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OUTLOOK

❖ Sivers Effect in Two Hadron SIDIS and Unpolarized 
Dihadron Fragmentation Functions.

❖ Interference DiFF type modulations from Collins 
effect.
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TWO HADRON CORRELATIONS:
DIHADRON FRAGMENTATION FUNCTIONS
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TWO-HADRON FRAGMENTATION

• IFFS are Chiral-ODD: Need to be coupled with another 
chiral-odd quantity to be observed (e.g. transversity).

‣Kinematic Variables:
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‣The relevant terms of the quark correlator at leading order for a 
Transversely Polarized Quark:

k! and the integration over k" implied by the definition of !
in Eq. "3#, we deduce that the actual number of independent
components of the three 4-vectors k ,P1 ,P2 is five "cf. $12%#.
They can conveniently be chosen as the fraction of quark
momentum carried by the hadron pair, z, the subfraction in
which this momentum is further shared inside the pair, & , and
the ‘‘geometry’’ of the pair in the momentum space, namely,
the ‘‘opening’’ of the pair momenta, R! T

2 , the relative position
of the jet axis and the hadron pair axis, k!T

2 , and the relative
position of hadron pair plane and the plane formed by the jet
axis and the hadron pair axis, k!T•R! T "see Fig. 2#.
Both DF and FF can be deduced from suitable projections

of the corresponding quark-quark correlators. In particular,
by defining
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we can deduce, at leading twist,
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The leading-twist projections give a nice probabilistic inter-
pretation of FF related to the matrix ' used. Hence, D1 is the
probability for a unpolarized quark to fragment into the un-
polarized hadron pair, G1

! is the probability difference for a
longitudinally polarized quark with opposite chiralities to

fragment into the pair, both H1
! and H1

" give the same prob-
ability difference but for a transversely polarized fragment-
ing quark. A different interpretation for H1

! and H1
" comes

only from the possible origin for a non-vanishing probability
difference, which is induced by the direction of kT and RT ,
respectively. G1

! ,H1
! ,H1

" are all naive T-odd and H1
! ,H1

"

are further chiral odd. H1
! represents a sort of generalization

of the Collins effect, while H1
" originates from a genuine

new effect, because it relates the transverse polarization of
the fragmenting quark to the orbital angular motion of the
transverse component of the pair relative momentum R! T via
the new angle , , defined by
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where we have used the condition P! hT#0 and ,ST (,ST!
),

,RT are the azimuthal angles of the initial "final# quark trans-
verse polarization and of R! T with respect to the scattering
plane, respectively "see also Fig. 2#.

B. Isolating transversity from the SSA

Usually, the analysis of experimental observables is better
accomplished in the frame where the target momentum P
and the momentum transfer q are collinear and with no trans-
verse components. Using a different notation, we have P!!

#q!!#0 and P! h!.0. An appropriate transverse Lorentz
boost transforms this frame to the previous one where P! T
#P! hT#0 and q! T#!P! h! /z $12%. However, the difference
between the components of vectors in each frame is sup-
pressed like O(1/Q). Since we are here considering expres-
sions for the observables at leading twist only, this difference
can be safely neglected.
By using Eq. "5#, the complete cross section at leading

twist for the two-hadron inclusive DIS of an unpolarized
beam on a transversely polarized target, where two unpolar-
ized hadrons are detected in the same quark current jet, is
given by
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FIG. 2. The kinematics for the final state where a quark frag-
ments into two leading hadrons inside the same current jet.
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task suggests that a more convenient way to model occur-
rence and properties of ‘‘T odd’’ FF is to look at residual
interactions between two hadrons in the same jet, consider-
ing the remnant of the jet as a spectator and summing over
all its possible configurations. Therefore, in the following the
formalism for two-hadron semi-inclusive production and FF
will be addressed.

III. QUARK-QUARK CORRELATION FUNCTION FOR
TWO-HADRON PRODUCTION

In the field-theoretical description of hard processes the
soft parts connecting quark and gluon lines to hadrons are
defined as certain matrix elements of non-local operators in-
volving the quark and gluon fields themselves !17–19". In
analogy with semi-inclusive hard processes involving one
detected hadron in the final state !2", the simplest matrix
element for the hadronization into two hadrons is the quark-
quark correlation function describing the decay of a quark
with momentum k into two hadrons P1 ,P2 #see Fig. 3$:
namely,
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where the sum runs over all the possible intermediate states
involving the two final hadrons P1 ,P2. For the Fourier trans-
form only the two space-time points 0 and & matter, i.e., the
positions of quark creation and annihilation, respectively.
Their relative distance & is the conjugate variable to the
quark momentum k.
We choose for convenience the frame where the total pair

momentum Ph!P1#P2 has no transverse component. The
constraint to reproduce on-shell hadrons with fixed mass
(P1

2!M 1
2 ,P2

2!M 2
2) reduces to seven the number of indepen-

dent degrees of freedom. As shown in Appendix A #where
also the light-cone components of a 4-vector are defined$,
they can conveniently be reexpressed in terms of the light-
cone component of the hadron pair momentum, Ph

$ , of the
light-cone fraction of the quark momentum carried by the
hadron pair, zh!Ph

$/k$!z1#z2, of the fraction of hadron

pair momentum carried by each individual hadron, +
!z1 /zh!1$z2 /zh , and of the four independent invariants
that can be formed by means of the momenta k ,P1 ,P2 at
fixed masses M 1 ,M 2, i.e.,
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where we define the vector R!(P1$P2)/2 for later use.
By generalizing the Collins-Soper light-cone formalism

!18" for fragmentation into multiple hadrons !12,11", the
cross section for two-hadron semi-inclusive emission can be
expressed in terms of specific Dirac projections of
%(zh ,+ ,Ph

$ ,,h ,-h ,M h
2 ,-d) after integrating over the #hard-

scale suppressed$ light-cone component k# and, conse-
quently, taking & as light-like !2", i.e.,
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The function % [/] now depends on five variables, apart from
the Lorentz structure of the Dirac matrix / . In order to make
this more explicit and to reexpress the set of variables in a
more convenient way, let us rewrite the integrations in Eq.
#11$ in a covariant way using
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where the dependence on the transverse quark momentum k! T
2

through -h is made explicit by means of Eqs. #A6a$ and
#A7$.
Using Eq. #A6$ makes it possible to reexpress % [/] as a

function of zh ,+ ,k! T
2 and R! T

2 ,k! T•R! T , where R! T is #half of$ the
transverse momentum between the two hadrons in the con-

FIG. 3. Quark-quark correlation function for the fragmentation
of a quark into a pair of hadrons.
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where M is the target mass. The kinematics, also depicted in
Fig. 1, represents a nucleon with momentum P(P2!M 2)
and a virtual hard photon with momentum q that hits a quark
carrying a fraction p#!xP# of the parent hadron momen-
tum. We describe a 4-vector a as &a",a#,a! T* , in terms of its

light-cone components a%!(a0%a3)/!2 and a transverse
bidimensional vector a! T , such that for two 4-vectors a ,b we
have a•b!a#b"#a"b#"a! T•b! T . Because of momentum
conservation in the hard vertex, the scattered quark has mo-
mentum k!p#q , and it fragments into two unpolarized
hadrons, which carry a fraction (P1#P2)"+Ph

"!zk" of
the ‘‘parent quark’’ momentum, and the rest of the jet.
The quark-quark correlator ' describes the nonperturba-

tive processes that make the parton p emerge from the spin-
1/2 target, and it is symbolized by the lower shaded blob in
Fig. 1. Using Lorentz invariance, Hermiticity and parity in-
variance, the partly integrated ' can be parametrized at lead-
ing twist in terms of DF as
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by the light-cone helicity /!MS#/P# and the transverse
component S! T of the target spin. Similarly, the correlator ) ,
symbolized by the upper shaded blob in Fig. 1, represents the
fragmentation of the quark into the two detected hadrons and
the rest of the current jet and can be parametrized as &12*
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where R+(P1"P2)/2 is the relative momentum of the had-
ron pair.
For convenience, we will choose a frame where, besides

P! T!0, we have also P! hT!0. By defining the light-cone mo-
mentum fraction 0!P1

"/Ph
" , we can parametrize the final-

state momenta as
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From the definition of the invariant mass of the hadron pair,
i.e. Mh
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which in turn puts a constraint on the invariant mass from the
positivity requirement R! T
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After having given all the details of the kinematics, we
can specify the actual dependence of the quark-quark cor-
relator ) and of the FF. From the frame choice P! hT!0, the
on-shell condition for both hadrons, Eq. $5%, the constraint on
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where R+(P1"P2)/2 is the relative momentum of the had-
ron pair.
For convenience, we will choose a frame where, besides
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TWO-HADRON FRAGMENTATION
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✦Transformation to frame kT = 0
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Sivers Effect in
 Two Hadron SIDIS



SIVERS PDF
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D. Sivers, Phys.Rev. D41 (1990).

✦ Proposed by Dennis Sivers in 
1990 to explain the single spin 
asymmetry in                       .pp" ! ⇡ +X

✦ Correlation of      and STkT

✦ Naively T-odd, gauge-link should be included in 
the definition.

f?SIDIS
1T = �f?DY

1T

✦ Accessible in Polarized SIDIS, Drell-Yan.

The Confined Motion of Partons Inside
the Nucleon
Semi-inclusive DIS (SIDIS) measurements
have two natural momentum scales: the
large momentum transfer from the electron
beam needed to achieve the desired spatial
resolution, and the momentum of the pro-
duced hadrons perpendicular to the direction
of the momentum transfer, which prefers a
small value sensitive to the motion of con-
fined partons. Remarkable theoretical ad-
vances over the past decade have led to a
rigorous framework where information on the
confined motion of the partons inside a fast-
moving nucleon is matched to transverse-
momentum dependent parton distributions
(TMDs). In particular, TMDs are sensitive
to correlations between the motion of par-
tons and their spin, as well as the spin of the
parent nucleon. These correlations can arise
from spin-orbit coupling among the partons,
about which very little is known to date.
TMDs thus allow us to investigate the full
three-dimensional dynamics of the proton,
going well beyond the information about lon-
gitudional momentum contained in conven-
tional parton distributions. With both elec-

tron and nucleon beams polarized at collider
energies, the EIC will dramatically advance
our knowledge of the motion of confined glu-
ons and sea quarks in ways not achievable at
any existing or proposed facility.

Figure 1.3 (Left) shows the transverse-
momentum distribution of up quarks inside
a proton moving in the z direction (out of the
page) with its spin polarized in the y direc-
tion. The color code indicates the probabil-
ity of finding the up quarks. The anisotropy
in transverse momentum is described by the
Sivers distribution function, which is induced
by the correlation between the proton’s spin
direction and the motion of its quarks and
gluons. While the figure is based on a pre-
liminary extraction of this distribution from
current experimental data, nothing is known
about the spin and momentum correlations
of the gluons and sea quarks. The achiev-
able statistical precision of the quark Sivers
function from EIC kinematics is also shown
in Fig. 1.3 (Right). Currently no data exist
for extracting such a picture in the gluon-
dominated region in the proton. The EIC
will be crucial to initiate and realize such a
program.
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Figure 1.3: Left: The transverse-momentum distribution of an up quark with longitudinal
momentum fraction x = 0.1 in a transversely polarized proton moving in the z-direction, while
polarized in the y-direction. The color code indicates the probability of finding the up quarks.
Right: The transverse-momentum profile of the up quark Sivers function at five x values
accessible to the EIC, and corresponding statistical uncertainties.

5

ST

EIC White Paper, arXiv:1212.1701

f

q
" (x,

~

kT ) = f

q
1 (x, kT ) +

[~S ⇥ ~

kT ]3
M

f

?q
1T (x, kT )

ST kT sin('k � 'S)



TWO-HADRON SIDIS

‣Correlations of quark’s TM 
transferred to two hadrons.

8

‣Unpolarized fully unintegrated dihadron Fragmentation Function
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TWO-HADRON SIDIS

‣Correlations of quark’s TM 
transferred to two hadrons.
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‣Unpolarized fully unintegrated dihadron Fragmentation Function
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TWO-HADRON SIDIS
‣Cross Section in terms of Total and Relative Momenta

❖ Additional information on Sivers PDF: Flavor decomposition!
❖ Need the new (yet unknown) DiFFs!
❖ Is it feasible to measure these SSAs?

‣Non-vanishing       is new! (shown explicitly in toy model)�R

P h = P 1 + P 2

9

‣The Sivers term:
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‣Use PYTHIA 6.4 (and LEPTO earlier) (F77-yuk).
‣Incorporate dynamical hadronization mechanism: one, 
two,... hadron FFs.
‣Sivers effect modulates quark TM’s azimuthal angle:  
relatively easy to include in MC generators.
‣Use Sivers PDF extraction from Torino group.
‣Event generators allow to study exp. kinematics effects.
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EVENT GENERATORS + SIVERS EFFECT
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Kotzinian, H.M., Thomas: PRL.113, 062003 ; PRD.90, 074006 ; 1407.6572 (2014); 

❖ Does it working?



Sivers SSAs at CLAS12

11

❖ Exploring the large x region.

✦ Both Single and Dihadron SSAs are comparable in size!
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π -π -, R
π+ π -, R 
π+π+, R 

π -π -, T
π+ π -, T
π+π+, T

CLAS12

A
Si

v
h 1

h 2

−0.05

0

0.05

z
0.4 0.5 0.6 0.7 0.8

π -π -, R
π+ π -, R 
π+π+, R 

π -π -, T
π+ π -, T
π+π+, T

CLAS12

A
Si

v
h 1

h 2

−0.04

−0.02

0

0.02

0.04

x
0.1 0.2 0.3 0.4

π -
π+

K-
K+

CLAS12

A
Si
v

h

−0.02

0

0.02

0.04

0.06

x
0.1 0.2 0.5

π -
π+

K-
K+

CLAS12

A
Si
v

h
−0.05

0

0.05

0.10

z
0.2 0.4 0.6 0.8

H.M et al., arXiv:1502.02669 (2015).

http://arxiv.org/abs/arXiv:1502.02669
http://arxiv.org/abs/arXiv:1502.02669


12

‣Sivers SSA changes sign in some channels, fragmentation 
of nucleon remnant (recoil TM)!

‣Explore Target Fragmentation Regions             .xF < 0
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H.M et al., arXiv:1502.02669 (2015), accepted in PRD.
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TRANSVERSELY POLARIZED QUARK FRAGMENTATION:
COLLINS EFFECT AND TWO-HADRON CORRELATIONS

13



RECENT COMPASS RESULTS

14

R

y

z
x

l'l

q
2
ξ   p 1

ξ   p 21

R̂

S


S


R

COMPASS,  PLB736, 124-131 (2014).

Asin�RS

UT =

|p1 � p2|
2Mh+h�

P
q e

2
q · h

q
1(x) ·H^

1,q(z, M
2
h+h� , cos ✓)P

q e
2
q · f

q
1 (x) ·D1,q(z, M2

h+h� , cos ✓)

RArtru =
z2P 1 � z1P 2

z1 + z2

✦SIDIS with transversely polarized target.

✦Two hadron single spin asymmetry: 

✦Note the choice of the vector

A
Coll

=

P
q

e2
q

�
T

q ⌦H
?h/q

1
P

q

e2
q

q ⌦D
h/q

1

✦Collins single spin asymmetry: 

http://inspirehep.net/search?p=collaboration:%27COMPASS%27&ln=en
http://inspirehep.net/search?p=collaboration:%27COMPASS%27&ln=en


RECENT COMPASS RESULTS

14

R

y

z
x

l'l

q
2
ξ   p 1

ξ   p 21

R̂

S


S


R

COMPASS,  PLB736, 124-131 (2014).

Asin�RS

UT =

|p1 � p2|
2Mh+h�

P
q e

2
q · h

q
1(x) ·H^

1,q(z, M
2
h+h� , cos ✓)P

q e
2
q · f

q
1 (x) ·D1,q(z, M2

h+h� , cos ✓)

RArtru =
z2P 1 � z1P 2

z1 + z2

✦SIDIS with transversely polarized target.

✦Two hadron single spin asymmetry: 

✦Note the choice of the vector

A
Coll

=

P
q

e2
q

�
T

q ⌦H
?h/q

1
P

q

e2
q

q ⌦D
h/q

1

✦Collins single spin asymmetry: 

x
−210 −110 1

〉 pA〈

-0.10

-0.05

    0

0.05

0.10 2007 & 2010 proton data
−h+h

+hCollins 
−hCollins 

http://inspirehep.net/search?p=collaboration:%27COMPASS%27&ln=en
http://inspirehep.net/search?p=collaboration:%27COMPASS%27&ln=en


COLLINS FRAGMENTATION FUNCTION

•Chiral-ODD: Needs to be coupled with another chiral-
odd quantity to be observed.

• Collins Effect: 

Azimuthal Modulation of 
Transversely Polarized 
Quark’ Fragmentation 
Function.

15
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COLLINS FRAGMENTATION FUNCTION FROM NJL-JET

•Model Calculated Elementary Collins Function as Input

•Extend the NJL-jet Model to Include the Quark’s Spins.

16

H.M.,Bentz, Thomas, PRD.86:034025, 2012.
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E

•Spin flip probability: PSF

A. Bacchetta et. al., PLB659, 234 (2008).



POLARIZED QUARK DIFF IN QUARK-JET.

•Use the NJL-jet Model including Collins effect (Mk 2) to study DiFFs.

17

H.M., Kotzinian, Thomas, PLB731 208-216 (2014).
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E
.

•Choose a constant Spin flip probability: PSF

•Simple model to start with:
  Only pions and extreme ansatz for the
  Collins term in elementary function.

dh/q"(z,p?) = dh/q1 (z, p2?)(1� 0.9 sin')
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ANGULAR CORRELATIONS: u ! ⇡+⇡�

Quark-Jet

COMPASS Results
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✦ No Spin Dependence 
Included!

F. Bradamante - COMO 2013.
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INTEGRATED ANALYZING POWERS
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✦Use the spectator model for Collins 
function.

✦Include both pion and kaon channels.

IMPROVED MODEL FOR 
COLLINS EFFECT

20
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IMPROVED MODEL RESULTS
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✦Predictions for various hadron pairs.

✦ Qualitatively the same picture as in 
the Toy-model calculations.

✦ Consistent with COMPASS results.



TRANSVERSE MOMENTUM DEPENDENCE



‣TMD splittings: 

‣Conserve transverse momenta at each link.

‣Calculate the Number Density

TMD FRAGMENTATION FUNCTIONS
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23

H.M.,Bentz, Cloet, Thomas, PRD.85:014021, 2012

P? = p? + zk?



COMPARISON WITH GAUSSIAN ANSATZ
•  TMD Dependence of the splitting function.

24

•  TMD Dependence of the full fragmentation function.
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AVERAGE  TRANSVERSE MOMENTA VS Z

25

FRAGMENTATION
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CONCLUSIONS
❖Two-Hadron SIDIS will provide information for mapping the TM 

and flavor dependencies of Sivers and Transversity PDFs.

❖We need unintegrated Dihadron Fragmentation Functions.

❖Measurements of IFFs for both relative and total TM will be 
crucial for understanding the hadronization process. 

❖ The modified full Event Generators incorporating Sivers effect 
(mPYTHIA): a useful tool for phenomenological studies.

❖ mPYTHIA predictions show a great potential for measuring two-
hadron SIDIS SSAs at CLAS12 and EIC.

26



BACKUP SLIDES

27



https://www.phy.anl.gov/nsac-lrp/Whitepapers/
StudyOfFragmentationFunctionsInElectronPositronAnnihilation.pdf

28

WHITE PAPER FOR NSAC-LRP

✦White paper on extracting DiFFs at BELLE II.

https://www.phy.anl.gov/nsac-lrp/Whitepapers/StudyOfFragmentationFunctionsInElectronPositronAnnihilation.pdf
https://www.phy.anl.gov/nsac-lrp/Whitepapers/StudyOfFragmentationFunctionsInElectronPositronAnnihilation.pdf
https://www.phy.anl.gov/nsac-lrp/Whitepapers/StudyOfFragmentationFunctionsInElectronPositronAnnihilation.pdf
https://www.phy.anl.gov/nsac-lrp/Whitepapers/StudyOfFragmentationFunctionsInElectronPositronAnnihilation.pdf


TWO-HADRON SIDIS
‣Cross Section in terms of Total and Relative Momenta

29

‣The Sivers term:
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3D Structure of Nucleons and Nuclei, Como,June 12, 2013 Franco Bradamante 
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INTEGRATED ANALYZING POWERS
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✦ Average number of hadrons by struck quark flavor.

✦ SSAs for charged pions and kaons from proton target - low x region.
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Dihadron Sivers SSAs for EIC
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✦ Identical pairs via z-ordering: z1 � z2 (so            )�R 6= 0

• Dihadron SSAs are comparable to single hadron ones!           
(the one- and two-hadron FFs should mostly cancel in the ratios)
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INTEGRATED POLARIZED FRAGMENTATIONS

• Integrate Polarized Fragmentations over 

φ
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COLLINS EFFECT - MK2
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MK2 Model Assumptions:
1. Allow for Collins Effect only in a SINGLE emission vertex -           scaling 

of the resulting Collins function. 
2. Use constant values for         .PSF
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AVERAGE  TRANSVERSE MOMENTA VS Z
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FRAGMENTATION

SIDIS
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• Include the kinematical cuts on 

CLAS12 @ JLAB 12GeV
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•            electron off polarized proton target.11 GeV

• We use mPYTHIA for SIDIS predictions.
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1 GeV  Q2  6.3 GeV

W � 2 GeV

MMis(ep)�(e0hX) � 1.5 GeV

MMis(ep)�(e0h1h2X) � 1.5 GeV

•Access to large x region of nucleon structure.

• Upcoming SIDIS experiment, 1H and 2H

x,Q

2
,W, ✓e0 , ✓h,MMis, z, ...

DIS kinematics



• We use mPYTHIA for SIDIS predictions.

EIC: eRHIC
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White Paper -- Accardi et. al. : 1212.1701(2012).

• Various proposed beam momenta: le ⇥ PN

SIDIS ⇡+

• EIC using RHIC + electron ring. eSTAR
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Figure 1.8: Top: The schematic of eRHIC at BNL, which would require construction of an
electron beam facility (red) to collide with the RHIC blue beam at up to three interaction points.
Botton: The schematic of ELIC at JLab, which would require construction of the ELIC complex
(red, black/grey) and its injector (green on the top) around the 12 GeV CEBAF.
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SIVERS SSA MEASUREMENTS IN SIDIS

hsin(�� �S)ihUT ⇠ C[f?,q
1T Dh/q

1 ]

C[fq
1 Dh/q

1 ]

•Sivers Single Spin Asymmetry:

AP
Siv ⌘ 2hsin(�� �S)ihUT
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R
d�hd�S sin(�h � �S)[d�(�h,�S)� d�(�h,�S + ⇡)]R
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ACCESS TO TRANSVERSITY PDF FROM DiFF

• In two hadron production from 
polarized target the cross section 
factorizes collinearly - no TMD!

• Allows clean access to transversity.
• Unpolarized and Interference Dihadron 

FFs are needed!

M. Radici, et al: PRD 65, 074031 (2002).

A. Bacchetta and M. Radici, PRD 74, 114007 (2006).

• Empirical Model for       has been fitted to PYTHIA simulations.Dq
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FIG. 4: Semi-inclusive dihadron counts from the PYTHIA event generator [53] tuned for HERMES [54] and results of the fit
(a) as a function of Mh, (b) as a function of z. Solid line: p-wave contribution; dashed line: s-wave contribution; dotted line:
sum of the two. The contributions of the η and K0 have been excluded.

which the Monte Carlo generator is actually tuned. The agreement would be improved further if the contribution of
the ω were extended at higher invariant masses by leaving the narrow-width approximation for the ω resonance and
smearing the step function in Eq. (28). Note that the interference is in this case constructive because the signs of the
couplings fρ and f ′

ω have been taken equal. If the two couplings were taken opposite, then a destructive interference
would take place and the model would underestimate the p-wave data at around 0.6 GeV. The agreement with the
total spectrum would then be worsened. Also the fω coupling has been taken to have the same sign of fρ to avoid
destructive interference patterns. It is difficult with the present poor knowledge to make any conclusive statement
about ρ-ω interference in semi-inclusive dihadron production. However, we can at least conclude that in our model
the best agreement with the event generator is achieved when the three couplings fρ, fω and f ′

ω have the same sign.

V. PREDICTIONS FOR POLARIZED FRAGMENTATION FUNCTIONS AND TRANSVERSE-SPIN
ASYMMETRY

Using the parameters obtained from the fit we can plot the results for the fragmentation functions D1,ll, H<)
1,ot, and

D1,ol. The function D1,ll is a pure p-wave function. It depends on |F p|2, the modulus square of Eq. (28), and has
a behavior very similar to Dp

1,oo, the p-wave part of D1,oo. In Fig. 5 (a) we plot the ratio between D1,ll and D1,oo,
integrated separately over 0.2 < z < 0.8. In Fig. 5 (b) we plot the same ratio but with the two functions multiplied
by 2Mh and integrated over 0.3 GeV < Mh < 1.3 GeV. In the same figures, the dotted lines represent the positivity
bound [55]

−
3

2
Dp

1,oo ≤ D1,ll ≤ 3Dp
1,oo. (36)

The functions D1,ol and H<)
1,ot arise from the interference of s and p waves, i.e. from the interferences of channels 1-2,

1-3, and 1-4, proportional to the product (fs fρ), (fs fω), (fs f ′
ω), respectively. Since the relative sign of fs and the

p-wave couplings is not fixed by the fit, we can only predict these functions modulo a sign. For the plots, we assume
that the p-wave couplings have a sign opposite to fs (as suggested by the sign of preliminary HERMES data [48]).

In Fig. 6 (a) we plot the ratio between −|#R|/Mh H<)
1,ot and D1,oo, integrated separately over 0.2 < z < 0.8. In Fig. 6

(b) we plot the same ratio but with the two functions multiplied by 2Mh and integrated over 0.3 GeV < Mh < 1.3 GeV.
In the same figures, the dotted lines represent the positivity bound [55]

|#R|
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H<)
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√

3

8
Ds

1,oo

(

Dp
1,oo −

1

3
D1,ll

)

. (37)

As is evident, there are two main contributions:

• the interference between channel 1 (s-wave background) and the imaginary part of 2 (ρ resonance), with a shape
peaked at the ρ mass, i.e. roughly proportional to the imaginary part of the ρ resonance in Eq. (28);
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Experiments:
BELLE,
HERMES,
COMPASS.
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NJL: NUCLEON PDFS - TMD RESULTS
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• Sivers SSAs from SIDIS 
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• Use LO expression for factorized 
cross-section.

• Parametrize PDFs and FFs.
• Use Gaussian TMD dependence. 
• Also TMD evolution in 2012.

EMPIRICAL EXTRACTIONS OF SIVERS PDF

• Fits to HERMES and COMPASS:

•Large uncertainties, esp. for 
sea. 

•Approximations: TM and 
flavor dependence of FF, etc.

M. Anselmino et. al.: PRD 72, 094007 (2005). PRD 86, 014028 (2012).
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The shaded area represents the statistical uncertainty of
the fit parameters corresponding to a !!2 ¼ 20 (i.e.) to
95.45% confidence level for 11 degrees of freedom, see
Appendix A of Ref. [5] for further details). Notice that, in
general, the error bands corresponding to the TMD evolu-
tion fit are thinner than those corresponding to the DGLAP
fit: this is caused by the fact that the TMD evolution
implies a ratio Sivers/PDF which becomes smaller with
growing Q2, as shown in Fig. 3, constraining the free
parameters much more tightly than in the DGLAP evolu-
tion fit, where the Sivers/PDF ratio remains roughly con-
stant as Q2 raises from low to large values.

In Fig. 7 we compare, for illustration purposes, the
Sivers function—actually, its first moment, defined in
Ref. [5]—at the initial scaleQ0 for u and d valence quarks,
as obtained in our best fits with the TMD (left panel) and
the DGLAP (right panel) evolution, Table II. Notice that
for this analysis we have chosen to separate valence from
sea quark contributions, while in Ref. [5] the u and d
flavors included all contributions.

This result deserves some comments. The comparison
shows that the extracted u and d valence contributions, at
the initial scale Q0 ¼ 1 GeV, are definitely larger for the
TMD-evolution fit. This reflects the TMD-evolution prop-
erty, according to which the Sivers functions are strongly
suppressed with increasingQ2, which is not the case for the
almost static collinear DGLAP evolution. Thus, in order to
fit the same data atQ2 bins ranging from 1.3 to 20:5 GeV2,
the TMD-evolving Sivers functions must start from higher
values at Q0 ¼ 1 GeV. The Sivers distributions previously

extracted, with the DGLAP evolution, in Refs. [5,13] were
given at Q2 ¼ 2:4 GeV2; one should notice that if we
TMD evolve the Sivers distributions on the left side of
Fig. 7 up to Q2 ¼ 2:4 GeV2 we would obtain a result very
close to that of Refs. [5,13] (and to that of the right side
of Fig. 7).

III. CONCLUSIONS AND FURTHER REMARKS

We have addressed the issue of testing whether or not the
recently proposed Q2 evolution of the TMDs (TMD evo-
lution) can already be observed in the available SIDIS data
on the Sivers asymmetry. It is a first crucial step towards
the implementation, based on the TMD-evolution equa-
tions of Refs. [7–9], of a consistent QCD framework in
which to study the TMDs and their full Q2 dependence.
That would put the study of TMDs—and the related
reconstruction of the three-dimensional parton momentum
structure of the nucleons—on a firm basis, comparable to
that used for the integrated PDFs.
Previous extractions of the Sivers functions from

SIDIS data included some simplified treatment of the
Q2 evolution, which essentially amounted to consider
the evolution of the collinear and factorized part of the
distribution and fragmentation functions (DGLAP evolu-
tion). It induced modest effects, because of the slow Q2

evolution and of the limited Q2 range spanned by the
available data. The situation has recently much pro-
gressed, for two reasons: the new TMD evolution [8,9]
shows a strong variation with Q2 of the functional form
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FIG. 7 (color online). The first moment of the valence u and d Sivers functions, evaluated at Q ¼ Q0, obtained from our best fits of

the Asinð"h#"SÞ
UT azimuthal moments as measured by HERMES [11] and COMPASS [12,23] Collaborations. The extraction of the Sivers

functions on the left side takes into account the TMD evolution (left column of Table II), while for those on the right side it does not
(right column of Table II). The shaded area corresponds to the statistical uncertainty of the parameters, see Appendix A of Ref. [5] for
further details.
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EXTRACTIONS WITH TMD EVOLUTION
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Echevarria et al.: PRD.89 074013, (2014)

✦ Sun-Yuan prescription for TMD 
evolution.
✦ Gaussian TM dependence of NP TMD 
dependence at initial scale.
✦ Fit HERMES & COMPASS multiplicities 
and Sivers SSAs.
✦ Predict Sivers SSA and W production in 
COMPASS DY and PP.

Sun, Yuan, PRD88 (2013), 114012

✦ Find non-perturbative Sudakov 
factor that describes  W, Z     
production in        at Fermilab 
+HERMS & COMPAS.
✦ Use it to fit Sivers SSA at 
HERMES, COMPASS, JLAB.
✦ Predict Sivers Effect for DY SSA.
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FIG. 11. Qiu-Sterman function Tq,F (x, x,Q) for u, d, and s flavors at a scale Q2 = 2.4 GeV2, as extracted by our simultaneous
fit of JLab, HERMES, and COMPASS data.

SIDIS and the DY processes

f⊥,q(β)
1T,DY (xa, b;Q) = −f⊥,q(β)

1T,SIDIS(xa, b;Q). (45)

We then use Eq. (23) and Eq. (44) and follow the experimental convention to choose the pair’s transverse momentum
p⊥ along the x-direction, while the spin vector s⊥ is along y-direction [10, 85] and the transversely polarized proton
is moving in the +z-direction. The single transverse spin asymmetry for DY production is given by

AN =
d∆σ

dQ2dyd2p⊥

/

dσ

dQ2dyd2p⊥
. (46)

It is important to realize that the AN defined above is opposite to the so-called weighted asymmetry A
sin(φγ−φs)
N

defined in the literature, see, e.g., Refs. [63, 83].
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FIG. 12. Estimated Sivers asymmetries for DY lepton pair production. Left plot: AN in p↑π− collisions as a function of xF

at COMPASS energy
√
s = 18.9 GeV. Middle plot: AN in p↑p collisions is plotted as a function of xF at Fermilab energy√

s = 15.1 GeV. Right plot: AN in p↑p collisions is plotted as a function of the pair’s rapidity y at RHIC energy
√
s = 510

GeV. We have integrated over the pair’s transverse momentum 0 < p⊥ < 1 GeV in the invariant mass range 4 < Q < 9 GeV.

There are several planned experiments to measure the AN for DY lepton pair production. The COMPASS collab-
oration at CERN will use a 190 GeV π− beam to scatter on the polarized proton target [21], which corresponds to
a CM energy

√
s = 18.9 GeV. At Fermilab, one can use the 120 GeV proton beam in the main injector. There are

two proposals corresponding to either a polarized proton beam [22] or a polarized proton target [23]. In both cases,
the CM energy is

√
s = 15.1 GeV. Finally, a DY measurement is also planned at RHIC [4, 24]. In the following, we

will present an estimate of the Sivers asymmetry based on our evolution approach. For better comparison, we will
always present the asymmetry in the center-of-mass frame of the colliding particles. We further choose the trans-
versely polarized proton to move in the +z direction, while the other unpolarized particle (π− for COMPASS and the
unpolarized proton for Fermilab and RHIC) moves in the −z direction. We define

xF = xa − xb, (47)
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FIG. 12: Predictions for the Sivers single spin asymmetry for the Drell-Yan process at COMPASS,
with π− beam of 190GeV, as function of xp. We have chosen the average xπ ≈ 0.55 and integrate

transverse momentum up to 2GeV.
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FIG. 13: Predictions for the Sivers single spin asymmetry for the Drell-Yan process at Fermilab

fixed target experiments, with proton beam of 120GeV, as function of x for the polarized proton:
polarized beam (left) and polarized target (right).

resonance. The latter process shall provide some information on the gluon Sivers function
in the relevant kinematics.

C. Fermilab Fixed Target Experiments

The proposal of the polarized Drell-Yan experiments at the Fermilab contain two possible
options [35]: polarized beam or polarized target. Both cases can be used to measure the
Sivers single spin asymmetries in the Drell-Yan lepton pair production. In the proposed
experiment, the incoming beam has energy of 120GeV.

Different from the Drell-Yan experiments at COMPASS, the Fermilab proposal have
proton-proton scattering. The flavor structure will be very different from that in COMPASS.
This is because in the proposed kinematics, the sea quark contribution to the unpolarized
cross section is not negligible. Therefore, we would expect that the sea quark Sivers functions
will play an important role as well.

In Fig. 13, we plot our predictions for the Sivers single spin asymmetries in the Drell-Yan
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EXTRACTIONS WITH TMD EVOLUTION
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Echevarria et al.: PRD.89 074013, (2014)

✦ Sun-Yuan prescription for TMD 
evolution.
✦ Gaussian TM dependence of NP TMD 
dependence at initial scale.
✦ Fit HERMES & COMPASS multiplicities 
and Sivers SSAs.
✦ Predict Sivers SSA and W production in 
COMPASS DY and PP.

Sun, Yuan, PRD88 (2013), 114012

✦ Find non-perturbative Sudakov 
factor that describes  W, Z     
production in        at Fermilab 
+HERMS & COMPAS.
✦ Use it to fit Sivers SSA at 
HERMES, COMPASS, JLAB.
✦ Predict Sivers Effect for DY SSA.

PP̄
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SIDIS and the DY processes

f⊥,q(β)
1T,DY (xa, b;Q) = −f⊥,q(β)

1T,SIDIS(xa, b;Q). (45)

We then use Eq. (23) and Eq. (44) and follow the experimental convention to choose the pair’s transverse momentum
p⊥ along the x-direction, while the spin vector s⊥ is along y-direction [10, 85] and the transversely polarized proton
is moving in the +z-direction. The single transverse spin asymmetry for DY production is given by

AN =
d∆σ

dQ2dyd2p⊥

/

dσ

dQ2dyd2p⊥
. (46)

It is important to realize that the AN defined above is opposite to the so-called weighted asymmetry A
sin(φγ−φs)
N

defined in the literature, see, e.g., Refs. [63, 83].
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FIG. 12. Estimated Sivers asymmetries for DY lepton pair production. Left plot: AN in p↑π− collisions as a function of xF

at COMPASS energy
√
s = 18.9 GeV. Middle plot: AN in p↑p collisions is plotted as a function of xF at Fermilab energy√

s = 15.1 GeV. Right plot: AN in p↑p collisions is plotted as a function of the pair’s rapidity y at RHIC energy
√
s = 510

GeV. We have integrated over the pair’s transverse momentum 0 < p⊥ < 1 GeV in the invariant mass range 4 < Q < 9 GeV.

There are several planned experiments to measure the AN for DY lepton pair production. The COMPASS collab-
oration at CERN will use a 190 GeV π− beam to scatter on the polarized proton target [21], which corresponds to
a CM energy

√
s = 18.9 GeV. At Fermilab, one can use the 120 GeV proton beam in the main injector. There are

two proposals corresponding to either a polarized proton beam [22] or a polarized proton target [23]. In both cases,
the CM energy is

√
s = 15.1 GeV. Finally, a DY measurement is also planned at RHIC [4, 24]. In the following, we

will present an estimate of the Sivers asymmetry based on our evolution approach. For better comparison, we will
always present the asymmetry in the center-of-mass frame of the colliding particles. We further choose the trans-
versely polarized proton to move in the +z direction, while the other unpolarized particle (π− for COMPASS and the
unpolarized proton for Fermilab and RHIC) moves in the −z direction. We define

xF = xa − xb, (47)
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resonance. The latter process shall provide some information on the gluon Sivers function
in the relevant kinematics.

C. Fermilab Fixed Target Experiments

The proposal of the polarized Drell-Yan experiments at the Fermilab contain two possible
options [35]: polarized beam or polarized target. Both cases can be used to measure the
Sivers single spin asymmetries in the Drell-Yan lepton pair production. In the proposed
experiment, the incoming beam has energy of 120GeV.

Different from the Drell-Yan experiments at COMPASS, the Fermilab proposal have
proton-proton scattering. The flavor structure will be very different from that in COMPASS.
This is because in the proposed kinematics, the sea quark contribution to the unpolarized
cross section is not negligible. Therefore, we would expect that the sea quark Sivers functions
will play an important role as well.

In Fig. 13, we plot our predictions for the Sivers single spin asymmetries in the Drell-Yan
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Approximations:
✦Gaussian TM ansatz.
✦Flavor dependence.
✦TMD Evolution prescription.
✦TM and flavor dependence of FF.



‣Is this justified at COMPASS energies?

LO APPROXIMATION FOR SSA

45

‣Fits for Sivers PDF from HERMES and COMPASS data utilize 
LO DIS-only expressions for SSAs.

‣Test using mPYTHIA: turn on non-DIS effects (VMD, GVMD, 
“direct”) and parton showering (QCD+QED).

Asinð!h"!SÞ
UT ¼ 2

R
d!Sd!h½d"" " d"#& sinð!h "!SÞR

d!Sd!h½d"" þ d"#& (

(34)

This transverse single spin asymmetry embeds the azi-
muthal modulation triggered by the correlation between
the nucleon spin and the quark intrinsic transverse

momentum. The ‘‘weighting’’ factor sinð!h "!SÞ in
Eq. (34) is appropriately chosen to single out, among
the various azimuthal dependent terms appearing in
½d"" " d"#&, only the contribution of the Sivers mecha-
nism [18,19]. By properly taking into account all intrin-
sic motions this transverse single spin asymmetry can be
written as [1]

Asinð!h"!SÞ
UT ¼

P
q

R
d!Sd!hd

2k?!
Nf̂q=p"ðx; k?; QÞ sinð’"!SÞ d"̂

‘q!‘q

dQ2 D̂h
qðz; p?; QÞ sinð!h "!SÞ

P
q

R
d!Sd!hd

2k?f̂q=pðx; k?; QÞ d"̂‘q!‘q

dQ2 D̂h
qðz; p?; QÞ

( (35)

With respect to the leptonic plane, !S and !h are the
azimuthal angles identifying the transverse directions of
the proton spin S and of the outgoing hadron h respec-
tively, while ’ defines the direction of the incoming
(and outgoing) quark transverse momentum, k? ¼
k?ðcos’; sin’; 0Þ; d"̂‘q!‘q=dQ2 is the unpolarized cross
section for the elementary scattering ‘q ! ‘q.

The aim of our paper is to analyze the available polar-
ized SIDIS data from the HERMES and COMPASS
Collaborations in order to understand whether or not they
show signs of the TMD evolution proposed in Ref. [9] and
described in Sec. I A. Our general strategy is that of adopt-
ing the TMD evolution in the extraction of the Sivers
functions, with the same parametrization and input func-
tions as in Refs. [5,13], and see if that can improve the
quality of the fits. In doing so we will make use of the
HERMES reanalysis of SIDIS experimental data on Sivers
asymmetries for pion and kaon production and the newest
SIDIS COMPASS data off a proton target, which cover a
wider range of Q2 values, thus giving a better opportunity
to check the TMD evolution.

In particular we perform three different data fits:
(i) a fit (TMD fit) in which we adopt the TMD-evolution

equation discussed in Secs. I A and IB, Eqs. (23)–(25)
and (8)–(10);

(ii) a second fit (TMD analytical fit) in which we apply
the same TMD evolution, but using the analytical
approximation discussed in Sec. I C, Eqs. (27), (30),
and (32);

(iii) a fit (DGLAP fit) in which we follow our previous
work, as done so far in Ref. [5,13], using the
DGLAP evolution equation only in the collinear
part of the TMDs.

As a result of the fit we will have explicit expressions of all
the Sivers functions and their parameters. However, the
goal of the paper is not that of obtaining a new extraction of
the Sivers distributions, although we will show, for com-
ment and illustration purposes, the Sivers functions for u
and d valence quarks, with the relative parameters. The
procedure followed here aims at testing the effect of the
TMD evolution, as compared with the simple DGLAP

evolution so far adopted, in fitting the TMD SIDIS data.
If it turns out, as it will, that this improves the quality of the
fit, then a new extraction of the Sivers distributions, en-
tirely guided by the TMD evolution, will be necessary.
That will require a different approach from the very begin-
ning, with different input functions and parametrizations.
Here, we parametrize the Sivers function at the initial

scaleQ0 ¼ 1 GeV, as in Ref. [5,13], in the following form:

!Nf̂q=p"ðx; k?; Q0Þ ¼ 2N qðxÞhðk?Þf̂q=pðx; k?; Q0Þ;
(36)

with

N qðxÞ ¼ Nqx
#qð1" xÞ$q

ð#q þ $qÞð#qþ$qÞ

#
#q
q $

$q
q

; (37)

hðk?Þ ¼
ffiffiffiffiffi
2e

p k?
M1

e"k2?=M
2
1 ; (38)

where f̂q=pðx; k?; Q0Þ is defined in Eq. (15) andNq, #q, $q

and M1 (GeV) are (scale-independent) free parameters to
be determined by fitting the experimental data. Since
hðk?Þ ) 1 for any k? and jN qðxÞj ) 1 for any x (notice
that we allow the constant parameterNq to vary only inside
the range ½"1; 1&), the positivity bound for the Sivers
function,

j!Nf̂q=p"ðx; k?Þj
2f̂q=pðx; k?Þ

) 1; (39)

is automatically fulfilled. Similarly to PDFs, the FFs at
the initial scale are parametrized with a Gaussian shape,
Eq. (17).
As in Refs. [5,20], the average values of k? and p? are

fixed as

hk2?i ¼ 0:25 GeV2 hp2
?i ¼ 0:20 GeV2: (40)

We take the unpolarized distributions fq=pðx;Q2
0Þ from

Ref. [21] and the unpolarized fragmentation functions
Dh=qðz;Q2

0Þ from Ref. [22], with Q2
0 ¼ 1:0 GeV. As in

Ref. [5], we adopt 11 free parameters,

STRATEGY TOWARDS THE EXTRACTION OF THE SIVERS . . . PHYSICAL REVIEW D 86, 014028 (2012)

014028-7

M. Anselmino et. al: PRD 86, 014028 (2012).

H.M et al., arXiv:1502.02669 (2015).
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H.M et al., arXiv:1502.02669 (2015).
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‣Significant effects, but still agrees with data!
‣Current Sivers PDF extractions may be underestimated.
‣Note: no model-independent way to exclude non-DIS effects.
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•How reliable are our SSA predictions for other 
experiments?

Can We Still Use These Parametrizations?

46

• Construct Ratios of Full (non-DIS + showers) to LO DIS results 
for multiplicities and Sivers SSAs at COMPASS and EIC.

•The Ratios are very close between COMPASS and EIC: 

•We can reliably estimate SSAs if we use only LO DIS terms with 
the current parametrization of Sivers PDFs.

H.M et al., arXiv:1502.02669 (2015).
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