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Textbook QCD:  Universal Collinear Limit
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The Core of QCD

1→2

Splitting Function

Soft singularityCollinear singularity

Measurable?  Calculable?
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Basis for parton shower MC generators,!
PDF evolution, NLO subtractions,!

kt clustering, jet substructure intuition…
Principles in use today

11

#2: QCD gluon emission is 
soft; V/H→qq is not 

Identify two-prong 
structure and cut on 

“z” (momentum fraction 
between prongs) 

[done by mass-drop 
taggers/pruning/

trimming/]
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z distribution

QCD emission

decay 
(unpolarized)

[From Gavin’s FCC talk, March 2015]
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Jet substructure to probe!
universal singularity structure 
of gauge theories (e.g. QCD)

Sudakov Safety!
[Andrew Larkoski, JDT, 1307.1699; my talk at Boost 2013]!

!
Soft Drop!
[Andrew Larkoski, Simone Marzani, Gregory Soyez, JDT, 1402.2657;!
Simone’s talk at Boost 2014]!

!
Standard Candles!
[Andrew Larkoski, Simone Marzani, JDT, 1502.01719]

Today:

Ingredients:
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From Soft Drop to Splitting Functions 
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Outline
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From Soft Drop to Splitting Functions 
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Measure Universal Singularity?

z

1–z

θ

Angular-ordered tree (C/A)…
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Measure Universal Singularity?

z

1–z

θ

Angular-ordered tree (C/A)…

z IRC Unsafe

Z
d✓

✓
dz P (z)

z
1–z θ

…gives splitting function?
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Groomed angular-ordered tree… …gives splitting function?

zg

1–zg
θg

⇒

zg
IR Safe!
C Unsafe

[Larkoski, Marzani, Soyez, JDT, 1402.2657]!
[see also Butterworth, Davison, Rubin, Salam, 0802.2470; Dasgupta, Fregoso, Marzani, Salam, 1307.0007]  

energy!
threshold

angular 
exponent

z > zcut ✓
�

Soft Drop (β = 0, aka mMDT)

Z
d✓

✓
dz P (z)

z
1–z θ

Measure Universal Singularity?
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One prong jet…

θg = 0

θg = 0
zg 1–zg

vs.

…gives splitting function?

zg
IR Safe!
C Unsafe

Z
d✓

✓
dz P (z)

z
1–z θ

⇒

[Larkoski, Marzani, Soyez, JDT, 1402.2657]!
[see also Butterworth, Davison, Rubin, Salam, 0802.2470; Dasgupta, Fregoso, Marzani, Salam, 1307.0007]  

Measure Universal Singularity?

energy!
threshold

angular 
exponent

z > zcut ✓
�

Soft Drop (β = 0, aka mMDT)
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⇒?

zg
IR Safe!
C Unsafe

How to calculate from first principles?

vs.
z
1–z θ

(see backup for how our elders addressed this in 1978)
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From Soft Drop to Splitting Functions 
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1.  Use Sudakov Form Factors!
 

Measure jet mass?

 [Larkoski, JDT, 1307.1699]

zg m>0 IRC Safezg
IR Safe!
C Unsafe
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1.  Use Sudakov Form Factors!
 

Measure jet mass?

 [Larkoski, JDT, 1307.1699]

zg m>0 IRC Safezg
IR Safe!
C Unsafe zg Sudakov Safe

Jet mass never zero!
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1.  Use Sudakov Form Factors!
 

Measure jet mass?

 [Larkoski, JDT, 1307.1699]

zg m>0 IRC Safezg
IR Safe!
C Unsafe zg Sudakov Safe

Jet mass never zero!

⇒
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1.  Use Sudakov Form Factors!
 

Measure jet mass?

 [Larkoski, JDT, 1307.1699]

zg m>0 IRC Safezg
IR Safe!
C Unsafe zg Sudakov Safe

Jet mass never zero!

⇒
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(resummed logs)

All αs Orders m=0 suppressed

Sudakov Peak vs.
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1.  Use Sudakov Form Factors!
 

Want:  p(u) =
1

�

d�

du

Unsafe

[Larkoski, Marzani, JDT, 1502.01719]
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1.  Use Sudakov Form Factors!
 

Want:  p(u) =
1

�

d�

du

Unsafe

Need:  p(u|s) = p(u, s)

p(s)

 Calculable… 

…with Safe companion

[Larkoski, Marzani, JDT, 1502.01719]
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1.  Use Sudakov Form Factors!
 

Want:  p(u) =
1

�

d�

du

Unsafe

Need:  p(u|s) = p(u, s)

p(s)

 Calculable… 

…with Safe companion

p(u) =

Z
ds p(s) p(u|s)Insight:  

Sudakov form factor!
(all orders in αs) 

Perturbative!
(fixed order in αs)

Sudakov Safe

Suppresses isolated singularities… …at each perturbative order

[Larkoski, Marzani, JDT, 1502.01719]
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2.  Use Fragmentation Functions!
 

zg
IR Safe!
C Unsafe

F (zg)
d�

dzg
'

[Larkoski, Marzani, JDT, 1502.01719]

Absorb singularities!
into universal function!
(just like PDFs!)
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2.  Use Fragmentation Functions!
 

zg
IR Safe!
C Unsafe

F (zg) � 1

2✏

↵sC

⇡
F (zg)+

↵sC

⇡

Z
d✓

✓
P (zg)

d�

dzg
'

[Larkoski, Marzani, JDT, 1502.01719]

Absorb singularities!
into universal function!
(just like PDFs!)
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2.  Use Fragmentation Functions!
 

zg
IR Safe!
C Unsafe

F (zg) F (zg;µ)

•⇒renormalize

F (zg) � 1

2✏

↵sC

⇡
F (zg)+

↵sC

⇡

Z
d✓

✓
P (zg)

d�

dzg
'

[Larkoski, Marzani, JDT, 1502.01719]

Absorb singularities!
into universal function!
(just like PDFs!)
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2.  Use Fragmentation Functions!
 

zg
IR Safe!
C Unsafe

F (zg) F (zg;µ)

•⇒renormalize

P (zg)

• •⇒ ⇒
d/dµ

RG run UV fixed point

F (zg) � 1

2✏

↵sC

⇡
F (zg)+

↵sC

⇡

Z
d✓

✓
P (zg)

d�

dzg
'

[Larkoski, Marzani, JDT, 1502.01719]

Absorb singularities!
into universal function!
(just like PDFs!)
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A Standard Candle for Jets!
 

≈ independent of αs (!)!
≈ independent of jet pT and radius!
≈ same for quarks and gluons!
!
calculable deviations from universality

1

�

d�

dzg
=

P i(zg)
R 1/2
zcut

dz P i(z)
+ …
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(see backup for β ≠ 0)
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From Soft Drop to Splitting Functions 
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Theory Calculation

[Thanks to Simone Marzani]
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αs scale variation and!
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(Likely an overestimate!
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not enforced and!
q/g composition is known)

MLL:!
leading log plus!
running coupling

pT > 150 GeV!
zcut = 0.1
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Parton Shower Simulation

[Thanks to Andrew Larkoski, Alexis Romero]

MC:!
LO QCD dijets!
out of the box

Particle level, default!
underlying event tune,!
no detector simulation

pT > 150 GeV!
zcut = 0.1
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Experimental Measurement

This slide intentionally blank



Jesse Thaler — Probing the Core of QCD 20

The Future is Open

Accelerating science through 
(judicious) public data releases

10

FIG. 9: The raw gamma-ray maps (left) and the residual maps after subtracting the best-fit Galactic di↵use model, 20 cm
template, point sources, and isotropic template (right), in units of photons/cm2/s/sr. The right frames clearly contain a
significant central and spatially extended excess, peaking at ⇠1-3 GeV. Results are shown in galactic coordinates, and all maps
have been smoothed by a 0.25� Gaussian.

of the Galactic Plane, while values greater than one are
preferentially extended perpendicular to the plane. In
each case, the profile slope averaged over all orientations
is taken to be � = 1.3 (left) and 1.2 (right). From this
figure, it is clear that the gamma-ray excess prefers to
be fit by an approximately spherically symmetric distri-
bution, and disfavors any axis ratio which departs from
unity by more than approximately 20%.

In Fig. 11, we generalize this approach within our
Galactic Center analysis to test morphologies that are

not only elongated along or perpendicular to the Galac-
tic Plane, but along any arbitrary orientation. Again,
we find that that the quality of the fit worsens if the the
template is significantly elongated either along or per-
pendicular to the direction of the Galactic Plane. A mild
statistical preference is found, however, for a morphology
with an axis ratio of ⇠1.3-1.4 elongated along an axis ro-
tated ⇠35� counterclockwise from the Galactic Plane in
galactic coordinates (a similar preference was also found
in our Inner Galaxy analysis). While this may be a statis-

c.f. Fermi

November 2014

CMS 2010 Data:!

≈200k events with 
hardest jet pT>150 GeV,!
very low pileup
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Open Data Analysis

[Thanks to Sal Rappoccio, Aashish Tripathee, Wei Xue]

pT > 150 GeV!
zcut = 0.1

CMS Open Data:!
Jet Primary Data Set!
with Particle Flow !
Candidates

Statistical uncertainties only,!
no unfolding, 58021 events!
!
Using single jet triggers!
with ≈100% efficiency,!
AK5 jet energy corrections!
with area subtraction,!
no PFC corrections!
!
AOD → MOD format!
(MIT Open Data project)!
!
More plots in backup slides
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Open Data Analysis
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As nature!
intended:

pT > 150 GeV!
zcut = 0.1

[Thanks to Sal Rappoccio, Aashish Tripathee, Wei Xue]

CMS Open Data:!
Jet Primary Data Set!
with Particle Flow !
Candidates

Statistical uncertainties only,!
no unfolding, 58021 events!
!
Using single jet triggers!
with ≈100% efficiency,!
AK5 jet energy corrections!
with area subtraction,!
no PFC corrections!
!
AOD → MOD format!
(MIT Open Data project)!
!
More plots in backup slides
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From Soft Drop to Splitting Functions 
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Summary

The future is now:  idea + simulation + calculation + open data analysis!
Can open data enhance theory/experiment interface?

All orders in αs yields new insights into QFT!
New way to measure the universal singularity structure of QCD

Jet grooming to expose two-prong energy sharing “z”!
Makes concrete what we already intuit from jet substructure

!
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Backup Slides



VOLUME 41, +UMBER 3 PHYSICAL REVIEW LETTERS 17 JUx,Y 1978

C

FIG. 2. Definition of azimuthal angle y for a specific
event. T and 6' are the experimentally measured thrust
and coplanarity axes. k is either beam direction. T
and k define the x-z plane.

ton and the usual conservation laws it follows
that the most general form is

do/d p =A+ Bcos2 y. (3)
To prove this write the squared amplitude as jlU1 ~'
= l„,L"", where l„, is the trace over the lepton
currents

lq„(ko, qk, „+k,„k,q Zqpk, -k, ) (4)
and L"' is the analogous trace over hadronic-
current matrix elements. Since we observe only
T and C the most general form of L"" in the cen-
ter-of-mass frame is

L ~=L~ =A, T~+~ C~,1 2

l. &=7,T T~+ ~,('T C~+ r~C')

+ Z, C C~ ~,C'C'+ ~,6",
where &„(n = 0, l, . . ., 6) are invariant functions
and &' and C' are the Cartesian components of T
and C. Contracting ~„„with L"' and using the co-
ordinate system of Fig. 2 we find two sources of
q dependence: Terms proportional to ~4 yield a
sin0cos0cosy dependence which is odd in 0- m-0
and therefore integrates to zero, and terms pro-
portional to A, which yield a term proportional to
sin'icos'y. This establishes Eq (3). Notice. that
our proof nowhere depends on the definitions of
the vectors T and C. We conclude that Eq. (3) is
the correlation to be expected between any two
orthogonal vectors characterizing the final state
of e'e -hadrons. Thus, for example, the two-

.« "'o'(Q')"= Z ' (A„+B„cos2y),d& n=o
(6)

where the A„and B„coefficients are finite con-
stants. We have calculated the coefficient B,. It
is given by

B, = (Q'& /2m)('- ln-' —2), (7)
where o, is the lowest-order e'e annihilation
cross section into hadrons. Therefore,

——= 1+ O(n, (Q )) + ' (- la-, —2) cos2y2w do, o,(Q'),.
0'o d P 7r 3

~ O(~.'(Q')).

Equation (7) is obtained from the diagrams
shown in Fig. 3. To first order in e, the final
qqG state defines a plane
e'(k, )+e (k,)»q(p, )+q(p, )+ G(p,). (9)

The angle y is determined once the T and C axes
are identified. The maximum directed momen-
tum [Eq. (1)]is simply the momentum of the
most energetic particle i. Therefore the thrust
axis will be in the direction of p; (T—=p;). Note
that any of the three final quanta may be most

particle (P„P,) inclusive distribution (where we
associate T with p, and C with the component of
p, normal to p, ) will also show a cos2y depen-
dence, where we are in general unable to calcu-
late the B coefficient in Eq. (3).
However, when T is the thrust axis and C the

coplanarity axis, do/dy satisfies the criterion of
Sterman and Weinberg and, if they are right, can
be reliably calculated in perturbation theory.
This is because our definition of y does not dis-
tinguish between an event with a quark of momen-
tum p and energy E on the one hand, and an event
with a quark momentum p„and energy E„ac-
companied by a gluon with momentum p, and en-
ergy E, such that p, + p, =p and E,+E, =Eon the
other. The same is true for a gluon with momen-
tum p and a quark-antiquark pair with momenta
p, and p, such that again p, + p, = p and E, +E, =E.
provided, I then, that higher-order corrections to
do/dy contain no infrared divergences, the only
possible Q' dependence will be associated with
o'. , (Q'), where n, (Q') [=g'(Q')/4m] is the renor-
malization-group running charge of QCD. There-
fore, «/dp will be given by a power series in
o', (Q'),
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[Pi, Jaffe, Low, 1978;!
Kramer, Schierholz, Willrodt, 1978]
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(a) 

e- -e q 
9 

e+ 
4 

(b) 

Fig. 1. Second order QCD diagrams for e+e- --f y* + hadrons: 
(a) diagram interfering with the Born graph, (b) and (c) dia- 
grams for gluon production. 

e- Beam Axis 

2 

Beam Polarization Axis Thrust Axis 

Fig. 2. Definition of angles 0, X and @. The thrust axis is along 
@while the q, q and g momenta lie in the plane (x, z). The 
(v, z) plane divides the final state into two hemispheres. 
Gdefines the hemisphere in which to find the antiquark 
(quark) in case of the thrust axis being given by the quark 
(antiquark) momentum. If the gluon is most energetic sde- 
fines the hemisphere in which to find the quark. The angles 
8, x and $ vary between 0 < 0 d n, 0 4 x < 2~ and 0 $ @ G 2n. 
When talking about the thrust distribution &! will be defined 
according to A and B. 

that the (non-perturbative) quark and gluon fragmentation into hadron is characterized by a limited @I} x 400 
MeV, this becomes negligible with respect to the transverse momentum of each jet at high energies so that a dis- 
tinct signal of primary qqg production should emerge. 

Following Sterman and Weinberg [4], various authors [5,6] have proposed variables for measuring the jet topo- 
logy which are infrared insensitive and, hence, can be reliably calculated in QCD perturbation theory. Among 
those are thrust T, spherocity S and acoplanarity A i 

For algebraic convenience we shall put the quark mass equal to zero *’ . For unpolarized electrons and positrons 
the functional form of the basic partial cross section for e+e- + y* + q(pI)4&)g&) is given by PI  

2n 
d40 d20U d2uL 

=~(1tc0s20)~+~sin2B------- + 3 sin26 
d20T 3 

2x--- 
d2uI 

cos - - sin 28 cos x - 
d cos 8 dx dx, dx, dxldx2 dXldX2 24 dxldx2 ’ 1 2 

wherexi=2pi/@(xl +x2+x 
(1) 

3 = 2). 0 is the angle between the incoming electron beam and the thrust axis 
while x is the azimuthal angle between the qqg-production plane and the beam axis (fig. 2). The thrust axis coincides 
with the direction of the maximum‘momentum which can be carried by either quark, antiquark or gluon. 

The cross sections uu, uL, T u and uI have the following interpretation. uU(uL) is the cross section for unpolar- 
ized transverse (longitudinally polarized) photons with helicity axis 5, i.e., the thrust axis (fig. 2). am corre- 
sponds to the interference of helicity +l and -1 amplitudes (the real part of helicity +l and 0 interference). 

In calculating the various partial cross sections we have to distinguish between three kinematical regions (fig. 3): 

I: XL >X2, X3 ; II: X2>Xl,X3; III: x3 >Xl ,x2. 

In region I (II) the thrust axis coincides with the direction of the outgoing quark (antiquark) while in region III 
the thrust axis corresponds to the gluon momentum. 

*’ Our results for massive quarks will be published elsewhere [ 71. 
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φ well-defined

φ ambiguous

“φ is IRC unsafe”Me:   

“We explicitly calculated dσ/dφ in 1978”My Elder:

VOLUME 41, +UMBER 3 PHYSICAL REVIEW LETTERS 17 JUx,Y 1978

C

FIG. 2. Definition of azimuthal angle y for a specific
event. T and 6' are the experimentally measured thrust
and coplanarity axes. k is either beam direction. T
and k define the x-z plane.

ton and the usual conservation laws it follows
that the most general form is

do/d p =A+ Bcos2 y. (3)
To prove this write the squared amplitude as jlU1 ~'
= l„,L"", where l„, is the trace over the lepton
currents

lq„(ko, qk, „+k,„k,q Zqpk, -k, ) (4)
and L"' is the analogous trace over hadronic-
current matrix elements. Since we observe only
T and C the most general form of L"" in the cen-
ter-of-mass frame is

L ~=L~ =A, T~+~ C~,1 2

l. &=7,T T~+ ~,('T C~+ r~C')

+ Z, C C~ ~,C'C'+ ~,6",
where &„(n = 0, l, . . ., 6) are invariant functions
and &' and C' are the Cartesian components of T
and C. Contracting ~„„with L"' and using the co-
ordinate system of Fig. 2 we find two sources of
q dependence: Terms proportional to ~4 yield a
sin0cos0cosy dependence which is odd in 0- m-0
and therefore integrates to zero, and terms pro-
portional to A, which yield a term proportional to
sin'icos'y. This establishes Eq (3). Notice. that
our proof nowhere depends on the definitions of
the vectors T and C. We conclude that Eq. (3) is
the correlation to be expected between any two
orthogonal vectors characterizing the final state
of e'e -hadrons. Thus, for example, the two-

.« "'o'(Q')"= Z ' (A„+B„cos2y),d& n=o
(6)

where the A„and B„coefficients are finite con-
stants. We have calculated the coefficient B,. It
is given by

B, = (Q'& /2m)('- ln-' —2), (7)
where o, is the lowest-order e'e annihilation
cross section into hadrons. Therefore,

——= 1+ O(n, (Q )) + ' (- la-, —2) cos2y2w do, o,(Q'),.
0'o d P 7r 3

~ O(~.'(Q')).

Equation (7) is obtained from the diagrams
shown in Fig. 3. To first order in e, the final
qqG state defines a plane
e'(k, )+e (k,)»q(p, )+q(p, )+ G(p,). (9)

The angle y is determined once the T and C axes
are identified. The maximum directed momen-
tum [Eq. (1)]is simply the momentum of the
most energetic particle i. Therefore the thrust
axis will be in the direction of p; (T—=p;). Note
that any of the three final quanta may be most

particle (P„P,) inclusive distribution (where we
associate T with p, and C with the component of
p, normal to p, ) will also show a cos2y depen-
dence, where we are in general unable to calcu-
late the B coefficient in Eq. (3).
However, when T is the thrust axis and C the

coplanarity axis, do/dy satisfies the criterion of
Sterman and Weinberg and, if they are right, can
be reliably calculated in perturbation theory.
This is because our definition of y does not dis-
tinguish between an event with a quark of momen-
tum p and energy E on the one hand, and an event
with a quark momentum p„and energy E„ac-
companied by a gluon with momentum p, and en-
ergy E, such that p, + p, =p and E,+E, =Eon the
other. The same is true for a gluon with momen-
tum p and a quark-antiquark pair with momenta
p, and p, such that again p, + p, = p and E, +E, =E.
provided, I then, that higher-order corrections to
do/dy contain no infrared divergences, the only
possible Q' dependence will be associated with
o'. , (Q'), where n, (Q') [=g'(Q')/4m] is the renor-
malization-group running charge of QCD. There-
fore, «/dp will be given by a power series in
o', (Q'),
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Born cross section despite ambiguity (!)

Lesson: Use IRC limit to resolve ambiguities
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“Phase Diagram” for Observables

 β < 0

β = 0

β > 0

IRC Safe

Sudakov Safe

β → ∞ No Change

β → –∞ No Jet

p(zg) =
P i(zg)

R 1/2
zcut

dz P i(z)

p(zg) =
2↵sCi

⇡|�| P i(zg) log
zg
zcut

 

+ …

p(zg) =

s
↵s Ci

�
P i(zg)

 
+ …

+ …
UV fixed point!
of RG evolution

⇒
z > zcut ✓�

angular 
exponent

[Larkoski, Marzani, JDT, 1502.01719]
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Additional zg Theory Plots
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Additional zcut Values
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Additional pTcut Values

0.0 0.1 0.2 0.3 0.4 0.5 0.6
zg

0

2

4

6

8

10

12

14

1

�

d�

dzg

CMS 2010 Open Data
Theory (MLL)
Pythia 8.205
Herwig++ 2.6.3

Anti–kt: R = 0.5; pT > 300 GeV

Soft Drop: � = 0; zcut = 0.1

0.0 0.1 0.2 0.3 0.4 0.5 0.6
zg

0.0

0.5

1.0

1.5

2.0

Ratio
to

Theory

Prelim. (20%)

0.0 0.1 0.2 0.3 0.4 0.5 0.6
zg

0

2

4

6

8

10

12

14

1

�

d�

dzg

CMS 2010 Open Data
Theory (MLL)
Pythia 8.205
Herwig++ 2.6.3

Anti–kt: R = 0.5; pT > 600 GeV

Soft Drop: � = 0; zcut = 0.1

0.0 0.1 0.2 0.3 0.4 0.5 0.6
zg

0.0

0.5

1.0

1.5

2.0

Ratio
to

Theory

Prelim. (20%)

pT > 300 GeV pT > 600 GeV

zcut = 0.1

323 events2316 events



Jesse Thaler — Probing the Core of QCD 32

All Particles vs. Track Only
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Applying Pseudo SoftKiller
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CMS Corrected Jet pT Spectrum
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CMS Jet Primary Data Set Triggers
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