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Long Strings and Black Holes

Mean-size squared of a free string of level N
(R%)x ~J do(:X?(0,0): )N~\/ﬁa’~MaSS
~Length

Free random walk of N = VN steps

Self-interacti :
ci-inggaction String/black hole correspondence

Small black hole
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Random walks and Polymers

Interactions

(solvent, van der Waals, --*)

Coil~N3 0-point Globule~N3

Many (self-)interacting 1D objects

« Cosmic strings
« Vortex lines
« Polymer chains

We analyze the size scaling of string in terms of self-interacting polymers



Strings as self-avoiding walks

s
/ Fundamental strings are modelled by free (Gaussian)
random walks with the bond length ¢5.

y (Real) polymers are modelled by self-avoiding
/ random walks with the (Kuhn) bond length #.
R = {’N% (Flory’s exponent for real polymers)

Note: Repulsive property may emerge in high-density regime
nonperturbatively, to explain an exponentially fast spreading of a string.

—

=

L x et

Rr o« t Ry o« et

[Susskind-Lindesay, Ropotenko]



Effective Hamiltonian

Edwards Hamiltonian

N 2 N N
d OR
BH =573 : 3 do +J0 do fo do, V(R(al),R(az))

Interaction term
_gZ {d—Z

V= |IR(0,) — R(0,)|%2

+u 46 D(R(o,) — R(0,))

Newton Interaction Repulsive force
(Self-Avoiding effect)

Evaluate the size

(R?)y—o = *N = R} Free random walk: Ry = #VN

Consider the size scaling of self-gravitating self-avoiding walks



Phenomenological Free Energy:

RZ 92£d—2N2 U'ngZ
ﬁF~—(d—1)lnR+W — pd—2 + nd
diffusion elasticity gravity repulsive

(excluded-volume effect)

Entropic force

Freecase:g=u=0 Ry, = #VN

Interaction becomes effective in free configurations:

g2£d—2N2 d6
Rg—z ~0(1) go~N

—BdNZ et = 4iscriti im
Rd ~0(1) uONN 2 (d = 4is critical dim.)

0

Gravity gets stronger: Schwarzschild Radius: R, = {’(gZN)ﬁ



Today’s Goal

Repulsive force

PUff-Up Shrink

Repulsive + Gravity
Entropic + Repulsive

Black Hole
Shrink

Free

Entropic + Gravity
Entropic

v

Gravity

Q

a-6 _1
go"’N 4 gc~N 2



PLAN

« Two Approximation Methods |
and Size Evaluation [Doi-Edwards]

« Summary of Size Scaling
» Conclusion



Variational Method

d N dR\> q%d (N
Trial Hamiltonian: =— — — 2
BH, 20 ) do <60) + 22 |, do R(o)

Convexity: e PF = [ dRe PH = [ dR e BHoe=B(H~-Ho) > o(=F(H-Ho))oe=BFo

IBF < ,BFO(C[) + (,B(H — HO)>O Tune g to minimize RHS

, £2N (1+0(q5N%) (qoN < 1)

L
(R?), = —tanh qoN

do £?
% (qoN = 0(1))

Note: No expansion (see later)




Propagator:

N qd
Golo,0") = <2n£2 sinh qlo — G’I)

(N]fa¥

qd [R(6)? + R(c')?] coshq|loc — d'| — 2R(0) - R(c")
4P 2¢2% sinh q|lo — o'

N N
Evaluate BFO = —log ZO and (B(H — Ho))o = <j dO'-[ do'V — 232—[ do R(o) >
0 0

d qdN
BF < Eln(cosh qN) — Ttanh qN

d—2 d]
2

Y Y ENTES S
0 0 r(%) 2Fy(0,0';q) 2F,(0,0';9)

sinh go cosh q(N — ¢) + sinh qo’ coshq(N — ¢') — 2 sinh qo coshq(N — d")

sinh go sinhq(c¢’ —g) coshq(N — ¢") sinh go’ sinh go ?
Fy(0,0';q) = : ; + 1——
sinh qo coshgN sinh ga’



Simplification (an approximation):

Bound:

Stationary Cond.:

{2
(R2>0 -
do

d
BF < gN — N2g%q2~" 4+ N2ugq

e~IN ,-a(N-0") ,—q(N-0)

K1

!

=49 p=qo e—d(c'-0)

S]ESY

d 4 d—2

0=1-Ng* q0 + Nuq, 2

tanh gy N —

Omit (positive N-independent) numerical factors

%N (qoN « 1) (Free walk size)

— (goN = 0(1)) (shrink)



d—4 d-2 02 - 2N (N < 1)
0=1- Ngzqo2 + Nuqqy 2 (R%)o = q—tanthN 1 2
0
— (qoN = 0(1))
(2<d<4) - o
1. Nointeractiong=u=0:
qo =0 R = RO = ‘g\/N

Pure repulsiveg =0, u>0:
No expansion

2.GenericCaseg>0,u>0: u<N™! (therepulsive forceistoo weak)

qo =0 qo = (gZN)% Schwarzschild Radius: R, = {’(gZN)ﬁ
Ry R = {’(gZN)ﬁ R. =+t
. : 1 R
sta;nle QONN% shrinl:\ gC~N‘% - g
PE < aN 0=1—Ngzq:%4

The same as no repulsive force case (u = 0)



d—4 d—2 22 - 2N
0=1- Ngzqo2 + Nuqy 2 (R?)y = q—tanh qoN - P
0
(2<d<4) - o

2.GenericCaseg>0,u>0: N l<u<u,

2 .3
qo =0 qo = (g*N)4-4a Qo =~
2NV R= P(uN)d
~ d—4 = — = {(uN)d
| Ro . R ) . g i

_d=4_ 1 d-2 1

Yo o = u2d-2)N"d-2 g’c~u 2d N d

stable shrink shrink BH

d—4 d-4 de2

N‘

BF < gN 0=1-Ng?q,% 0=1-Ng”q,*> +Nuqo 2

(qoN « 1)

(qoN = 0(1))



Size change (d = 3)

R

logy —
8N 7 log &
4 vt
R, = £g*N
1 N~l<u<u,
5 (Ro) R =+£(g*N)~!

9o Jo 9dc 9'c

» logy g



Uniform Expansion Model (UEM)

£ - af (a>0)
/€ /

Bond length is rescaled
« The configuration remains free walk one.

R = aR, = atV/N

Free (Gaussian) Hamiltonian with the bond length a?
o d JNd R\"
PH = 20242 ), ?\ %o

d
exp (— 202 %0 — o] (R(a) — R(a’))z)

N

d
Propagator: G'(o,0") = ( ,|>

2ma’t?|lo—o



Calculate the mean-size-squared: (A = %f Ae—BH'

f (R(N) _ R(o))ze—ﬁH B <8_ﬁ(H_H,)(R(N) — R(O))2>

2\ —
R = [ e=BH B (e=BUH~-H")

= ((ROV) - R(O))2>’ (1+(BCH = HY) = (BCH — H(RQV) — R(O))zy
+0([B(H — HN]?)

d 1\ (¥ oR\> (N N
B(H—-H") = =72 (1 —?>j do (%) +f0 doq fo do, V(R(al),R(az))

and Gaussian integrals by use of the propagator

—d
=~ Na?$? + [ d(l—a2)+C1uN 2 —ngZN n a ]N{’Z 2-d

Required Size =0

(1, C,: Positive N independent constants



4—d 6—

a®— a2 +uN2 —g’N 2 a?2=0 R=*%aVN
0. No Interaction: g2 =u =0 a=1 R=¢JN=R, (free walk)

1. Purerepulsive: g2 =0, u>0

Ry R = {’uﬁN%
stable | “r Puff-up o
U,~N 2 ) i
a=1 a = yd+2N2(d+2)
4—d
Cld _ Cld+2 =0 — ad+2 + uN_ =0
3
u =N R = {Nd+2 Flory’s exponent for real polymers

Good description for expanded configurations



o 4—d 6—
a® — a2 +uN"2 — g’N 2

2. Pure gravity: g >0,u=0

R =¢aJN

d-6

When gravity is effective (g = g,~N "+ ), no solution of a < 1 is found.

3. Generic Case: g,u >0

Approximation is not good.

1 3 _tWu !
R = fud+2Nd+2 R = ' R', = ¢(uN)d
u>1u, ' : |
_a _ 3 d-2 1
g = u2(d+2) N "d+2 g c;~uz2dNd
Puff-up shrink BH
1 4-d u
a = ud+2N2(d+2) “= 12N
—d 4—d 6—d

4
—a%*t2 4 yN "2



Size change (d = 3)

R
logN?
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The Size Scaling (2 < d < 4)

lOgN Rc
logy u N
d—1 1
pUﬁ:-Up g(/)/
1
0 1 3 d
R~ud+zNd+2 g
u
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free Black hole
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Larger BH

JN d-2
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g(’)’ =~ y2(d+2) N ~a+2



Summary

» Self-gravitating polymers (self-avoiding walks)
— Collapse to a larger size black hole
* Interesting size scaling behaviors are observed.

Next:

 Density distribution, elasticity (pressure), detailed gravitational
collapse
(Need GR ? -- Tolman-Oppenheimer-Volkoff eq.)

 Possible source of self-avoinding property
Fermionic walk? Higher form field exchange?

- Beyond a mean field calculation. RG analysis

« Entropy? Corresponding point?



The Size Scaling (d = 4)

logy R,
logy u N
4
3 1
puff-up
1 3
R~ud+2Nd+2
1
0 2
free Black hole
-1
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- (@) logw g

The size “jumps”



