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Introduction

@ Future linear collider experiment (e.g. ILC)
Two-photon process  eTe™ — (ete yy) — ete X

Viewed as a deep-inelastic electron-photon scattering

We can study the structures
of photon €

— F; and Fz ) probe 2

Deep inelastic
scattering®y — eX

M




Two-photon Process

@ Differential cross section
BUBY  (4ra)? 1

do =
2E2EY(2r)° 2 4/ ) -m2

@ Leptonic part . and p5"
e —> e+ 7y
@ Hadronic part W/wm photon structure tensor

vy — X
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Spin-averaged Virtual Photon Structure Funcs.
o Spin—averaged structure tensor probe

W, (p,q) Z (>\) Wiwpr€(x) (P)

_ % d*z e (y(p)| Ju(2) T (0) |7 (D) Yspin ave.

1D
target
@ Structure functions F) and F)} Fp,=F,—zF

1

1 .
W), = eMVEFZ(:C? Q% P?) + duVEF;(wv Q% pP%) In analogy with the nucleon

2
duqv quPv +Puqv  PuPvq

Cur — Juv — dy:—gv+ —
S 8 8 P-q (p-q)?

QZ
T = :Bjorken variable 0<z<1
2p-q -
Q2 =¢2<0 mass squared of the probe photon

P2 =p2<0 ‘mass squared of the target photon
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F, in Perturbative QCD
Simple parton model

@ For real photon targgt (P2 ~0) P°<@ o o

NN r—
Fy (5,0 = a :\@Aww"\wms)] =L
(LO) (NLO) Hadronic piece

2 | Point-like contribution
~ In-= Witten (1977) dominates ~ In Q2

OPE+RGE A?
lowest order in o  Bardeen-Buras (1979) Walsh-Zerwas (1973)
—> NNLO extension Moch-Vermaseren-Vogt (2002, 2006)
@ For highly virtual photon target (A? < P? < Q?)

F)(z,Q* P?) = a A+ B+ O(ay) A : QCD scale parameter

1
as(Q?)
(LO)  (NLO)  Uematsu-Walsh (1981,1982)

Hadronic piece can also be dealt with perturbatively
Definite prediction of F.' | its shape and magnitude, is possible

@ We extend the analysis to NNLO (aa; )

Motivated by the calculation of 3-loop anomalous dimensions
Vogt-Moch-Vermaseren (2004,2006) 4/27



Overview of the method

o Wima-= / d*z "% (y(p)]Ju(2) T (0) [¥(P))spin ave.

T o

1 1
— eW;Fz(x, Q?, P?) + dW;Fg(m, Q?, P?)

@ The OPE near the light-cone Q)° — 0o ¢ light-cone
J(2)J(0) ~ > Ci(2)0:(0) i : over relevant ops.

= (1) () (0) 1)) ~ D Cil2)(v(P)|Os ()

@ Spin-n  twist-2 operators (hadronic ops. + photon op.)
("-th moment) (dominant) r=do—n
quark : Oy (flavor singlet) gluon: Og """

ONs ™™™ (flavor non-singlet) photon : O4*"#r

QCD with massless quarks with 7y flavors
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Overview of the method

@ Moment sum rule of F,

| we take p® = —p* = P*
M;(n,Q2,P2):/ dr z" *F) (z,Q*, P?)
0

9
- Y (Fara) 4 @r.a) foreven
izw’G’NS’Vf K Photon matrix element

<7(p)‘0?‘7(p)>spin ave.

RG improved coefficients

C? Q—2 g(P?),a ) = | Texp
2n PQ’ ’

Solution of RG eq. for coefficient functions B(g) - QCD beta function
Expand MJ(n,Q% P?) up to NNLO ( cevy) n :anomalous dimensions

Perturbatively calculable when A? <« P2

g—
3(Q2) B(g)

) C3., (1,9(Q%), @)
1J

@ Inverse Mellin transformation: 7 -space —) z-space

1 C+iOO . -
F)(z,Q? P?) = 2—m/ | dnz' " M) (n,Q*, P?) numerically inverted .



Anomalous dimension matrix

@ To the lowest order in «

o) = ( m(ggi}) E )

@ 3 x 3 anomalous dimension matrix in the hadronic sector

Tou(9) Woy(g) 0 0 _
T(9) = | 72c(9) 16clg) 0O - Z A b
i=+,—,INS
0 0  vslg)

@ Mixing anomalous dimensions between photon operator
and three hadronic operators

Kn(g" &) — (K'f(g Oc) I{E'(g! ﬂf) I{RFS(Q: Q))
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Moment Sum Rule for F)

@ Summarized as

/0 dr z" *F) (z,Q°, P?) for even n
Ca U] odn [ (ae@\
47 20, { as(Q?) zi:ﬁi [1 <as(P2)) NLO (@)
. g QZ di’ . o QZ di+1 .
T (@) e e ()|

ey fi- (223)

-G s
) o))
NNLO (aas)
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Moment Sum Rule for F)

n __ n (O 1 n
Ly = KPPrCy), O
NLO 0
Plyn Pl 1 y 011 —dp
A" — _K(O) J ? C(O) K(O)Pnc(o 1 i
7 n zj:An )\n+26 2,ndn 2n6 d?
1
_|_K’I§Ll)P’L'nCéO’r)Ld_ - 250An1)PinC§?fr)L
nA(l) n
B — KO Z Pl PP o 1
@ AT — A”+26 211+ dp
+ KéO)PZ-’”’Cé” L gOproi @

’n1—|-d? n 1 Q’nﬁol—i-d?’
" = 260(C35) + A - Cy))

’n 7n
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Moment Sum Rule for F)

NNLO
32 3 1 dn
pr = —KOprel® (A -2 -
* 2 ( % -30 1—dr 2
KO Z PryY P, 31 1—dy
Nt — NP+ 208y PGy L — dp
O)Z pPraYp, cgﬂgf‘?ﬁ(l‘_d?”?)
AP — N+ 48y "B\ 1—dp
P”’}n P 1

0) (0)
ZX“ )\”+4?CQ”‘ —d7

P”" b prs (D pn 1

O) g m " C( )
Z )\n + 2 '}0)(An )\n + —1:'}0) 2, ] — d?

K I)Pn K(l .3' ,n C(U)
+ Zxﬂ X’*+230 2] — dn

1 P”An =4
(2) pn / (0)
~KP P — 7 + 23, Al E;)\n )\”NOC_

3
—265,AV prcy) ;dﬂ — 25,AP prc?
) ,
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Moment Sum Rule for FY)

NNLO :
31— dr Pryy) Pr 1
sn _ _gOpnaWELZ T % g (0) (1)
1 n i E,HISD d;l m Z A — }L? +2.3[] Z,Rd?
n (1) 1 (0) 5’2
K 'P Cﬂndn K P CETL 32(1_5;1)
P- *..{1:|P*g1 3 1 . d'n; P'-_'I- *,.'I”P_’.Ii. 3
KOy i Ty ooP L KOy RN (0) P1
TN =N+ 26 e df TN =N 250 "
nz (1) pngz(1)
koY BWRWE 0l
D TP S S T RN

Pﬂ,}n Pﬂ- 0 1
~-KVprC KU cl_—
‘ Z”Jﬂ N Z A — 7+ 2.% 2n dn

" -P A,l'ﬂ- -P” o~ 3 o~
_ 9y (1) § ! (0) , (1) prn~0)PL ¢ 5 (1) pn (1)
Q.JGAH - }ll?} }L?; _I_ QJD C:‘E,ﬂ -I_ QllgnAn PI Gz:nl d'.I" QllgnAn PI Cz:n
J (4 i |

SO i
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NNLO :

‘F‘_ﬂ-

T

gﬂ- —

Moment Sum Rule for FY)

1 : o df
K Pn(-viz _Ki.D Pnc 1
‘2n 1 dn n 2n ,J 1 n d‘”_

Pnﬂ‘i{ll -Pﬂ ].
K{D C( )
N Z}\” An+230 A4 dr

32 By 1 d?
K{D P”C e N ol %
" ' ( B2 Bol+dr) 2

_K{GZ PP o 4]
A — )a'”"—|—23[, Gy 1+ d7

K{G]Z Pn'""’n Pn (0) 31 1+d?—{f;1
n A" — )a'“+43[, 2” By 14d»

Prypr

1
K{D) C': )
T Zj:)m AT + 46, Zinq

dr?

1

_I_
Pnﬁﬁ{ll P’ '}ﬂ. P? ( 1

+K " _
" Jzk (A2 — A7 + 23 — N+ 26, AT — AR+ 45

26,(C3\Y + AL . ) + AP - YY)

)

14dy’
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Needed parameters in MS

@ QCD g -function Tarasov-Vladimirov-Zarkov 219803
o . Larin-Vermaseren (1993
. _ 9 9
Blg) = 16”2 ﬂo 1672)? B 1672)3 B2+ O(9”)
2-loop 3-loop

@ Anomalous dimensions of hadronic operators

Moch-Vermaseren-Vogt (2004)
2

2,(0),n +

24oop 3Ioop

@ Hadronic coefficient functions  van Neerven-Zijlstra (1991,1992)

4
Cn _ C(O)’ g C(l) g 0(2) O(d°
1Ioop 2Ioop
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Needed parameters in MS

@ Mixing anomalous dimensions

K"(g,a) = _Y g 4+ iK(l),n 4+ LK@M + 0(¢%)
’ 47 1672 (1672)2

2-loop
@ Photon coefficient function

nfTrCF —3(e*)nsCr nyTp (CF - %> e
nyTp — —3{e*)n; Ca—0 1fer



Needed parameters in MS

@ Mixing anomalous dimensions
K"(g,a) = N "N iK(l),n 4+ LK@),” + 0(¢%)
’ 47 1672 (1672)2
3-loop

No exact expressions for 3-loop K", K", K& yet

But the compact parametrization of
3-loop splitting functions p(2)-aperox (), Péi);approx(r)
(and exact P{2)(x)) exist

(the deviation < 0.1 %)

@ We use
Kl = e [PE) + P(e)
K8 = [ dra® [P0 0]
j{gﬁgpm}( — /di’;t‘n_l :Pé%}’appmx(;r)}
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Needed parameters in MS

@ Photon matrix elements Perturbatively calculable when A? < P?

2
a g
A" — = | AWn A 4

1-loop  2-loop
@ Unrenormalized gluon matrix elements of hadronic operators

were calculated in =~ -space

. (2),1n 1(2),n 1(2),n .
@ We obtain 1&,) CARE" AD™ | after taking moments,

R 2 1 1 R 2 1
A];g (n, —pz, —) — / dx x”_lA’;g (w, —p;, —)
H= € 0 H= €

renormalization and the replacement of group factors

=0

nfTrCr —3(e*yn;Cr 16127



Numerical Inversion

@ Inverse Mellin transformation
A— over complex n -plane

Cc+100
F)(x, Q% P?) = L/ dnz* =" M) (n, Q?%, P?) numerically inverted

2m1 00

@ Analytic continuation fron even- n
@ Harmonic sums appear in the expressions of coefficient functions,
anomalous dimensions and photon matrix elements

1 Z L (=1)7
% k=1,2,---

3

1

B (up to weight-5)

1 1)’~C
[example] S; 5.(n) = Z - Z

k
71=1 k=1

\v}
M- <
—_

@ We need to evaluate harmonic sums numerically on the complex

n-plane ,
up to NLO: we only need  S1,52,5-2,53,5-3,5-2,1
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Evaluation of the Harmonic Sums

@ [Example] 7(2‘) (n)

B Cone Plen 3970 1 6
Yo (N) = 16C,Cony (N +4N, - 2N, [ $iG -5 S 29‘ —4tOh-a ~(N- )9171+\N,—V+ [229,@7—1759;17291 I P PN
35' 95' 3S SS' 28 + 28 240 S' + 65 9 38 I 2
= 391,-3 — 391,-2 — 351,-2,-2 — 391,-2,1 — 291,-2.1,1 D1,-22 — 1.1 1.1,-3 37 4’5 35 217 1385 593 49
2 25 2128 ' 3 216 ' ‘TSI.I ) —S111— P 51.1.1,1 6S“2 2451,2AT~5 isu 52.1,1
+3SIIQA‘F*SXl—Z*GSXl—ZI‘*SHl*GSHI—Z*szl1‘4Slllll*3slll.2 5 17, 9
35 53 s 2833 + ESZ,,} — 88,2 — ESZ.I +3851,-2-S21,01 + 28212+ E.S; 2— 650+ —Sz_z + ZS“
-7511~+351121+5111+ 517+3512 2+75121+651211-6~3111 216S 1363 9 1 25 15 1783 .
12 o - s3+-s3,7+gs31+3sn1+Zs4+4s5}+(1—N+1[—57,7+—s1 41818
+35 4+332§3 —65,3— *Sz 2+685 21 +*Sz 1468212 — 685211 +38212 —S221 4 16 2731 62 319 49
: 2551 173 55 3% *3+ 36 S‘ 23S0 - St TSt oS *§31,1,1,1+ZS1.1.2
+2S~m+ Szz—SSzz——Ss T35 25311——S4+2S41}+(N rl)[le 287 79 73141 93 1567 34 15
4543 +7S‘12+ 912+ 276 ‘5'2724‘92@4»75'2,34»?5 _ 7772511 3 5'4775'41
— 450G - 511+ 5111~*3'1111+ 5112~75'12+ 513}+(N7~V+)[ S 6 53 7385
108 9 1301 13 109 192 +7Sz.1;72+75'2,11 382101 +68212+ Szz+75'3**53 z+ 531+55311
-—51(,.3-51734'235172-—51, 2+ =S8+ 51172+ 5111-—5171+4532 2303
23 N . 21565 2 18 . 2 ~1955D+16C,,vmz((N,+4N+~2N‘z~3){32—4§1+§§11 851,1A,~€s2.1,1~s4
+751‘3+75\ Lt S =5 S+ 5 +9S2C3*752‘ 255214821 2 4 1 1 35 7 ) , , ,
6 6 3 72 8 52 s 36 3 TSt gSiii = 38+ eS+ oS —*Sz}-*(N -1)[51.1,1-*-51.2-52,1}
+232,4+129:.11+ Szlll 352.1,2*7327%9221**573*733+3Sx7~*f233,1 NN )[59%3? 7 T 251§' @S 775§, +ZS} (1-N ][EV 165
49 145 3571 58 25 - 592 18727 247 4Tess 7R
72&‘1+_S4+4S“72S5}+(I7N’)[_51§37_Y1+2S1 377;” 751‘” PRV 7ls799}+—(\: —1)S>+16C n((N- =1
23 335, 31 11, ) L3 . ) 2592 V1 T3 N T g T e T\ 1 e (N 2,1,-2
2517”*—2165 5114 351A1,1.1—551.1.24'7—251.24'552.1,1.1+854A1—255
1 3 183 117
+58121— 7351,72 +278,03 - 882 3+ —S7 2+885 21— 754 +8851 2 — TSZ,].I
157, 9. ssl 237 7
—38212+ TSLZ —38221— 552,1 T —S53 83 2+ TSJJ — 85311 +8532+ TSZ.I
4319 1 175 7 7 4
- 7&]) + 16@71,2(6(1\:, +AN, 721\'“ —3) [—sl S5 3S S

A
J-(l‘N+) a3

3220 3
57 S

+3Y111*51111+511“~5'121~5'13+ 8 5'2}+ (N-—
53 , 149 7 1
5 (N2 = DS = (N- =N [ s+ 18- §53—— 7

1 5
+ oSy - =85+ 28, "n (N +4N| —
RN 1xS3+3 4})“6(,1 n,(u\ AN, —2N

31 61 8
*7-3'1§3+751 34251, 314351, 2, 2——.8‘1 21

20 4
—5—4911—3511Cz+2911,3+?911,o+—9111+

+451112+ 5112+251121+ Sl.z~51,z. 2+ES1.2.1~ S1_4+95Sz
155 53 5 31
*BSZCK*SZ,—S‘FTSZ,—Z‘FZSZ,—Z,I*iszl‘*’fsll,l‘*’:;s],j,]*ESZAZ‘FESK,I*BSH _ 2S + 6S
261, oo N nfasi o DS _Bg Ao S2 4 -2,1,1 1,1,—-2,1 1
TS 177}+( 2— )[ 186~ Tog 135332 - S 2+ 3Si
161 0 3 56 20 2
+¥Sl,l*gsl.l.—zkisl.l,l+551,H,l*E&,Z*’ESZ*?SZJ*2S1.3*§SZ.H}

+2S Y
A.Vogt, S. Moch, J.A.M. Vermaseren \.° PPh TR

Nucl.Phys.B691,129-181(2004)
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Evaluation of the Harmonic Sums

@ Our strategy
@ For large |n| > no, we use asymptotic expansions of harmonic sums
@ For small |n| < ng, we use translation relations and shift the
argumentn,as 5, — 5+ 1 — ... — 7 il 2] > ng

so that the asymptotic expansion can be used (ng = 16)

j=1
@ Asymptotic expansion:

11 1 1
=1 — o)
Si(n) =In(n) +95 + 57 = 902 + 1500 T (n6)

@ Translation relation: shit n —n + 1

Euler-Maclaurin formula

1
n+1

Sl(n) = Sl(n+ 1) —

19/27



~

e

[Another example] 5, 5 (n) =Y !
) (4
@ Asymptotic expansion: i=1

ST 51(n) = co2In’(n) + co 1 In(n) + cop +

cy 1 In(n c c ca 1 1n(n c c5 1 1n(n c 1
2,1 2( )+ 20 32))0+ 4,1 4( )+ 10 | 5,1 ()+ 5’0+O<—
n n n
5 5 3 Euler-Maclaurin formula
Co2 = C1,1 = —1—6C(3) Co,1 = —ngC(3) - EC (2) (straightforward but tedious)
7 1

coa = ~35166(2) — T67HCE) ~ ) Lia (5 ) - 16 WEDCE) + 5 (262

5 3 5
-3 In®(2) + ég(z)g@) + %<(5) — Lis (%) cro = —1678C3) — g5¢7(2) + 1£C03)
1

1
C21 = oo (3) Co 0 = %'YEC(S) + %CQ(Q) — é—iC@) 3,0 = 65—4C(3) “1=g " @C(B)

@ Translation relation:  shift n —n + 2

1 1 1
even — even o even Seven 2
Sl’l,_z’l(n) Sl,l,—2,1(n+2) (n+ 1 _|_ ’[’L—|—2) Sl’_2,1(n+2)+ (n_|_ 1)(n+2) —2,1(n+ )
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Numerical Plot £ (z, Q% P?)

07 - — LO n=4 Q’=30GeV? P>=1GeV? A=200MeV

e NLO /'\ i
0.6 . —— NNLO

— r Y 2 2 A2 | / \ 4
< F)(z,Q°,P°) =« + By + a,Cy /
= 05 s )
c LO NLO NNLO
£
jﬂ/) r //
S 0.3 —~ — :
m N /
e 7 /%
0.2 ~
0.1 //
+= 0 — ‘
3 0 0.2 04 0.6 0.8 1
7))
Q) X
Y
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o o
(o] ~

o
o

/ 3n; (e*) 7 In(Q%/P?)
o o
w n

F

Y
2

=] o
- N

o

Numerical Plot ) (.. 2, p?)

— 5 n=4 Q?=100GeV? P?=1GeV? A=200MeV
| — NLO
= NNLO //-\
/ /
d |
A// _
7/
0 0.2 0.4 0.6 0.8 1
X
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0.7

0.6

(0
T

/ 3n,(e*)
o
=N

Y
F
o
w

0.1

Result

Numerical Plot ) (». @2 p?)

LO

NL

— 10 I n=4 Q’=30GeV* P’=1GeV* A=200MeV
| —NLO |
//\
- Fl(2,Q% P?) = a[BL + ay

%’\\\

Ve

AN

Yy,

A\

\

0.2

0.4

0.6

0.8 1
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/ 3n.{e*) 1

F

Numerical Plot

F) (2, Q% P?)

- LO
™ NLO

=3

=4 Q°=100G

eV? P>=1Ge\

/2 A=200MeV

yd

N

27N

4

A\

J

\

\

0.2

0

4 0.

6

0.8
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Numerical Plot F;
3
Fog = F + EFE

e

directly accessible in the experiment

........

1.5 _,, ............................. _
g
e
.
L
1 IS SN SO SPSUS OO US OO UUS PR UT USSR SPUPUPUPEPUPUPSRSPRPSPRPRPOR S8

05 |
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Summary

The virtual photon structure function FJ(x, Q2. P?)was investigated
in the kinematical region A* <« P? <« ()?

Definite predictions were made perturbatively up to NNLO (¢xCxs)
NNLO («cxs) corrections appear at large =

We also analyzed the virtual photon structure function F/(z. Q2. P?)

— n=4 @=30Ge\ P’=1GeV} A=200Me\ —10 n=4 F=30Ge\? P’=1Ge\f A=200Me\
— NLO 1 — NLO
H—NNLO

=)
N
=)
N

F,/ 3n (") In(&/P?)
o © © o o o
- N w N 3] [=;]

o

a
T

F./ 3n (e"

o
o

°
(3]

o
kS

°
w

©
()

4
-

o

26/27



Future works

@ Quark and gluon distribution functions in the virtual photon
up to NNLO

T. Ueda, T. Uematsu, K.S. In preparation

@ Phenomenological analysis of the virtual photon structure
functions including target mass effects up to NNLO

Y. Kitazono, T. Ueda, T. Uematsu, K.S. in preparation
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