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Total cross section (zeroeth order in αm(αs ln(1/x))
n)

σDIS(Y ,Q2) = 2Im

σdipole contains Ux

〈. . .〉(Y ) difficult:

target wavefunction is
non-perturbative

d
dY 〈. . .〉(Y )

Bookkeeping device: 〈. . .〉(Y ) =

∫
D̂[U ] . . . ẐY [U ]
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Heribert Weigert — JIMWLK concepts 6/21



Enhanced gluon production at high energies JIMWLK evolution: properties of the CGC Getting quantitative Stepping beyond the total cross section Perspectives

Total cross section (zeroeth order in αm(αs ln(1/x))
n)

σDIS(Y ,Q2) = 2Im =

∫
d2r |ψ2|(r2Q2) 2

∫
d2b 〈

tr(1− UxU
†
y)

Nc
〉(Y )

photon wave functions/impact factor

σdipole

σdipole contains Ux

〈. . .〉(Y ) difficult:

target wavefunction is
non-perturbative

d
dY 〈. . .〉(Y )

Bookkeeping device: 〈. . .〉(Y ) =

∫
D̂[U ] . . . ẐY [U ]
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The JIMWLK evolution equation

. . .
HJIMWLK

+ 1 gluon: Uz

HJIMWLK

+ 1 gluon: Uz′

d

dY
ZY [U ] = −HJIMWLK[U ] ZY [U ]

Heribert Weigert Nucl. Phys. A703, 2002, 823 explicit form

resums all ∼ [αs ln(1/x)]n (at LO)

energy dependence of 〈. . .〉(Y )
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Saturation scale and cross section

〈. . .〉(Y ) 〈
tr(1− UxU

†
y)

Nc

〉(Y ) =: NY (r)

qualitative expectation:

correlation length shrinks:

Rs(Y ) ∼
1

Qs(Y )

Rs(Y ) ≡ correlation length
Qs(Y ) ≡ saturation scale
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NLO-corrections

LO: [αs ln(1/x)]n; NLO: [αs]
n[ln(1/x)]n−1

Corrections to evolution:

running coupling

+
Gardi, Kuokkanen, Rummukainen, Weigert
Weigert, Kovchegov
Balitsky

new channels: quark/gluon-pair production (“conformal”)[
−

]
+ . . .

Gardi, Kuokkanen, Rummukainen, Weigert
Weigert, Kovchegov

Corrections to wave functions/impact factors

X
LO JIMWLK evolution (∼ [αs ln(1/x)]1)

Balitsky, Chirilli
(2011)
not yet includedNLO impact factor (∼ α1

s[ln(1/x)]0)
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Effects of NLO-corrections

NLO evolution: speed reduced λ(Y ) :=
d

dY
lnQ2

s(Y )
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With energy conservation
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LO JIMWLK

too fast

+ running coupling

remarkable
slowdown

fits become possible

large effect expected

+ energy cons. corr.

asymptotic fits
preferred

Effect of NLO impact factors? yet unknown

Heribert Weigert — JIMWLK concepts 11/21



Enhanced gluon production at high energies JIMWLK evolution: properties of the CGC Getting quantitative Stepping beyond the total cross section Perspectives

Effects of NLO-corrections

NLO evolution: speed reduced λ(Y ) :=
d

dY
lnQ2

s(Y )

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1

λ

R
s,0

Λ =  5.02

R
s,0

Λ =  1.85

R
s,0

Λ =  0.68

R
s,0

Λ =  0.087

λ = const * α
s

Successful
range for λ

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1.0

λ

Iterated; R
s,0

Λ =  5.02

R
s,0

Λ =  5.02

R
s,0

Λ =  1.85

R
s,0

Λ =  0.68

R
s,0

Λ =  0.087

Successful
range for λ

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1.0

λ

Iterated; R
s,0

Λ =  5.02

With energy conservation
R

s,0
Λ = 5.02

R
s,0

Λ =  5.02

Successful
range for λ

LO JIMWLK

too fast

+ running coupling

remarkable
slowdown

fits become possible

large effect expected

+ energy cons. corr.

asymptotic fits
preferred

Effect of NLO impact factors? yet unknown

Heribert Weigert — JIMWLK concepts 11/21



Enhanced gluon production at high energies JIMWLK evolution: properties of the CGC Getting quantitative Stepping beyond the total cross section Perspectives

Effects of NLO-corrections

NLO evolution: speed reduced λ(Y ) :=
d

dY
lnQ2

s(Y )

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1

λ

R
s,0

Λ =  5.02

R
s,0

Λ =  1.85

R
s,0

Λ =  0.68

R
s,0

Λ =  0.087

λ = const * α
s

Successful
range for λ

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1.0

λ

Iterated; R
s,0

Λ =  5.02

R
s,0

Λ =  5.02

R
s,0

Λ =  1.85

R
s,0

Λ =  0.68

R
s,0

Λ =  0.087

Successful
range for λ

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1.0

λ

Iterated; R
s,0

Λ =  5.02

With energy conservation
R

s,0
Λ = 5.02

R
s,0

Λ =  5.02

Successful
range for λ

LO JIMWLK

too fast

+ running coupling

remarkable
slowdown

fits become possible

large effect expected

+ energy cons. corr.

asymptotic fits
preferred

Effect of NLO impact factors? yet unknown

Heribert Weigert — JIMWLK concepts 11/21



Enhanced gluon production at high energies JIMWLK evolution: properties of the CGC Getting quantitative Stepping beyond the total cross section Perspectives

Effects of NLO-corrections

NLO evolution: speed reduced λ(Y ) :=
d

dY
lnQ2

s(Y )

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1

λ

R
s,0

Λ =  5.02

R
s,0

Λ =  1.85

R
s,0

Λ =  0.68

R
s,0

Λ =  0.087

λ = const * α
s

Successful
range for λ

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1.0

λ

Iterated; R
s,0

Λ =  5.02

R
s,0

Λ =  5.02

R
s,0

Λ =  1.85

R
s,0

Λ =  0.68

R
s,0

Λ =  0.087

Successful
range for λ

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1.0

λ

Iterated; R
s,0

Λ =  5.02

With energy conservation
R

s,0
Λ = 5.02

R
s,0

Λ =  5.02

Successful
range for λ

LO JIMWLK

too fast

+ running coupling

remarkable
slowdown

fits become possible

large effect expected

+ energy cons. corr.
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Fit to HERA data
Total cross section:

χ2/dof ∼ .8

Rapidity gap events (diffractive events):

χ2/dof ∼ 1.3

ratios diffractive/total cross sections (sample only):

0

0.01

0.02

0.03 Q
2
 = 25

Q
2
 = 35

Q
2
 = 45

0.28 < M
x

< 2 2 < M
x

< 4 4 < M
x

< 8 8 < M
x

< 15 15 < M
x

< 25 25 < M
x

< 35 

Lack of NLO impact factors: predictive power down!

Heribert Weigert — JIMWLK concepts 12/21



Enhanced gluon production at high energies JIMWLK evolution: properties of the CGC Getting quantitative Stepping beyond the total cross section Perspectives

Fit to HERA data
Total cross section:

χ2/dof ∼ .8

lnQ2

Y
=

ln
1/
x

b
j

.

CGC

ex
te
nd
ed

sc
al
in
g
re
gi
on

parton gas

b
e
lo
w

Λ
Q

C
D

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

Q
2
   [ GeV

2
 ]

0

5

10

15

20

Y
 =

 ln
(1

/x
bj

)

Diff. ZEUS 1999-2000
Diff. H1 and ZEUS
ZEUS 1999-2000
ZEUS 1997
ZEUS 1996-1997
ZEUS 1995
BK (c

1
)

GT (c
1
)

BK (c
2
)

GBW
IIM

x
bj

 = 5e-7

x
bj

 = 0.02

N(1 / Q
s
) = 0.9

N(1 / Q
s
) = 0.1

N(1 / Q
s
) = 0.5

10
-3

10
-2

10
-1

10
0

10
1

R
s
Λ

0.2

0.4

0.6

0.8

1.0

λ

Iterated; R
s,0

Λ =  5.02

With energy conservation
R

s,0
Λ = 5.02

R
s,0

Λ =  5.02

R
s,0

Λ =  1.85

R
s,0

Λ =  0.68

R
s,0

Λ =  0.087

Asymptotic
fit possible

Pre-asymptotic
fit possible

Rapidity gap events (diffractive events):

χ2/dof ∼ 1.3

ratios diffractive/total cross sections (sample only):

0

0.01

0.02

0.03 Q
2
 = 25

Q
2
 = 35

Q
2
 = 45

0.28 < M
x

< 2 2 < M
x

< 4 4 < M
x

< 8 8 < M
x

< 15 15 < M
x

< 25 25 < M
x

< 35 

Lack of NLO impact factors: predictive power down!

Heribert Weigert — JIMWLK concepts 12/21



Enhanced gluon production at high energies JIMWLK evolution: properties of the CGC Getting quantitative Stepping beyond the total cross section Perspectives

Fit to HERA data
Total cross section: χ2/dof ∼ .8

10
-6

10
-5

10
-4

10
-3

x
bj

0.1

0.2

0.3

0.4

0.5

0.6

F 2(x
bj

,Q
2 )

Zeus 1997
BK (c

1
)

GT (c
1
)

BK (c
2
)

GBW
IIM

Q
2
 = 0.065

0.11

0.2

0.3

0.5

0.65

10
-5

10
-4

10
-3

x
bj

0.4

0.6

0.8

1

1.2

1.4

1.6 Zeus 1995
Zeus 1996

Q
2
 = 1.3

2.7

6 8.5 12 18

10
-3

10
-2

10
-1

x
bj

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6 Zeus 1995
BK (c

1
)

GT (c
1
)

BK (c
2
)

GBW
IIM

Q
2
 = 35, 90, 250, 800, 3000, 20000

Rapidity gap events (diffractive events):

χ2/dof ∼ 1.3

ratios diffractive/total cross sections (sample only):

0

0.01

0.02

0.03 Q
2
 = 25

Q
2
 = 35

Q
2
 = 45

0.28 < M
x

< 2 2 < M
x

< 4 4 < M
x

< 8 8 < M
x

< 15 15 < M
x

< 25 25 < M
x

< 35 

Lack of NLO impact factors: predictive power down!

Heribert Weigert — JIMWLK concepts 12/21



Enhanced gluon production at high energies JIMWLK evolution: properties of the CGC Getting quantitative Stepping beyond the total cross section Perspectives

Fit to HERA data
Total cross section: χ2/dof ∼ .8

10
-6

10
-5

10
-4

10
-3

x
bj

0.1

0.2

0.3

0.4

0.5

0.6

F 2(x
bj

,Q
2 )

Zeus 1997
BK (c

1
)

GT (c
1
)

BK (c
2
)

GBW
IIM

Q
2
 = 0.065

0.11

0.2

0.3

0.5

0.65

10
-5

10
-4

10
-3

x
bj

0.4

0.6

0.8

1

1.2

1.4

1.6 Zeus 1995
Zeus 1996

Q
2
 = 1.3

2.7

6 8.5 12 18

10
-3

10
-2

10
-1

x
bj

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6 Zeus 1995
BK (c

1
)

GT (c
1
)

BK (c
2
)

GBW
IIM

Q
2
 = 35, 90, 250, 800, 3000, 20000

Rapidity gap events (diffractive events): χ2/dof ∼ 1.3

ratios diffractive/total cross sections (sample only):

0

0.01

0.02

0.03 Q
2
 = 25

Q
2
 = 35

Q
2
 = 45

0.28 < M
x

< 2 2 < M
x

< 4 4 < M
x

< 8 8 < M
x

< 15 15 < M
x

< 25 25 < M
x

< 35 

Lack of NLO impact factors: predictive power down!

Heribert Weigert — JIMWLK concepts 12/21



Enhanced gluon production at high energies JIMWLK evolution: properties of the CGC Getting quantitative Stepping beyond the total cross section Perspectives

Outline
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Gluons in observables
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Not everything is made of dipoles . . .

Compare vector meson production with and without a rapidity gap

[
−

]

4π
dσT,L
dt

=

1∫
0

dαdα′
∫
d2xd2x′d2yd2y′e−il·[(αx+(1−α)y)−(α′x′+(1−α′)y′)]

×Ψ∗T,L(α′,x′ − y′, Q2)ΨT,L(α,x− y, Q2)

×
[
〈tr(Uy′U

†
x′)tr(UxU

†
y)〉Y − 〈tr(Uy′U

†
x′)〉Y 〈tr(UxU

†
y)〉Y

]
/N2

c

Marquet and Weigert, Nucl. Phys. A 843 (2010) 68 [arXiv:1003.0813 [hep-ph]].
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Single spin asymmetries and the pomeron

Kovchegov and Sievert, [arXiv:1201.5890 [hep-ph]].

Sievers effect

u

x

w

z
y

C. C.

u
x

w

z y

u

x x

w

z y

a c

b
a

a b

I(q) =

〈
tr(UzU

†
y)

Nc
+

tr(UuU
†
w)

Nc
− 1

dA
Uabx tr(taUzt

bU†w)− 1

dA
Uabx tr(taUut

bU†y)

〉

STSA: odd under z ↔ y, driven by imaginary part of I(q).
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Group constraints and gauge invariance – examples

Operator relations – manifestations of gauge invariance

tr(Uzt
aU†zUxt

aU†y)Ũabz tr(taUxt
bU†y) =

Cftr(UxU
†
y)

1
2 t̃r(ŨzŨ

†
x)

2NcCf

1

2
tr(UxU

†
z)tr(UzU

†
y)− 1

2Nc
tr(UxU

†
y)

1
2 (|tr(UxU

†
z|1 − 1)

z 7→ x or y

y 7→ x

y 7→ x

z 7→ x

Fierz

y 7→ x

=

〈. . .〉 more correlators than
degrees of freedom

g2 correlator ∈ R
all other possibly ∈ C
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Gauge invariant truncations of JIMWLK

Parametrize 〈. . .〉(Y ) via n-point functions

〈. . .〉(Y ) = exp
{ Y∫

dy
[
− 1

2

∫
uv

Guv(y)i∇aui∇av

− 1

3!

∫
uvw

Guvw(y) dabci∇aui∇bvi∇cw + etc.
]}

. . .

gauge invariant at any order
only fully symmetric Gu1...un necessary: [i∇au, i∇bv] = ifabci∇cvδ

(2)
u,v

Result:

〈. . .〉(Y ) 7→ 〈. . .〉[Gu1u2 , Gu1u2u3 , etc](Y )
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Gauge invariant truncations of JIMWLK

Examples:

1

Nc
〈tr(UxU

†
y)〉 = e−Cf (P+iO)xy

1

2NcCf
〈Uabz tr(taUxt

bU†y)〉 = e−{[
Nc
2 ((P+iO)xz+(P+iO)zy)−(P+iO)xy)−Cf(P+iO)xy}(Y )

where

Pxy =

Y∫
dy

(
Gxy −

1

2
(Gxx +Gyy

)
= Pyx iOxy :=

Cd
4

Y∫
dy (Gyxx −Gyyx) = −iOyx

Identification with pomeron and odderon:

1

Nc
〈tr(UxU

†
y)〉(Y ) = 1− Pxy(Y ) + iOxy(Y ) = e−Cf(Pxy(Y )+iOxy)(Y )

(
1− Pxy(Y ) + iOxy(Y )

)∗
=

1

Nc
〈tr(UxU

†
y)∗〉(Y ) =

1

Nc
〈tr(UyU

†
x)〉(Y ) = 1− Pyx(Y ) + iOyx(Y )

complex conjugation = x↔ y
Pxy(Y ) = Pyx(Y ) pomeron = Re
Oxy(Y ) = −Oyx(Y ) odderon = Im
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Gauge invariant truncations of JIMWLK

Evolution is imposed by JIMWLK via Balitsky hierarchy:

d

dY
〈tr(UxU

†
y)〉(Y ) =

αs
π2

∫
d2zKxzy〈Uabz tr(taUxt

bU†y)− Cf tr(UxU
†
y)〉(Y )

d

dY
〈Uabz tr(taUxt

bU†y)〉(Y ) = . . .

...

truncate at G , ,

d

dY
Nce

−Cf (P+iO)xy =
αs
π2

∫
d2zKxzyNcCfe

−{[Nc
2 ((P+iO)xz+(P+iO)zy)−(P+iO)xy)−Cf(P+iO)xy}(Y )

− CfNce−Cf (P+iO)xy

solve real and imaginary part for P and O
manifestly gauge invariant

Uabz tr(taUxt
bU†y) = tr(Uzt

aU†zUxt
aU†y)

Cftr(UxU
†
y)

1
2 t̃r(ŨzŨ

†
x)

2NcCf

z 7→ x or y

y 7→ x

y 7→ x

z 7→ x
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Correlators – theory expectations

Examples:

1

Nc
〈tr(UxU

†
y)〉 = e−Cf (P+iO)xy

1

2NcCf
〈Uabz tr(taUxt

bU†y)〉 = e−{[
Nc
2 ((P+iO)xz+(P+iO)zy)−(P+iO)xy)−Cf(P+iO)xy}(Y )

fixed symmetry properties

Pxy =

Y∫
dy

(
Gxy −

1

2
(Gxx +Gyy

)
= Pyx iOxy :=

Cd
4

Y∫
dy (Gyxx −Gyyx) = −iOyx

O ∝ x− y & no external index need other vector s
need to break translational/rotational inv., example: STSA
short distance perturbative limits

Pxy ∝ (x− y)2 Oxy ∝ (x− y2)(x− y) · s = |x− y2|3r̂ · ŝ
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Correlators – theory expectations

extrapolate pert. result for 〈tr(UxU
†
y〉

Re & Im of e−r
2+i 13 r

3

Re & Im of e−r
2+i.98r3

think initial conditions. . .

what else?
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Correlators – theory expectations

UxU
†
y ∈ SU(3)

Nc eigenvalues eiφi

1 = det(UxU
†
y) = e

i
Nc∑
i=1

φi

⇔
Nc∑
i=1

φi = 2πn;n ∈ Z

tr(UxU
†
y)/Nc = 1

Nc

(
Nc−1∑
i=1

eiφi + e
−i

Nc−1∑
i=1

φi

)
falls inside

hypocycloid in C

Nc = 3 Nc = 4 Nc = 5 Nc = 10

. . . . . .

C C C C
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Correlators – theory expectations

〈tr(UxU
†
y)/Nc〉 slightly less constrained

Nc = 3 Nc = 4 Nc = 5 Nc = 10

. . . . . .

C C C C

unbiased distributions determined by Haar measure
Nc∏
i>j

|eiφi − eiφj |2
∣∣∣ Nc∑
k=1

φi=0

Nc→3−−−−→ 64 sin2(
φ2 − φ1)

2
) sin2(

φ3 − φ1)

2
) sin2(

φ3 − φ2)

2
)
∣∣∣
φ3=−(φ1+φ2)

isometric top down
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Correlators – theory expectations

pert. corr. and trace constraints

tr(UxU
†
y)/Nc@Nc = 3

no odderon

UxU
†
y = 1, small dipole

tr(UxU
†
y)→ 0, large decorrelated dipole

low probabilites
at e±2πi/3.

Heribert Weigert — JIMWLK concepts 18/21



Enhanced gluon production at high energies JIMWLK evolution: properties of the CGC Getting quantitative Stepping beyond the total cross section Perspectives

Correlators – theory expectations

(pert) initial conditions vs trace constratints – from short dist!

e−r
2+iκr3 e−r

2

(1 + iκr3)

hypocycloid |κ| < 1/3, polygon |κ| < .98
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Correlators – theory expectations

severe (pert. driven) limitations on Oxy

Re & Im of e
−r2+i 1

3
r3

Re & Im of e−r2+i.98r3

Re& Im of e−r2 (1 + i 1
3
r3) Re & Im of e−r2 (1 + i.98r3)
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The pomeron in JIMWLK (explorations)
pure pomeron ensemble (GBW initial cond)

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

small odderon component (distorted GBW ensemble)

mathematically maxed odderon (no physical motivation)
≤ Ime2πi/3 =

√
3/2 ≈ .866
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The pomeron in JIMWLK (explorations)
pure pomeron ensemble (GBW initial cond)

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

small odderon component (distorted GBW ensemble)

observations

pomeron decorrelates, develops (pseudo) scaling
pomeron evolution speed largely unaffected by presence of odderon
odderon allows anticorrelations
odderon decays in place
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Perspectives

New observables need new tools to analyze
Gauge invariant truncations (generalize GT) allow to access

pomeron, odderon . . . (pomeron hierarchy)

Group theory constrains contributions

constrains odderon max size
√
32, likely smaller .2

JIMWLK or B-hierarchy

pomeron decorrelates, develops (pseudo) scaling
pomeron evolution speed largely unaffected by presence of odderon
odderon allows anticorrelations
odderon decays in place

To do list

exten to NLO
become quantitative
cross sections
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