	  	  	  

A	  few	  observaMons	  
	  

Simonetta Liuti 

"  The	  new	  expression	  relates	  a	  GTMD	  (F14)	  with	  a	  twist	  3	  GPD	  (G2),	  intrinsic	  kT	  enters	  
even	  if	  integrated	  over	  !	  it	  establishes	  a	  connecMon	  between	  transverse	  spaMal	  
and	  momentum	  dependences	  

"  A	  unique	  setup	  to	  study/test	  transverse	  momentum	  dependence	  and	  related	  
effects,	  factorizaMon	  issues,	  renormalizaMon	  issues…	  

"  A	  unique	  handle	  on	  quark-‐gluon	  interacMons	  through	  the	  explicit	  appearance	  of	  
the	  quark-‐gluon-‐quark	  correlator	  in	  the	  sum	  rule	  

"  The	  role	  of	  partonic	  kT	  and	  off-‐shellness,	  k2	  is	  manifest.	  

"  Similar	  to	  the	  Sivers	  effect	  but	  here	  the	  funcMon	  vanishes	  for	  a	  straight	  link,	  only	  
staple	  links	  are	  probed	  



Observability: Cross section and asymmetries   
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We	  idenMfied	  the	  quark-‐proton	  helicity	  amplitudes	  combinaMons	  

G2 
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WW, small ξ    

Hall	  B	  analysis	  in	  progress!	  
Avakian,	  Pisano	  

Direct	  measurement	  of	  	  OAM	  via	  G2:	  DVCS	  on	  a	  longitudinally	  polarized	  target	  	  

Simonetta Liuti 
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F14	  is	  Parity	  even:	  its	  matrix	  element	  transforms	  like:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
	  
	  
it	  can	  therefore	  in	  principle	  represent	  OAM!	  	  	  
	  	  	  	  	  	  	  	  	  	  

Sz = pzΛ

However,	  because	  F14	  transforms	  opposite	  to	  helicity,	  we	  do	  raise	  the	  issue	  of	  its	  
observability	  in	  terms	  of	  helicity	  amplitudes!!	  	  
	  

x	  

p	  

S	  

Direct	  measurement	  of	  (kT	  moment	  of)	  F14	  
UL correlation 



" The	  amps	  will	  cancel	  unless	  they	  are	  imaginary:	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  A+	  +,	  +	  +	  =	  A*
-‐	  -‐,-‐	  -‐	  ;	  A+	  -‐	  ,	  +	  -‐	  =	  A*

-‐	  +,	  -‐	  +	  
	  
" But	  this	  cannot	  be	  when	  the	  scasering	  happens	  in	  one	  single	  hadronic	  
plane.	  In	  this	  case	  	  there	  can	  be	  no	  relaMve	  phase	  between	  helicity	  amps	  
(this	  is	  what	  we	  referred	  to	  as	  Parity	  Odd,	  not	  F14	  itself!).	  	  

" Different	  from	  GPD	  	  E	  where	  the	  amplitude’s	  phase	  is	  a	  consequence	  of	  
helicity	  flip	  and	  off-‐forward	  spinor	  rotaMon	  

" The	  phase	  in	  F14	  is	  obtained	  by	  introducing	  two	  scasering	  planes	  
9/7/15 30 

Simonetta Liuti 

GPDs TMDs 
Parity	  predicts	  a	  lack	  of	  a	  UL	  correlaMon	  at	  twist	  2	  
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#  To	  measure	  F14	  one	  has	  to	  be	  in	  a	  frame	  where	  the	  reacMon	  cannot	  be	  viewed	  as	  a	  
two-‐body	  quark-‐proton	  scasering	  	  

#  In	  the	  CoM	  the	  amplitudes	  are	  imaginary	  !UL	  connecMon	  goes	  to	  0	  
	  
#  The	  way	  to	  accomplish	  this	  is	  to	  define	  two	  planes	  
	  

Off forward SIDIS 
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Δ eiϕΔ kT e
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… “off-forward SIDIS” allows us to introduce additional degrees of freedom:  
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Conclusions	  and	  Outlook	  

Simonetta Liuti 

With	  observables	  in	  hand	  we	  can	  now	  state	  that	  OAM	  acquires	  different	  
meanings	  depending	  on	  the	  way	  we	  probe	  it	  
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ADVERTISEMENT:	  Sum	  Rules	  in	  Deuteron	  	  
	  

F1+F2= GM GM 

Deuteron Nucleon 

Simonetta Liuti 
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Back Up 

Simonetta Liuti 
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Twist	  3	  decomposiMon	  of	  hadronic	  tensor	  in	  various	  notaMons	  	  

Courtoy	  et	  al,	  PLB	  (2014)arXiv:1310.5157	  

Simonetta Liuti 



The	  QCD	  Energy	  Momentum	  Tensor	  	  

T µν = 1
4
iqψ γ µ


Dν + γ ν


Dµ( )ψ + Tr F µαFα

ν − 1
2
gµν F 2⎧

⎨
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Momentum	  density	  

M µνλ = xνT µλ − xλT µν

Angular	  Momentum	  density	  
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T µν =A(γ µPν + γ νPµ )+ B iσ µαΔα

2M
Pν + iσ

ναΔα

2M
Pµ⎛

⎝⎜
⎞
⎠⎟
+C ΔµΔν − Δ2gµν

M

M µνλ = xνT µλ − xλT µν

then	  parametrize	  the	  EMT	  in	  terms	  of	  form	  factors	  A,	  B,	  C	  

Sum	  Rule:	  Part	  I	  

Jq
i =ε ijk dz−∫ d 2z M + jk

Jq =
1
2
Aq + Bq( )⇒ Jq∑ + Jg =

1
2

First	  define	  the	  angular	  momentum	  components	  

Finally,	  connect	  the	  EMT	  matrix	  element	  with	  AM	  components	  	  

Jaffe Manohar  (1990) 
Ji (1997) 

Simonetta Liuti 



9/7/15 39 

Ah ha!  
This is the same 
argument that allows us 
to observe the T-odd 
TMDs by understanding 
the role of the gauge 
links   

f1T
⊥

h1
⊥

f1T
⊥

Simonetta Liuti 
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F14 appears in the unintegrated structure functions for 
deep inelastic scattering with electroweak currents 

X.Ji, NPB402 (1993) 
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F14 

g1 

parity odd 

g1 

F14 

F14 is the parity odd contribution to g1 and the parity even 
contribution to A1! 

Simonetta Liuti 
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Analogous situation as for E wrt. transverse spin (M. Burkardt)  

σ + jΔ j ⇒

ST ×

ΔE 

AX
++,++ + A

X
+−,+− + A

X
−+,−+ + A

X
−−,−−( )+ AX

++,++ + A
X
+−,+− − A

X
−+,−+ − A

X
−−,−−( )

≈ H − iΔ2E

The net b corresponds to net 
kT in the opposite direction 
(attractive color force due to 
FSI) 

kT 

Simonetta Liuti 


