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Explore the hadronic structure exclusively

@ Collinear factorization as a “standard" tool.
» Factorization properties of hard exclusive processes better understood.
* Yy — ¥ [hard contribution at LP, this talk]
* "7 — 7 [hard contribution at LP]
* B — mlv decays [end-point divergence, interpretations]
» Diagrammatical factorization versus SCET factorization.
> One-dimensional profiles of hadrons.

@ TMD factorization highly nontrivial.

Complicated definitions of TMD wave functions.
kr resummation and threshold resummation.
Diagrammatical factorization.

3D images of hadrons.
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QCD factorization for y*y — 7V

@ Collinear factorization [Brodsky and Lepage; Efremov and Radyushkin]:

Fr(Q%) = ff” / dxH(x, 0%, 1) o (x, ).

» Collinear divergences absorbed in @r(x,1):
1 .
(012(0) Wi (0.10-) - 35q(en-) & (1)) = ifeps || dre™ P du(x.p).

> End-point regions need to be considered separately.

@ TMD factorization[Li and Sterman, 1992; Botts and Sterman, 1989]:
Fr(Q%) = fj” / /d2bH 5,0 1) 6 (x, B, ) e SEQ)

» Transverse momentum dependence becomes important in the end-point regions.
» Naive definition of TMD pion wave function:

¢na1ve x kT, / / d ZT I(XP+Z7—%T'ET)
*(0[g(0) W} (+e0,0)f— 75 [tr. link] W, (+°<>7z)q(Z)|7t+ ()
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Light-cone singularity
@ Rapidity divergence in the infrared subtraction:
1
fld
. [(k+1)? +1i0)][l4 +i0][I> 4 i0]
X |:H<O) (X+ l+/p+,7{‘7' +7T) 7H(0> (X77€T):| :
» Rapidity divergence due to the Eikonal propagator.

» No rapidity divergence for a k7 independent hard function.
> Rapidity singularity of TMDs yields ill-defined hard functions.

oV o HO 5

@ Regularization of the rapidity divergence [Collins, 2003].
> Rotating the gauge links away from the light-cone (u = (uy,u_,07)):

Or XkT»yuv / / dZT lxp+z *szT)

x (0[g(0) W (+20,0) sf— 7 r. link] u(+°° 2)q(2)[n" ().
> Introducing soft subtractions:

o) - [ 4 [ £51 e e

(01g(0) Wi (+o2,0) — ¥ [tr. link] W, (+°°72) a7 (p))
(OIWL_ (o0, 0) W, (+20,0) [t Tink] W, (+o0,2) W (+02,2)[0) -
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Pinch singularity

@ Singularity from Wilson line self energies [Bacchetta et al, 2008].
> Pinch singularity only appears in a TMD
parton density with u? <0.

» Pinch singularity appears in the TMD wave
functions for any off-light-cone u.

u

‘P”D/[d” [+ 10) - 1+ 10][u- 1 — 0]
x8( —x-+1y/p) 8P Ky —kr +Tr).

» Pinch singularity corresponds to the linear
divergence in the length of the Wilson line in
the coordinate space.

@ Off-light-cone Wilson lines regularize rapidity divergence, at the price of introducing
unwanted pinch singularity.
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Collins’ modification
@ New definition without pinch singularity [Collins, 2011]:

- dZZT =
C _ JRC IS krir)
(Prc (kaT>y27”) )1%+°° / /

Yu—r—o0

% (0]g(0) W, (4-00,0) st s [tr. link] W, (4-o0,2) g(z) |7 (p))

S(zr5y1,)2)
X .
S(zr3y1,yu) S(2152, Yu)
/]\

rapidity of the gauge vector ny = (€”2,e2,07)

> Soft function:

1 - -
S(arsyasve) = - (O[W}, (22,27 ca Wi, (22,27 )ad Wi (2,0)pc W, (22,0) 5 0).
C

@ General properties of the new definition:

» The unsubtracted wave function only involves light-cone Wilson lines.
» Each soft factor has at most one off-light-cone Wilson line.
» No rapidity divergences and no pinch singularities.
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Why the new definition works?

@ Cancellation mechanism (y; — 4o ,y, — —oo):

d ivergence

Cancel rapd iy

Van (OO7 ET) (fXJ OT)

”1

Cancel pinch
d ivergence

W,, (o0, 0r) /

W, (o0, Zr)

W, (00, Zr)

N
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W (o0, 0r)

Wi, (00, Zr) W}, (o, )

W,(c0,07) Wi(oo, 2r)

Cancel rap. div. of the
unsubtracted wave function
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One-loop computations

@ Soft function at one loop:

Wi, (W w 0) Wy, (00, 2
i§ : Wy (00,2) Wi, (00,0)

Wi, (00.2)  Wp,(c0,0)

W, (00, 2) W, (20,0) W, (00, 2
1
2
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One-loop computations

@ Unsubtracted TMD wave function at one loop:

u(k')
| |
i | |
(a) (0)
\\ ‘
]
(d) (e)
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One-loop computations

@ Order of taking various limits [Collins, 2011]:
» Compute the unsubtracted wave function and the soft function in D dimension.
> Take the limits of infinite Wilson-line rapidities y; — +o° and y, — —oco.
> Add the UV counterterms and remove the UV regulator, i.e., take D — 4.

@ Rapidity divergence cancels between the soft factor and the unsubtracted wave function:

) _
C(l (1) % Cr I 2 ks 2 [kt
+¢nb +8; =— SM [ka% +1In ( +1In

mg mg

k2 k2 , k
+In( L -ln( L )fln(Ze_z)z)dn kiky }
mg kiky g

x8(ky — k', ) 8 (kp — ki) + finite terms .

@ Soft divergence cancels between ¢C(l + ¢ —O—Sl(l and q)n 1 )+ ¢,r P +S(l

71'17
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TMD factorization for y*y — n°

@ One-loop QCD diagrams [Nandi and Li, 2007]:
A, Man A Man

" q P

o~

0 Cp 7

1 — _
G ar

[2Inx+3]1In <22

) HO (xkr) +

o ¢,§<') ®HO reproduces the collinear logarithm of QCD diagrams:

2
oW o gO = _5CE s 3 (L) HO x,kr)+
Q2

4r
In ”p* +2y,
u?

only from the soft subtraction

@ Rapidity evolution equation [soft K function]:

O CF
T

dy,

d
™ < (x,kr,yo,pu) =
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Simplified definitions of TMDs possible?
@ Treatment of rapidity and pinch singularities:
Light-cone Wilson lines
J TMD hard function
Rapidity divergence
{
Off-light-cone Wilson lines
J Dipolar structure
Pinch singularity
v N

Nontrivial soft subtraction Non-dipolar Wilson lines

!

Simper soft subtraction
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TMDs with non-dipolar Wilson lines

@ New definition:

neW(x kT7)’2, / / d? ZT 1XP+Z —krZr)

" <0lé(0)Wm(+°° )#h— s [links @eo] W, (+0,2) g(2) |7 (p))
[color] (0|W;!, (4o, 0) [links @es] W, (+e0,0)[0)
T )
ny, = (eyz,e*yz,(ﬂ)r)7 V= (ey”,efy”,ﬁr).

» Key point: pinched divergence alleviated to soft divergence.

new np-v
/[dl] [[+1i0)][ny - [+ i0][v- [ —i0]

> Wilson-line path of the unsubtracted wave function:

S —x+1y /py)8@ (K —Tr +1r).

(0,z—,2r) (0o ngs, z- + oc0ona_, Zr)
(00w, 000, 07) (0,0,07)
—_—
(0o vy, 00v_,%T) (00 N9s, 2- + 00 My, 3OT)
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TMDs with non-dipolar Wilson lines

@ Orthogonal Wilson lines (n; - v = 0):

¢71r(xjéT7y2: / / d ZT ’xP+Z *kT Zr)
x(0l( )W,L(+°° 0) st s [links @] Wy (+0,2) ¢(2) | 7™ (p)) -
T +
ny = (eyZ’e_YZ,ar), y= (_e}’z’e—n?b'T).

» Wilson line self energies vanish in Feynman gauge.
= Soft subtraction not needed.
> (]),IT ®HO reproduces the collinear logarithm of QCD diagrams:

2
E 2Inx+3]In (%) HO (x k) +

or@HO) ==

@ Antiparallel Wilson lines:

I

X<0|21(0)Wm(+°° 0) i ¥s [links @eo] Wy, (—e2,2) g(2)|7" (p))

[color] (0[W;!, (4-co,0) [links @co] W,,, (—eo,0)[0)
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Equivalence of TMD definitions

@ Recover the naive definition in the limit of vanishing regulators.

» Collins’ definition (y; — —oo = yy = y,,):

S(zr:y,
(z7:y1,2) 1
S(ZT;}’lyyu)S(ZT; ayll)

> Our definition (yp — —cc=>ny =v=n_):

naive

¢7113(x37€T7y27u)*>¢n' (xjéTau')'

» The same collinear divergence in the limit y, =y, — —co.

@ Aim: To show that the collinear behaviors for an arbitrary rapidity y, are the same.
= Equivalent rapidity evolution equations.
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Rapidity evolution equation of ¢,§

@ ¢S depends on the Lorenz invariant (1, - p)?/(n3 k?).

@ Chain rule for the rapidity derivative:

iq,c_ n%
dy, "

d
a_ @ 4C
2p~n2p dn§ In -

@ Rapidity derivative of the Wilson-line Feynman rule:

2 G ING 2
moed m o e m (Pl
2p-ny~ dn§ ny-l ny-l’ 27 2pom ny -l 2
.T
suppress the collinear dynamics
@ Rapidity evolution equation:

d ¢ LS Grynyy) ST enyad) | ey c
— = lim — — ~ lim K(zr;y1,y2 .
dn% note 2 SGeriviya) - S@riy2) br L, Kerony)dx

K(zrsy1,y2)  K(zrsy2,yu) -
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Rapidity evolution equation of q),lr
@ oL depends on the Lorenz invariants (n - p)?/(n3k*) and (v-p)?/(v3k?).
@ Rapidity derivative:
A
dy;

2 2
ny o d Ve o d

Or = Or-

2p-n2p @ 2p~vp dv®

@ Both special vertices ﬁg and 9* suppress the collinear dynamics.

@ Both soft and hard gluon radiations contribute to the rapidity evolution kernel.

LD B

K function G function

@ Rapidity evolution equation:

L . I
dT)Z‘Pn = yllgﬂl_m [K(zr3y1,32) +G(y2)] 9z -
/l\

independent of z7
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Summary and outlook

@ TMD factorization for hard exclusive processes non-trivial.

» Infrared subtraction can induce additional singularities.
» Remove unwanted rapidity and pinch divergences.

@ New proposal for the definition of TMD pion wave functions.

» Non-dipolar Wilson lines with simper soft subtraction.
> Reproduce the collinear dynamics of full QCD diagrams for y*y — .
» Equivalent rapidity evolution equations.

@ Future developments:

» Phenomenological applications in demand.
» Extensions of the new definition to more complicated processes.
» Systematic power counting scheme, factorization at operator level.
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