
TMD Fragmentation Functions   
in e+e− and SIDIS processes

Marco Radici 
INFN - Pavia

1

Phenomenological overview
coffee break

8:45-9:15

I. Scimemi: TMD evolution: an overview
S. Melis: Phenomenological implementations of TMD evolution

H. Avakian: Disantangling different effects, from higher twist to target fragmentation

F. A. Ceccopieri: L  production in the DIS target-fragmentation region

R. Ent: Experimental overview
A. Bacchetta: Phenomenology: status and perspectives
C. Weiss: Unraveling hadron transverse momentum in SIDIS: Dynamics, present data, future 
measurements

V. Barone: Extraction of the Boer-Mulders PDF
18:00-19:00

11:00-11:30

16:00-16:30

Short presentations: up to 15'

11:30-13:00

14:30-18:00

Summary of the sessions

Higher twist and target fragmentation effects

Short presentations: 

Introductory talk:

Chairpersons: V. Barone, M. Mirazita

TMDs from unpolarised SIDIS data (pT distributions, azimuthal asymmetries)
Chairpersons: A. Bacchetta, S. Pisano, P. Rossi
Introductory talks:

Short presentations: 

Introductory talks: 30'    

PRELIMINARY SCIENTIFIC PROGRAMME   (August 18, 2015)

Welcome

TMD evolution

Chairpersons: M. Anselmino, B. Pasquini
Introductory talks:

Wednesday September 2

9:15-11:00



2

a phase transition in 3D studies

Parton model

QCD  
analysis  
+ data

Global fits

Parton model

Global fits

1D  
(standard parton distribution 
functions - PDFs)

QCD  
analysis  
+ data

3D  
(transverse momentum 
distributions - TMDs)
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key results of QCD

factorization  
                         test TMDs by comparing different processes 
universality 

evolution          test TMDs by analyzing experiments at  
                            at different energies  



 Single-hadron Fragmentation Functions  ( SiFF ) 

1. Status of collinear parametrization of D1
q→h (z; Q2)

quark pol.

U L T

D1 H�
1

1D =
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 a   new  step

before 2007

- AKK (Albino, Kniehl, Kramer, 2005) 
- BKK (Binnewies, Kniehl, Kramer,  

                      1995) 
- BFG (Bourhis, Fontannaz, Guillet,  

                      1998) 
- BFGW (Bourhis, Fontannaz, Guillet,,  

                           Werlen, 2001) 
- CGRW (Chiappetta, Greco, Guillet,                  

                            Rolli, Werlen, 1994) 
- GRV (Glück, Reya, Vogt, 1993) 
- KKP (Kniehl, Kramer, Potter, 2000) 
- Kr (Kretzer, 2000)

after 2007 
global fits 

error analysis

- AKK08 (Albino, Kniehl, Kramer,  
                            2008) 

- HKNS (Hirai, Kumano, Nagai,  
                          Sudoh, 2007) 

- DSS (De Florian, Sassot, Stratmann,  
                      2007)

2015

major update 
for q → π

- DSEHPS (De Florian, Sassot, Epele, Hernández-Pinto,  
                               Stratmann, P.R. D91 (2015) 014035)

- more/better data for  
          e+e− (Belle, BaBar),  
          SIDIS (Hermes, Compass),  
          LHC (Alice), RHIC (STAR) 

- new error analysis 
- global χ2/dof ~ 2.2 → 1.2
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 is collinear description good ?

when fitting unintegrated multiplicities to extract TMD FF,  
main assumption is that fitting integrated multiplicities gives  

good collinear FF…
V. COMPARISON OF MULTIPLICITIES

WITH LO CALCULATIONS

To date, analyses of FFs [9–12,22] have been carried out
in the framework of collinear factorization. In this approxi-
mation, the multiplicity is defined as the integration of
Eq. (1) over Ph?. In one such model, the LO QCD-
improved quark-parton model, the hadron multiplicity as
a function of z and Q2, is given by

1

NDISðQ2Þ
dNhðz;Q2Þ

dz
¼
P

f e
2
f

R
1
0qfðxB;Q2ÞdxBD!

f ðz;Q2Þ
P

f e
2
f

R
1
0qfðxB;Q2ÞdxB

;

(8)

where the sum is over quarks and antiquarks of flavor f,
and ef is the quark charge in units of the elementary
charge. The multiplicities in this LO approximation are a
reasonable starting point for comparing the HERMES
results with predictions based on fragmentation functions
resulting from global QCD analyses of all relevant data.

A comparison of the multiplicities measured by
HERMES for SIDIS on the proton and deuteron with LO
predictions is presented in Figs. 9 and 10. The multiplicities
are calculated from Eq. (8) (though integrated only over the
accepted range in xB of 0.023 to 0.600) using values for
the FFs taken from three widely used analyses, that of de
Florian et al. (DSS) [22], that of Hirai et al. (HKNS) [12],
and that of Kretzer [9], together with parton distributions
taken from CTEQ6L [45]. For positively charged pions
and kaons, the results for a proton target using FFs from
the analysis of DSS are in reasonable agreement with the
HERMES results. For negative charges, the discrepancies
between data and the results based on FFs from DSS are
substantial, particularly for K$ where the curve predicted
lies below the observed multiplicity over most of the
measured range of z. For !$ the results from the DSS
analysis agree with measurement at low z. For both!$ and
K$, fragmentation is less affected by u-quark dominance.
Uncertainties in the less abundant production by strange
and anti-u quarks may have a larger impact on the predic-
tions than for the positively charged hadrons. Alternatively,
next-to-leading-order (NLO) processes may be proportion-
ally more important for !$ and particularly K$, and the
discrepancies observed here may signal the importance of
calculating multiplicities at NLO. For kaons the DSS
results give a better representation of the data than the
Kretzer and HKNS curves. This is to be expected, since
the DSS analysis included a preliminary version of the
HERMES proton data in its database. The Kretzer and
HKNS results are in substantial disagreement with the
multiplicities measured for K$. The results on deuterons
are in general in somewhat better agreement with the
various predictions, in particular for pions. However, the
discrepancy between the measured K$ multiplicities
and the various predictions is also apparent here. In
Figs. 9 and 10 the multiplicities obtained from the

HERMES Lund Monte Carlo, in which the fragmentation
parameters have been tuned for HERMES kinematic con-
ditions [20], are also shown. Inclusion of the data reported
here in future global analyses should result in higher pre-
cision in the extraction of FFs, particularly those describing
less abundant fragmentation processes.
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FIG. 10 (color online). As in Fig. 9 but for deuterons.
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FIG. 9 (color online). Comparison of the vector-meson-
corrected multiplicities measured on the proton for various
hadrons with LO calculations using CTEQ6L parton distribu-
tions [45] and three compilations (see text) of fragmentation
functions. Also shown are the values obtained from the
HERMES Lund Monte Carlo. The statistical error bars on the
experimental points are too small to be visible.
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> 1.6GeV2

global 2.86 3.90 3.55 2.29

p ! K

� 2.25 2.27 1.38 2.38

p ! ⇡

� 3.39 6.58 5.03 2.70

p ! ⇡

+ 1.87 2.45 2.74 1.16

p ! K

+ 0.89 0.85 1.13 0.59

D ! K

� 4.26 4.22 2.81 4.45

D ! ⇡

� 5.05 8.66 7.96 3.42

D ! ⇡

+ 3.33 4.61 5.19 2.29

D ! K

+ 1.80 1.57 2.17 1.31

Table 2. Values of �

2
/d.o.f. obtained from the comparison of the Hermes multiplicities

m

h
N (x, z,Q2) with the theoretical prediction using the MSTW08LO collinear PDFs [8] and the

DSS LO collinear FFs [48]. In all cases, the range 0.1  z  0.8 was included.

Our analysis relies on the assumption that the transverse-momentum-integrated mul-

tiplicities, m

h
N (x, z,Q2), are well described by currently available parametrizations of

collinear PDFs and FFs. However, this is not always true. In order to identify the range of

applicability of the collinear results, we compared the multiplicities as functions of x and z

with the leading-order (LO) theoretical predictions obtained using the MSTW08LO PDF

set [8] and the DSS LO FF set [48]. In the comparison, we neglected the uncertainties af-

fecting the PDFs but we included the ones a↵ecting the FFs, obtaining the latter from the

plots in ref. [52]. They are of the order of 5–10% for light quarks fragmenting into pions, of

10–15% for favored kaon FFs, of 50% for all the other cases, and they are larger at higher z.

In table 2, we quote the �

2 per degree of freedom (�2

/d.o.f.) obtained in our compar-

ison. Our results are di↵erent from the ones quoted in tables IV and VIII of [48] for a few

reasons: i) we used the final Hermes data, in particular the set with x and z binning;

ii) we included also the lowest z bin (z < 0.2); iii) we did not include any overall nor-

malization constant; iv) we included the theoretical errors on the extracted fragmentation

functions. The comparison shows that in general the theoretical predictions do not describe

the Hermes data very well. The agreement is particularly bad for ⇡� and K

�. However,

this is not surprising because: i) the MSTW set of PDFs does not take into account semi-

inclusive DIS data, ii) as mentioned above, the DSS set of FFs [48] was deduced using only

a preliminary version of the Hermes multiplicities, iii) the Hermes data give very large

contributions to the �2 of the global DSS analysis. Nevertheless, in our analysis we decided

to restrict the ranges to Q

2

> 1.4GeV2 and 0.1 < z < 0.8, i.e., excluding the first bin in Q

2

(equivalent also to the lowest x) and the last bin in z. Inclusion of decays from exclusive

vector-mesons markedly degrades the �

2 of the pion channels and increases the global �2

(cf. the first and second columns of table 2). Hence we will present results for only the fits

to vector-meson subtracted multiplicities. We checked that our basic conclusions do not

change when using data without vector-meson subtraction.
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FIG. 5: Comparison of our NLO results for charged pion multiplicities in SIDIS off proton (left panels) and deuteron (right
panels) targets with data from the Hermes Collaboration [30]. The inner and outer shaded bands correspond to uncertainty
estimates at 68% and 90% C.L., respectively. Also shown are the results obtained with the DSS FFs (dashed lines).

without any refitting or adjusting normalization shifts.
The agreement with SIA data is in general very good,
except for some small deviations from the recent B fac-
tory data, most noticeable in the comparison to BaBar.
Contrary to the new analysis, the original DSS fit under-
shoots both the Belle and BaBar data at high z.

Our estimated uncertainty bands, also shown in Figs. 3
and 4, reflect the accuracy and kinematical coverage of
the fitted data. They increase towards both small and
large z, similar to the pattern observed for the individual
Dπ+

i in Figs. 1 and 2. One should keep in mind that the
obtained bands are constrained by the fit to the global set
of SIA, SIDIS, and pp data and do not necessarily have
to follow the accuracy of each individual set of data.

As was already mentioned in Sec. III A, the SIA data
from the LEP and SLAC experiments constrain mainly
the total quark singlet fragmentation to pions as up-type
and down-type quark couplings to the exchanged Z gauge
boson are roughly equal at Q ≃ MZ . The new BaBar
and Belle data are dominated by photon exchange and,
hence, prefer up-type quark flavors. When combined,
this leads to some partial flavor separation. QCD scale
evolution between Q2 ≃ 110GeV2 and Q2 = M2

Z pro-
vides some additional constraints, in particular, also for
the gluon FF. The flavor-tagged LEP and SLAC data,
listed in Tab. II, are still the best “direct” source of in-
formation on the charm- and bottom-to-pion FFs.

Finally, we wish to remark that despite the excel-
lent agreement with all SIA data there are still some is-
sues which require further scrutiny and, perhaps, more
detailed comparisons among the different experimental
groups. One concern is the question to what extent “feed-
down” pions from weak decays contribute to the individ-
ual data sets. Different treatments of QED radiative cor-
rections, whose main effect is to lower the “true” c.m.s.
energy

√
S of the collisions, might be another source

of potential tension. For instance, the Belle Collab-
oration [29] provides only a measurement of the cross
section dσ/dz, while all other experiments in SIA scale
their quoted results by the total cross section σtot for
e+e− → hadrons. Since Belle cuts on radiative photon
events if their energy exceeds a certain threshold, rather
than attempting to unfold the radiative QED effects, one
has to take this into account when normalizing theBelle
data to the conventional 1/σtot dσ/dz in a global fit.

C. Semi-Inclusive DIS Multiplicities

The most powerful constraint of flavor-separated FFs
comes from charged pion multiplicities in SIDIS. Con-
trary to SIA, which produces π+ and π− at equal rates,
multiplicities are sensitive to the produced hadron’s
charge through the choice of the target hadron in DIS.

DSEHPS 2015 
DSS 2007

MSTW + 
DSEHPS 2015 

HERMES SIDIS multiplicities 
χ2 ~ 2.86 → 1.37
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 is collinear description good ?

caveat
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FIG. 1: The individual FFs for positively charged pions zDπ+

i (z,Q2) at Q2 = 10GeV2 along with uncertainty estimates at
68% and 90% C.L. indicated by the inner and outer shaded bands, respectively. The panels on the right-hand-side show the
corresponding relative uncertainties. Also shown is a comparison to the previous global analysis by DSS [10] (dashed lines).

mum zDπ+

i at NLO accuracy for i = u+ ū, d+ d̄, ū = d,
s = s̄, c = c̄, and the gluon g (solid lines) along with our
uncertainty estimates at 68% C.L. (inner bands) and 90%
C.L. (outer bands), obtained as described in Sec. II C.
For better visibility, the rightmost panels give the rela-
tive uncertainties for the same set of zDπ+

i . The results
of the previous NLO DSS fit are shown as dashed lines.
As can be inferred from Fig. 1, for the light quark fla-

vors the old DSS results are either close to the updated
fit or within its 90% C.L. uncertainty band. The best
determined pion FFs is Dπ+

u+ū, where the relative uncer-
tainties are below 10% at 90% C.L. throughout most of
the relevant z range. Only for z ! 0.8 the errors rapidly
increase because of the lack of experimental constraints
in this region. The corresponding uncertainties for Dπ+

d+d̄
turn out to be slightly larger as they also include possi-
ble violations of SU(2) charge symmetry through Eq. (3).
We stress again, that at variance with the DSS analysis
[10], the new fit does not favor any SU(2) breaking. For

the unfavored FFs, Dπ+

ū = Dπ+

d are determined well in a
much more limited range of z, and uncertainties start to
increase already for z ! 0.5. The corresponding ambigu-
ities on Dπ+

s = Dπ+

s̄ are about a factor of two larger and
amount to at least 25% at 90% C.L. for z ≃ 0.3.
Bigger deviations from the DSS analysis are found for

both the gluon and the charm FFs. In the latter case,
this is driven by the greater flexibility of the functional
form, five fit parameters rather than three, which helps

with the overall quality of the global fit and cannot be
pin-pointed to a particular data set. In fact, there had
been no new charm (or bottom) tagged data since the

LEP and SLAC era. The significantly reduced Dπ+

g as
compared to the DSS fit is a result of the new Alice pp
data [32], which have a strong preference for less pions
from gluon fragmentation for basically all values of z.
We will discuss this finding, and possible tensions arising
with the pp data from RHIC, in more detail in Sec. III D.
The relative uncertainties on Dπ+

g at Q2 = 10GeV2 are
about 20% at 90% C.L. up to z ≃ 0.5 and quickly increase
towards larger z values.

We refrain from performing a detailed comparison to
the uncertainty estimates based on the data sets avail-
able for the original DSS analysis [10, 26] as they can be
viewed at best as a rough approximation. Only with the
quality and variety of data sets available for the current
global analysis one can arrive at a first meaningful deter-
mination of uncertainties for parton-to-pion FFs, which
therefore constitutes as one of the main results of this
study.

We note that the new very precise SIA data from
BaBar [28] and Belle [29] help to reliably constrain
light quark FFs to much higher values of z than before,
in particular, Dπ+

u+ū. In combination with the LEP and
SLAC data, which, at Q2 = M2

Z , mainly constrain the to-
tal quark singlet fragmentation function, the new precise
data at

√
S ≃ 10.5GeV also help to provide some partial

De Florian et al., P.R. D91 (2015) 014035

- major improvement for total  
         up & down channels: 
 (       rel. uncertainty ≲10% for 0.2< z< 0.8 

- for other channels, improvement upon 
DSS only for 0.2< z< 0.5 

- Compass data for SIDIS multiplicities 
for deuteron target only 

- Kaon fragmentation data not included



 Single-hadron Fragmentation Functions  ( SiFF ) 

2. Multidimensional description of D1
q (z, pT; Q2) 

through SIDIS multiplicities
quark pol.

U L T

D1 H�
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 recent data on SIDIS multiplicities

hermes
Airapetian et al., P.R. D87 (13) 074029

further analysis: transverse momentum dependence 
of the unpolarized SIDIS cross section ... 
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FIG. 8 (color online). Multiplicities of pions (left panels) and kaons (right panels) for the proton and the deuteron as a function of
Ph?, xB, and Q2 in four z bins. Positive charge is on the left and negative charge is on the right of each panel. Uncertainties are as in
Fig. 4.

MULTIPLICITIES OF CHARGED PIONS AND KAONS . . . PHYSICAL REVIEW D 87, 074029 (2013)

074029-11

PRD87 (2013) 074029

(multi-dimensional analysis sensitive to <k⊥
2> and evolution, 

work in progress, TO-CA group)

- target: proton, deuteron 
- final state: π+, π−, K+, K− 

- 2688 points

Adolph et al., E.P.J. C73 (13) 2531

about 20000 data points (!) 
- target: deuteron 
- final state:  

- h+, h− unidentified (run 2004) 
- π+,π−,K+,K−  (run 2006)   

ongoing analysis
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2 (GeV/c)2 < 1.5, 0.006 < x

B j

< 0.008 (top)
and 6 < Q

2 (GeV/c)2 < 10, 0.07 < x

B j

< 0.12 (bottom) subdivided into eight z intervals, see legend of
upper pictures. The average values hQ2i and hx

B j

i for the chosen (Q2,x
B j

) intervals are indicated in the
pictures. The systematic error of 5% is not included in the errors.

over the entire p

T

range, i.e. hp

2
T

i
all

. The z-dependence as well as the hadron charge dependence of the
p

2
T

distributions will be further investigated below and is related to the intrinsic transverse momentum of
the partons.

It is interesting to compare the values and W

2-dependence of hp

2
T

i obtained from the fit at small p

T

with the values and W

2-dependence of hp

2
T

i
all

. The W

2-dependence of hp

2
T

i, obtained from the fit in
the bin 0.5 < z < 0.6 is shown in Fig. 8, that one of hp

2
T

i
all

in Fig. 9. In addition to the data points,
Fig. 9 shows lines, which represent fits of the data points assuming a linear function of lnW

2. Because of
the Q

2-dependence, the last points are somewhat below the fit. The authors of Ref. [18] first suggested
that hp

2
T

i
all

should depend linearly on the µN center of mass energy squared s. They have verified their
prediction with results from three fixed target experiments: JLab, HERMES and COMPASS, see Fig. 10.
Fig. 10a shows the p

2
T

distribution of charged hadrons with 0.5 < z < 0.6 and integrated over Q

2 and x

B j

,
measured by COMPASS, which was used to determine the acceptance corrected hp

2
T

i
all

. Fig. 10b taken
from Ref. [18] shows the dependence of hp

2
T

i
all

on s. Their value for COMPASS, represented by the
black dots, was not corrected for acceptance. The new, acceptance corrected COMPASS value hp

2
T

i
all

added to Fig. 10b (red dot) is shown in a recent paper [19], and used to quantify the p

T

broadening [20]
in a model to determine the Sivers and Boer-Mulders asymmetries at COMPASS and HERMES. The
result of the model of Pasquini and Schweitzer was closer to the COMPASS data when p

T

broadening
is included. The authors of Ref. [18] also note that hp

2
T

i
all

may depend linearly on W

2 rather than s.
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mHx,z,PhT2 ,Q2L, proton target
Xx\~0.15
XQ2\~2.9 GeV2
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FIG. 3. Data points: Hermes multiplicities m

h
p(x, z, P 2

hT ; Q2) for pions and kaons o↵ a proton target as functions of P 2
hT for

one selected x and Q

2 bin and few selected z bins. Shaded bands: 68% confidence intervals obtained from fitting 200 replicas of
the original data points in the scenario of the default fit. The bands include also the uncertainty on the collinear fragmentation
functions. The lowest P 2

hT bin has not been included in the fit.

mHx,z,PhT2 ,Q2L, deuteron target
Xx\~0.15
XQ2\~2.9 GeV2
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FIG. 4. Same content and notation as in the previous figure, but for a deuteron target.

Signori et al.,  JHEP 1311 (13) 194

hermes

1538  
points   

(≈ 60 %)

- flavor dependent Gaussian widths,    
   7 parameters 
- multiplicity = sum of Gaussians 

- no QCD evolution 

- error analysis: replica method
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FIG. 1: The multiplicities M⇡+

p obtained from Eqs. (12) and (8), with the parameters of Eq. (15), are compared
with HERMES measurements for ⇡+ SIDIS production o↵ a proton target [15]. The shaded uncertainty bands
correspond to a 5% variation of the total �2.
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FIG. 2: The multiplicities M⇡�
p obtained from Eqs. (12) and (8), with the parameters of Eq. (15), are compared

with HERMES measurements for ⇡� SIDIS production o↵ a proton target [15]. The shaded uncertainty bands
correspond to a 5% variation of the total �2.

almost  
similar cuts

~ 550  
points   

(≈ 20 %)

Anselmino et al., JHEP 1404 (14) 005

- simple Gaussians, 2 parameters 

- only collinear DGLAP evolution 



HERMES SIDIS data not enough selective

sea / up

down / up 

point of  
no flavor dep.

hermes
 Pavia  fit Signori et al., 

 JHEP 1311 (13) 194

with flavor dep. χ2 = 1.63 ± 0.12 
with no flavor dep.   1.72 ± 0.11

replica 73   
χ2/dof = 1.70

replica 186   
χ2/dof = 1.38

replica 130   
χ2/dof = 1.77

TMD PDF



unfavored  
wider than   

q→π  favored

favored  q→K   
wider than  

favored  q→π

 fit clearly prefers  TMD FF with flavor dep.

hermes
 Pavia  fit Signori et al., 

 JHEP 1311 (13) 194

central  
value

68% confidence  
        band

point of  
no flavor dep.

confirmed by Torino fit:  if  favored < unfavored  
                                      ⇒ from  χ2 = 1.69  to  χ2 = 1.60



 evidence from lattice  

Musch et al.,  P.R. D83 (11) 094507
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FIG. 15: Flavor-ratios at a pion mass m� � 500MeV. The
solid curve and the statistical error band in blue have been
obtained from the Gaussian fits displayed in Fig. 12 and
13. The corresponding errors associated with �[�m] are
shown as a gray band at the bottom. For the dashed curve
and the band in orange we have used alternative Gaussian
parametrizations as discussed in section VE. The respective
uncertainties from �[�m] are shown at the top of each plot.
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⌅TT,q ⌅ ⌅q(x,k⇥; 0, s⇥, 0,S⇥) =
1

2

�
f1,q

+ s⇥ · S⇥h1,q +
sj(2kjki � k2

⇥⇥ji)Si

2m2
N

h⇥
1T,q

+

⇤
sj�jiki

mN
h⇥
1,q

⌅

odd

⇥
, (56)

where the first and the second index of ⌅ indicates the
nucleon and quark polarization, respectively.
From the x-moments of amplitudes ⌃Ai obtained on the

lattice, we can construct x-integrated densities ⌅[1]q , and
decompose them in analogy to Eq. (40) as

⌅[1]q (k⇥;⇤, s⇥,⇥,S⇥)

⌅
⇧ 1

�1
dx ⌅q(x,k⇥;⇤, s⇥,⇥,S⇥)

=

⇧ 1

0
dx ⌅q(x,k⇥;⇤, s⇥,⇥,S⇥)

�
⇧ 1

0
dx ⌅q̄(x,�k⇥;�⇤, s⇥,⇥,S⇥) . (57)

where the anti-quark density ⌅q̄ is defined as in Eq. (49)
but using the correlator ⇤c

q of Eq. (E1) in the appendix.
Here the appearance of minus signs in front of ⌅q̄ and
⇤ accommodates the sign changes in the Dirac matrix �
after charge conjugation, i.e., �c = � 1

2 (�
+ � ⇤�+�5 �

sji⇧+j�5). We conclude that the x-integrated densities

⌅[1]q are di⌅erences of quark densities ⌅q and anti-quark
densities ⌅q̄ of

• opposite transverse momentum �k⇥,

• opposite light cone helicity �⇤,

• same transverse polarization s⇥.

Strictly speaking, the densities that are integrated over
x from �1 to +1 are thus not densities themselves and
can, at least in principle, become negative.
With the Gaussian x-moments of TMDs from Table

IV as input, we are in a position to draw plots of the
x-integrated transverse momentum dependent densities
of quarks in the nucleon. Two particularly interesting
and statistically well-determined x-integrated densities

are ⌅[1]LT and ⌅[1]TL. They feature significant dipole defor-
mations due to correlations in the transverse spins and
intrinsic transverse momentum, as can be seen from the
terms proportional to g1T and h⇥

1L in Eqns. (54) and (55),
in combination with our non-zero results for the relevant
amplitudes ⌃A7 and ⌃A10, see Eq. (16). For corresponding
density plots and their interpretation, we refer to our pre-
vious publication Ref. [32]. The dipole deformations can
be characterized by average transverse momentum shifts
of the quarks, denoted by ⇧kx⌃TL and ⇧kx⌃LT . These are
defined by ratios of specific moments in x- and k⇥ of the
densities, as we will discuss in the following section.

ratio of  
number densities 
( moments of f1q ) 

depends upon |k⊥|

“less” up at large |k⊥|

valence picture of proton :   #u / #d = 2
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 strong anticorrelation

hdP 2
?i

hck2
?i

TMD FF

TMD PDF

Schweitzer, Teckentrup,  
Metz

Anselmino et al., HERMES 

     “        “       “  , high z 

Anselmino et al., COMPASS 

  “        “  , high z, y-norm 

Echevarria et al.,

JHEP 1311 (13) 194

P.R.D81 (2010) 094019

JHEP 1404 (2014) 005

P.R.D89 (2014) 074013

Signori et al.,

need combined fit 
of

hermes
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anticorrelation  and  68%  band
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4.4 Phenomenological LFWFs for the nucleon inspired by AdS/QCD

Figure 4.12 shows that if we plot the f
1

as a function of k2

? using semilog-
arithmic plot scale, the result is linear for a large range of x-values. By
doing so, it is possible to see how far is the distribution from beeing gaus-
sian. In this case, although we already know, from the expression (4.78) of
the LFWF, that the f

1

(x,k?) is not Gaussian, from Figure 4.12 we can de-
duce that this is a good approximation. Finally, we investigate the average
transverse momentum squared as a function of x.

����
����
����
����
����
����
����

down

up

Figure 4.13: Average transverse momentum squared of the up and down
valence quarks as a function of x at the scale µ = 0.46 GeV.
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- limited Q2 range ⇒ weak sensitivity to QCD evolution 

- strong anticorrelation between average transverse 
momenta in TMD PDF & TMD FF 

 need  e+e− data for TMD FF



 issues with e+e− measurements
5

FIG. 2: Definition of the azimuthal angles φ1 and φ2 of the
two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:

T
max
=

!

h |PCMS
h

· n̂|
!

h |PCMS
h |

, (3)

where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content ⟨N12⟩.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)

⟨N12⟩
. (4)

The corresponding cross section is differential in both az-
imuthal angles φ1,φ2 and fractional energies z1,z2 and
thus reads [25]:

dσ(e+e− → h1h2X)

dΩdz1dz2dφ1dφ2
=

!

q,q̄
3α2

Q2

e2
q

4 z2
1z

2
2

"

(1 + cos2 θ)Dq,[0]
1 (z1)D

q,[0]
1 (z2)

+ sin2 θ cos(φ1 + φ2)H
⊥,[1],q
1 (z1)H

⊥,[1],q
1 (z2)

#

, (5)

where the summation runs over all quark flavors acces-
sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark

FIG. 3: Definition of the azimuthal angle φ0 formed between
the planes defined by the lepton momenta and that of one
hadron and the second hadron’s transverse momentum P ′

h1⊥

relative to the first hadron.

fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

$

d|kT |2
%

|kT |
M

&n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

'

ẑ × Ph2

|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

(

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

⟨N0⟩
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At

5

FIG. 2: Definition of the azimuthal angles φ1 and φ2 of the
two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:
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where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content ⟨N12⟩.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)
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. (4)

The corresponding cross section is differential in both az-
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sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark
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fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

$

d|kT |2
%

|kT |
M

&n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

'
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·
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. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

⟨N0⟩
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At

- which frame ?   “thrust axis” 
            

                           “fixed hadron”

- which kinematics ?  recall  q2T ⌧ Q2

example:              Q2 = 100 GeV2 ⇒ qT
2 ≲ 10 GeV2 

                            z1=0.5 ↔ P1T
2 ≲ 2.5 GeV2 

                            z1=0.3 ↔ P1T
2 ≲ 1.2 GeV2….

(see talk Vossen)

TMD 
factorization ?

P 2
1T

z21
= q2T +O

✓
1

Q2

◆



 issues with e+e− measurements
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Lattice QCD Impacts Diverse 
Experimental Program in NP
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- virtuality fixed by c.m. energy 
       ⇒ need                      and            to test evolution 

- at        scale, a 7% error can   
      discriminate evolution schemes  
      and nonpert. evolution parameters 
      (with full z dependence;  see talk Signori) 

Lattice QCD Impacts Diverse 
Experimental Program in NP

3

Friday, May 22, 2015

Bacchetta et al., arXiv:1508.00402

- at            scale, discriminate   
      intrinsic parameters of TMD FF  
      at input hadronic scale 



 issues with e+e− measurements

- double ratios of like-sign and unlike-sign final hadrons 
to kill false asymmetries

Bacchetta et al., arXiv:1508.00402

- at        scale, use also ratios of  
      multiplicities for ππ, KK, πK  
      to constrain 
      flavor dep. of 
      instrinsic parameters 
      in TMD FF at input scale 
       (see talk Signori)

π+π− / K+K−

no flavor

with flavor

fixed scale

fixed scale



 Single-hadron Fragmentation Functions  ( SiFF ) 

3. The Collins function H1
⊥q (z, pT; Q2)

quark pol.

U L T

D1 H�
1
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FIG. 6: In the left panel we plot (solid red lines) the transversity distribution functions xh

1q(x) = x�T q(x) for q = u, d,

with their uncertainty bands (shaded areas), obtained from our best fit of SIDIS data on A

sin(�h+�S)

UT and e

+

e

� data
on A

12

, adopting the standard parameterisation (Table II). Similarly, in the right panel we plot the corresponding first
moment of the favoured and disfavoured Collins functions, Eq. (33). All results are given at Q

2 = 2.41 GeV2. The

dashed blue lines show the same quantities as obtained in Ref. [7] using the data then available on A

sin(�h+�S)

UT and A

UL
12

.

transversely polarised quark. In addition, the SIDIS asymmetry can only be observed if coupled to a non negligi-
ble quark transversity distribution. The first original extraction of the transversity distribution and the Collins
fragmentation functions [6, 7], has been confirmed here, with new data and a possible new functional shape of
the Collins functions. The results on the transversity distribution have also been confirmed independently in
Ref. [8].

A further improvement in the QCD analysis of the experimental data, towards a more complete understanding
of the Collins and transversity distributions, and their possible role in other processes, would require taking into
account the TMD-evolution of �T q(x, k?) and �NDh/q"(z, p?). Great progress has been recently achieved in the
study of the TMD-evolution of the unpolarized and Sivers transverse momentum dependent distributions [33–37]
and a similar progress is expected soon for the Collins function and the transversity TMD distribution [38].
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FIG. 16: (color online). Collins asymmetries for light quarks measured in (pt1, pt2 bins in RF12 (left plots), and in nine bins
of pt0 (right plot) in RF0. Asymmetries for the UL (up triangles) and UC (down triangles) ratios are reported, with statistical
error bars and systematic uncertainties represented by the bands around the points.

B. Collins asymmetries vs. transverse momenta

The Collins asymmetries measured in the two reference
frames, in bins of (pt1, pt2) and pt0, are shown in Fig. 16
and Tab. III. The results from the two double ratios are
reported. This is the first measurement of the depen-
dence on the pion transverse momenta in e+e� annihila-
tion, and is important for a theoretical understanding of
the evolution of the Collins fragmentation function. In
RF0 the measured asymmetries are consistent with zero
at very low pt0, rise almost linearly up to about 2% for UL
and 1% for UC, at 0.8 GeV/c, and then flat. In RF12
the asymmetries slightly di↵er from zero at low trans-
verse momenta, and exhibit also in this case a smooth
rise of the asymmetries with (pt1, pt2) up to a maximum
of about 7% and 3% for UL and UC, respectively.

C. Collins asymmetries vs. z and pt

The study of the asymmetry behavior as a function
of both pion fractional energies z

1,2 and transverse mo-
mentum pt1,t2 is an important test to probe the factor-
ization of the Collins fragmentation function assumed in
Ref. [23]. We perform this study in the thrust reference
frame, using four zi and three pti (i = 1, 2) intervals. The
boundaries for the fractional energies intervals are set to
zi = 0.15, 0.2, 0.3, 0.5, and 0.9, while the intervals for
the transverse momenta are pti < 0.25, 0.25 < pti < 0.5,
and pti > 0.5 GeV/c. We estimate background contri-
butions, dilution e↵ects, and systematic uncertainties in-
dependently for each (z

1

, z
2

, pt
1

, pt
2

) bin, following the

procedures described in the previous sections. The re-
sults are summarized in Tabs. V and VI, and Fig. 17.

D. Collins asymmetries vs. polar angles

The transverse polarization of the original qq pair
created in e+e� annihilation should be proportional to
sin2 ✓, where ✓ is the polar angle of the qq axis with re-
spect to the beam axis. The Collins asymmetry should
manifest a similar dependence, as shown by Eqs. (14) and
(16) for the UL and UC ratios, respectively. We can test
this prediction, and in particular that the asymmetries
vanish for ✓ = 0, by studying the asymmetries as a func-
tion of the quantity sin2 ✓/(1 + cos2 ✓), with the qq po-
lar angle estimated by the polar angle of the thrust axis
(✓th) or of the reference hadron (✓

2

). The results are
displayed in Fig. 18. The asymmetries are corrected for
background contributions and dilution e↵ects, following
the same procedure described in Secs. VII and VIII. As
systematic uncertainties we assigned the average values
of the significant contributions studied in Sec. IX, which
are added in quadrature in Fig. 18 (gray error bands).
We subject each set of data points to a linear fit

(p
0

+ p
1

· x), both with the intercept parameter floating
and constrained to the origin of the axes (p

0

= 0). The
results of these fits are summarized in Tab. IV. For A

12

,
all four fits have a good �2, and both fitted p

0

are consis-
tent with zero (Fig. 18(a)). Also the A

0

asymmetries are
consistent with a linear dependence on sin2 ✓/(1+cos2 ✓),
but the results clearly favor a non zero constant term for
both AUL

0

and AUC
0

(Fig. 18(b)). This behavior is not
completely unexpected given that ✓

2

is much less corre-
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FIG. 27. (a) Comparison of extracted transversity (solid lines and shaded region) Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).
(b) Comparison of extracted transversity (solid lines and shaded region) at Q2 = 2.4 GeV2 with Pavia 2015 extraction [18]
(shaded region).
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FIG. 28. Comparison of extracted Collins fragmentation functions (solid lines) at Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).

much better determined by the existing data, as one can see from Fig. 28 that the functions at Q2 = 2.4 GeV2 are
compatible within error bands. The unfavored fragmentation functions are different, however those functions are not
very well determined by existing experimental data.
We also compare the tensor change from our and other extractions in Fig. 29. The contribution to tensor charge

of Ref. [18] is found by extraction using the so-called dihadron fragmentation function that couples to collinear
transversity distribution. The corresponding functions have DGLAP type evolution known at LO and were used in
Ref. [18]. The results plotted in Fig. 29 corresponds to our estimates of the contribution to u-quark and d-quark in
the region of x [0.065, 0.35] at Q2 = 10 GeV2 at 68% C.L. (label 1) and the contribution to u-quark and d-quark in
the same region of x and the same Q2 using the so-called flexible scenario, αs(M2

Z) = 0.125, of Ref. [18]. One can
see that our extraction has an excellent precision for both u-quark and d-quark. The fact that the central values and
errors of extracted tensor charges are in a good agreement in both methods, ours and Ref. [18], is very positive and
allows for future investigations of transversity including all available data in a global fit.
Our results compare well with extractions from Ref. [17]. Even though correct TMD evolution was not used in

Ref. [17] the effects of DGLAP evolution of collinear distributions were taken into account and the resulting fit is of
good quality, χ2/d.o.f. = 0.8 for the so-called standard parametrization of Collins fragmentation functions. In fact
the probability that the model of Ref. [17] correctly describes the data is P (0.8 ∗ 249, 249) = 99%. The tensor charge
was estimated at 95% C.L. using two different parametrizations for Collins fragmentation functions, the so-called
standard parametrization that utilized similar to our parametrization and the polynomial parametrization. In Fig. 30
we compare our results with calculations from Ref. [17] at 95% C.L. at Q2 = 0.8 GeV2 and calculations at 68 % at
Q2 = 1 GeV2 of Ref. [18]. Even though we compare tensor charge at different values of Q2 its evolution is quite slow,
so the good agreement of all three methods is a good sign. We conclude that tensor charge perhaps is very stable with
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FIG. 2. Double ratio RU/RL versus 2φ0 in the bin z1 ∈
[0.3, 0.5], z2 ∈[0.5, 0.9] (top) and bin z1 ∈ [0.5, 0.9], z2 ∈
[0.5, 0.9] (bottom). The solid lines show the results of the fit.

tio RU/RL(C) follows the expression

RU

RL(C)
= A cos(2φ0) +B, (3)

where A and B are free parameters. B should be consis-
tent with unity, and A mainly contains the Collins effect.
The AUL, AUC are used to denote the asymmetries for
UL and UC ratios, respectively.
The analysis is performed in (z1, z2) bins with bound-

aries at zi= 0.2, 0.3, 0.5 and 0.9 (i = 1, 2), where comple-
mentary off-diagonal bins (z1, z2) and (z2, z1) are com-
bined. In each (z1, z2) bin, normalized rates RU,L,C and
double ratios RU/RL,C are evaluated in 15 bins of con-
stant width in the 2φ0 angles. In Fig. 2, the distributions
of the double ratio RU/RL are shown for two highest (z1,
z2) bins with the fit results using Eq. 3. In Fig. 3, the
asymmetry values (A) obtained from the fit are shown as
a function of six symmetric (z1, z2) bins. Studying the
dependence on pt is valuable for investigating the trans-
verse momentum dependent evolution of the Collins func-
tion. The expected behavior of the Collins asymmetries
as a function of sin2θ2/(1 + cos2θ2) is linear (see Eq. 2).
Therefore, the Collins asymmetries are investigated also
in bins of pt and sin2θ2/(1 + cos2θ2), as shown in Fig. 4
and Fig. 5. The numerical results in each (z1,z2) and pt
bins are listed in Table I. Since one pion is allowed to be
assigned to different pion pairs, the statistical uncertain-
ties are expected to be underestimated. This is checked
by repeating the whole procedure but allowing each pi-
on to be only involved in one pion pair. We find that
the statistical uncertainty in each bin becomes slightly
larger, and we therefore scale the statistical errors by a
factor of 1.1 for all bins.
Several potential sources of systematic uncertainties

are investigated. An important test of the analysis
method is the extraction of double ratios from MC sam-
ples, in which the Collins asymmetries are not included
but radiative gluon and detector acceptance effects are
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where A and B are free parameters. B should be consis-
tent with unity, and A mainly contains the Collins effect.
The AUL, AUC are used to denote the asymmetries for
UL and UC ratios, respectively.
The analysis is performed in (z1, z2) bins with bound-

aries at zi= 0.2, 0.3, 0.5 and 0.9 (i = 1, 2), where comple-
mentary off-diagonal bins (z1, z2) and (z2, z1) are com-
bined. In each (z1, z2) bin, normalized rates RU,L,C and
double ratios RU/RL,C are evaluated in 15 bins of con-
stant width in the 2φ0 angles. In Fig. 2, the distributions
of the double ratio RU/RL are shown for two highest (z1,
z2) bins with the fit results using Eq. 3. In Fig. 3, the
asymmetry values (A) obtained from the fit are shown as
a function of six symmetric (z1, z2) bins. Studying the
dependence on pt is valuable for investigating the trans-
verse momentum dependent evolution of the Collins func-
tion. The expected behavior of the Collins asymmetries
as a function of sin2θ2/(1 + cos2θ2) is linear (see Eq. 2).
Therefore, the Collins asymmetries are investigated also
in bins of pt and sin2θ2/(1 + cos2θ2), as shown in Fig. 4
and Fig. 5. The numerical results in each (z1,z2) and pt
bins are listed in Table I. Since one pion is allowed to be
assigned to different pion pairs, the statistical uncertain-
ties are expected to be underestimated. This is checked
by repeating the whole procedure but allowing each pi-
on to be only involved in one pion pair. We find that
the statistical uncertainty in each bin becomes slightly
larger, and we therefore scale the statistical errors by a
factor of 1.1 for all bins.
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are measured in four different bins of zh1, zh2 and one can see that the description of the data is very good. The
asymmetry becomes small when zh1, zh2 become small due to kinematical suppression and one can see from Fig. 15
that our calculations are compatible with this behavior.
In Fig. 16 we present description of BABAR data [98] on A0 asymmetries for both UL and UC methods. The

data are in six bins of zh1, zh2 with six points in each bin. This allows for better extraction of the shape of Collins
fragmentation functions. One can see that also in this case the description is very good. The large-z region deserve
a special comment. One expects that the formalism will become unreliable when zh1 → 1 and/or zh2 → 1 due to the
influence of exclusive pion production. Indeed one can see from Figs. 15 and 16 that in large-z bins the quality of
description deteriorates. Nevertheless both magnitude and the shape of the data are reproduced perfectly in the plot.
It is achieved by allowing parameters that describe shape of favored and unfavored Collins fragmentation functions
be different and independent of each other. Additionally the correct Q2 evolution reproduces the shape much better
compared to the case of absence of the evolution. Note that we have not attempted to fit the data without TMD
evolution, thus our conclusion is valid only for comparison of results with and without evolution using parameters of
NLL fit.
Even though a priori it is very difficult to expect perfect description of the data in the whole z region, our fit indeed

is capable of reproducing the data very well. Both AUL
0 and AUC

0 are described very well, we observe no tension
between the measurements and it indicates the robustness of the method. AUL

0 and AUC
0 have slightly different

sensitivity to different combinations of Collins fragmentation functions as can be seen from Eq. (8) and the usage of
both measurements helps to constrain the functions better. We believe that favored Collins fragmentation functions
are well determined and future experimental data could test our findings.
Finally we present comparison of our calculations with Ph⊥ dependence of e+e− asymmetries in Fig. 17. Both AUL

0
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(dotted lines), Q2 = 10 (solid lines) and Q2 = 1000 (dashed lines) GeV2.
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One can see from Fig. 12 that both data and the model obey kinematical suppression of asymmetries at low
zh, and Ph⊥. Additionally the data indicates that asymmetry becomes smaller in the region of small-xB and thus
transversity becomes small in the small-xB region as well as can be seen in Fig. 3 (a). Positive asymmetry of π+

production implies that the product of u-quark transversity and the favored Collins fragmentation function is positive.
We choose the solution with positive u-quark transversity (the same sign as u-quark helicity distribution) and obtain
favored Collins fragmentation function is positive, see Fig. 3 (b). Large negative asymmetry of π− production indicates
that the so-called unfavored Collins fragmentation function is large and negative and indeed it is the case, see Fig. 3
(b). Measurements on proton targets are dominated by u-quark functions as far as e2u/e

2
d = 4, thus we have better

precision for the extraction of u-quark transversity and tensor charge δu.
The COMPASS data [96, 97] extend the region of resolution scale by a factor of three, ⟨Q2⟩ <∼ 21 (GeV2). We present

results of our description in Fig. 13. Again we exclude the region of Ph⊥ > 0.8 GeV where relation Ph⊥/⟨z⟩ < Q is
not satisfied. The COMPASS data extends the region of xB up to xB ∼ 10−2 and the measured asymmetry indicates
that transversity is rather small in the small-x region. Indeed the extracted transversity shown in Fig. 3 (a) becomes
small in the small-x region. The COMPASS data on effective deuterium target Fig. 13 (b) indicate that the sum of
u-quark and d-quark transversities is small, and thus both functions are approximately of the same size, it can be
seen in Fig. 3 (a).
Description of JLab’s HALL A data [9] is shown in Fig. 14. The data extend the region of xB toward large-x

and one can see that our fit is compatible with the data. The measurement on effective neutron target (3He) is
sensitive to d-quark functions, however the current experimental errors are too big to allow better extraction of
d-quark transversity.
Both BELLE [12] and BABAR [98] collaborations measured the Collins asymmetries in e+e− at

√
s ≃ 10.6 GeV.

Comparison of BELLE data [12] on A0 asymmetries for both UL and UC methods is presented in Fig. 15. The data
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(d) Standard input model in the disfavored case with DGLAP evolution for the collinear FF.

The authors in Ref. [12] present the last extraction of Collins function available in the literature. They perform a
global fit of data of azimuthal asymmetries, considering SIDIS, from HERMES and COMPASS collaborations, and
electron-positron annihilation, from Belle Collaboration, in order to extract the Collins function and the transversity.
The data from the different collaborations are given at widely separated scales, and thus the implementation of the
evolution of the relevant hadronic matrix elements becomes inevitable if one wants to interpret them properly. As
already mentioned, the authors apply the DGLAP evolution to the collinear functions, but we will anyway take the
parameterization of Collins function they extract as our input at the lower scale and apply to it the proper TMD
evolution. In future studies, it will be beneficial to revise previous phenomenological analyses while taking into account
this evolution.

Before we actually proceed with the application of the evolution to Collins function obtained in Ref. [12], we need to
be careful with the different convention used in that work to define the Fourier transforms. Instead of the convolution
appearing in Eq. (20), they actually use δ(2)(P h⊥ − zkn⊥ − P̂ h⊥), and thus the consistent Fourier transforms are

F̃f/N (x, zb⊥, S; ζF , µ
2) =

!

d2kn⊥ eizb⊥·kn⊥Ff/N (x,kn⊥, S; ζF , µ
2) ,

D̃h/f(z, b⊥, Sh; ζD, µ2) =

!

d2P̂ h⊥ eib⊥·P̂ h⊥Dh/f(z, P̂ h⊥, Sh; ζD, µ2) . (48)

Notice the difference with respect to Eq. (24). Then, the corresponding relations between the derivative of Collins
function in IPS and the function itself in momentum space are

H̃⊥(1)1 (z, b2T ;Q) = −2π
! ∞

0
dP̂hT P̂ 2

hT J1(bT P̂hT )H
⊥
1 (z, P̂ 2

hT ;Q) , (49)
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much better determined by the existing data, as one can see from Fig. 28 that the functions at Q2 = 2.4 GeV2 are
compatible within error bands. The unfavored fragmentation functions are different, however those functions are not
very well determined by existing experimental data.
We also compare the tensor change from our and other extractions in Fig. 29. The contribution to tensor charge

of Ref. [18] is found by extraction using the so-called dihadron fragmentation function that couples to collinear
transversity distribution. The corresponding functions have DGLAP type evolution known at LO and were used in
Ref. [18]. The results plotted in Fig. 29 corresponds to our estimates of the contribution to u-quark and d-quark in
the region of x [0.065, 0.35] at Q2 = 10 GeV2 at 68% C.L. (label 1) and the contribution to u-quark and d-quark in
the same region of x and the same Q2 using the so-called flexible scenario, αs(M2

Z) = 0.125, of Ref. [18]. One can
see that our extraction has an excellent precision for both u-quark and d-quark. The fact that the central values and
errors of extracted tensor charges are in a good agreement in both methods, ours and Ref. [18], is very positive and
allows for future investigations of transversity including all available data in a global fit.
Our results compare well with extractions from Ref. [17]. Even though correct TMD evolution was not used in

Ref. [17] the effects of DGLAP evolution of collinear distributions were taken into account and the resulting fit is of
good quality, χ2/d.o.f. = 0.8 for the so-called standard parametrization of Collins fragmentation functions. In fact
the probability that the model of Ref. [17] correctly describes the data is P (0.8 ∗ 249, 249) = 99%. The tensor charge
was estimated at 95% C.L. using two different parametrizations for Collins fragmentation functions, the so-called
standard parametrization that utilized similar to our parametrization and the polynomial parametrization. In Fig. 30
we compare our results with calculations from Ref. [17] at 95% C.L. at Q2 = 0.8 GeV2 and calculations at 68 % at
Q2 = 1 GeV2 of Ref. [18]. Even though we compare tensor charge at different values of Q2 its evolution is quite slow,
so the good agreement of all three methods is a good sign. We conclude that tensor charge perhaps is very stable with
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much better determined by the existing data, as one can see from Fig. 28 that the functions at Q2 = 2.4 GeV2 are
compatible within error bands. The unfavored fragmentation functions are different, however those functions are not
very well determined by existing experimental data.
We also compare the tensor change from our and other extractions in Fig. 29. The contribution to tensor charge

of Ref. [18] is found by extraction using the so-called dihadron fragmentation function that couples to collinear
transversity distribution. The corresponding functions have DGLAP type evolution known at LO and were used in
Ref. [18]. The results plotted in Fig. 29 corresponds to our estimates of the contribution to u-quark and d-quark in
the region of x [0.065, 0.35] at Q2 = 10 GeV2 at 68% C.L. (label 1) and the contribution to u-quark and d-quark in
the same region of x and the same Q2 using the so-called flexible scenario, αs(M2

Z) = 0.125, of Ref. [18]. One can
see that our extraction has an excellent precision for both u-quark and d-quark. The fact that the central values and
errors of extracted tensor charges are in a good agreement in both methods, ours and Ref. [18], is very positive and
allows for future investigations of transversity including all available data in a global fit.
Our results compare well with extractions from Ref. [17]. Even though correct TMD evolution was not used in

Ref. [17] the effects of DGLAP evolution of collinear distributions were taken into account and the resulting fit is of
good quality, χ2/d.o.f. = 0.8 for the so-called standard parametrization of Collins fragmentation functions. In fact
the probability that the model of Ref. [17] correctly describes the data is P (0.8 ∗ 249, 249) = 99%. The tensor charge
was estimated at 95% C.L. using two different parametrizations for Collins fragmentation functions, the so-called
standard parametrization that utilized similar to our parametrization and the polynomial parametrization. In Fig. 30
we compare our results with calculations from Ref. [17] at 95% C.L. at Q2 = 0.8 GeV2 and calculations at 68 % at
Q2 = 1 GeV2 of Ref. [18]. Even though we compare tensor charge at different values of Q2 its evolution is quite slow,
so the good agreement of all three methods is a good sign. We conclude that tensor charge perhaps is very stable with
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FIG. 29. Comparison of tensor charge δq[0.0065,0.35] for u-quark and d-quark from this paper at 68% C.L. (Kang et al 2015)
and result from Ref. [18] (Radici et al 2015) at 68% C.L. Both results are at Q2 = 10 GeV2.
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FIG. 30. Comparison of tensor charge δq[0,1] for u-quark and d-quark in the whole region of x from this paper at 90% C.L.
(Kang et al 2015) at Q2 = 10 GeV2 and result from Ref. [18] (Radici et al 2015) at at 68% C.L. and Q2 = 1 GeV2, and Ref. [17]
at 95% C.L. standard and polynomial fit (Anselmino et al 2013) at Q2 = 0.8 GeV2.

respect to evolution effects that are included in phenomenological extractions. It also means that phenomenological
results of Ref. [17] and other extractions without TMD evolution are valid phenomenologically. One should remember,
of course, that TMD evolution is more complicated if compared to DGLAP evolution (even though formal solutions
are simpler in TMD case). The usage of non perturbative kernels make it very important to actually demonstrate
that the proper evolution is indeed exhibited by the experimental data. Once correct evolution and non perturbative
Sudakov factor are established the results of Ref. [17] should be improved by utilizing the appropriate TMD evolution
that we have formulated in this paper.
In Fig. 31 we compare tensor charge δq[0,1] for u and d-quarks from this paper at 90% C.L. at Q2 = 10 GeV2

and results from various model estimates of Refs. [112–116]. One can see that our results are close to results of
Ref. [113] that actually used the approximate mass degeneracy of the light axial vector mesons (a1(1260), b1(1235)
and h1(1170)) and pole dominance to calculate the tensor charge. DSE calculations of tensor charge of Ref. [112] are
also close to our results.
Finally we present our estimates for the isovector nucleon tensor charge gT = δu − δd:

gT = +0.61+0.26
−0.51 , (155)

at 90% C.L. and

gT = +0.61+0.15
−0.25 , (156)

at 68% C.L.at Q2 = 10 GeV2. This result can be compared to lattice QCD calculations.
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respect to evolution effects that are included in phenomenological extractions. It also means that phenomenological
results of Ref. [17] and other extractions without TMD evolution are valid phenomenologically. One should remember,
of course, that TMD evolution is more complicated if compared to DGLAP evolution (even though formal solutions
are simpler in TMD case). The usage of non perturbative kernels make it very important to actually demonstrate
that the proper evolution is indeed exhibited by the experimental data. Once correct evolution and non perturbative
Sudakov factor are established the results of Ref. [17] should be improved by utilizing the appropriate TMD evolution
that we have formulated in this paper.
In Fig. 31 we compare tensor charge δq[0,1] for u and d-quarks from this paper at 90% C.L. at Q2 = 10 GeV2

and results from various model estimates of Refs. [112–116]. One can see that our results are close to results of
Ref. [113] that actually used the approximate mass degeneracy of the light axial vector mesons (a1(1260), b1(1235)
and h1(1170)) and pole dominance to calculate the tensor charge. DSE calculations of tensor charge of Ref. [112] are
also close to our results.
Finally we present our estimates for the isovector nucleon tensor charge gT = δu − δd:

gT = +0.61+0.26
−0.51 , (155)

at 90% C.L. and

gT = +0.61+0.15
−0.25 , (156)

at 68% C.L.at Q2 = 10 GeV2. This result can be compared to lattice QCD calculations.
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processes. These features have been clearly demonstrated in Figs. 20-21. In particular, the transverse momentum
dependence illustrates the effects coming from the Sudakov resummation form factors where the perturbative part
plays an important role due to large value of the resolution scale Q ≃ 10.6 (GeV). The associated scale evolution
effects in the Ĥ(3)(z) is another important aspect in the calculations. The evolution kernel is different from that of
the unpolarized fragmentation function, and it changes the functional form dependence of zh1 and zh2. In addition,
there is cancellation between favored and unfavored Collins fragmentation functions, not only the shape but also the
size are modified with the full evolution effects taken into account.
Second, because of relative narrow Q2 range in the current SIDIS data, the evolution effects are not so evident as

compared to that in e+e− annihilation processes. This was shown in Figs. 18 and 19. However, we would like to
emphasize that, in order to precisely constrain the quark transversity distributions, we need to perform the complete
QCD evolution in the theoretical calculations of the asymmetries to compare to the experimental data. This will
become more important with high precision data from future experiments at the Jefferson Lab 12 GeV upgrade [107]
and the planned Electron Ion Collider [4, 108, 109].
Third, the quark transversity distributions from our analysis are comparable to previous determinations, including

the leading order analysis of the same Collins asymmetries in SIDIS and e+e− annihilation processes, and the di-
hadron fragmentation channel in DIS and e+e− processes, see Fig. 27. In particular, the consistency between the
Collins asymmetry analysis and the di-hadron fragmentation analysis is a strong encouragement toward a future global
fit to include all experimental data to constrain the quark transversity distributions.
We observe, however, the Collins fragmentation functions from our analysis are quite different from those determined

from the leading order analysis in Ref. [17], although they are in the same order of magnitude. To further test the
evolution effects, we emphasize the importance of future experiment measurements, in particular, in the energy range
different from B-factories, such as those from the BEPC II at the experiment BESIII. We have made predictions for
these experiments in Figs. 22 and 24. We hope the data will become available soon, and can be included into the
global fit in the near future. We encourage BELLE, BABAR and BESIII Collaborations to perform the analysis of the
data on unpolarized cross-sections as such data are curtail for our understanding of TMD fragmentation functions.
Finally, we summarize the nucleon tensor charge contribution from our analysis,

δu[0.0065,0.35] = +0.30+0.08
−0.12 , (159)

δd[0.0065,0.35] = −0.20+0.28
−0.11 , (160)

at 90% C.L. at Q2 = 10 GeV2, in the kinematic range covered by the current experiments.

δu[0.0065,0.35] = +0.30+0.04
−0.07 , (161)

δd[0.0065,0.35] = −0.20+0.12
−0.07 , (162)

at 68% C.L. at Q2 = 10 GeV2.
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of course, that TMD evolution is more complicated if compared to DGLAP evolution (even though formal solutions
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Ref. [113] that actually used the approximate mass degeneracy of the light axial vector mesons (a1(1260), b1(1235)
and h1(1170)) and pole dominance to calculate the tensor charge. DSE calculations of tensor charge of Ref. [112] are
also close to our results.
Finally we present our estimates for the isovector nucleon tensor charge gT = δu − δd:

gT = +0.61+0.26
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at 90% C.L. and
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at 68% C.L.at Q2 = 10 GeV2. This result can be compared to lattice QCD calculations.
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at 95% C.L. standard and polynomial fit (Anselmino et al 2013) at Q2 = 0.8 GeV2.

respect to evolution effects that are included in phenomenological extractions. It also means that phenomenological
results of Ref. [17] and other extractions without TMD evolution are valid phenomenologically. One should remember,
of course, that TMD evolution is more complicated if compared to DGLAP evolution (even though formal solutions
are simpler in TMD case). The usage of non perturbative kernels make it very important to actually demonstrate
that the proper evolution is indeed exhibited by the experimental data. Once correct evolution and non perturbative
Sudakov factor are established the results of Ref. [17] should be improved by utilizing the appropriate TMD evolution
that we have formulated in this paper.
In Fig. 31 we compare tensor charge δq[0,1] for u and d-quarks from this paper at 90% C.L. at Q2 = 10 GeV2

and results from various model estimates of Refs. [112–116]. One can see that our results are close to results of
Ref. [113] that actually used the approximate mass degeneracy of the light axial vector mesons (a1(1260), b1(1235)
and h1(1170)) and pole dominance to calculate the tensor charge. DSE calculations of tensor charge of Ref. [112] are
also close to our results.
Finally we present our estimates for the isovector nucleon tensor charge gT = δu − δd:

gT = +0.61+0.26
−0.51 , (155)

at 90% C.L. and

gT = +0.61+0.15
−0.25 , (156)

at 68% C.L.at Q2 = 10 GeV2. This result can be compared to lattice QCD calculations.

Q2 = 0.8

Q2 = 1

Q2 = 10

︷

isovector tensor charge 
gT = δu − δd

Q2 = 4 GeV2

Q2 = 10

︷
lattice

︷
Q2 = 0.8

DSE
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the DiFF effect
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expansion of DiFF in partial waves

for low pair invariant masses,  
the system (h1,h2)L can be in 
relative L = 0 (s) or 1 (p) 
interference  →  model T-odd  H1

∢

SIDIS asymmetry

J
H
E
P
0
6
(
2
0
0
8
)
0
1
7

Pπ−

Pπ+

Ph

θ

Pπ−

π+π− CM
frame

RT

ST

Pπ+

Ph

φR⊥

P

φSq

k k′

Figure 1: Depiction of the azimuthal angles φR⊥ of the dihadron and φS of the component ST of
the target-polarization transverse to both the virtual-photon and target-nucleon momenta q and P ,
respectively. Both angles are evaluated in the virtual-photon-nucleon center-of-momentum frame.
Explicitly, φR⊥ ≡ (q×k)·RT

|(q×k)·RT | arccos (q×k)·(q×RT )
|q×k||q×RT | and φS ≡ (q×k)·ST

|(q×k)·ST | arccos (q×k)·(q×ST )
|q×k||q×ST | . Here,

RT = R − (R · P̂h)P̂h, with R ≡ (Pπ+ − Pπ−)/2, Ph ≡ Pπ+ + Pπ− , and P̂h ≡ Ph/ | Ph |,
thus RT is the component of Pπ+ orthogonal to Ph, and φR⊥ is the azimuthal angle of RT about
the virtual-photon direction. The dotted lines indicate how vectors are projected onto planes. The
short dotted line is parallel to the direction of the virtual photon. Also included is a description of
the polar angle θ, which is evaluated in the center-of-momentum frame of the pion pair.

two chiral-odd naive-T-odd dihadron fragmentation function H!

1,q [20, 37].2 There are no

contributions to this amplitude at subleading twist (i.e., twist-3). Among the various con-

tributions to the fragmentation function H!

1,q are the interference H!,sp
1,q between the s- and

p-wave components of the π+π− pair and the interference H!,pp
1,q between two p-waves. In

some of the literature, such functions have therefore been called interference fragmentation

functions [15], even though in general interference between different amplitudes is required

by all naive-T-odd functions. In this paper the focus is on the sp-interference, since it has

received the most theoretical attention. In particular, in ref. [15] H!,sp
1,q was predicted to

change sign at a very specific value of the invariant mass Mππ of the π+π− pair, close to

the mass of the ρ0 meson. However, other models [37, 38] predict a completely different

behavior.

The data presented here were recorded during the 2002-2005 running period of the

Hermes experiment, using the 27.6 GeV positron or electron beam and a transversely

polarized hydrogen gas target internal to the Hera storage ring at Desy. The open-

ended target cell was fed by an atomic-beam source [39] based on Stern-Gerlach separation

combined with transitions of hydrogen hyperfine states. The nuclear polarization of the

atoms was flipped at 1–3 min. time intervals, while both this polarization and the atomic

fraction inside the target cell were continuously measured [40]. The average value of the

transverse proton polarization |S⊥| was 0.74 ± 0.06.

2The superscript ! indicates that the fragmentation function does not survive integration over the

relative momentum of the hadron pair.
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SIDIS

Airapetian et al., 
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proton target
first point-by-point extraction of  

uv - 1/4 dv
Bacchetta, Courtoy, Radici, P.R.L. 107 (11) 012001

proton + deuteron
Adolph et al., P.L. B713 (12)

 uv - 1/4 dv                  fit of  
  uv + dv                     uv  and  dv

Bacchetta, Courtoy, Radici, JHEP 1303 (13) 119

new proton data
Braun et al.,  
E.P.J. Web Conf. 85 (15) 02018

new fit of uv  and  dv 
Radici et al., JHEP 1505 (15) 123

Future

data with Kπ, KK pairs  ⇒            data with KK and Kπ ?    

explore contribution of sea quarks to transversity   

data for p p↑→ (ππ) X                 ongoing analysis  
                                                   test of universalityAdamczyk et al., arXiv:1504.00415
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 parallel model studies:  the NJL-jet model 
2

tion [13]. Projections for such asymmetries were given
in Ref. [14], where SIDIS two hadron asymmetries were
fitted using a spectator model, and making use of the
evolution equations of the DFFs derived in Ref. [15]. In
Ref. [16], IFFs were extracted by fitting a parametriza-
tion form to recent e+e� measurements by the BELLE
collaboration [17], using input from PYTHIA [18] for the
unpolarised DFFs that enter the relations for the asym-
metries. A perturbative calculation for DFFs at large
invariant mass was performed in Ref. [19].

The most recent non-perturbative model for DFFs was
constructed in Ref. [20] based on the spectator approach,
where the model parameters were fixed by fitting the un-
polarised DFFs for ⇡+⇡� pairs to Monte Carlo (MC)
samples generated using PYTHIA [18]. In these stud-
ies, due to the limited information on both unpolarised
and interference DFFs, a number of assumptions and ex-
trapolations were employed. Moreover, the extractions
of unpolarised DFFs were conducted on Monte Carlo
events generated by PYTHIA. They therefore depend
on the particular models used for the parton hadroniza-
tion and resonance decays (such as vector to pseudoscalar
mesons). These decays, as shown in our earlier work [21]
and will be again demonstrated here, have large e↵ects
on DFFs.

DFFs describe the production of two hadrons in the
parton hadronization process. They are more challenging
in terms of both theoretical description and experimen-
tal extraction than ordinary FFs. The theoretical models
should give a detailed picture of the hadronization to final
states in order to accurately describe DFFs, as the lead-
ing hadron approximation typically used in FF models is
insu�cient here. It is easy to see that, even in the region
of large total light-cone momentum fraction, choosing a
pair where one leading hadron has a large light-cone mo-
mentum fraction of the fragmenting quark requires the
second hadron in the pair to have small light-cone mo-
mentum fraction. Thus it can be produced at higher
(subleading) order. Hence a model providing complete
hadronization picture is needed for such studies, such
as the Lund model [22] implemented in the PYTHIA
event generator [18, 23]. The original studies of Field
and Feynman, based on their quark-jet model [24, 25]
of ”collinear” DFFs that depend only on the light-cone
momentum fractions of each hadron in the pair, have
been recently extended within the NJL-jet model includ-
ing the kaon production channel and also exploring their
scale evolution [26, 27].

Here we expand the NJL-jet model and the correspond-
ing Monte Carlo (MC) software of [28–34] to calculate
unpolarised DFFs of light and strange quarks to sev-
eral low-lying pseudoscalar and vector mesons. We ac-
complish this by using the probabilistic interpretation of
DFFs and the complete quark hadronization description
given by the NJL-jet model. We also study the strong
two- and three-body decays of the vector mesons and
their e↵ects on the resulting pseudoscalar meson DFFs,
where we reported the first results for u ! ⇡+⇡� in our

q
Q

Q’ Q’’

h 2h 1

FIG. 1. The quark-jet hadronization mechanism.

earlier work Ref. [21]. We also study the scale evolu-
tion of the DFFs, crucial for comparing our low energy
model results with those extracted from experiments in
the deep-inelastic regime.
This paper is organised in the following way. In the

next Section we briefly introduce the NJL-jet model and
explain in detail our method of calculating the DFFs us-
ing MC methods. In Section III we present our results
for the NJL-jet model calculations of unpolarised DFFs.
In Section IV, we briefly discuss the QCD evolution of
DFFs and present the sample results of our model DFFs
evolved to a typical experimental scale. This will be fol-
lowed by Section V with conclusions and outlook.

II. CALCULATING DFFS IN THE NJL-JET
MODEL

A. The NJL-jet Model

The NJL-jet model provides a multi-hadron emission
framework for describing the quark hadronization pro-
cess, where any single hadron production probability is
calculated within an e↵ective quark model. The multi-
hadron emission is described using the original quark-jet
hadronization framework of Field and Feynman [24, 25],
which is schematically depicted in Fig. 1. Here the frag-
menting quark sequentially emits hadrons that do not
re-interact with other produced hadrons or the remnant
parton. The elementary hadron emission probabilities at
each vertex are calculated using the e↵ective quark model
of Nambu and Jona-Lasinio (NJL) [35, 36], using the
Lepage-Brodsky regularisation scheme with dipole cut-
o↵, as described in Ref. [32]. Using the interpretation
of fragmentation functions as probability densities al-
lows one to extract them from the corresponding hadron
multiplicities. These are calculated as Monte Carlo av-
erages of the hadronization process of a quark with a
given flavour when restricting the total number of emit-
ted hadrons for each fragmentation chain to a predefined
number. In the limit of an infinite number of produced
hadrons, used in the original formalism of Field and Feyn-
man, this procedure yields a coupled set of integral equa-
tions for both FFs and DFFs [24, 25]. A detailed study
of convergence to this limit with an increasing number of
produced hadrons has been performed in Ref. [30], where
it was shown that for collinear FFs only a few hadron

Casey et al., P.R. D85 (12) 114049 
                    P.R. D86 (12) 114018 
Matevosyan et al., P.R. D88 (13) 094022

quark hadronization chain 
NJL assumed at each vertex 
DiFF = MC averages of proper multiplicities 
results for q=u,d,s     and   
                h= ππ, πK, KK pairs and  
                     decay of vector mesons

Moreover, it is believed that the two SSAs are gener-
ated by di↵erent mechanisms, namely the Collins e↵ect
in one-hadron SIDIS and the interference of the hadron
pair production amplitudes in two hadron SIDIS. Re-
cently the COMPASS collaboration presented the re-
sults of their analysis demonstrating a similarity be-
tween SSAs extracted with these two methods [9, 10].
Namely, they found that the SSA for pairs of oppo-
sitely charged hadrons appears to be very close to the
Collins asymmetry for positively charged hadron pro-
duction, which in turn is very close to that for nega-
tively charged hadrons taken with opposite sign. Also,
both 'R and 'T modulations have been suggested to oc-
cur because of the Collins e↵ect in Refs. [1, 11]. Fur-
ther, both the unpolarized DiFF and the IFF at large in-
variant mass were recently calculated using perturba-
tive quantum chromodynamics in Ref. [12]. Here it was
shown that the IFF in the large invariant mass regime is
intimately connected to the Collins fragmentation func-
tion at large transverse momentum.

The dihadron approach has recently attracted a lot of
attention, with the first extraction of transversity per-
formed in Ref. [13, 14] using the SIDIS two hadron
SSA measured by HERMES [15] and COMPASS [16],
along with e+e� measurements by the BELLE collabo-
ration [17]. IFFs and unpolarised DiFFs were extracted
from fits to BELLE data either using spectator model
calculations [18, 19] or parametric forms [20], along
with input from Monte Carlo (MC) unpolarised event
generator PYTHIA.

Here we study the dihadron fragmentation func-
tion to oppositely charged pions for a transversely po-
larised quark in a simple model based on the NJL-jet
model [21–30]. In this model we use the NJL-jet frame-
work to describe the quark hadronisation process, and
allow for an elementary Collins e↵ect in one of the
hadron emission steps. We use MC simulations to ex-
tract both polarised single- and di-hadron FFs using
their probabilistic interpretation. We study the possi-
ble sine modulations of these FFs with respect to the
Collins, 'R and 'T angles (defined in the next sec-
tion), respectively, in order to establish whether the el-
ementary Collins e↵ect can generate terms in polarised
DiFFs with modulations that are expected to be induced
by IFFs H^

1 and H?1 , as expected within the standard
TMD approach [5]. This information will be help-
ful in further developments of the state-of-the-art non-
perturbative models for DiFFs [18].

This paper is organised in the following way. In the
next Section of this article we will briefly describe the
details of the model used to extract the polarised FFs. In
Section 3 we will present the results for the single and

Figure 1: NJL-jet model including transverse momentum and quark
polarisation transfer. Here the orange double-lined arrows schemati-
cally indicate the spin direction of the quark in the decay chain.

dihadron FFs and we will finish with the conclusions in
Section 4.

2. Simple Model for Hadronisation of a Trans-
versely Polarised Quark

The NJL-jet model describes the quark hadronisation
process within a framework based on the original Field
and Feynman quark-jet picture [31, 32], where the ini-
tial fragmenting quark produces hadrons in a quark de-
cay chain cascade, as schematically depicted in Fig. 1.
The remnant quark’s properties after each hadron emis-
sion are determined using the flavour and momentum
conservation constraints. In the NJL-jet model the el-
ementary hadron emission probabilities at each vertex
are calculated using the NJL model.

We first describe the kinematics and the MC method
for calculating the single hadron FFs. This is followed
by the calculation of dihadron FFs.

2.1. Single Hadron Fragmentation Functions from MC
We describe the single hadron FFs in the quark-jet

formalism as probability distributions for a quark to
produce a hadron with certain properties. The rele-
vant kinematics is schematically depicted in Fig. 2. The
transversely polarised quark q carries four-momentum k
and spin Sq and fragments to an unpolarised hadron h of
mass mh and four-momentum P. The coordinate system
is chosen such that the z axis is along the direction of the
three-momentum of the initial fragmenting quark q and
the x axis is along the spin vector Sq. Then the relevant
momenta can be expressed as

k = (k�, k+, 0), P = (P�, zk+, P?), P2 = m2
h, (1)

where z ⌘ P+/k+ is the initial quark’s light-cone mo-
mentum fraction carried by the hadron1. The Collins
angle ' is taken as the angle between P? and Sq, as de-
picted in Fig. 2.

1We use the following LC convention for Lorentz 4-vectors
(a�, a+, a?), a± = 1p

2
(a0 ± a3) and a? = (a1, a2).

2

recently extended to include effects of  
transverse polarization of fragmenting quark 
and 
transverse momentum-spin correlations

Matevosyan et al., P.L. B731 (14) 208 
Kotzinian et al., P.R.L. 113 (14) 062003 
                         P.R. D90 (14) 074006 
Matevosyan et al., arXiv:1502.02669(see talk Matevosyan)
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 similar origin for Collins and DiFF effects ? 
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sinF2h,S
CL2h vs D� and the corresponding fit (black full curve). The dashed red and dot-dashed black curves

are the fits to A

sinFC1
CL1 and A

sinFC2
CL2 from Fig. 2.

experimentally established relation �C1 =��C2.

These results allow to derive a quantitative relation between the h1 and h2 CL asymmetries and the
di-hadron asymmetry, as described in the following.

In the standard analysis, the D� integrated di-hadron asymmetry is measured from the amplitude of
the sine modulation of the angle FRS = �R+�S �⇡, where �R is the azimuthal angle of the relative
hadron momentum ~

R = [z2~p1 � z1~p2]/ [z1 +z2]. In the present analysis, the azimuthal angle �2h of the
vector ~

RN = p̂T1 � p̂T2 is evaluated for each pair of oppositely charged hadrons, with the hat indicating
unit vectors. As discussed in Ref. [15], the azimuthal angle �2h is strongly correlated with �R. Also,
introducing the angle F2h,S = �2h+�S �⇡, which is a kind of mean of the Collins angle of the positive
and negative hadrons after correcting for a ⇡ phase difference, it was shown [15] that the di-hadron
asymmetry measured from the amplitude of sinF2h,S is essentially identical to the standard di-hadron
asymmetry. In the following F2h,S will be used rather than FRS . Starting from the general expression
of the cross section given in Eq. (1), changing variables from �1 and �2 to D� and �2h, and using the
relations sinF2h,S = (R̂N ⇥ q̂) · ŝ0 and cosF2h,S =�sgn(D�)(P̂N ⇥ q̂) · ŝ0, where ~

PN = p̂T1 + p̂T2 and
sgn is the signum function, Eq. (1) can be rewritten as:

d�

h1h2

dD�d�2h d�S
= �U +ST

1
2
⇥�
�C1 ��C2

�p
2(1� cosD�)sinF2h,S

�sgn(D�)
�
�C1 +�C2

�p
2(1+ cosD�)cosF2h,S

⇤
, (5)

which simplifies to

d�

h1h2

d�2hdD�d�S
= �U +ST ·�C1 ·

p
2(1� cosD�) · sinF2h,S (6)

using the experimental result �C2 = ��C1. This last cross-section implies a sine modulation with am-
plitude

A

sinF2h,S
CL2h =

1
DNN

�C1

�U
·
p

2(1� cosD�). (7)

At variance with the single hadron case, no A

cosF2h,S
CL2h asymmetry is present in Eq. (6) and the measured

values are indeed compatible with zero. In Figure 5 the A

sinF2h,S
CL2h asymmetry is shown together with the

curve c
p

2(1� cosD�) with c=�0.017±0.002 (black solid line) as obtained by the fit. The dashed red
and dot-dashed black curves are the fitted curves a(1� cosD�) of Fig. 2. As can be seen the fit is good,

sin φ2h  asymmetry    φ2h ↔ R = p1 -p2

fit to Collins-like asymmetry for h2    

fit to Collins-like asymmetry for h1    

Δφ = φ1- φ2    φ1↔p1   φ2↔p2

Adolph et al., arXiv:1507.07593

in agreement with 3P0 string fragmentation model 

supported by MC calculations of DiFF in NJL-jet model:  
elementary Collins mechanism generates sinφR modulation    

Matevosyan et al., P.L. B731 (14) 208

Artru et al., Z.Ph. C73 (97) 527

(see talk Bradamante)    
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 general di-hadron SIDIS cross section  
up to twist 3   for any partial wave

d�XY ⇠
`
maxX

`=0

X̀

m=�`

P`m(cos ✓) fm(cos�h, cos�R)F
P`m fm
XY

F

P`m fm
XY (x, z, P 2

h?,M
2
h) = TMD(x,k?)⌦k?,p? DiFF`m(z,M2

h , |p?|)
(assuming factorization th. also for 2-hadron SIDIS)

- ℓ = λ⊕λ’ total partial wave of final hadronic system 
  ℓmax in principle not limited, because hadronic tensor  
         not linear in R 
- 3 classes of DiFFℓm :  Dℓm  ↔ χ=χ’=1/2  +  χ=χ’=−1/2 
                                   Gℓm  ↔ χ=χ’=1/2  −  χ=χ’=−1/2 
                                   Hℓm  ↔ χ ≠ χ’

where the structure functions on the right-hand side depend
on xB,Q2, zh,Mh. The above formula can be obtained from
the sum of the formulas in the previous section, observing
that the only surviving contributions are the ones with
values of m that cancel the coefficients of the ϕh angle.
Each of the 18 structure functions in Eq. (29) corresponds

to a specific class F
fðϕh;ϕR⊥ ;ϕSÞ
XY;Z in Eqs. (22)–(27). Only three

classes do not survive the integration upon Ph⊥: the ones

containing the fragmentation functions F
Pl;m cosðmðϕh−ϕR⊥ ÞÞ
LU;T

and F
Pl;m cosðmðϕh−ϕR⊥ ÞÞ
LU;L in Eq. (23), and the one containing

the fragmentation functions F
Pl;m sinð−mϕhþmϕR⊥ Þ
UL in Eq. (24).

III. NEW DEFINITION FOR TWO-HADRON
FRAGMENTATION FUNCTIONS

Throughout the paper, we will adopt the following
notation for intrinsic momenta: k denotes the parton
momentum in the distribution functions, p the parton
momentum occurring in the fragmentation functions, while
P refers to the final hadron momentum.
The general fragmentation process is rigorously defined

starting from the correlation matrix Δ [19]. Using the
common shorthand notation for the trace of projections of
the correlation matrix [19,21],

Δ½Γ%ðzh; cosϑ; jRT j; jpT j;RT · pTÞ

¼ 4π
zhjRj
16Mh

Z
dkþTr½ΓΔðp;Ph; RÞ%jp−¼P−

h =z
; ð30Þ

with p ¼ fp−; pþ ≡ ðp2 þ p2TÞ=ð2p−Þ; pTg, for each
choice of the operator Γ we can define a specific class
of fragmentation functions. At leading twist, we have the
three classes

D1 ¼ Δ½γ−%; ð31Þ

G1 ¼ Δ½γ−γ5%; ð32Þ

i
jpT j
Mh

eiϕpH⊥
1 ¼ Δ½−iðσ1−þiσ2−Þγ5%

¼ Δ½ðγ2−iγ1Þγ−γ5%; ð33Þ

where ϕp is the azimuthal angle referred to pT [32]. Their
probabilistic interpretation is depicted in Fig. 1. With
respect to the helicity density matrix of the fragmenting
quark, the unpolarized D1 corresponds to the sum of
diagrams with no quark spin flip [those with ðχ ¼ χ0 ¼
1=2Þ and ðχ ¼ χ0 ¼ −1=2Þ in Fig. 1]; the polarized G1

corresponds to their difference; and the chiral-odd H⊥
1 , the

generalized Collins fragmentation function, corresponds to
the sum of diagrams with quark spin flip (χ ≠ χ0).
One advantage of this new convention is that at leading

twist it associates the name and symbol of the fragmentation

functions with the quark spin states (χ, χ0), while the various
polarization states of the produced hadron system (jλ; μi and
jλ0; μ0i) are associated with partial waves of the fragmenta-
tion functions. At subleading twist, the projection operators
Γ select the so-called “bad” light-cone components which
are associated to quark-gluon combinations; hence, a clear
identification of such components in terms of good quark
helicity states is not applicable.

A. Partial wave expansion

The fragmentation functions can be expanded in partial
waves in the direct product basis jλ; μijλ0; μ0i, with λλ0, the
relative partial waves of each hadron pair in Fig. 1.
However, the structure functions in the cross section of
Eqs. (22)–(27) are related to specific partial waves in the
direct sum basis. Then, it is more convenient to reexpress
the expansion in the basis jl; mi, where l ¼ λ ⊕ λ0 is the
total partial wave of the hadronic system.
For each class of fragmentation functions in

Eqs. (31)–(33), the partial wave expansion is accomplished
by expanding the dependence on the polar angle cosϑ and
on the azimuthal angle ϕR⊥ − ϕp on a basis of spherical
harmonics, in the same way as was done for the cross
sections (22)–(27). Then, we have

D1 ¼
Xlmax

l¼0

Xl

m¼−l
Pl;mðcosϑÞ cos ðmðϕR⊥ − ϕpÞÞ

×Djl;mi
1 ðz;Mh; jpT jÞ; ð34Þ

G1 ¼
Xlmax

l¼1

Xl

m¼−l
Pl;mðcosϑÞ sin ðmðϕR⊥ − ϕpÞÞ

×Gjl;mi
1 ðz;Mh; jpT jÞ; ð35Þ

H⊥
1 ¼

Xlmax

l¼0

Xl

m¼−l
Pl;mðcosϑÞeimðϕR⊥−ϕpÞ

×H⊥jl;mi
1 ðz;Mh; jpT jÞ; ð36Þ

and likewise for the higher twist fragmentation functions.
All nonexpanded classes explicitly depend on the variables

FIG. 1 (color online). The generic diagram for leading-twist
fragmentation functions. The quarks are indicated as q, q0, with
their helicities χ, χ0, respectively. The hadron pairs ðh1; h2Þ and
ðh01; h02Þ are, respectively, in the partial waves jλ; μi and jλ0; μ0i.
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covariant    →    TRF   
definition   

with this choice, if   ∫ dPhT    then no di-hadron Sivers or Collins effects arise

no kT  ⇒  k × P ⋅ S = 0  and   k × Ph ⋅ Sq = 0

�RT =

(q ⇥ `) ·R?
|(q ⇥ `) ·R?|

arccos

(q ⇥ `) · (q ⇥R?)

|q ⇥ `| |q ⇥R?|

choice of Kotzinian, Matevosyan, Thomas,         
P.R.L. 113 (14) 062003 
P.R. D90 (14) 074006 
P.L. B731 (14) 208 

Matevosyan et al.,  
arXiv:1502.02669

RT =
P1T � P2T

2
= R? +

z1 � z2
2

kT

non covariant choice: depending on  
the frame, TMD effects can arise…

claim of Sivers effect and Collins-induced sin φR modulation in  
di-hadron SIDIS even without sensitivity to quark kT  ( ∫ dPhT )   
(see talk Kotzinian & Matevosyan) 

   are really Sivers and Collins-like effects ?


