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Introduction and motivation

@ Since the discovery the pure spinor formalism many superstring
amplitudes have been computed with manifest supersymmetry
@ N-pts @ tree-level
@ N-pts @ 1-loop (low energy limit)
© 4- and 5-pts @ 2-loops (5pt: low energy limit)
@ 4-pt © 3-loops (low energy limit)
@ The o — 0 limit gives rise to field theory amplitudes

@ What can we say about FT amplitudes?
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FT amplitudes from educated guesses

@ The idea is to antecipate how the result of taking the o/ — 0 limit
will look like

@ FT limit will be composed out of kinematics and propagators and
loop momentum integrals

@ The FT amplitude will be a BRST-invariant expression constructed
out of these elements

Strategy depends heavily on how much control we have over the
string results

Kinematics of string amplitudes given by pure spinor superspace
expressions
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SYM superfields in 10D (Witten ‘86)

@ Covariant description of D=10 SYM theory with superfields

AO&(X’ 9), Am(Xv H)a Wa(Xae)a an(Xv 9)

@ Linearized EOMs
DoAs + DgAy = yg’ﬁAm, DoAm = (vmW)a + OmAa

1
Da WB = Z(’Ymn)aﬁl__mnu Daan = 8[’"(,}/”] W)a

@ Well-known 6% expansions:

Aal,0) = Sam(1™0)a — > (um) 30+ -
Am(x,0) = am — (xymb) + - -~

W (,0) = X~ 50 o+

Fnn(x,0) = fin — 2(Ojmxym) + - -
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String tree-level amplitude

@ N-point prescription (Berkovits ‘00):

Atree = <v1v2v3/u4.../un>

where V and U are massless vertex operators

V =X"Au(x,0), QV =0

U=00A, + Ap,1™ + d, W + %Nm”Fm,,, QU =0V
A% is the pure spinor satisfying (Ay™A) =0
Q = \*D,, is the BRST charge

The CFT computation of the tree-level correlator is usual

Use OPEs to integrate out non-zero modes of 06%, d,, 1™ and N™
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Pure Spinor Superspace

@ Surviving zero-modes of the pure spinor A* and 0 integrated out
with the prescription

(M"Y (AY"O)(AYPO)(Ovmnpt)) = 1

@ PSS defined as expressions containing (A%, 0%) such that ((A\3¢°)) =1

@ Component expansions straightforward to compute
(ViVoVs) = (e' - €2)(k* - ) + ep,(x27"x3) + cye(1, 2, 3)

@ PSS framework optimal to a BRST cohomology analysis of amplitudes
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Pure Spinor Superspace Cohomology

@ BRST charge Q@ = A*D,, and SYM equations of motion are closely
related

DoAp + DgAa = Ya5Am;  DaAm = (ymW)a + OmAa

1
Da WB = Z(’ymn)a ﬁfmna DO&Fm” = 28[’77(’)/”] W)a

@ String amplitudes are expressions in the BRST cohomology of pure
spinor superspace

Az = (ViVaV3) and Q(V1V2V3) =0, ViVaVs # Q(Q123)

@ Therefore the FT amplitudes must also be in the cohomology!

@ The vertex V alone is not enough, need some OPE technology for
pure spinor vertex operators
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Multiparticle SYM superfields (CM, Schlotterer ‘14, ‘15)

@ Recursive definition of multiparticle superfields
KBG{AE? g? ng ‘F,;n}
inspired by OPE computations
1

Z12
1

223

1
UNz1)U(22) [00°AG? + AR + do Wiy + SN™ Fai

1
U2(22)U%(23) ~ - [00° Y + AZEN™ 4 0 Wiy + 5 N F12]

@ For example,
(07 1 mn « (07
Wis = Z(’Y W2)*Fp, + Ws'(k* - A) — (1 + 2)
o (0% 1 rs «
Wiy = —(k'2 - )W + 1(7 W3)*F2 — (12 4 3)
1

oK R W (AL %) — (14 2)]
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Multiparticle SYM superfields

@ The multiparticle superfields satisfy generalized SYM EOMs

1
Dwf = L,

(’Ymn)aﬂFirzn
(K- K2)(ALWY — A2WY)

KU k2 [AL WG, + AR WY — (1 2)]

1
4
+
1

DaWips = ; (7™a" Foi?
+
+ (K23 [ARWY — (12 + 3)]

—~

e and similarly for the other superfields A2, Ag,Fg"
@ Surprising and beautiful multiparticle structure hidden in SYM theory!
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Multiparticle symmetries

@ The superfields Kg satisfy generalized Lie symmetries

0 = K12 + Ko,

0 = K123 + Kas1 + K312, (Jacobi identity)
0 = K123 — K1243 + K3412 — Kza21

0 = general formula known

@ These are the same symmetries obeyed by nested commutators

@ Can make symmetries manifest in the notation

Ki2 = K12, Kizz = K123, Ki2sa — K[u,21,31.4] - - -
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Berends—Giele currents

@ Define new superfields
KB(E{AE? gﬂﬂ%,fgn}

from all binary trees (Catalan # ) dressed with propagators and Kp

1 2 3 1 2 3
Kizs K321
\</ \>/ . “ ) "
125123 S235123
K{(1,2],3) K11 12,3))
§128123 §238123

o Satisfy simple EOMs for general multiparticle label, e.g.

{Da, W5} = L™ FE, + D7 (AXW) — AY W)
XY=B

C.R. Mafra (DAMTP) FT amplitudes 16 June 2015 11 /28



Towards FT tree amplitudes

String OPE computations at tree-level can be written using only the
multiparticle unintegrated vertex

VB = /\aAg, Q\/l = 0, QV12 = 512 V1 V2, PN
o Corresponding Berends—Giele current Vg = Mg satisfies

Mg =X"AE, QMg= > MxMy
XY=B
BG current Mg has well-defined kinematic poles, eg Mo = Vi2/s12
Tree amplitudes characterized by its poles too

Can we guess the mapping between Mg and tree amplitudes?

Is there a fundamental principle guiding this construction?
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FT tree amplitudes from BRST invariance

@ Guess FT amplitudes from BRST invariance!

o Cubic graph organization of tree-level amplitudes (BCJ ‘08)

Avm(l, Z H

a; pa,

Propagators contain only Mandelstam invariants

BRST principle: assemble the kinematic building blocks Mg such that
expression is in the BRST cohomology and contains correct kinematic
poles

QA(1,2,3,...,n) =0, A(1,2,3,...,n) # Q(something)

@ Each term of Qn; must have a factor of P,,
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Tree-level FT amplitudes

3

As(1,2,3,4,5) = v +  cyclic(12345)

@ Expressions in the BRST cohomology with correct kinematic poles
As(1,2,3,4,5) = (M1 M3 Mys) + cyclic(12345)
e Can also write as
As(1,2,3,4,5) = (Mi2aMy + M12Msg + My M23q) Ms)
@ BRST closed object
E1234 = M123sMy + MiaMag + MiMazs,  Eip34 = QMi234

@ Generalizes to N-pts!
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PSS cohomology and FT amplitudes

(C.M., Schlotterer, Stieberger, Tsimpis, ‘10)

N-point color-ordered SYM tree amplitudes

An(L,2,...,n) = (E123._ (n-1)Mhn)

Eg = Z Mx My
XY=B

@ Recall Berends—Giele formula (Berends, Giele ‘88)
AYM(]., 2, ey n) = 5123.“,,,1Jm(12 R ].)J,:n

@ Mg plays the role of BG current JZ' and Eg related to sgJg

@ PSS formula is the supersymmetric generalization of BG method

e BG current JZ' is nothing more than the SYM superfield AZ! (in
progress)
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One-loop amplitudes, 5pts

@ 5pt closed-string amplitude computed with the pure spinor formalism
(Green, CM, Schlotterer ‘13)

@ The OPE calculations give rise to three distinct kinematic building
blocks: Vo, Tag,c and T}'s - p

1
Tag.c = 3(MmWa)(XnWe)FE" + (C B, A)
TAgcp = [TA,B,CA'B + (D + C, B,A)] + Wis.co

1
Wals.c.0 = 15 (MaWa)(Ayp We)(Wery ™ Wp) + (A, BIA, B, €, D)
o Multiparticle labels A, B, C, D
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BRST variations of 1-loop building blocks

@ Scalar building blocks

QT123=0
QT1234 =512(ViT234 — VaT134)
QT123a5 = 512(ViTo3a5 — VoT13a5) + 53a(VaT1245 — VaT1235)

@ Vector building blocks

QT{%34 =k "ViToza+ (14 2,3,4)
QT3345 =512(ViTo345 — VaTi345) + ki2Vi2 T34

+ [kg’,n V3 T1274,5 + (3 — 4, 5)]

@ Nice algebraic structure (higher-point variations similar but omitted)
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FT 1-loop amplitudes from BRST invariance

@ Can we antecipate the FT integrands from BRST invariance like at
tree-level?
A(1,2,3,...,n) —/M(A(l 2,3,...,n|))
Pt A A - (27T)D At i ]

e Can also use cubic graphs organization at loop-level (BCJ ‘10)
Ni(£)
A(1,2,3,...,n[0) = _
rz,- [ Pr.i(f)

@ In addition to Mandelstam propagators, also propagators with loop
momentum £

@ BRST invariance principle: assemble the kinematic building blocks
such that integrand is BRST closed

QA(1,2,3,...,n[¢) =0
e Each term of QN;(¢) must have a factor of Py ;(¢)
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4-point 1-loop amplitude

@ The 4-point 1-loop integrand is easy to write down
2 3
A(L,2,3,416) = ,
17Ny
“T.
A(1,2,3,4]¢) = =2t

(0= ka)2( = ka2)2(€ — ki23)?

not much choice of BRST invariants . ..

String 4pt amplitude and V7 T5 34 kinematics computed by Berkovits
in 2004

Later shown to reproduce standard tgF* (4 fermions) (CM ‘05)
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5-point 1-loop amplitude

@ 5-point 1-loop integrand from BRST invariance (CM, Schlotterer '14)

3
3 4

2
A(1,2,3,4,50) = + cyclic(12345) +
2

o~
ut
—
~
Ut

1
@ Split integrand accordingly

A(1,2,3,4,50) = Apox(1,2,3,4,5) + Apent (1,2, 3,4, 5|¢)

@ Boxes independent of loop momentum, pentagon at most linear
(N — 4 powers in general)

@ Mandelstam propagators in the boxes: this rings a Berends—Giele bell
leading to the following ansatz
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Vi2d345 o ViTosu5

S12 $23

@ Leg number 1 treated differently due to fixed vertex position Vj in
1-loop prescription

V
12— OMy, = My M,
s12
-
Q% = QM3 45 = MoM3 a5 — M3Mp 45
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Vio T3 45
Avox(l,2,3,4,5) = (k1 + ko)202(0 — ki2)?(€ — k123)? (€ — k1234)2
n ViTx345
(ko + k3)202(0 — kq)?(€ — k123)?(¢ — k1234)?
. ViT2345
(ks + ka)202(0 — k1 )2(€ — k12)2(0 — ky1234)?
n V1712345
(ka + ks)?02(£ — k1)?(€ — k12)?(€ — k123)?
N V517234
(ki + ks)2(€ — k1)?(£ — k12)?(€ — k123)?(€ — k1234)?

@ BRST variations cancel the Mandelstams in the denominators, leaving
boxes of loop momentum factors

@ Need a pentagon whose BRST variation cancel those surviving boxes
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5pt pentagon

@ Pentagon: vector (¢ ) and scalar (no loop momentum)

(5)
N1\2,3,4,5(£)

(0 — k1)2(€ — k12)2(¢ — k123)2(€ — k123a)?

Apent(1,2,3,4,5|() =

@ PSS numerator

2N§|52),3,4,5(€) = (bm + lm — kp)Vi TS 45+ [ViToz a5 + (2,3]2,3,4,5)]
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5pt pentagon

@ BRST principle: variation of numerator must cancel propagators

2QN$2),3,4,5(€) ViVaTaa5((¢ — ki2)? — (€ — k1)?]
+ ViV3Tous (€ — kiaz)? — (£ — ki2)?]
+ ViVaToz5[(€ — ki23a)? — (£ — ki23)?]
+ ViVsToza[l? — (¢ — ki2za)?]

@ Turns out to cancel BRST variation of the boxes, overall 5pt
integrand is BRST closed!

o All BCJ identities satisfied, eg

(4) ) (5)
<N1|23,4,5> = <N1|2,3,4,5(€) N1|3 2,4 5(£)>
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Two-loop amplitudes, 5pts

@ 5pt closed-string amplitude computed with the (non-minimal) pure
spinor formalism led to kinematic building blocks: T4 g|c,p and
s CID.E (Gomez, CM, Schlotterer ‘15)

@ Minimal pure spinor representation (CM, Schlotterer '15)

1
TA,B|C,D = 674()‘7mnpqr)\)F,Zmng [FES(A'YS WD) + FE)S()\’YS WC)] + (A, B

m J— m m m m
T12345 = A1 To3as + A3 Ti3jas + A3 Tipas + Wih3us

W345|12 = 48(>\’qu’7 |/V(l) 2) ()\’YrWS)()\’YsWB) )
1280\’}’ WS)()\’qu’Y W(l)Fz) (Mstyr VV(3)F 4)
+ %(Wyymﬂ Wa) (A YnparsA) (M W) FTP FJ" 4 (5 < 3,4)
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BRST variations of 2-loop building blocks

@ Scalar building blocks

QT1234=0
QT12345 = 512(ViTo 315 — VaT130a5)

@ Vector building blocks
QT %3145 = ki'ViTasjas + k3 VaTi 345 + k3" VaT12a5

@ Essentially the same algebraic structure as before!
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2-loop 5pt topologies

o

e BCJ identities: master diagram (a) (Carrasco, Johansson ‘11)

@ PSS representation

2Nf2),3|475(f) = (b +Hlm—kp23) T 31451 (T12,31a,5+ T1321a,5+ T23,1/,5)
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2-loop 5-pt integrand

BRST principle works exactly as before (CM, Schlotterer ‘15)
Can assemble BRST-invariant 2-loop 5-pt integrand
BCJ identities satisfied by construction, gravity amplitudes for free

The solution for numerators look intuitive

Hope to look for patterns allowing N-pt solution(?)
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