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Fig. 1. Dirac’s three forms of Hamiltonian dynamics.

2.4. Forms of Hamiltonian dynamics

Obviously, one has many possibilities to parametrize space—time by introducing some general-
ized coordinates xJ (x). But one should exclude all those which are accessible by a Lorentz
transformation. Those are included anyway in a covariant formalism. This limits considerably the
freedom and excludes, for example, almost all rotation angles. Following Dirac [123] there are no
more than three basically different parametrizations. They are illustrated in Fig. 1, and cannot be
mapped on each other by a Lorentz transform. They differ by the hypersphere on which the fields
are initialized, and correspondingly one has different “times”. Each of these space—time parametriz-
ations has thus its own Hamiltonian, and correspondingly Dirac [123] speaks of the three forms of
Hamiltonian dynamics: The instant form is the familiar one, with its hypersphere given by t"0. In
the front form the hypersphere is a tangent plane to the light cone. In the point form the time-like
coordinate is identified with the eigentime of a physical system and the hypersphere has a shape of
a hyperboloid.

Which of the three forms should be prefered? The question is difficult to answer, in fact it is
ill-posed. In principle, all three forms should yield the same physical results, since physics should
not depend on how one parametrizes the space (and the time). If it depends on it, one has made
a mistake. But usually one adjusts parametrization to the nature of the physical problem to
simplify the amount of practical work. Since one knows so little on the typical solutions of a field
theory, it might well be worth the effort to admit also other than the conventional “instant” form.

The bulk of research on field theory implicitly uses the instant form, which we do not even
attempt to summarize. Although it is the conventional choice for quantizing field theory, it has

S.J. Brodsky et al. / Physics Reports 301 (1998) 299—486 315

Instant Form Front Form 
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P.A.M Dirac, Rev. Mod. Phys. 21, 
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The null-plane Hamiltonians map the initial light-like surface onto some other surface, #
and therefore describe the dynamical evolution of the system. #
!
The energy P− translates the system in the null-plane time coordinate x+, #
whereas the spin Hamiltonians Fr rotate the initial surface about the surface of the light cone.

Figure 1. A null plane is a surface tangent to the light cone. The null-plane Hamiltonians map
the initial light-like surface onto some other surface and therefore describe the dynamical evolution
of the system. The energy P

� translates the system in the null-plane time coordinate x

+, whereas
the spin Hamiltonians Fr rotate the initial surface about the surface of the light cone.

2 Space-time symmetry in the front form

2.1 A null plane defined

In the front-form of relativistic Hamiltonian dynamics, one chooses the initial state of the

system to be on a light-like plane, or null-plane, which is a hypersurface of points x in

Minkowski space such that x · n = ⌧ (see fig. 1). Here n is a light-like vector which will

be chosen below, and ⌧ is a constant which plays the role of time. We will refer to a

null-plane as ⌃⌧

n

. The subgroup of the Poincaré group that maps ⌃⌧

n

to itself is called

the stability group of the null-plane and determines the kinematics within the null-plane.

The remaining three Poincaré generators map ⌃⌧

n

to a new surface, ⌃⌧

0
n

, and therefore

describe the evolution of the system in time. The front-form is special in that it has seven

kinematical generators, the largest stability group of all of the forms of dynamics [1]. It

stands to reason that in complicated problems in relativistic quantum mechanics one would

prefer a formulation which has the fewest number of Hamiltonians to determine.

– 4 –

 Null plane: a surface tangent to the light cone. 

Silas R. Beane

τ=t+z/c



Evolve in  
ordinary time

P.A.M Dirac,  
Rev. Mod. Phys. 21, 392 (1949)

Evolve in  
light-front time
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point-form time
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"Working with a front is a process that is unfamiliar to physicists. "
But still I feel that the mathematical simplification that it introduces is all-

important. "
I consider the method to be promising and have recently been making an extensive 

study of it. "
It offers new opportunities, while the familiar instant form seems to be played out " - 

P.A.M. Dirac (1977) "

P.A.M Dirac, Rev. Mod. Phys. 21, 392 (1949)
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Light-Front Quantization
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General remarks about orbital angular mo-
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ẑ

↵L = ↵R⇥ ↵P

↵Li = (xi
↵R⇤+↵b⇤i)⇥ ↵P

↵⇧i = ↵b⇤i ⇥ ↵k⇤i

↵⇧i = ↵Li � xi
↵R⇤ ⇥ ↵P = ↵b⇤i ⇥ ↵P

A(⇤,�⇤) = 1
2⇥

�
d�e

i
2⇤�M(�,�⇤)

P+, P⇤

xiP
+, xi

P⇤+ k⇤i

� = Q2

2p·q

ẑ
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moment vanishes [22]. The light-cone formalism also properly incorporatesWigner boosts.

Thus this model of composite systems can serve as a useful theoretical laboratory to

interrelate hadronic properties and check the consistency of formulae proposed for the

study of hadron substructure.

7. Spin and orbital angular momentum composition of light-cone wavefunctions

In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑

j=1
lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i
(
k1j

∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i
(
k1 ∂

∂k2
− k2 ∂

∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
⟩ → | − 1

2
+ 1⟩ configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz
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2

〉
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〉

+ 1
2

+1 −1
∣∣+ 1

2

〉
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〉
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∣∣+ 1
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Every Vertex
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Advantages of the Dirac’s Front Form for Hadron 
Physics

• Measurements are made at fixed τ 

• Causality is automatic 

• Structure Functions are squares of LFWFs 

• Form Factors are overlap of LFWFs 

• LFWFs are frame-independent: no boosts, no 
pancakes! 

• Same structure function in e p collider and p rest frame 

• No dependence on observer’s frame 

• LF Holography: Dual to AdS space 

• LF Vacuum trivial -- no condensates! 

• Profound implications for Cosmological Constant

Roberts, Shrock, Tandy, sjb
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Light-Front QCD

Eigenvalues and Eigensolutions give Hadronic 
Spectrum and Light-Front wavefunctions

HQCD
LF |�h >= M2
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�

i

[
m2 + k2

�
x

]i + Hint
LF

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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!n
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!
$!"

b!
$"
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&
, #

&
)d!

$"M
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, #
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Exact frame-independent formulation of 
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Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
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Physical gauge: A+ = 0
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where V is the interaction part of HLC. Diagrammatically, V involves completely 

irreducible interactions--i.e. diagrams having no internal propagators-coupling 

Fock states (Fig. 5). These equations determine the hadronic spectrum and 
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Figure 5. Coupled eigenvalue equations for the light-cone wa.vefunctious of a 

pion. 

wave functions. Although the potential is essentially trivial, the many channels 

required to describe an hadronic state make these equations very difficult to solve. 

Nevertheless the first attempts at a direct solution have been made. 

The bulk of the probability for a nonrelativistic system is in a single Fock 

state-e.g. (eE> for positronium, or Ibb) for the r meson. For such systems it 

is useful to replace the full set of multi-channel eigenvalue equations by a single 

equation for the dominant wavefunction. To see how this can be done, note that 

the bound state equation, say for positronium, can be rewritten as two equations 

using the projection operator P onto the subspace spanned by eE states, and its 

complement & E 1 - P: 

Hpp IPs)~ + HPQ IPs)~ = h4” IPs)p 

(29) 

H&p [Ps)~ + HQQ jP& = hf” h)g 

where H~Q E PHQ.. ., and lPsjp E P jPs) . . . . Solving the second of these 

equations for IPs)~ and substituting the result into the first equation, we obtain 

a single equation for the ee or valence part of the positronium state: 

Her [Ps)~ = Al2 IPS)P (30) 
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LIGHT-FRONT MATRIX EQUATION

A+ = 0

⇥� ggg � d̄X

⇥� ggg � p̄n̄X

R = �(⇥�d̄X)
�(⇥�p̄n̄X)

R = C

ū(x) ⇥= d̄(x)

s̄(x) ⇥= s(x)

Minkowski space; frame-independent; no fermion doubling; no ghosts

Rigorous Method for Solving Non-Perturbative QCD!

• Light-Front Vacuum = vacuum of free Hamiltonian!



In terms of the hadron four-momentum P =
(P+, P�, ⌦P⇤) with P± = P0 ± P3, the light-
front frame independent Hamiltonian for a
hadronic composite system HQCD

LC = PµPµ =
P�P+� ⌦P2

⇤, has eigenvalues given in terms of
the eigenmass M squared corresponding to
the mass spectrum of the color-singlet states
in QCD,

HQCD
LC |�h⇧ =M2

h |�h⇧

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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Fig. 2. The Hamiltonian matrix for a SU(N)-meson. The matrix elements are represented by energy diagrams. Within
each block they are all of the same type: either vertex, fork or seagull diagrams. Zero matrices are denoted by a dot ( ) ).
The single gluon is absent since it cannot be color neutral.

mass or momentum scale Q. The corresponding wavefunction will be indicated by corresponding
upper scripts,

!!""
!#"

(x
#
, k

!
, !

#
) or !!$"

!#"
(x

#
, k

!
, !

#
) . (3.15)

Consider a pion in QCD with momentum P"(P%, P
!
) as an example. It is described by

"# : P$" $
!
!%&
!d[%

!
]"n : x

#
P%, k

!#
#x

#
P
!
, !

#
$!

!#!(x#
, k

!#
, !

#
) , (3.16)

where the sum is over all Fock space sectors of Eq. (3.7). The ability to specify wavefunctions
simultaneously in any frame is a special feature of light-cone quantization. The light-cone
wavefunctions !

!#! do not depend on the total momentum, since x
#
is the longitudinal momentum

fraction carried by the i"# parton and k
!#

is its momentum “transverse” to the direction of the
meson; both of these are frame-independent quantities. They are the probability amplitudes to find
a Fock state of bare particles in the physical pion.

More generally, consider a meson in SU(N). The kernel of the integral equation (3.14) is
illustrated in Fig. 2 in terms of the block matrix &n : x

#
, k

!#
, !

#
"H"n' : x'

#
, k'

!#
, !'

#
$. The structure of this

matrix depends of course on the way one has arranged the Fock space, see Eq. (3.7). Note that most
of the block matrix elements vanish due to the nature of the light-cone interaction as defined in
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Heisenberg Equation

Light-Front QCD

18

DLCQ: Solve QCD(1+1) for 
any  quark mass and flavors

Hornbostel, Pauli, sjb

Minkowski space; frame-independent; no fermion doubling; no ghosts
trivial vacuum



DLCQ: Solve QCD(1+1) for any  quark mass and flavors

Hornbostel, Pauli, sjb



!
Light-Front QCD  Stan Brodsky

M a y  2 6 - 3 0 ,  2 0 1 4

Home International Light Cone Advisory Committee NC State Physics Jefferson Lab NC State College of Sciences

N a v i g a t i o n

Final Circular
Program
Registration
Accommodations
Travel
Poster
Participants
Scientific Advisory
Comm

Meeting Email: 
LightCone2014 'at' ncsu.edu
For questions and further
information about the
meeting.

N e w s  &  U p d a t e s

R a l e i g h ,  N C

Things to do in Raleigh
Visit Raleigh
Downtown Raleigh
Visit the NC Triangle

R a l e i g h ,  N C ,  U S A

W e l c o m e  t o  L i g h t  C o n e  2 0 1 4

We invite you to participate in the

forthcoming Light Cone 2014 (LC2014)

meeting, to be held in Raleigh, North Carolina,

during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair

Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab

contact | Department of Physics | College of Sciences | North Carolina State University

September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

Universidad Técnica !
Federico Santa María

Hornbostel, Pauli, sjbDLCQ: QCD(1+1) 



QCD Lagrangian

Hadron  Masses and Observables

Lattice Gauge Theory Light-Front Hamiltonian

DLCQ/BLFQ

 Predict Hadron Properties from First Principles!

Effective Field Theory 
Methods 

SCET, ChPT, ...

PQCD 
Evolution Equations 

Counting Rules

AdS/QCD!

Bound-State 
Dynamics! 

Confinement!

Light-Front  
Holography

Conformal 
Invariance

Dynamics and Spectroscopy
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c

c̄

Fixed LF time
Higher Fock States of the Proton

Wavefunction at fixed LF time:  Arbitrarily Off-Shell in Invariant Mass

Eigenstate of LF Hamiltonian : all Fock states contribute

|p, Jz >=
X

n=3

 n(xi,
~

k?i,�i)|n;xi,
~

k?i,�i >



|p,Sz>= ∑
n=3

ψn(xi, ~k?i,λi)|n;k?i,λi>|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

The Light Front Fock State Wavefunctions

Ψn(xi,~k?i,λi)

are boost invariant; they are independent of the hadron’s energy
and momentum Pµ.
The light-cone momentum fraction

xi =
k+
i
p+ =

k0i + kzi
P0+Pz

are boost invariant.
n

∑
i
k+
i = P+,

n

∑
i
xi = 1,

n

∑
i

~k?i =~0?.

sum over states with n=3, 4, ...constituents

Fixed LF time
Intrinsic heavy quarks    s̄(x) ⇤= s(x)

⇥M(x, Q0) ⇥
�

x(1� x)

⇤M(x, k2
⌅)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

ep⇥ e�+n

P�/p ⇤ 30%

Violation of Gottfried sum rule

ū(x) ⌅= d̄(x)

Does not produce (C = �) J/⇥,�

Produces (C = �) J/⇥,�

Same IC mechanism explains A2/3

s(x), c(x), b(x) at high x !
Hidden ColorMueller:  gluon Fock states     BFKL Pomeron



Goldhaber, Kopeliovich, Schmidt, Soffer sjb

Intrinsic Charm Mechanism for Inclusive  
High-XF Higgs Production

H

Higgs can have > 80% of Proton Momentum!

Also: intrinsic strangeness, bottom, top

pp� HXp

p

c
c̄

g

New production mechanism for Higgs
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Light cone wave functions at small x.  
F. Antonuccio (Heidelberg, Max Planck Inst. & Heidelberg U.) , S.J. Brodsky (SLAC) , S. Dalley (CERN) . 
Phys.Lett.B412:104-110,1997.  
e-Print: hep-ph/9705413

Mueller: BFKL derived from multi-gluon Fock State

Soft gluons in the infinite momentum wave function and the BFKL pomeron.  
Alfred H. Mueller (SLAC & Columbia U.) . SLAC-PUB-10047, CU-TP-609, Aug 1993. 12pp.  
Published in Nucl.Phys.B415:373-385,1994.

Antonuccio, Dalley, sjb: Ladder Relations

http://www.slac.stanford.edu/spires/jobs/
http://www.slac.stanford.edu/spires/video/
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Antonuccio%2C%20F%2E%22
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dσ
dt (γd! ∆++∆�)' dσ

dt (γd! pn) at high Q2

dσ
dt (γd! ∆++∆�)' dσ

dt (γd! pn) at high Q2

Lepage, Ji, sjb

• Deuteron six quark wavefunction:!

•  5 color-singlet combinations of 6 color-triplets -- one 
state  is |n  p>!

• Components evolve towards equality at short distances!

• Hidden color states dominate deuteron form factor and 
photodisintegration at high momentum transfer!

• Predict 

Hidden Color in QCD
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Abstract

The matrix elements of local operators such as the electromagnetic current, the energy–momentum
tensor, angular momentum, and the moments of structure functions have exact representations in
terms of light-cone Fock state wavefunctions of bound states such as hadrons. We illustrate all
of these properties by giving explicit light-cone wavefunctions for the two-particle Fock state of
the electron in QED, thus connecting the Schwinger anomalous magnetic moment to the spin and
orbital angular momentum carried by its Fock state constituents. We also compute the QED one-
loop radiative corrections for the form factors for the graviton coupling to the electron and photon.
Although the underlying model is derived from elementary QED perturbative couplings, it in fact
can be used to simulate much more general bound state systems by applying spectral integration
over the constituent masses while preserving all of the Lorentz properties, giving explicit realization
of the spin sum rules and other local matrix elements. The role of orbital angular momentum in
understanding the “spin crisis” problem for relativistic systems is clarified. We also prove that the
anomalous gravitomagnetic moment B(0) vanishes for any composite system. This property is shown
to follow directly from the Lorentz boost properties of the light-cone Fock representation and holds
separately for each Fock state component. We show how the QED perturbative structure can be used
to model bound state systems while preserving all Lorentz properties. We thus obtain a theoretical
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FIG. 32. Sample vertex in light-cone perturbati, on
theory.

tex with the virtual external line are modified by
the replacement+„, k -Q„,k +q where the
light-cone energy q =(q +qi)/q is specifiedby
momentum conservation (and not by on-shell kine-
matics as is usual). Thus the form factor in Fig.
32 has energy denominators

(pl. —ki)' + 81' kl.'
Dg =p—,, ——,+i&,p'- k k'

q +qj. (pi+qj, - ki) +m kiD2=p + + + + —--+--+ig .P+q -k k

This rule is ec(uivalent to treating the (external)
virtual particle as an on-shell particle but with
mass q rather than m (=0 in Fig. 32). Ampli-
tudes having several external lines off shell are
analyzed in a similar fashion.

(T2) The contribution from each time-ordered
graph is separately invariant under boosts along
the 3 direction-i. e. , p'-&P', p -& p, pi-pi
for each momentum (internal and external) in the
diagram. Each time- ordered amplitude is also
invariant under transverse boosts: p'-p', p -p
+2pi'Qi+p'Qi, pi-pi+p'Qi for each momentum.
This is true in both Feynman and light-cone
gauges.
A particularly useful. spinor basis is constructed

from the eigenstates of the projection operators:

yy yy yy
4 2 2

= yy —yy yyA

where (A, ) =A„A,A, =0, A, =A, Ph, =A,P,
{j~»A, =A, », and P= ro, »—-=r ri. The eigenstates

of A, are

A.x =x~x(&)=, x(&)=, (A2)
1 0 1 1

and the associated spinor bases for particles and

TABLE II. Dirac matrix elements for the helicity spinors of Appendix A.

Matrix
element
gyi ' 'gg

Helicity (A, A')

g(p) + g(q)
y +)i/2 ~ (q+)i/2

g {p) g (q)
{p+)i/2 ~ {q+)i/2

g {p); g {q)
{p+)i/2 ~& {q+)i/2

g(p) g(q)
(p')"' (q')"'
g(p) - + - g(q)
(p+)i/2~ ~ ~ {q+)i/2

I

g{p) + i g(q)
{p+)i/2~ ~ +& {q+)i/2

g(p); + „g(q)
(p+ )i/2 VXV 7 (q+ )i/2

i +~ g(q)
(p+)f/2 73.7 l'3. (q+)f/2

2 2

p q+,(p~ q~ + ip» x q~ + m )

p,'+sr'~p~j q'+ se "q~
p q

(s'+ e)
p'q'+ {p~'q~ Esp~ xq~ + m )

x +&~ Pj.

q+

2{Bi~+ ie'~)

[(p sip )—(q +iq')]

+m
p +q+

Pi~ ip2 q yiq
p'

+, , [(pi +~p2) —(qi+iq2)]p q

(gil ~ ~gi2)p'
(gil g ~gi2)+

0

v p(p)7+ (q) =g (q)'Y+p(p)
~„(p)r"r'r'~. (q) = ~.(q)r'r'r+„(p)

vp(p)v p {q)= -gp(q)gp(p)
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Exclusive processes in perturbative quantum chromodynamics

G. Peter Lepage
Laboratory ofNuclear Studies, Cornell University, Ithaca, New York 14853

Stanley J. Brodsky
Stanford Linear Accelerator Center, Stanford UniuersitySt, anford, California 94305

(Received 27 May 1980)
We present a systematic analysis in perturbative quantum chromodynamics (@CD) of large-momentum-transfer
exclusive processes. Predictions are given for the scaling behavior, angular dependence, helicity structure, and
normalization of elastic and inelastic form factors and large-angle exclusive scattering amplitudes for hadrons and
photons. We prove that these reactions are dominated by quark and gluon subprocesses at short distances, and thus
that the dimensional-counting rules for the power-law falloff of these amplitudes with momentum transfer are
rigorous predictions of @CD, modulo calculable logarithmic corrections from the behavior of the hadronic wave
functions at short distances. These anomalous-dimension corrections are determined by evolution equations for
process-independent meson and baryon "distribution amplitudes" Si(x, ,g) which control the valence-quark
distributions in high-momentum-transfer exclusive reactions. The analysis can be carried out systematically in
powers of a, (Q'), the QCD running coupling constant. Although the calculations are most conveniently carried
out using light-cone perturbation theory and the light-cone gauge, we also present a gauge-independent analysis
and relate the distribution amplitude to a gauge-invariant Bethe-Salpeter amplitude.

I. INTRODUCTION

In this paper we present a systematic analysis
in quantum chromodynamics (QCD) of exclusive
processes involving transfer of large momenta.
The results lead to a comprehensive new range of
rigorous predictions of perturbative QCD which
test both the scaling and spin properties of quark
and gluon interactions at large momentum as well
as the detailed structure of hadronic wave func-
tions at short distances. Predictions are possible
for a huge number of experimentally accessible
phenomena including the elastic and inelastic
electromagnetic and weak form factors of had-
rons, and, more generally, large-angle exclusive
scattering reactions where the interacting parti-
cles can be either hadrons or photons. We con-
firm that the dimensional-counting rules' for the
power-law falloff of these amplitudes at large mo-
mentum transfer are rigorous predictions of QCD,
up to calculable powers of the running coupling
constant &,(Q ) or (in@ /& ) . Angular depen-
dence, helicity structure, relative and sometimes
even the absolute normalization can be computed
for all such processes.
A simple picture emerges from our analysis of

these processes. For example, consider the
proton's magnetic form factor Gtt(Q ) at large
-q =Q . This is most easily understood in the
infinite-momentum frame where the proton is ini-
tially moving along the z axis and then is struck
by a highly virtual photon carrying large trans-
verse momentum qj. =-q . The form factor is the
amplitude for the composite hadron to absorb

large transverge momentum while remaining in-
tact. In effect, an intact" baryon can be pictured
as three valence quarks, each carrying some frac-
tion x; of the baryon's momentum(Q; tx,. = 1) and
all moving roughly parallel with the hadron. As
we shall see, the more complicated nonvalence
Fock states in the proton (i. e. , qqqqq, qqqg, . . . )
are unimportant as Q ~. The form factor is
then the product of three probability amplitudes:
(a) the amplitude P for finding the three-quark
valence state in the incoming proton; (b) the ampli-
tude &„ for this tluark state to scatter with the
photon producing three quarks in the final state
whose momenta are roughly collinear, ' and (c) the
amplitude P* for this final quark state to reform
into a hadron. Thus the magnetic form factor can
be written [see Fig. 1(a)]

p1 p1
Gn(Q') = ~' [dx] ~ [dy]e*(y;, Q,)Tn(xt, y;, 0)

&0 ~0

x4(xt q )[1+0(rrt'/q'. )]

where [dx]=- dxtdx2dxs5(1-Q, x,) and Q„= min;(x, .Q).
To leading order in &,(Q ), the "hard-scattering

amplitude" && is the sum of all Born diagrams
for y*+3q-Sq in perturbative QCD. The trans-
verse-momentum fluctuations of the quarks in the
initial and final protons are negligible relative to
qi, as are all particle masses. These can be ig-
nored in ~„so that in effect each hadron is re-
placed by collinear on-shell valence partons.
Since the final quarks are collinear, momentum
of 0(qi) -~ must be transferred from quark line

Lepage 
sjb



7 

-105- 

TABLE II 

MATRIX 
ELEMENT 

ii A' "'UX 

v' u(q) U(P) 

q- e- 

U(P) y- u(q) 2 - 

p+s+ 

p .q +ip 
2 &L 

@- e- 
1 1 1 

xql+m 

p+s+ 

(p1fip2)-(q1+iq2) 

yi u(q) U(p) 

JPT IJsT 

1 2 +ip _ q1kiq2 \ 
@JsT- P+ 9+ f 

U(P) 

F- 

L{p~.q,~ip,xq,+m'} T-$ { (plk ip2>-(q1+ iq2)) 
p+s+ P4 

S(P) - + i u(q) 
Y Y Y, 

4 +* ($1 

v- - P+ 

+i6 i2) 

JF 

U(P) &+r u(q) 4 7 4m (6i1 + iSi2) 

F 
1 

JqT q+ 

0 

S$P) vv(s) = -;"(q) U,(P) 
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In the language of light-cone quantization, the electron anomalous magnetic moment ae =
α/2π is due to the one-fermion one-gauge boson Fock state component of the physical
electron. An explicit calculation of the anomalous moment in this framework using Eq. (7)
was give in Ref. [8]. We shall show here that the light-cone wavefunctions of the electron
provides an ideal system to check explicitly the intricacies of spin and orbital angular
momentum in quantum field theory. In particular, we shall evaluate the matrix elements of
the QED energy–momentum tensor and show how the “spin crisis” is resolved in QED for
an actual physical system. The analysis is exact in perturbation theory. The same method
can be applied to the moments of structure functions and the evaluation of other local
matrix elements. In fact, the QED analysis of this section is more general than perturbation
theory. We will also show how the perturbative light-cone wavefunctions of leptons and
photons provide a template for the wavefunctions of non-perturbative composite systems
resembling hadrons in QCD.
The light-cone Fock state wavefunctions of an electron can be systematically evaluated

in QED. The QED Lagrangian density is

L = i

2

[
!ψγ µ

(−→
∂ µ + ieAµ

)
ψ − !ψγ µ

(←−
∂ µ − ieAµ

)
ψ
]
−m!ψψ − 1

4
FµνFµν, (17)

and the corresponding energy–momentum tensor is

T µν = i

4

([!ψγ µ
(−→
∂ ν + ieAν

)
ψ − !ψγ µ

(←−
∂ ν − ieAν

)
ψ
]
+ [µ←→ ν]

)

+ FµρF ν
ρ + 1

4
gµνF ρλFρλ. (18)

Since T µν is the Noether current of the general coordinate transformation, it is conserved.
In later calculations we will identify the two terms in Eq. (18) as the fermion and boson
contributions T

µν
f and T

µν
b , respectively.

The physical electron is the eigenstate of the QED Hamiltonian. As discussed in the
introduction, the expansion of the QED eigenfunction on the complete set |n⟩ of H0
eigenstates produces the Fock state expansion. It is particularly advantageous to carry out
this procedure using light-cone quantization since the vacuum is trivial, the Fock state
representation is boost invariant, and the light-cone fractions xi = k+

i /P+ are positive:
0< xi ! 1,

∑
i xi = 1. We also employ light-cone gauge A+ = 0 so that the gauge boson

polarizations are physical. Thus each Fock-state wavefunction ⟨n|physical electron⟩ of
the physical electron with total spin projection J z = ± 1

2 is represented by the function
ψJ z

n (xi, k⃗⊥i ,λi ), where

ki =
(
k+
i , k−i , k⃗⊥i

)
=
(

xiP
+,

k⃗2⊥i + m2
i

xiP+ , k⃗⊥i

)
(19)

specifies the momentum of each constituent and λi specifies its light-cone helicity in the z

direction. We adopt a non-zero boson mass λ for the sake of generality.
The two-particle Fock state for an electron with J z = + 1

2 has four possible spin
combinations:

∣∣Ψ ↑two particle
(
P+, P⃗⊥ = 0⃗⊥

)〉
S.J. Brodsky et al. / Nuclear Physics B 593 (2001) 311–335 319

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↑
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↑
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
x(1− x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
1− x

ϕ,

ψ
↑
− 12+1

(
x, k⃗⊥

)=−
√
2
(

M − m

x

)
ϕ,

ψ
↑
− 12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1− x

M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↓
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↓
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2
(

M − m

x

)
ϕ,

ψ
↓
− 12+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
1− x

ϕ,

ψ
↓
− 12−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
x(1− x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥)√
k+ γ · ϵ∗u(P+,P−, P⃗⊥)√

P+
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=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↑
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↑
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
x(1− x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
1− x

ϕ,

ψ
↑
− 12+1

(
x, k⃗⊥

)=−
√
2
(

M − m

x

)
ϕ,

ψ
↑
− 12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1− x

M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↓
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↓
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2
(

M − m

x

)
ϕ,

ψ
↓
− 12+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
1− x

ϕ,

ψ
↓
− 12−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
x(1− x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥)√
k+ γ · ϵ∗u(P+,P−, P⃗⊥)√

P+
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=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↑
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↑
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
x(1− x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
1− x

ϕ,

ψ
↑
− 12+1

(
x, k⃗⊥

)=−
√
2
(

M − m

x

)
ϕ,

ψ
↑
− 12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1− x

M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↓
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↓
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2
(

M − m

x

)
ϕ,

ψ
↓
− 12+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
1− x

ϕ,

ψ
↓
− 12−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
x(1− x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥)√
k+ γ · ϵ∗u(P+,P−, P⃗⊥)√

P+

x,

~

k?

1� x,�~

k?

Sz
� = ±1

Sz
e = ±1

2

Jz
e = +

1
2

Hwang, Schmidt, Ma, sjb
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moment vanishes [22]. The light-cone formalism also properly incorporatesWigner boosts.

Thus this model of composite systems can serve as a useful theoretical laboratory to

interrelate hadronic properties and check the consistency of formulae proposed for the

study of hadron substructure.

7. Spin and orbital angular momentum composition of light-cone wavefunctions

In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑

j=1
lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i
(
k1j

∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i
(
k1 ∂

∂k2
− k2 ∂

∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
⟩ → | − 1

2
+ 1⟩ configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz

∣∣+ 1
2

〉
→

∣∣+ 1
2

+ 1
〉

+ 1
2

+1 −1
∣∣+ 1

2

〉
→

∣∣− 1
2

+ 1
〉

− 1
2

+1 0
∣∣+ 1

2

〉
→

∣∣+ 1
2

− 1
〉

+ 1
2

−1 +1

Conserved !
LF Fock state by Fock State
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n-1 orbital angular momenta

Angular Momentum on the Light-Front

Gluon orbital angular momentum defined in physical lc gauge

Orbital Angular Momentum is a property of LFWFS

!
LC gauge

Nonzero Anomalous Moment  -->   
Nonzero  quark orbital angular momentum!

A+=0
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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Exact LF Formula for Pauli Form Factor
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〈
P + q,↑

∣∣J
+(0)
2P+

∣∣P,↑ 〉= F1(q
2), (5)

〈
P + q,↑

∣∣J
+(0)
2P+

∣∣P,↓ 〉=−(q1 − iq2)F2(q
2)

2M
. (6)

The magnetic moment of a composite system is one of its most basic properties. The
magnetic moment is defined at the q2→ 0 limit,

µ = e

2M
[
F1(0) + F2(0)

]
, (7)

where e is the charge and M is the mass of the composite system. We use the standard
light-cone frame (q± = q0 ± q3):

q =
(
q+, q−, q⃗⊥

)
=
(
0,
−q2

P+ , q⃗⊥

)
,

P = (
P+,P−, P⃗⊥

)=
(

P+,
M2

P+ , 0⃗⊥
)

, (8)

where q2 =−2P · q =−q⃗2⊥ is 4-momentum square transferred by the photon.
The Pauli form factor and the anomalous magnetic moment κ = e

2M F2(0) can then be
calculated from the expression

−(q1 − iq2)F2(q
2)

2M
=
∑

a

∫
d2k⃗⊥ dx
16π3

∑

j

ej ψ
↑∗
a

(
xi, k⃗

′
⊥i ,λi

)
ψ↓a
(
xi, k⃗⊥i ,λi

)
, (9)

where the summation is over all contributing Fock states a and struck constituent charges
ej . The arguments of the final-state light-cone wavefunction are [1,2]

k⃗′⊥i = k⃗⊥i + (1− xi)q⃗⊥ (10)

for the struck constituent and

k⃗′⊥i = k⃗⊥i − xiq⃗⊥ (11)

for each spectator. Notice that the magnetic moment must be calculated from the spin-
flip non-forward matrix element of the current. It is not given by a diagonal forward matrix
element [21]. In the ultra-relativistic limit where the radius of the system is small compared
to its Compton scale 1/M , the anomalous magnetic moment must vanish [22]. The light-
cone formalism is consistent with this theorem.
The form factors of the energy–momentum tensor for a spin- 12 composite are defined by

⟨P ′|T µν(0)|P ⟩ = ū(P ′)
[
A(q2)γ (µ+P ν) + B(q2)

i

2M
+P (µσν)αqα

+ C(q2)
1
M

(qµqν − gµνq2)

]
u(P ), (12)

where qµ = (P ′ − P)µ, +Pµ = 1
2 (P
′ + P)µ , a(µbν) = 1

2 (a
µbν + aνbµ), and u(P ) is the

spinor of the system.
As in the light-cone decomposition Eqs. (5) and (6) of the Dirac and Pauli form factors

for the vector current [8], we can obtain the light-cone representation of the A(q2) and
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The one-loop model can be further generalized by applying spectral Pauli–Villars
integration over the constituent masses. The resulting form of light-cone wavefunctions
provides a template for parameterizing the structure of relativistic composite systems and
their matrix elements in hadronic physics.
The Pauli form factor is obtained from the spin-flip matrix element of the J+ current.

From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥)2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥)2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗ 2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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integration over the constituent masses. The resulting form of light-cone wavefunctions
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From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥)2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥)2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗ 2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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The one-loop model can be further generalized by applying spectral Pauli–Villars
integration over the constituent masses. The resulting form of light-cone wavefunctions
provides a template for parameterizing the structure of relativistic composite systems and
their matrix elements in hadronic physics.
The Pauli form factor is obtained from the spin-flip matrix element of the J+ current.

From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥)2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥)2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗ 2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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〈
P + q,↑

∣∣J
+(0)
2P+

∣∣P,↑ 〉= F1(q
2), (5)

〈
P + q,↑

∣∣J
+(0)
2P+

∣∣P,↓ 〉=−(q1 − iq2)F2(q
2)

2M
. (6)

The magnetic moment of a composite system is one of its most basic properties. The
magnetic moment is defined at the q2→ 0 limit,

µ = e

2M
[
F1(0) + F2(0)

]
, (7)

where e is the charge and M is the mass of the composite system. We use the standard
light-cone frame (q± = q0 ± q3):

q =
(
q+, q−, q⃗⊥

)
=
(
0,
−q2

P+ , q⃗⊥

)
,

P = (
P+,P−, P⃗⊥

)=
(

P+,
M2

P+ , 0⃗⊥
)

, (8)

where q2 =−2P · q =−q⃗2⊥ is 4-momentum square transferred by the photon.
The Pauli form factor and the anomalous magnetic moment κ = e

2M F2(0) can then be
calculated from the expression

−(q1 − iq2)F2(q
2)

2M
=
∑

a

∫
d2k⃗⊥ dx
16π3

∑

j

ej ψ
↑∗
a

(
xi, k⃗

′
⊥i ,λi

)
ψ↓a
(
xi, k⃗⊥i ,λi

)
, (9)

where the summation is over all contributing Fock states a and struck constituent charges
ej . The arguments of the final-state light-cone wavefunction are [1,2]

k⃗′⊥i = k⃗⊥i + (1− xi)q⃗⊥ (10)

for the struck constituent and

k⃗′⊥i = k⃗⊥i − xiq⃗⊥ (11)

for each spectator. Notice that the magnetic moment must be calculated from the spin-
flip non-forward matrix element of the current. It is not given by a diagonal forward matrix
element [21]. In the ultra-relativistic limit where the radius of the system is small compared
to its Compton scale 1/M , the anomalous magnetic moment must vanish [22]. The light-
cone formalism is consistent with this theorem.
The form factors of the energy–momentum tensor for a spin- 12 composite are defined by

⟨P ′|T µν(0)|P ⟩ = ū(P ′)
[
A(q2)γ (µ+P ν) + B(q2)

i

2M
+P (µσν)αqα

+ C(q2)
1
M

(qµqν − gµνq2)

]
u(P ), (12)

where qµ = (P ′ − P)µ, +Pµ = 1
2 (P
′ + P)µ , a(µbν) = 1

2 (a
µbν + aνbµ), and u(P ) is the

spinor of the system.
As in the light-cone decomposition Eqs. (5) and (6) of the Dirac and Pauli form factors

for the vector current [8], we can obtain the light-cone representation of the A(q2) and
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B(q2) form factors of the energy-tensor equation (12). Since we work in the interaction
picture, only the non-interacting parts of the energy–momentum tensor T ++(0) need to be
computed in the light-cone formalism. By calculating the ++ component of Eq. (12), we
find

〈
P + q,↑

∣∣T
++(0)
2(P+)2

∣∣P,↑
〉
= A(q2), (13)

〈
P + q,↑

∣∣T
++(0)
2(P+)2

∣∣P,↓〉=−(q1 − iq2)B(q2)

2M
. (14)

The A(q2) and B(q2) form factors Eqs. (13) and (14) are similar to the F1(q2) and F2(q2)

form factors Eqs. (5) and (6) with an additional factor of the light-conemomentum fraction
x = k+/P+ of the struck constituent in the integrand. The B(q2) form factor is obtained
from the non-forward spin-flip amplitude. The value of B(0) is obtained in the q2→ 0
limit. The angular momentum projection of a state is given by

⟨J i⟩ = 1
2
ϵijk

∫
d3x

〈
T 0kxj − T 0j xk

〉

= A(0)⟨Li⟩+
[
A(0) + B(0)

]
ū(P )

1
2
σ iu(P ). (15)

This result is derived using a wave packet description of the state. The ⟨Li⟩ term is the
orbital angular momentum of the center of mass motion with respect to an arbitrary origin
and can be dropped. The coefficient of the ⟨Li⟩ termmust be 1;A(0) = 1 also follows when
we evaluate the four-momentum expectation value ⟨Pµ⟩. Thus the total intrinsic angular
momentum J z of a nucleon can be identified with the values of the form factors A(q2) and
B(q2) at q2 = 0:
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. (16)

One can define individual quark and gluon contributions to the total angular momentum
from the matrix elements of the energy–momentum tensor [9]. However, this definition is
only formal;Aq,g(0) can be interpreted as the light-conemomentum fraction carried by the
quarks or gluons ⟨xq,g⟩. The contributions from Bq,g(0) to Jz cancel in the sum. In fact,
we shall show that the contributions to B(0) vanish when summed over the constituents of
each individual Fock state.
We will give an explicit realization of these relations in the light-cone Fock representa-

tion for general composite systems. In the next section we will illustrate the formulae by
computing the electron’s electromagnetic and energy–momentum tensor form factors to
one-loop order in QED. In fact, the structure of this calculation has much more generality
and can be used as a template for more general composite systems.

3. The light-cone Fock state decomposition and spin structure of leptons in QED

The Schwinger one-loop radiative correction to the electron current in quantum
electrodynamics has played a historic role in the development of quantum field theory.
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Bb(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣T
++
b (0)
2(P+)2

∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

(1− x)
[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(x, k⃗⊥)
]

= −4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= −4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

(1− x)

× 1
M2 − ((k⃗⊥ − xq⃗⊥)2 + m2)/x − ((k⃗⊥ − xq⃗⊥)2 + λ2)/(1− x)

× 1
M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

= −Me2

4π2

1∫

0

dα
1∫

0

dx
x(m− xM)

α(1− α) x
1−x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

. (38)

The total contribution for general momentum transfer is

B(q2) = Bf(q
2) + Bb(q

2)

= 4Me2
∫ d2k⃗⊥ dx

16π3
(m− xM)

(1− x)

×
{

1
M2 − ((k⃗⊥ + (1− x)q⃗⊥)2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥)2 + λ2)/(1− x)

− 1
M2 − ((k⃗⊥ − xq⃗⊥)2 + m2)/x − ((k⃗⊥ − xq⃗⊥)2 + λ2)/(1− x)

}

× 1
M2 − (k⃗ 2⊥ + m2)/x − (k⃗2⊥ + λ2)/(1− x)

= Me2

4π2

1∫

0

dα
1∫

0

dx x(m− xM)

(
1

α(1− α) 1−x
x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

− 1
α(1− α) x

1−x q⃗ 2⊥ −M2 + m2
x + λ2

1−x

)
. (39)

This is the analog of the Pauli form factor for a physical electron scattering in a
gravitational field and in general is not zero. However at zero momentum transfer

B(0) = Bf(0) + Bb(0) = 0, (40)

in agreement with classical arguments based on the equivalence principle and conservation
of the energy–momentum tensor [9,18–20].
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Fig. 1. Helicity-flip electromagnetic and gravitational form factors for spacelike q2 =−Q2 < 0 from
the quantum fluctuations of a fermion at one-loop order in units of α/π for QED and g2/4π2 for
the Yukawa theory. The fermion constituent mass is taken as mf = M . The boson constituent is
massless.

The helicity-flip electromagnetic and gravitational form factors for the fluctuations of
the electron at one-loop are illustrated in Fig. 1. The cancellation of the sum of graviton
couplings B(q2) to the constituents at q2 = 0 is evident.
(a) Helicity-flip Pauli form factor F2(q2) in QED. Notice that F2(0) = 1/2.
(b) Helicity-flip form factor Bb(q

2) of the graviton coupling to the boson (photon)
constituent of the electron at one-loop order in QED. Notice that Bb(0) =−1/3.
(c) Helicity-flip fermion form factor Bf(q

2) of the graviton coupling to the fermion
constituent at one-loop order in QED. Notice that Bf(0) = 1/3, and thus Bf(0) + Bb(0) =
0.
(d) Helicity-flip Pauli form factor F2(q2) in the Yukawa theory. Notice that in this case

F2(0) = 3/4.
(e) Helicity-flip form factor Bb(q

2) of the graviton coupling to the boson at one-loop
order in the Yukawa theory. Notice that Bb(0) =−5/12.
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Remarkable Advantages of the Front Form

• Light-Front Time-Ordered Perturbation Theory:  Elegant, 
Physical 

• Frame-Independent 

• Few LF Time-Ordered Diagrams (not n!) -- all k+ must be 
positive 

• Jz = Lz + Sz conserved at each vertex 

• Automatically normal-ordered; LF Vacuum trivial up to 
zero modes 

• Renormalization: Alternate Denominator Subtractions: 
Tested to three loops in QED 

• Reproduces Parke-Taylor Rules and Amplitudes  (Stasto) 

• Hadronization at the Amplitude Level with Confinement

History
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T
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Figure 1: Pictorial representation of the fragmentation amplitude Tn[(1 2 . . .n)λ0 → 1λ1 , 2λ2 , . . . , nλn] for a single
off-shell initial gluon. Variables λ0, . . . , λn denote the polarization of the gluons. The initial gluon (1 . . .n) fragments
into n final state gluons 1, . . . , n. The vertical dashed line indicates that for this part of the diagram one needs to take
an energy denominator, i.e. the leftmost gluon is in an intermediate state. The other energy denominators which are
taken for the intermediate states inside the blob are implicit and are not shown in the picture.

state, for the example depicted in Fig. 1 it could be the initial state of the total graph to which the subgraph in Fig. 1
is attached. In the LFPT [6, 30, 31, 32, 33] one has to evaluate the energy denominators for each of the intermediate
states for the process. The energy denominator for say j intermediate gluons is defined as the difference between the
light-front energies of the final and intermediate state in question

D j =
∑

out
El −

j
∑

i=1
Ei . (1)

where

Ei(l) ≡ k−i(l) =
k2i(l)
k+i(l)
, (2)

are the light-front energies and the first sum represents a sum over the energies of all final state gluons present in the
fragmentation function. Furthermore, one has to sum over all possible vertex orderings. The fragmentation function
shown in example in Fig. 1 would thus be given schematically by the expression

Tn ∼
∑

vertex orderings
gn−1Πn−1j=1

Vj

z jD j
, (3)

where Vj are the vertices and z j and D j are the corresponding fractional momenta and denominators for all the
intermediate states. Note the important fact that for the fragmentation function depicted in Fig. 1 the first gluon is
not really an initial state. As mentioned above, it is understood that the fragmentation function is only a subgraph,
attached via this gluon to a bigger graph. Therefore, the leftmost gluon is in fact an intermediate state for which the
energy denominator, denoted by the dashed line, has to be taken into account. The rightmost gluons are the final
on-shell particles, and the energy denominator is not included there. Finally, one needs to sum over all the vertex
orderings in the light-front time. The results derived in [13] and in the following sections are for the color ordered
multi-gluon amplitudes. Hence, we focus only on the kinematical parts of the subamplitudes.

The fragmentation function for a special choice of the helicities was evaluated exactly in [13]. The explicit results
for the transition +→ + · · ·+ reads

Tn[(12 . . .n)+ → 1+, 2+, . . . , n+] = (−ig)n−1
(

z1...n
z1 . . . zn

)3/2 1
vn n−1vn−1 n−2 . . . v21

, (4)

where the variables vi j were defined as

vi j ≡
(k j
z j
−
ki
zi

)

, vi j ≡ ϵ(−) · vi j , (5)

and ϵ(−) will be defined shortly. It is well known [3, 30, 31] that on the light-front the Poincaré group can be decom-
posed onto a subgroup which contains the Galilean-like nonrelativistic dynamics in 2-dimensions. The ’+’ compo-
nents of the momenta can be interpreted as the ’masses’. In this case the variable (5) can be interpreted as a relative

3

transverse light-front velocity of the two gluons. The same variable is present when evaluating the energy denomina-
tors of different intermediate states. The above variable is closely related to the variables used in the framework of
helicity amplitudes, see [34].

For a given pair of momenta ki and k j we have the result

⟨i j⟩ = √ziz j ϵ(−) ·
(ki
zi
−
k j
z j

)

=
√ziz j ϵ(−) · vi j , [i j] = √ziz j ϵ(+) ·

(ki
zi
−
k j
z j

)

=
√ziz j ϵ(+) · vi j , (6)

where the variables ⟨i j⟩ and [i j] are defined by

⟨i j⟩ = ⟨i − | j+⟩ , [i j] = ⟨i + | j−⟩ , (7)

and where chiral projections of the spinors for massless particles are defined as

|i±⟩ = ψ±(ki) =
1
2
(1 ± γ5)ψ(ki) , ⟨±i| = ψ±(ki) , (8)

for a given momentum ki. Above, we have also introduced the polarization four-vector of the gluon with four-
momentum k

ϵ(±) = ϵ
(±)
⊥ +

2ϵ(±) · k
η · k

η , (9)

where ϵ(±)⊥ = (0, 0, ϵ(±)), and the transverse vector is defined by ϵ(±) = ∓ 1√
2
(1,±i). Vector η is related to the choice of

the light-cone gauge, η ·A = 0, where η µ = (0, 2, 0) in the light-front coordinates. It is interesting that in the light-front
formalism the variables ⟨i j⟩ appear naturally in the vertices and in the energy denominators.

The fragmentation functions introduced above possess an important property which will be widely utilized in
this paper. Namely, it was demonstrated in [13] that the fragmentation functions factorize after the summation over
all the light-front time orderings. This property can then be used to write down the explicit recursion formula for the
fragmentation functions. That is to say, the fragmentation into n+1 gluons which is denoted by Tn+1[(1, 2, . . . , n+1)→
1, 2, . . . , n + 1] can be represented as the product of two lower fragmentation functions Ti[(1 . . . i) → 1, . . . , i ] and
Tn+1−i[(i + 1 . . . n + 1)→ i + 1, . . . , n + 1]. Finally, one needs to sum over the splitting combinations. This procedure
is schematically expressed in Fig. 2 and, to be precise, the expression which reflects the factorization reads

Tn+1[(12 . . .n + 1)→ 1, 2, . . . , n + 1] = −
2ig
Dn+1

n
∑

i=1

⎧

⎪

⎪

⎨

⎪

⎪

⎩

v∗(1...i)(i+1...n+1)
√

ξ(1...i)(i+1...n+1)

× Ti[(1 . . . i)→ 1, . . . , i ] Tn+1−i[(i + 1 . . .n + 1)→ i + 1, . . . , n + 1]
⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (10)

Σi

k(1...i)

k(i+1...n+1)

ki+1
ki+2

kn+1

T

k1
k2

ki

T

V3

k(12...n+1)Tn+1 =

Figure 2: Pictorial representation of the factorization property represented in Eq. (10), a light-front analog of the
Berends-Giele recursion relations [22]. The helicities of the outgoing gluons are chosen to be the same in this partic-
ular case. The dashed vertical line indicates the energy denominator Dn+1.

The energy denominator Dn+1 in the above equation has been defined as

Dn+1 =
k21
z1
+
k22
z2
+ . . . +

k2n
zn
−
k21...n
z1...n

, (11)
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Parke-Taylor amplitudes reflect LF angular momentum conservation

Cluster Decomposition Theorem for relativistic systems:    C. Ji & sjb
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Berends-Giele recursion relations [22]. The helicities of the outgoing gluons are chosen to be the same in this partic-
ular case. The dashed vertical line indicates the energy denominator Dn+1.

The energy denominator Dn+1 in the above equation has been defined as

Dn+1 =
k21
z1
+
k22
z2
+ . . . +

k2n
zn
−
k21...n
z1...n

, (11)
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Abstract
The fragmentation functions and scattering amplitudes are investigated in the framework of light-front perturbation
theory. It is demonstrated that, the factorization property of the fragmentation functions implies the recursion relations
for the off-shell scattering amplitudes which are light-front analogs of the Berends-Giele relations. These recursion
relations on the light-front can be solved exactly by induction and it is shown that the expressions for the off-shell
light-front amplitudes are represented as a linear combinations of the on-shell amplitudes. By putting external particles
on-shell we recover the scattering amplitudes previously derived in the literature.

1. Introduction

Quantization procedure on the the light-front (or the null-plane) was first proposed a long time ago by Dirac [1] as
an alternative approach to the more standard instant-time quantization. One of the interesting features of the light-front
quantization is the presence of only three dynamical Poincaré generators which describe the evolution of a system in
light-front time, see for example [2]. Thus, one may hope that the light-front formalism may lead to a simpler solution
of problems in relativistic quantummechanics than other quantization schemes which typically possess larger number
of dynamical operators. It can be also shown that, there exists a subgroup on the light-front which exhibits algebraic
structure isomorphic to the Galilean symmetry group of non-relativistic quantum mechanics in two dimensions [3, 4].
It has been also demonstrated [5] that the vacuumon the light-front is essentially structureless. This stems from the fact
that the lines in the diagrams for amplitudes only have positive p+ momenta which dramatically reduces the number
of diagrams which are needed to be considered and eliminates vacuum graphs. To be precise, the vacuum on the
light-front is structureless up to zero modes, for which special treatment may be necessary, like discrete quantization
which isolates these modes, see for example [6]. Due to the apparent simplicity of vacuum, light-front methods have
been also used to study the chiral symmetry breakdown, for a recent nice review see [7]. In any case this property of
the light-front vacuum allows to define unambiguously the partonic content of hadrons and of hadronic wave functions
and has been used to argue about the presence of in-hadron quark condensates [8]. The light-front framework has been
used to investigate the hadron dynamics from AdS/CFT correspondence [9] and in the high energy approximation to
compute the soft gluon component of the heavy onium wave function and to obtain a correspondence with the hard
Pomeron in QCD [10].

In the previous works [11, 12] we have investigated in some detail the gluon wave functions, fragmentation
functions and scattering amplitudes within the framework of the light-front perturbation theory (LFPT). The wave
functions differ from fragmentation functions in a way the light-front energy denominators are treated. In the case of
the wave functions the energy denominators are kept for the last state ( which is kept off-shell). For the fragmentation
functions, the last state is on-shell whereas the first incoming particle is off-shell and the corresponding energy denom-
inator is non-zero. Otherwise there exists close relations between these two objects as they both describe transitions
for 1→ n particles. It has been shown that one can construct the recursion relations for each of these objects. In sim-
pler cases, some of these recursion relations have been solved exactly and the solution for arbitrary number of gluons

Preprint submitted to Elsevier June 28, 2013

Manuscript

k1,λ1

k2,λ2

kn,λn

T

k(1 2...n),λ0

Figure 1: Pictorial representation of the fragmentation amplitude Tn[(1 2 . . .n)λ0 → 1λ1 , 2λ2 , . . . , nλn] for a single
off-shell initial gluon. Variables λ0, . . . , λn denote the polarization of the gluons. The initial gluon (1 . . .n) fragments
into n final state gluons 1, . . . , n. The vertical dashed line indicates that for this part of the diagram one needs to take
an energy denominator, i.e. the leftmost gluon is in an intermediate state. The other energy denominators which are
taken for the intermediate states inside the blob are implicit and are not shown in the picture.

light-front energies of the final and intermediate state in question

D j =
∑

out
El −

j
∑

i=1
Ei . (1)

where

Ei(l) ≡ k−i(l) =
k2i(l)
k+i(l)
, (2)

are the light-front energies and the first sum represents a sum over the energies of all final state gluons present in the
fragmentation function. Furthermore, one has to sum over all possible vertex orderings. The fragmentation function
shown in example in Fig. 1 would thus be given schematically by the expression

Tn ∼
∑

vertex orderings
gn−1Πn−1j=1

Vj

z jD j
, (3)

where Vj are the vertices and z j and D j are the corresponding fractional momenta and denominators for all the
intermediate states. Note the important fact that for the fragmentation function depicted in Fig. 1 the first gluon is
not really an initial state. As mentioned above, it is understood that the fragmentation function is only a subgraph,
attached via this gluon to a bigger graph. Therefore, the leftmost gluon is in fact an intermediate state for which the
energy denominator, denoted by the dashed line, has to be taken into account. The rightmost gluons are the final
on-shell particles, and the energy denominator is not included there. Finally, one needs to sum over all the vertex
orderings in the light-front time. The results derived in [11] and in the following sections are for the color ordered
multi-gluon amplitudes. Hence, we focus only on the kinematical parts of the subamplitudes.

The fragmentation function for a special choice of the helicities was evaluated exactly in [11]. The explicit results
for the transition +→ + · · ·+ reads

Tn[(12 . . .n)+ → 1+, 2+, . . . , n+] = (−ig)n−1
(

z1...n
z1 . . . zn

)3/2 1
vn n−1vn−1 n−2 . . . v21

, (4)

where the variables vi j were defined as

vi j ≡
(k j
z j
−
ki
zi

)

, vi j ≡ ϵ(−) · vi j , (5)

and ϵ(−) will be defined shortly. It is well known [3, 26, 27] that on the light-front the Poincaré group can be decom-
posed onto a subgroup which contains the Galilean-like nonrelativistic dynamics in 2-dimensions. The ’+’ compo-
nents of the momenta can be interpreted as the ’masses’. In this case the variable (5) can be interpreted as a relative
transverse light-front velocity of the two gluons. The same variable is present when evaluating the energy denomina-
tors of different intermediate states. The above variable is closely related to the variables used in the framework of
helicity amplitudes, see [30].

3

V4 = ig2 , (22)

VCoul = ig2
(z1...n+1 + z j+1...n+1)(zi+1... j − z1...i)

(z1...n+1 − z j+1...n+1)2
. (23)

Inspecting formula (19) we see that the fragmentation functions involved in the process correspond to three differ-
ent helicity configurations. One of them Tn[(12 . . .n)+ → 1+, 2+, . . . , n+] was found in [11] and its explicit expression
was given in Eq. 4. The second one can be easily derived using similar methods (see Appendix A) with the result

Tn[(12 . . .n)− → 1−, 2+, . . . , n+] = (−ig)n−1
(

z1
z1...n

)2 ( z1...n
z1 . . . zn

)3/2 1
vn n−1vn−1 n−2 . . . v21

. (24)

The third fragmentation function, Tn[(12 . . .n)+ → 1−, 2+, . . . , n+], however, remains unknown. To find it we would,
once again, need the graphs depicted in Fig. 4. This implies a relationship between M1→n and Tn[(12 . . .n)+ →
1−, 2+, . . . , n+] which one can express as

Tn[(12 . . .n)+ → 1−, 2+, . . . , n+] =
1

√z1...nz1 . . . zn
i
Dn

M1→n . (25)

Therefore this fragmentation function is directly proportional to M1→n, but it includes the denominator for the first
(leftmost state) and different normalization of the external particles. Thus, Eq. (19) which is depicted in Fig. 4 turns
out to be a recursion relation for M1→n+1. In the next section we will find a solution to this equation and prove it via
the method of mathematical induction.
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Figure 4: Graphs involved in the fragmentation of a single off-shell gluon into n + 1 on-shell gluons. The initial and
final helicities are specified in the figures. We denote the 3-gluon vertex in Figs. 4a and 4b as V+ and V− respectively,
the 4-gluon vertex in Fig. 4c as V4, and the Coulomb term in Fig. 4d as VCoul. Vertical lines denote the energy
denominators that need to be taken, they are implicit in all intermediate states denoted by blobs. There are no energy
denominators in the final state.
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
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a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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Exact LF Formula for Pauli Form Factor
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T++(0) need to be computed in the light-cone formalism. By calculating the ++

component of Eq. (12), we find

〈

P + q, ↑
∣∣∣∣∣
T++(0)

2(P+)2

∣∣∣∣∣P, ↑
〉

= A(q2) , (13)

〈

P + q, ↑
∣∣∣∣∣
T++(0)

2(P+)2

∣∣∣∣∣P, ↓
〉

= −(q1 − iq2)
B(q2)

2M
. (14)

The A(q2) and B(q2) form factors Eqs. (13) and (14) are similar to the F1(q2)

and F2(q2) form factors Eqs. (5) and (6) with an additional factor of the light-cone

momentum fraction x = k+/P+ of the struck constituent in the integrand. The B(q2)

form factor is obtained from the non-forward spin-flip amplitude. The value of B(0)

is obtained in the q2 → 0 limit. The angular momentum projection of a state is given

by

〈
J i
〉

=
1

2
ϵijk

∫
d3x

〈
T 0kxj − T 0jxk

〉
= A(0)

〈
Li
〉

+ [A(0) + B(0)] u(P )
1

2
σiu(P ) .

(15)

This result is derived using a wave packet description of the state. The ⟨Li⟩ term

is the orbital angular momentum of the center of mass motion with respect to an

arbitrary origin and can be dropped. The coefficient of the ⟨Li⟩ term must be 1;

A(0) = 1 also follows when we evaluate the four-momentum expectation value ⟨P µ⟩.

Thus the total intrinsic angular momentum Jz of a nucleon can be identified with the

values of the form factors A(q2) and B(q2) at q2 = 0 :

⟨Jz⟩ =
〈

1

2
σz
〉

[A(0) + B(0)] . (16)

One can define individual quark and gluon contributions to the total angular

momentum from the matrix elements of the energy momentum tensor [9]. However,

this definition is only formal; Aq,g(0) can be interpreted as the light-cone momentum

fraction carried by the quarks or gluons ⟨xq,g⟩ . The contributions from Bq,g(0) to Jz

cancel in the sum. In fact, we shall show that the contributions to B(0) vanish when

summed over the constituents of each individual Fock state.

10

where q2 = −2P · q = −q⃗2
⊥ is 4-momentum square transferred by the photon.

The Pauli form factor and the anomalous magnetic moment κ = e
2M F2(0) can

then be calculated from the expression

− (q1 − iq2)
F2(q2)

2M
=
∑

a

∫ d2k⃗⊥dx

16π3

∑

j

ej ψ
↑∗
a (xi, k⃗

′
⊥i,λi)ψ

↓
a(xi, k⃗⊥i,λi) , (9)

where the summation is over all contributing Fock states a and struck constituent

charges ej. The arguments of the final-state light-cone wavefunction are [1, 2]

k⃗′
⊥i = k⃗⊥i + (1− xi)q⃗⊥ (10)

for the struck constituent and

k⃗′
⊥i = k⃗⊥i − xiq⃗⊥ (11)

for each spectator. Notice that the magnetic moment must be calculated from the

spin-flip non-forward matrix element of the current. It is not given by a diagonal

forward matrix element [21]. In the ultra-relativistic limit where the radius of the

system is small compared to its Compton scale 1/M , the anomalous magnetic moment

must vanish [22]. The light-cone formalism is consistent with this theorem.

The form factors of the energy-momentum tensor for a spin-1
2 composite are de-

fined by

⟨P ′|T µν(0)|P ⟩ = u(P ′)
[
A(q2)γ(µP

ν)
+ B(q2)

i

2M
P

(µ
σν)αqα

+C(q2)
1

M
(qµqν − gµνq2)

]
u(P ) , (12)

where qµ = (P ′ − P )µ, P
µ

= 1
2(P

′ + P )µ, a(µbν) = 1
2(a

µbν + aνbµ), and u(P ) is the

spinor of the system.

As in the light-cone decomposition Eqs. (5) and (6) of the Dirac and Pauli form

factors for the vector current [8], we can obtain the light-cone representation of the

A(q2) and B(q2) form factors of the energy-tensor Eq. (12). Since we work in the

interaction picture, only the non-interacting parts of the energy momentum tensor

9
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9

Gravitational Form Factors
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laboratory to test the consistency of formulae which have been proposed to probe the spin structure
of hadrons.  2001 Elsevier Science B.V. All rights reserved.

PACS: 12.20.-m; 12.39.Ki; 13.40.Em; 13.40.Gp

1. Introduction

The light-cone Fock representation of composite systems such as hadrons in QCD
has a number of remarkable properties. Because the generators of certain Lorentz boosts
are kinematical, knowing the wavefunction in one frame allows one to obtain it in any
other frame. Furthermore, matrix elements of space-like local operators for the coupling
of photons, gravitons, and the moments of deep inelastic structure functions all can
be expressed as overlaps of light-cone wavefunctions with the same number of Fock
constituents. This is possible since in each case one can choose the special frame q+ = 0 [1,
2] for the space-like momentum transfer and take matrix elements of “plus” components
of currents such as J+ and T ++. Since the physical vacuum in light-cone quantization
coincides with the perturbative vacuum, no contributions to matrix elements from vacuum
fluctuations occur [3]. Light-cone Fock state wavefunctions thus encode all of the bound
state quark and gluon properties of hadrons including their spin and flavor correlations in
the form of universal process- and frame-independent amplitudes.
Formally, the light-cone expansion is constructed by quantizing QCD at fixed light-cone

time [4] τ = t + z/c and forming the invariant light-cone Hamiltonian:HQCD
LC = P+P− −

P⃗ 2
⊥ where P± = P 0 ± Pz [3]. The momentum generators P+ and P⃗⊥ are kinematical;
i.e., they are independent of the interactions. The generator P− = i d

dτ generates light-
cone time translations, and the eigen-spectrum of the Lorentz scalar HQCD

LC gives the mass
spectrum of the color-singlet hadron states in QCD together with their respective light-
cone wavefunctions. For example, the proton state satisfies: H

QCD
LC |ψp⟩ = M2

p|ψp⟩. The
expansion of the proton eigensolution |ψp⟩ on the color-singlet B = 1, Q = 1 eigenstates
{|n⟩} of the free Hamiltonian H

QCD
LC (g = 0) gives the light-cone Fock expansion:

∣∣ψp(P+, P⃗⊥)
〉 =

∑

n

n∏

i=1

dxi d2k⃗⊥i√
xi16π3

16π3δ

(
1−

n∑

i=1
xi

)
δ(2)

(
n∑

i=1
k⃗⊥i

)

×ψn

(
xi, k⃗⊥i ,λi

)∣∣n; xiP
+, xiP⃗⊥ + k⃗⊥i ,λi

〉
. (1)

The light-conemomentum fractions xi = k+
i /P+ and k⃗⊥i represent the relative momentum

coordinates of the QCD constituents. The physical transverse momenta are p⃗⊥i = xiP⃗⊥ +
k⃗⊥i . The λi label the light-cone spin projections Sz of the quarks and gluons along
the quantization direction z. The physical gluon polarization vectors ϵµ(k, λ = ±1) are
specified in light-cone gauge by the conditions k · ϵ = 0, η · ϵ = ϵ+ = 0. The n-particle
states are normalized as

〈
n; p′i

+, p⃗ ′⊥i ,λ
′
i

∣∣n; pi
+, p⃗⊥i ,λi

〉
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=
n∏

i=1
16π3p+

i δ
(
p′i

+ − pi
+) δ(2)

(
p⃗ ′⊥i − p⃗⊥i

)
δλ′iλi

. (2)

The solutions of H
QCD
LC |ψp⟩= M2

p|ψp⟩ are independent of P+ and P⃗⊥; thus given the
eigensolution Fock projections ⟨n;xi, k⃗⊥i ,λi |ψp⟩ = ψn(xi, k⃗⊥i ,λi ), the wavefunction of
the proton is determined in any frame [5]. In contrast, in equal-time quantization, a Lorentz
boost always mixes dynamically with the interactions, so that computing a wavefunction in
a new frame requires solving a nonperturbative problem as complicated as the Hamiltonian
eigenvalue problem itself.
The LC wavefunctions ψn/H (xi, k⃗⊥i ,λi ) are universal, process independent, and thus

control all hadronic reactions. Given the light-cone wavefunctions, one can compute
the moments of the helicity and transversity distributions measurable in polarized deep
inelastic experiments [5]. For example, the polarized quark distributions at resolution Λ
correspond to

qλq/Λp (x,Λ) =
∑

n,qa

∫ n∏

j=1
dxj d2k⃗⊥j

∑

λi

∣∣ψ(Λ)
n/H

(
xi, k⃗⊥i ,λi

)∣∣2

× δ
(
1−

n∑

i

xi

)
δ(2)

(
n∑

i

k⃗⊥i

)
δ(x − xq)δλaλqΘ

(
Λ2 −M2

n

)
,

(3)

where the sum is over all quarks qa which match the quantum numbers, light-cone
momentum fraction x, and helicity of the struck quark. Similarly, moments of transversity
distributions and off-diagonal helicity convolutions are defined as a density matrix of the
light-cone wavefunctions. Applications of non-forward quark and gluon distributions have
been discussed in Refs. [6,7]. The light-cone wavefunctions also specify the multi-quark
and gluon correlations of the hadron. For example, the distributions of spectator particles
in the final state which could be measured in the proton fragmentation region in deep
inelastic scattering at an electron–proton collider are in principle encoded in the light-cone
wavefunctions.
Given the ψ(Λ)

n/H , one can construct any spacelike electromagnetic, electroweak, or grav-
itational form factor or local operator product matrix element of a composite or elementary
system from the diagonal overlap of the LC wavefunctions [8]. Studying the gravitational
form factors is not academic: Ji has shown that there is a remarkable connection of the
x-moments of the chiral-conserving and chiral-flip form factors H(x, t, ζ ) and E(x, t, ζ )

which appear in deeply virtual scattering with the corresponding spin-conserving and spin-
flip electromagnetic form factors F1(t) and F2(t) and gravitational form factors Aq(t) and
Bq(t) for each quark and anti-quark constituent [9]. Thus, in effect, one can use virtual
Compton scattering to measure graviton couplings to the charged constituents of a hadron.
Exclusive semi-leptonic B-decay amplitudes involving timelike currents such as B→

Aℓν̄ can also be evaluated exactly in the light-cone formalism [10]. In this case, the
timelike decay matrix elements require the computation of both the diagonal matrix
element n→ n where parton number is conserved and the off-diagonal n + 1→ n− 1

Defines quark distributionsObeys DGLAP Evolution

Z
dk

� BS(k, P )!  LF (x,

~

k?)  BS(x, P )|
x

+=0

Connection to Bethe-Salpeter:
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Wick Theorem
Feynman diagram =  

single  front-form time-ordered diagram! 

ae =
ge � 2

2
=

↵

2⇡
Also P !1 observer frame (Weinberg)

Choose q+
= 0



zero for q+ = 0

Calculation of Form Factors in  Equal-Time Theory

Instant Form

Calculation of Form Factors in  Light-Front Theory

Front Form

Absent for q+ = 0 zero !!

Need vacuum-induced currents

Exact Answer!
No vacuum graphs
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Calculation of proton form factor in Instant Form 

• Need to boost proton wavefunction from p to p
+q:  Extremely complicated dynamical problem; 
even the particle number changes 

• Need to couple to all currents arising from 
vacuum!! Remains even after normal-ordering 

• Each time-ordered contribution is frame-
dependent 

• Divide by disconnected vacuum diagrams 

• Instant form:  acausal boundary conditions

< p + q|Jµ(0)|p >

p + qp p + qp



Instant 
Form WF 

~P 6= 0
Dynamical boost contribution

Also: Hugh Osborne
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Disadvantages of the Instant Form

• Boosts are dynamical, change particle number: not Melosh! 

• Famous wrong proof showing violation of LET and DHG sum rule 

• Each Amplitude is Frame-Dependent 

• States defined at one instant of time over all space - acausal! 

• Current matrix elements involve connected vacuum currents --
eigensolutions insufficient! 

• N! time-ordered graphs, each frame-dependent  

• Vacuum is complex: apparently gives huge vacuum energy density 

• Normal-ordering required to compute observables 

• Cluster decomposition theorem fails in relativistic systems 

• Virtually no valid calculations of dynamics of relativistic composite 
systems use the instant form 

• Why Feynman invented Feynman diagrams!



Pµ
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B , P�B , ~P?B)

“Fool’s ISR Frame”
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Fig. 3. Light-cone time-ordered contributions to deeply virtual Compton scattering. Only the

contributions of leading power in 1/Q are illustrated. These contributions illustrate the factorization

property of the leading twist amplitude.

see Fig. 3. We specify the frame by choosing a convenient parametrization of the light-cone

coordinates for the initial and final proton:

P =
(

P+, 0⃗⊥,
M2

P+

)
, (3)

P ′ =
(

(1− ζ )P+,−∆⃗⊥,
M2 + ∆⃗2

⊥
(1− ζ )P+

)
, (4)

whereM is the proton mass. We use the component notation V = (V +, V⃗⊥,V −), and our

metric is specified by V ± = V 0±V z and V 2 = V +V − − V⃗ 2
⊥. The four-momentum transfer

from the target is

∆ = P − P ′ =
(

ζP+, ∆⃗⊥,
t + ∆⃗2

⊥
ζP+

)
, (5)

where t = ∆2. In addition, overall energy–momentum conservation requires ∆− =
P− − P ′−, which connects ∆⃗2

⊥, ζ , and t according to

t = 2P · ∆ = −ζ 2M2 + ∆⃗2
⊥

1− ζ
. (6)

As in the case of space-like form factors, it is convenient to choose a frame where the

incident space-like photon carries q+ = 0 so that q2 = −Q2 = −q⃗ 2⊥:

Nuclear Physics B 596 (2001) 99–124

www.elsevier.nl/locate/npe

Light-cone wavefunction representation of deeply
virtual Compton scattering ✩

Stanley J. Brodsky a, Markus Diehl a,1, Dae Sung Hwang b

a Stanford Linear Accelerator Center, Stanford University, Stanford, CA 94309, USA
b Department of Physics, Sejong University, Seoul 143-747, South Korea

Received 25 September 2000; accepted 22 November 2000

Abstract

We give a complete representation of virtual Compton scattering γ ∗p → γp at large initial photon

virtuality Q2 and small momentum transfer squared t in terms of the light-cone wavefunctions of

the target proton. We verify the identities between the skewed parton distributions H(x, ζ, t) and

E(x, ζ, t) which appear in deeply virtual Compton scattering and the corresponding integrands of

the Dirac and Pauli form factors F1(t) and F2(t) and the gravitational form factors Aq(t) and Bq(t)

for each quark and anti-quark constituent. We illustrate the general formalism for the case of deeply

virtual Compton scattering on the quantum fluctuations of a fermion in quantum electrodynamics at

one loop.  2001 Elsevier Science B.V. All rights reserved.

PACS: 12.20.-m; 12.39.Ki; 13.40.Gp; 13.60.Fz

1. Introduction

Virtual Compton scattering γ ∗p → γp (see Fig. 1) has extraordinary sensitivity to

fundamental features of the proton’s structure. Particular interest has been raised by the

description of this process in the limit of large initial photon virtuality Q2 = −q2 [1–5].

Even though the final state photon is on-shell, one finds that the deeply virtual process

probes the elementary quark structure of the proton near the light-cone as an effective

local current, or in other words, that QCD factorization applies [3,6,7].

In contrast to deep inelastic scattering, which measures only the absorptive part of

the forward virtual Compton amplitude, ImTγ ∗p→γ ∗p , deeply virtual Compton scattering

✩Work partially supported by the Department of Energy, contract DE-AC03-76SF00515.

E-mail addresses: sjbth@slac.stanford.edu (S.J. Brodsky), markus.diehl@desy.de (M. Diehl),

dshwang@kunja.sejong.ac.kr (D.S. Hwang).
1 Supported by the Feodor Lynen Program of the Alexander von Humboldt Foundation.

0550-3213/01/$ – see front matter  2001 Elsevier Science B.V. All rights reserved.

PII: S0550-3213(00)00695-7

Light-front wavefunctions representation  
of deeply virtual Compton scattering 
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encode all of the bound state quark and gluon properties of hadrons, including their

momentum, spin and flavor correlations, in the form of universal process- and frame-

independent amplitudes.

The deeply virtual Compton amplitude can be evaluated explicitly by starting from the

Fock state representation for both the incoming and outgoing proton, using the boost

properties of the light-cone wavefunctions, and evaluating the matrix elements of the

currents for a quark target. One can also directly evaluate the non-local current matrix

elements (16) in the same framework. In the following we will concentrate on the

generalized Compton form factors H and E. Formulae analogous to our results can be

obtained for H̃ and Ẽ.

For the n → n diagonal term (∆n = 0), the relevant current matrix element at quark

level is
∫
dy−

8π
eixP+y−/2

〈
1;x ′

1P
′+, p⃗′

⊥1,λ
′
1

∣∣ψ̄(0)γ +ψ(y)
∣∣1;x1P

+, p⃗⊥1,λ1
〉∣∣

y+=0,y⊥=0

=
√

x1x
′
1

√
1− ζδ(x − x1)δλ′

1λ1
, (38)

where for definiteness we have labeled the struck quark with the index i = 1. We thus

obtain formulae for the diagonal (parton-number-conserving) contributions to H and E in

the domain ζ ! x ! 1 [17]:
√
1− ζ

1− ζ
2

H(n→n)(x, ζ, t) − ζ 2

4
(
1− ζ

2

)√
1− ζ

E(n→n)(x, ζ, t)

=
(√
1− ζ

)2−n
∑

n,λi

∫ n∏

i=1

dxi d
2k⃗⊥i

16π3
16π3δ

(

1−
n∑

j=1
xj

)

δ(2)

(
n∑

j=1
k⃗⊥j

)

× δ(x − x1)ψ
↑∗
(n)

(
x ′
i , k⃗

′
⊥i ,λi

)
ψ

↑
(n)

(
xi, k⃗⊥i ,λi

)
, (39)

1√
1− ζ

∆1 − i∆2

2M
E(n→n)(x, ζ, t)

= (√
1− ζ

)2−n
∑

n,λi

∫ n∏

i=1

dxi d
2k⃗⊥i

16π3
16π3δ

(

1−
n∑

j=1
xj

)

δ(2)

(
n∑

j=1
k⃗⊥j

)

× δ(x − x1)ψ
↑∗
(n)

(
x ′
i , k⃗

′
⊥i ,λi

)
ψ

↓
(n)

(
xi, k⃗⊥i ,λi

)
, (40)

where the arguments of the final-state wavefunction are given by

x ′
1 = x1 − ζ

1− ζ
, k⃗′

⊥1 = k⃗⊥1 − 1− x1

1− ζ
∆⃗⊥ for the struck quark,

x ′
i = xi

1− ζ
, k⃗′

⊥i = k⃗⊥i + xi

1− ζ
∆⃗⊥ for the spectators i = 2, . . . , n.

(41)

One easily checks that
∑n

i=1 x ′
i = 1 and

∑n
i=1 k⃗′

⊥i = 0⃗⊥. In Eqs. (39) and (40) one has to
sum over all possible combinations of helicities λi and over all parton numbers n in the

Fock states. We also imply a sum over all possible ways of numbering the partons in the

n-particle Fock state so that the struck quark has the index i = 1.
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• Square of Target LFWFs                 Modified by Rescattering: ISI & FSI

• No Wilson Line                             Contains Wilson Line, Phases

• Probability Distributions                 No Probabilistic Interpretation

• Process-Independent                      Process-Dependent - From Collision

• T-even Observables                        T-Odd (Sivers, Boer-Mulders, etc.)

• No Shadowing,  Anti-Shadowing      Shadowing,  Anti-Shadowing, Saturation

• Sum Rules: Momentum and Jz               Sum Rules Not Proven

• DGLAP Evolution; mod. at large x   DGLAP Evolution

• No Diffractive DIS                         Hard Pomeron and Odderon Diffractive DIS

Static                           Dynamic

General remarks about orbital angular mo-
mentum
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Hwang, 
Schmidt, sjb,



!
Light-Front QCD  Stan Brodsky

M a y  2 6 - 3 0 ,  2 0 1 4

Home International Light Cone Advisory Committee NC State Physics Jefferson Lab NC State College of Sciences

N a v i g a t i o n

Final Circular
Program
Registration
Accommodations
Travel
Poster
Participants
Scientific Advisory
Comm

Meeting Email: 
LightCone2014 'at' ncsu.edu
For questions and further
information about the
meeting.

N e w s  &  U p d a t e s

R a l e i g h ,  N C

Things to do in Raleigh
Visit Raleigh
Downtown Raleigh
Visit the NC Triangle

R a l e i g h ,  N C ,  U S A

W e l c o m e  t o  L i g h t  C o n e  2 0 1 4

We invite you to participate in the

forthcoming Light Cone 2014 (LC2014)

meeting, to be held in Raleigh, North Carolina,

during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair

Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab

contact | Department of Physics | College of Sciences | North Carolina State University

September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

Universidad Técnica !
Federico Santa María

•LF wavefunctions play the role of Schrödinger wavefunctions 
in Atomic Physics 

•LFWFs=Hadron Eigensolutions: Direct Connection to QCD 
Lagrangian 

•Relativistic, frame-independent: no boosts, no disc 
contraction, Melosh built into LF spinors  

•Hadronic observables computed from LFWFs: Form factors, 
Structure Functions, Distribution  Amplitudes, GPDs, TMDs, 
Weak Decays, .... modulo `lensing’ from ISIs, FSIs 

•Cannot compute current matrix elements using instant form 
from eigensolutions alone -- need to include vacuum currents! 

•Hadron Physics without LFWFs is like Biology without DNA!

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1
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•Hadron Physics without LFWFs is like Biology without DNA!

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

No length contraction — no pancakes!
Penrose	
Terrell	

Weiskopf
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Goal: an analytic first approximation to QCD

•As Simple as Schrödinger Theory in Atomic Physics 

•Relativistic, Frame-Independent, Color-Confining 

•Confinement in QCD -- What sets the QCD mass scale? 

•QCD Coupling at all scales 

•Hadron Spectroscopy 

•Light-Front Wavefunctions 

•Form Factors, Structure Functions,Hadronic Observables 

•Constituent Counting Rules 

•Hadronization at the Amplitude Level 

•Insights into QCD Condensates 

•Chiral Symmetry 

•Systematically improvable



Light-Front: Universal Tool for atoms, 
nuclei, hadrons

• LFWFs are Frame Independent!

• No colliding pancakes!

• One-dimensional Light-Front Schrödinger Equation!

• Precision QED; Atoms in flight!

• Avoid dynamical boosts!

• Avoid vacuum currents!!

• Angular momentum conservation!

• Goal: Hadronization at amplitude level



Need a First Approximation to QCD 
!

 Comparable in simplicity to #
Schrödinger Theory in Atomic Physics

Relativistic, Frame-Independent, Color-Confining 
!

Origin of hadronic mass scale if mq=0



HQED

[� �2

2mred
+ Ve�(�S,�r)] �(�r) = E �(�r)

[� 1
2mred

d2

dr2
+

1
2mred

⌃(⌃ + 1)
r2

+ Ve�(r, S, ⌃)] �(r) = E �(r)

(H0 + Hint) |� >= E |� > Coupled Fock states

Effective two-particle equation

 Spherical Basis r, �,⇥

Coulomb  potential  

Includes Lamb Shift, quantum corrections

Bohr Spectrum

Veff ⇥ VC(r) = ��

r

QED atoms: positronium and 
muonium

Semiclassical first approximation to QED -->  

Eliminate higher Fock states              
and retarded interactions

LQED

Atomic Physics from First Principles



Bohr Atom



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  

HLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1� x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥

Semiclassical first approximation to QCD  

4

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD

AdS/QCD:
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d lnQ2 < 0

u

Sums an infinite # diagrams

LQCD

Eliminate higher Fock states              
and retarded interactions
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Derivation of the Light-Front Radial Schrodinger Equation  directly 
from LF QCD
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Effective QCD LF Bound-state Equation

[GdT and S. J. Brodsky, PRL 102, 081601 (2009)]

• Factor out the longitudinal X(x) and orbital kinematical dependence from LFWF  

 (x, ⇣,') = eiL'X(x)

�(⇣)p
2⇡⇣

• Ultra relativistic limit m
q

! 0 longitudinal modes X(x) decouple and LF Hamiltonian equation

P
µ

Pµ| i = M2| i is a LF wave equation for �

✓
� d2

d⇣2

� 1� 4L2

4⇣2

+ U(⇣)

◆
�(⇣) = M2�(⇣)

• Invariant transverse variable in impact space

⇣2

= x(1� x)b

2

?

conjugate to invariant mass M2

= k

2

?/x(1� x)

x

b

(1-x)
6-2014
8851A1

• Critical value L = 0 corresponds to lowest possible stable solution: ground state of the LF Hamiltonian

• Relativistic and frame-independent LF Schrödinger equation: U is instantaneous in LF time and com-

prises all interactions, including those with higher Fock states.

Trinity College, Dublin, 20 October 2015
Page 5

• de Teramond, sjb

Effective QCD LF Bound-State Equation
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Light-Front Schrödinger Equation
�
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Relativistic LF single-variable radial 
equation for QCD & QED

G. de Teramond, sjb 
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Frame Independent!

Complex eigenvalues for excited states n>0

Light-Front Schrödinger EquationLight-Front Schrödinger Equation



• Functional relation: |⇤|2
� = 2⇥

x(1�x) |⇤(x,b⇤)|2

• Invariant mass M2 in terms of LF mode ⇥
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⇤

d� ⇥⇥(�)
⌅
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� 1
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where the interaction terms are summed up in the effective potential U(�) and the orbital angular

momentum in�2 has the SO(2) Casimir representation SO(N) ⇤ SN�1 : L(L+N�2)

� ⌃2

⌃⌅2
|⇥⇧ = L2|⇥⇧

• LF eigenvalue equation HLF |⇥⇧ = M2|⇥⇧ is a LF wave equation for ⇥

�
� d2

d�2
� 1� 4L2

4�2
+ U(�)

⇥
⇥(�) = M2⇥(�)

• Effective light-front Schrödinger equation: relativistic, covariant and analytically tractable.

Diffraction 2008, La Londe-les-Maures, September 9-14, 2008 Page 10

mq = 0
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U is the confining QCD potential  
Conjecture: ‘H’-diagrams generate 
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We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.

PACS numbers: 12.38.Bx, 14.65.Dw, 14.65.Fy, 14.65.Ha

The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

[

1 +
αs(|q⃗ |)

4π
a1 +

(

αs(|q⃗ |)

4π

)2

a2

+

(

αs(|q⃗ |)

4π

)3 (

a3 + 8π2C3
A ln

µ2

q⃗ 2

)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.
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The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form
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Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.
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The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)
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[

1 +
αs(|q⃗ |)

4π
a1 +

(

αs(|q⃗ |)

4π

)2

a2

+

(

αs(|q⃗ |)

4π

)3 (

a3 + 8π2C3
A ln

µ2

q⃗ 2

)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
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The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form
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values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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Summation of H graphs: confining potential
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Pion mass  
automatically zero!

mq = 0

Quark separation 
increases with L

Pion has 
zero mass!

Same slope in n and L!



Prediction from AdS/QCD: Meson LFWF
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Hadron Distribution Amplitudes

• Fundamental gauge invariant non-perturbative input to hard 
exclusive processes, heavy hadron decays. Defined for Mesons, 
Baryons	

• Evolution Equations from PQCD, OPE	

• Conformal Expansions	

• Compute from valence light-front wavefunction in light-cone 
gauge
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J. R. Forshaw,  
R. Sandapen
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Same slope in n and L!Massless pion in Chiral Limit!

Mass ratio of the ρ and the a1 mesons: coincides with Weinberg sum rules

mq = 0

G. de Teramond, H. G. Dosch, sjb 



Structure of the Vacuum in Light-Front Dynamics

• Results easily extended to light quarks masses (Ex: K-mesons)
[GdT, S. J. Brodsky and H. G.Dosch, arXiv:1405.2451 [hep-ph]]

• First order perturbation in the quark masses

�M2
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/x
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| i

• Holographic LFWF with quark masses
[S. J. Brodsky and GdT, arXiv:0802.0514 [hep-ph]
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• Ex: Description of diffractive vector meson production at HERA
[J. R. Forshaw and R. Sandapen, PRL 109, 081601 (2012)]

• For the K⇤

M2
n,L,S

= M2
K

± + 4�

✓

n +

J + L
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• Effective quark masses from reduction of higher Fock states as functionals of the valence state:

m
u

= m
d

= 46 MeV, m
s

= 357 MeV

Niccolò Cabeo 2014, Ferrara, May 20, 2012
Page 33
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De Teramond, Dosch, sjb
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Niccolò Cabeo 2014, Ferrara, May 20, 2012
Page 33

De Teramond, Dosch, sjb



Exploring QCD, Cambridge, August 20-24, 2007 Page 9

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

0.20.40.60.8

1.3

1.4

1.5

0

0.05

0.1

0.15

0.2

0

5

�(x, k�)(GeV)

�(x, k�)

• Light Front Wavefunctions:                                   

AdS5:  Conformal Template for QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Duality of AdS5 with LF 
Hamiltonian Theory

•Light-Front Holography

Light-Front Schrödinger Equation
Spectroscopy and Dynamics



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 
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!
Preserves Conformal Symmetry 

of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)
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Confinement scale:   

Light-Front Schrödinger Equation
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!
de Tèramond, Dosch, sjb

 ' 0.6 GeV

1/ ' 1/3 fm

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 	
without affecting conformal invariance of action!• Fubini, Rabinovici:

e'(z) = e+2z2
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The nucleon helicity-independent generalized parton distributions (GPDs) of quarks are calculated
in the zero skewness case, in the framework of the AdS/QCD model. The present approach is based
on a matching procedure of sum rules relating the electromagnetic form factors to GPDs and AdS
modes.
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I. INTRODUCTION

One of the main goals in strong interaction theory is
to understand how nucleons and other hadrons are build
up from quarks and gluons. Studied in various scattering
processes, the hadronic structure can be encoded in the
so-called generalized parton distributions (GPDs) [1–4].
In particular, at leading twist-2, there exist two kinds
of helicity-independent GPDs of quarks in the nucleon,
denoted asHq(x, �, t) and Eq(x, �, t). Both quantities de-
pend in general on three variables: the momentum trans-
fer squared t = q2, the light-cone momentum fraction x,
and the skewness �.

Due to their nonperturbative nature the GPDs can-
not be directly calculated from Quantum Chromodynam-
ics (QCD). There are essentially three ways to access
the GPDs (for reviews see e.g. [5, 6]): extraction from
the experimental measurement of hard processes, a di-
rect calculation in the context of lattice QCD, and dif-
ferent phenomenological models and methods. The last
procedure is based on a parametrization of the quark
wave functions/GPDs using constraints imposed by sum
rules [2, 3], which relate the parton distributions to nu-
cleon electromagnetic form factors (some examples of this
procedure can be found e.g. in [7–9]). On the other hand,
such sum rules can also be used in the other direction –
GPDs are extracted by calculating nucleon electromag-
netic form factors in some approach.

Following the last idea, here we show how to extract
the quark GPDs of the nucleon in the framework of a
holographical soft-wall model [10, 11]. In particular, we
use the results of Abidin and Carlson for the nucleon form

�On leave of absence from Department of Physics, Tomsk State
University, 634050 Tomsk, Russia

factors [11] in order to extract the GPDs using the light-
front mapping – the key ingredient of light-front hologra-
phy (LFH). This is an approach based on the correspon-
dence of string theory in Anti-de Sitter (AdS) space and
conformal field theory (CFT) in physical space-time [12].
LFH is further based on a mapping of string modes in
the AdS fifth dimension to hadron light-front wave func-
tions in physical space-time, as suggested and developed
by Brodsky and de Téramond [10, 13–16] and extended
in [17–19]. In this paper we show how LFH can be used
to get the nucleon GPDs in the context of the soft-wall
model.
From the beginning the AdS/CFT [12] correspondence

has received considerable attention, which over time was
expanded into several directions, one of which is the pos-
sibility to address issues related to QCD phenomena. A
particular and easy way to consider AdS/CFT ideas ap-
plied to QCD is known as the bottom - up approach [20,
21], where one tries to build models that reproduce some
features of QCD in a dual 5-dimensional space which con-
tains gravity. This kind of models have been successful in
several QCD applications, among which are the follow-
ing examples: hadronic scattering processes [13, 22–24],
hadronic spectra [10, 19, 25–28], hadronic couplings and
chiral symmetry breaking [20, 21, 29–31], quark poten-
tials [32–34], etc.
In this paper we perform a matching of the nucleon

electromagnetic form factors considering two approaches
for them: we use sum rules derived in QCD [2, 3], which
contain GPDs for valence quarks, and we consider an ex-
pression obtained in the AdS/QCD soft-wall model [11].
As a result of the matching we obtain expressions for the
nonforward parton densities [4] Hq

v (x, t) = Hq(x, 0, t) +
Hq(�x, 0, t) and Eq

v(x, t) = Eq(x, 0, t)+Eq(�x, 0, t) – fla-
vor combinations of the GPDs (or valence GPDs), using
information from the AdS side. The procedure proposed
here is similar to the one used in LFH, which allows to ob-
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FIG. 3: Plots for q(x,b�). The upper panels correspond to u(x,b�) and the lower to d(x,b�). Both cases are taken for
x = 0.1.

where epu = end = 2/3 and enu = epd = �1/3,
iii) transverse width of the impact parameter depen-

dent GPD q(x,b⇥)

⇥R2
⇥(x)⇤q =

⇥
d2b⇥b2

⇥q(x,b⇥)⇥
d2b⇥q(x,b⇥)
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, (26)

iv) transverse rms radius
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⇥

1⇥

0
dxq(x,b⇥)

⇥
d2b⇥
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0
dxq(x,b⇥)

. (27)

Notice that the GPDs in impact space can be derived di-
rectly from the nucleon form factors using the procedure
of light-front mapping and the bulk-to-boundary propa-
gator in impact space V (b⇥, z). The latter is related to
V (k⇥, z) via the Fourier transform:

V (b⇥, z) =

⇤
d2k⇥
(2⇥)2

V (k⇥, z)e
�ib?k?
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�4z2
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iv) transverse rms radius
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Notice that the GPDs in impact space can be derived di-
rectly from the nucleon form factors using the procedure
of light-front mapping and the bulk-to-boundary propa-
gator in impact space V (b⇥, z). The latter is related to
V (k⇥, z) via the Fourier transform:
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Also: Heavy quark bound states
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HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Bound States in Relativistic Quantum Field Theory: 
Light-Front Wavefunctions

xi =
k+
i

P+

0 < xi < 1

n�

i=1
xi = 1

Remarkable new insights from AdS/CFT,the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,
~

k?i,�i)
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1 The Holographic Correspondence

• In the “ semi-classical” approximation to QCD with massless quarks and no quantum loops the �

function is zero, and the approximate theory is scale and conformal invariant.

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

ds2 =
R2

z2
(⇥µ⇥dxµdx⇥ � dz2).

• Semi-classical correspondence as a first approximation to QCD (strongly coupled at all scales).

• xµ ⇤ ⇤xµ, z ⇤ ⇤z, maps scale transformations into the holographic coordinate z.

• Different values of z correspond to different scales at which the hadron is examined: AdS boundary at

z ⇤ 0 corresponds to the Q⇤⌅, UV zero separation limit.

• There is a maximum separation of quarks and a maximum value of z at the IR boundary

• Truncated AdS/CFT (Hard-Wall) model: cut-off at z0 = 1/�QCD breaks conformal invariance and

allows the introduction of the QCD scale (Hard-Wall Model) Polchinski and Strassler (2001).

• Smooth cutoff: introduction of a background dilaton field ⌅(z) – usual linear Regge dependence can

be obtained (Soft-Wall Model) Karch, Katz, Son and Stephanov (2006).

Changes in 
physical

length scale 
mapped to 

evolution in the 
5th dimension z 



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

!
Preserves Conformal Symmetry 

of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique #
Confinement Potential!

!
de Tèramond, Dosch, sjb

 ' 0.6 GeV

1/ ' 1/3 fm

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 	
without affecting conformal invariance of action!• Fubini, Rabinovici:

e'(z) = e+2z2



!
Light-Front QCD  Stan Brodsky

M a y  2 6 - 3 0 ,  2 0 1 4

Home International Light Cone Advisory Committee NC State Physics Jefferson Lab NC State College of Sciences

N a v i g a t i o n

Final Circular
Program
Registration
Accommodations
Travel
Poster
Participants
Scientific Advisory
Comm

Meeting Email: 
LightCone2014 'at' ncsu.edu
For questions and further
information about the
meeting.

N e w s  &  U p d a t e s

R a l e i g h ,  N C

Things to do in Raleigh
Visit Raleigh
Downtown Raleigh
Visit the NC Triangle

R a l e i g h ,  N C ,  U S A

W e l c o m e  t o  L i g h t  C o n e  2 0 1 4

We invite you to participate in the

forthcoming Light Cone 2014 (LC2014)

meeting, to be held in Raleigh, North Carolina,

during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair

Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab

contact | Department of Physics | College of Sciences | North Carolina State University

September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

Universidad Técnica !
Federico Santa María

AdS/QCD G. F. de Téramond

Scale Transformations

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

SO(1, 5)

ds2 =
R2

z2
(�µ⇥dxµdx⇥ � dz2),

xµ ⇤ ⇥xµ, z ⇤ ⇥z, maps scale transformations into the holographic coordinate z.

• AdS mode in z is the extension of the hadron wf into the fifth dimension.

• Different values of z correspond to different scales at which the hadron is examined.

x2 ⇤ ⇥2x2, z ⇤ ⇥z.

x2 = xµxµ: invariant separation between quarks

• The AdS boundary at z ⇤ 0 correspond to theQ⇤⌅, UV zero separation limit.

Caltech High Energy Seminar, Feb 6, 2006 Page 11

invariant measure

AdS/CFT
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2 Bosonic Modes

• Conformal metric: ds2 = g⌅mdx⌅dxm. x⌅ = (xµ, z), g⌅m ⇤
�
R2/z2

⇥
�⌅m .

• Action for massive scalar modes on AdSd+1:

S[⇥] =
1
2

⌥
dd+1x

⇧
g 1

2

�
g⌅m⌃⌅⇥⌃m⇥� µ2⇥2

 
,
⇧

g ⇤ (R/z)d+1.

• Equation of motion
1
⇧

g

⌃

⌃x⌅

�⇧
g g⌅m ⌃

⌃xm
⇥
⇥

+ µ2⇥ = 0.

• Factor out dependence along xµ-coordinates , ⇥P (x, z) = e�iP ·x ⇥(z), PµPµ =M2 :
⇤
z2⌃2

z � (d� 1)z ⌃z + z2M2 � (µR)2
⌅
⇥(z) = 0.

• Solution: ⇥(z)⇤ z� as z ⇤ 0,

⇥(x, z) = Cz
d
2 J�� d

2
(zM) , � = 1

2

⇧
d +

⌦
d2 + 4µ2R2

⌃
.

• Normalization

Rd�1
⌥ ⇥�1

QCD

0

dz

zd�1
⇥2

S=0(z) = 1.

Bosonic Solutions:  Hard Wall Model

� = 2 + L (µR)2 = L2 � 4d = 4
�(z) = Czd/2J��d/2(zM)
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AdS/QCD G. F. de Téramond

• Pseudoscalar mesons: O3+L = ⇤⇥5D{�1 . . . D�m}⇤ (⇥µ = 0 gauge).

• 4-d mass spectrum from boundary conditions on the normalizable string modes at z = z0,

⇥(x, zo) = 0, given by the zeros of Bessel functions ��,k: M�,k = ��,k�QCD.

• Normalizable AdS modes �(z)

10 2 3 4

1

2

0

3

4

5

z

Φ(z)

2-2006
8721A7

10 2 3 4

-2

0

2

4

z

Φ(z)

3-2006
8721A13

Fig: Meson orbital and radial AdS modes for �QCD = 0.32 GeV.

Caltech High Energy Seminar, Feb 6, 2006 Page 19

Confinement in 
the 5th 

dimension

z0 = 1
⇥QCD

z�

�: conformal dimension of meson

P+ = P0 + Pz

Fixed � = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

de Teramond, sjb

• Near the boundary of AdSd+1 space z ⇤ 0:

⇥(x, z) ⇤ z�⇥+(x) + zd��⇥�(x).

• ⇥�(x) is the boundary limit of non-normalizable mode (source): ⇥� = ⇥0

• ⇥+(x) is the boundary limit of the normalizable mode (physical states)

• Using the equations of motion AdS action reduces to a UV surface term

Seff =
Rd�1

4
lim
z⇤0

�
ddx

1
zd�1

⇥⌅z⇥,

• Seff is identified with the boundary functional WCFT

⌥O�⇥0
=

�WCFT

�⇥0
=

�Se⇤

�⇥0
⇥ ⇥+(x),

Balasubramanian et. al. (1998), Klebanov and Witten (1999).

• Physical AdS modes ⇥P (x, z) ⇥ e�iP ·x ⇥(z) are plane waves along the Poincaré coordinates with

four-momentum Pµ and hadronic invariant mass states PµPµ = M2.

• For small-z ⇥(z) ⇥ z�. The scaling dimension � of a normalizable string mode, is the same
dimension of the interpolating operatorO which creates a hadron out of the vacuum: ⌥P |O|0� ⌅= 0.

z�

�: conformal dimension of meson

P+ = P0 + Pz

Fixed ⇥ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇤(�, b�)

Twist dimension  
of meson

Identify hadron by its interpolating operator at z   --> 0

� = 2 + L

equivalent to 
dimensions of chiral 

superfields

Hard Wall
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•Soft-wall dilaton profile breaks 
conformal invariance	

•Color Confinement	

•Introduces confinement scale	

•Uses AdS5 as template for conformal 
theory

e'(z) = e+2z2

Dilaton-Modified AdS/QCD
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• Nonconformal metric dual to a confining gauge theory

ds2 =
R2

z2
e⇤(z)

�
�µ⇥dxµdx⇥ � dz2

⇥

where ⇤(z) ⇧ 0 at small z for geometries which are

asymptotically AdS5

• Gravitational potential energy for object of mass m

V = mc2�g00 = mc2R
e⇤(z)/2

z

• Consider warp factor exp(±⇥2z2)

• Plus solution: V (z) increases exponentially confining

any object in modified AdS metrics to distances ⌃z⌥ ⌅ 1/⇥

KITPC, Beijing, October 19, 2010 Page 9

Klebanov and Maldacena 

Introduce  “Dilaton" to simulate confinement analytically

e'(z) = e+2z
Positive-sign dilaton • de Teramond, sjb



AdS Soft-Wall Schrodinger Equation for  
bound state  of  two scalar constituents:

Derived from variation of Action for Dilaton-Modified 
AdS5 

Identical to Light-Front Bound State Equation! 

U(z) = �4z2 + 2�2(L + S � 1)

• Dosch, de Teramond, sjbPositive-sign dilaton

⇥
� d2

dz2
� 1� 4L2

4z2
+ U(z)

⇤
�(z) =M2�(z)

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

e'(z) = e+2z2
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• Obtain spin-J mode �µ1···µJ with all indices along 3+1 coordinates from � by shifting dimensions

�J(z) =
⇧ z

R

⌃�J
�(z)

• Substituting in the AdS scalar wave equation for �
⇤
z2⇧2

z �
�
3�2J � 2⇥2z2

⇥
z ⇧z + z2M2� (µR)2

⌅
�J = 0

• Upon substitution z⌅�

⌅J(�)⇤��3/2+Je⇥2�2/2 �J(�)

we find the LF wave equation

⌥
� d2

d�2
� 1� 4L2

4�2
+ ⇥4�2 + 2⇥2(L + S � 1)

�
⌅µ1···µJ =M2⌅µ1···µJ

with (µR)2 = �(2� J)2 + L2

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 18

General-Spin Hadrons
de Teramond, Dosch, sjb

e'(z) = e+2z2



⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�
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⇥QCD
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⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

LF(3+1)                AdS5

Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb

(µR)2 = L2 � (J � 2)2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Holography



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  

HLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1� x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥

Semiclassical first approximation to QCD  

4

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD

Eliminate higher Fock states 
(retarded interactions)

AdS/QCD:

�2 = x(1� x)b2
�

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Sums an infinite # diagrams
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Exploring QCD, Cambridge, August 20-24, 2007 Page 26

S = 0 S = 0

Soft Wall 
Model

Pion mass  
automatically zero!

mq = 0

Quark separation 
increases with L

Pion has 
zero mass!

Same slope in n and L!
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Dual QCD Light-Front Wave Equation z ⌃ �, �P (z)⌃ |⇧(P )�
[GdT and S. J. Brodsky, PRL 102, 081601 (2009)]

• Upon substitution z⇧� and ⌅J(�) ⌅ ��3/2+Je�(z)/2 �J(�) in AdS WE
⇤
�zd�1�2J

e�(z)
�z

�
e�(z)

zd�1�2J
�z

⇥
+

�
µR

z

⇥2
⌅

�J(z) = M2�J(z)

find LFWE (d = 4)
�
� d2

d�2
� 1� 4L2

4�2
+ U(�)

⇥
⌅J(�) = M2⌅J(�)

with

U(�) =
1
2
⌃⇥⇥(z) +

1
4
⌃⇥(z)2 +

2J � 3
2z

⌃⇥(z)

and (µR)2 = �(2� J)2 + L2

• AdS Breitenlohner-Freedman bound (µR)2 ⇤ �4 equivalent to LF QM stability condition L2 ⇤ 0

• Scaling dimension ⇤ of AdS mode �̂J is ⇤ = 2 + L in agreement with twist scaling dimension of a

two parton bound state in QCD and determined by QM stability condition

LC 2011 2011, Dallas, May 23, 2011 Page 10

e'(z)

G. de Teramond and sjb, PRL 102 081601 (2009)

General dilaton profile

U(⇣) =
1
2
�00(⇣) +

1
4
�0(⇣)2 +

2J � 3
2⇣

�0(⇣)
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Uniqueness of Dilaton

pion is massless in chiral limit iff 
p=2!

p

m2
⇡/2

'p(z) = pzp

e'(z) = e+2z2

• Dosch, de Teramond, sjb
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Nearly Conformal QCD and AdS/CFT G. F. de Téramond, UCR

• Propagation of external perturbation suppressed inside AdS.

• At large enoughQ ⇤ r/R2, the interaction occurs in the large-r conformal region. Important

contribution to the FF integral from the boundary near z ⇤ 1/Q.

J(Q, z), �(z)

1 2 3 4 5

0.2

0.4

0.6

0.8

1

z

• Consider a specific AdS mode ⇥(n) dual to an n partonic Fock state |n⇧. At small z, ⇥(n)

scales as ⇥(n) ⇤ z�n . Thus:

F (Q2) ⌅
�

1
Q2

⇥��1

,

where ⇥ = �n � �n, �n =
⇤n

i=1 �i. The twist is equal to the number of partons, ⇥ = n.

Quark-Hadron Duality, Frascati, 6-8 June 2005 Page 22

Dimensional Quark Counting Rules:"
General result from "

AdS/CFT and Conformal Invariance

Hadron Form Factors from AdS/QCD 

Polchinski, Strassler 
de Teramond, sjb

J(Q, z) = zQK1(zQ)

�s(Q2)

⇥(Q2) = d�s(Q2)
d logQ2 � 0

�(Q2)� �
15⇤

Q2

m2

Q2 << 4m2

A

J(Q, z) �(z)

high Q2

D(z) ⇥ (1� z)2Nspect�1

zD(z) = F (x = 1/z)

zD(z)c⇤pX = Fp⇤cX(x = 1/z)

zi ⌅ m⇧i =
⇥

m2
i + k2

⇧

X = cūd̄ū

F (Q2)I⇤F =
� dz

z3�F (z)J(Q, z)�I(z)

High Q2 

from 


small z  ~ 1/Q

Twist ⌧ = n + L



x,

~

k? x,

~

k? + ~q?

 (xi,
~

k

0
?i) (xi,

~

k?i)
p

�⇤

~

k

0
?i = ~

k?i + (1� xi)~q?struck
~

k

0
?i = ~

k?i � xi~q?spectators

< p + q|j+(0)|p >= 2p+F (q2)

p + q

~q?q+ = 0

q2
? = Q2 = �q2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Form Factors are 
Overlaps of LFWFs

Interaction  
picture

Drell &Yan, West 
Exact LF formula!

Soper: DYW: Product of LFWFs in transverse space 



Holographic Mapping of AdS Modes to QCD LFWFs

• Integrate Soper formula over angles:

F (q2) = 2⇥

⇧ 1

0
dx

(1� x)
x

⇧
�d�J0

⇥
�q

⌥
1� x

x

⇤
⇤̃(x, �),

with ⌃⇤(x, �) QCD effective transverse charge density.

• Transversality variable

� =
⌥

x

1� x

���
n�1⌅

j=1

xjb⇥j

���.

• Compare AdS and QCD expressions of FFs for arbitrary Q using identity:

⇧ 1

0
dxJ0

⇥
�Q

⌥
1� x

x

⇤
= �QK1(�Q),

the solution for J(Q, �) = �QK1(�Q) !

Exploring QCD, Cambridge, August 20-24, 2007 Page 35

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

Drell-Yan-West: Form Factors are 
Convolution of LFWFs

Identical to Polchinski-Strassler Convolution of AdS Amplitudes

de Teramond, sjb



⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥
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x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)
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�

x(1� x)�b2⇥

z
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z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

LF(3+1)                AdS5

Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u
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• Hadronic gravitational form-factor in AdS space

A�(Q2) = R3
⌅

dz

z3
H(Q2, z) |��(z)|2 ,

where H(Q2, z) = 1
2Q2z2K2(zQ)

• Use integral representation for H(Q2, z)

H(Q2, z) = 2
⌅ 1

0
x dxJ0

⇥
zQ

⇧
1� x

x

⇤

• Write the AdS gravitational form-factor as

A�(Q2) = 2R3
⌅ 1

0
x dx

⌅
dz

z3
J0

⇥
zQ

⇧
1� x

x

⇤
|��(z)|2

• Compare with gravitational form-factor in light-front QCD for arbitrary Q

���⇤̃qq/�(x, �)
���
2

=
R3

2⇥
x(1� x)

|��(�)|2

�4
,

which is identical to the result obtained from the EM form-factor

From String to Things, INT, Seattle, April 10, 2008 Page 31

Abidin & Carlson 

Gravitational Form Factor in AdS space

Identical  to LF Holography obtained from electromagnetic current

de Teramond  & sjb



Light-Front Holography
• AdS5/CFT4   Duality between AdS5 and 

Conformal Gauge Theory in 3+1 at fixed LF 
time  G. de Téramond, H. G. Dosch, sjb!

!

•  AdS4/CFT3  Construction from Collective 
Fields”    Robert de Mello Koch, Antal Jevicki, Kewang Jin, 
João P. Rodrigues!

• “Exact holographic mapping and emergent 
space-time geometry”  Xiao-Liang Qi 

• Ehrenfest arguments:   Glazek and Trawinski!

Valery E. Lyubovitskij, Tanja Branz, Thomas Gutsche,  
Ivan Schmidt, Alfredo Vega

http://arxiv.org/find/hep-th/1/au:+Qi_X/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Koch_R/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Jevicki_A/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Jin_K/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Rodrigues_J/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Qi_X/0/1/0/all/0/1
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Spacelike pion form factor from AdS/CFT

F�(q2)

q2(GeV 2)

However J/⇤ � ⇥�

is largest two-body hadron decay

Small value for ⇤⇥ � ⇥�

⇥

�

Hard Wall: Truncated Space Confinement

Soft Wall: Harmonic Oscillator Confinement

One parameter -  set by pion decay constant

Data Compilation 
Baldini, Kloe and Volmer

de Teramond, sjb 
See also: Radyushkin 
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G. de Teramond,  

sjb

Photon-to-pion transition form factor

qq̄ components.

The simple valence qq̄ model discussed above should thus be modified at small Q2

by introducing the dressed current. In the case of soft-wall potential, the EM bulk-to-

boundary propagator is

V (Q2, z) = �

⇤
1 +

Q2

4�2

⌅
U

⇤
Q2

4�2
, 0, �2z2

⌅
, (17)

where U(a, b, c) is the Tricomi confluent hypergeometric function. The modified current

V (Q2, z), (17), has the same boundary conditions as the free current (9), and reduces to

(9) in the limit Q2 ⇥ ⇤. Eq. (17) can be conveniently written in terms of the integral

representation [33]

V (Q2, z) = �2z2

⇧ 1

0

dx

(1� x)2
x

Q2

4�2 e�⇥2z2x/(1�x). (18)

Inserting the pion wave function (5) for twist ⇤ = 2 and the confined EM current (18)

in the amplitude (3) one finds

F⇤�(Q
2) =

Pqq̄

⇥2f⇤

⇧ 1

0

dx

(1 + x)2
xQ2Pqq̄/(8⇤2f2

⇥). (19)

Eq. (19) gives the same value for F⇤�(0) as (14) which was obtained with the free current.

Thus the anomaly result F⇤�(0) = 1/(4⇥2f⇤) is reproduced if Pqq̄ = 0.5 is also taken in

(19). Upon integration by parts, Eq. (19) can also be written as

Q2F⇤�(Q
2) = 8f⇤

⇧ 1

0

dx
1� x

(1 + x)3

�
1� xQ2Pqq̄/(8⇤2f2

⇥)
⇥

. (20)

Noticing that the second term in Eq. (20) vanishes at the limit Q2 ⇥ ⇤, one recovers

Brodsky-Lepage’s asymptotic prediction for the pion TFF: Q2F⇤�(Q2 ⇥⇤) = 2f⇤. [11]

The results calculated with (19) for Pqq̄ = 0.5 are shown as dashed curves in Figs. 1

and 2. One can see that the calculations with the dressed current are larger as compared

with the results computed with the free current and the experimental data at low- and

medium-Q2 regions (Q2 < 10 GeV2). The new results again disagree with BABAR’s data

at large Q2.

11

Lepage, sjb
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Current Matrix Elements in AdS Space (SW)

• Propagation of external current inside AdS space described by the AdS wave equation
⇤
z2⇧2

z � z
�
1 + 2�2z2

⇥
⇧z �Q2z2

⌅
J�(Q, z) = 0.

• Solution bulk-to-boundary propagator

J�(Q, z) = �
⇧

1 +
Q2

4�2

⌃
U

⇧
Q2

4�2
, 0, �2z2

⌃
,

where U(a, b, c) is the confluent hypergeometric function

�(a)U(a, b, z) =
⌥ ⇥

0
e�ztta�1(1 + t)b�a�1dt.

• Form factor in presence of the dilaton background ⇥ = �2z2

F (Q2) = R3
⌥

dz

z3
e��2z2

⇥(z)J�(Q, z)⇥(z).

• For large Q2 ⇤ 4�2

J�(Q, z)⌅ zQK1(zQ) = J(Q, z),

the external current decouples from the dilaton field.

Exploring QCD, Cambridge, August 20-24, 2007 Page 34

sjb and GdT !
Grigoryan and Radyushkin

Dressed 
Current 

 in Soft-Wall 
Model
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Dressed soft-wall current brings in higher 
Fock states and more vector meson poles
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Higher Fock Components in LF Holographic QCD

• Effective interaction leads to qq ! qq, qq ! qq but also to q ! qqq and q ! qqq

• Higher Fock states can have any number of extra qq pairs, but surprisingly no dynamical gluons

• Example of relevance of higher Fock states and the absence of dynamical gluons at the hadronic scale

|⇡i =  
qq/⇡

|qqi
⌧=2

+  
qqqq

|qqqqi
⌧=4

+ · · ·

• Modify form factor formula introducing finite width: q2 ! q2

+

p
2iM� (P

qqqq

= 13 %)
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Niccolò Cabeo 2012, Ferrara, May 25, 2011
Page 47
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Timelike Pion Form Factor from AdS/QCD  
          and Light-Front Holography
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

Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

!
Conformal Symmetry 

of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique #
Confinement Potential!

!
de Tèramond, Dosch, sjb

 ' 0.6 GeV

1/ ' 1/3 fm

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 	
without affecting conformal invariance of action!

(mq=0)

Single scheme-
independent fundamental 

mass scale 



QCD Lagrangian

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Classical Chiral Lagrangian is Conformally Invariant  

Where does the QCD Mass Scale ΛQCD come from?  

How does color confinement arise?

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 	
without affecting conformal invariance of action!

Unique confinement potential!



Uniqueness

• ζ2 confinement potential and dilaton profile unique! 

• Linear Regge trajectories in n and L: same slope! 

• Massless pion in chiral limit!   No vacuum condensate! 

•  Conformally invariant action for massless quarks retained 

despite mass scale 

• Same principle, equation of motion as de Alfaro, Furlan, Fubini, 
Conformal Invariance in Quantum Mechanics Nuovo Cim. A34 (1976) 
569 

de Teramond, Dosch, sjb 

U(⇣) = 4⇣2 + 22(L + S � 1) e'(z) = e+2z2

http://inspirehep.net/record/108211


IL NUOVO CIMENT0 VOL. 34 A, N. 4 21 Agosto 1976 

Conformal Invariance in Quantum Mechanics. 

V. DE 2s 
Istituto di .Fisiea Teoriea dell' Universit~ - Tori~o 
Istituto Nazionate di Fis ica Nucleare - Sezione di Torino 

S. FUBINI and G. FURLAN (*) 
C E R N  - Geneva 

(ricevuto fl 3 Maggio 1976) 

Summary. - -  The properties of a field theory in one over-all time dimen- 
sion, invariant under the full eonformal group, are studied in detail. A 
compact operator, which is not the Hamiltonian, is diagonalized and 
used to solve the problem of motion, providing a discrete spectrum and 
normalizable eigenstates. The role of the physical parameters present 
in the model is discussed, mainly in connection with a semi-classical 
approximation. 

1 .  - I n t r o d u c t i o n .  

Most quan tum field theories, which are being used at  present, contain only 
dimensionless coupling constant  so tha t  dilatation invariance is broken only 
by  mass terms. This has led to much a t tent ion to the limits in which such 
mass terms also tend to zero, either in terms of massless field theories or as 
special asymptot ic  limits of F e y n m a n  diagrams. 

A special feature of massless field theories is t ha t  they  exhibit an invariance 
group which is larger than  Poincard's  and which also contains the dilatation 
D and the conformal operator  K ,  (1). 

(*) On leave of absence from Istituto di Fisica Teorica dell'Universitk, Trieste and 
Istituto Nazionale di Fisica Nueleare, Sezione di Trieste. 
(1) A sample of recent developments, with abundant references to previous work, 
is contained in: Scale and Conformal Symmetry  in Hadron Physics,  edited by R. GATTO 

569 
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G = uH + vD + wK

G| (⌧) >= i
@

@⌧
| (⌧) >

G = H⌧ =
1
2
�
� d2

dx2
+

g

x2
+

4uw � v2

4
x2

�

Retains conformal invariance of action despite mass scale! 

Identical to LF Hamiltonian with unique potential and dilaton! 

• de Alfaro, Fubini, Furlan

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

U(⇣) = 4⇣2 + 22(L + S � 1)

4uw � v2 = 4 = [M ]4

• Dosch, de Teramond, sjb

New term
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What determines the QCD mass scale ΛQCD? 

• Mass scale does not appear in the QCD Lagrangian 
(massless quarks)	

• Dimensional Transmutation? Requires external constraint 
such as 	

• dAFF: Confinement Scale κ appears spontaneously via the 
Hamiltonian:	

• The confinement scale regulates infrared divergences,  

connects  ΛQCD   to the confinement scale κ	

• Only dimensionless mass ratios (and M times R ) predicted	

• Mass and time units [GeV] and [sec] from physics external 
to QCD	

• New feature: bounded frame-independent relative time 
between constituents

↵s(MZ)

G = uH + vD + wK 4uw � v2 = 4 = [M ]4
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fixed uniquely: it is, like the original Hamiltonian with unbroken dilatation symmetry,179

a constant of motion (2). This procedure breaks scale invariance by a redefinition of180

the fields and the time parameter (16). The Lagrangian, expressed in terms of the181

original fields Q(t) is unchanged up to a total derivative (2). The dAFF mechanism182

is reminiscent of spontaneous symmetry breaking, however, this is not the case since183

there are no degenerate vacua (14) and thus a massless scalar 0++ state is not required.184

The dAFF mechanism is also di↵erent from usual explicit breaking by just adding a185

term to the Lagrangian (15).186

In their discussion of the evolution operator H⌧ dAFF mention a critical point,187

namely that “the time evolution is quite di↵erent from a stationary one”. By this188

statement they refer to the fact that the variable ⌧ is related to the variable t by189

⌧ =
2p

4uw � v2
arctan

✓
2tw + vp
4uw � v2

◆
, (22)

i.e., ⌧ has only a finite range. Since q2(⌧) vanishes at the borders of this range (See190

(16)), the surface term in (18) vanishes also there. In our approach ⌧ = x+/P+
191

can be interpreted as the LF time di↵erence of the confined q and q̄ in the hadron,192

a quantity which is naturally of finite range and in principle could be measured in193

double-parton scattering processes. It is also interesting to notice that the conformal194

group in one dimension with generators Ht, K and D is locally isomorphic to the195

group SO(2, 1) and thus, a correspondence can be established between the SO(2, 1)196

group of conformal quantum mechanics and the AdS2 space with isometry group197

SO(2, 1) (16).198

Following the work of de Alfaro, Fubini and Furlan in Ref. (2), we have discussed199

in this letter an e↵ective theory which encodes the fundamental conformal symmetry200

of the QCD Lagrangian in the limit of massless quarks. It is an explicit model in201

which the confinement length scale appears in the light-front Hamiltonian from the202

breaking of dilatation invariance, without a↵ecting the conformal invariance of the203

action. In the context of the dual holographic model it shows that the form of the204

dilaton profile is unique, which leads by the mapping to the light-front Hamiltonian205

9

dAFF: New Time Variable

• Identify with difference of LF time Δx+/P+ 

between constituents 

• Finite range  

• Measure in Double Parton Processes
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Remarkable Features of  
Light-Front Schrödinger Equation

•Relativistic, frame-independent	

•QCD scale appears - unique LF potential	

•Reproduces spectroscopy and dynamics of light-quark hadrons with 
one parameter	

•Zero-mass pion for zero mass quarks!	

•Regge slope same for n and L  -- not usual HO	

•Splitting in L persists to high mass   -- contradicts conventional 
wisdom based on breakdown of chiral symmetry	

•Phenomenology: LFWFs, Form factors, electroproduction	

•Extension to heavy quarks

U(⇣) = 4⇣2 + 22(L + S � 1)



Interpretation of Mass Scale 

• Does not affect conformal symmetry of QCD action!

• Self-consistent regularization of IR divergences!

• Determines all mass and length scales for zero quark mass!

• Compute scheme-dependent           determined in terms of!

• Value of          itself not determined -- place holder!

• Need external constraint such as fπ


⇤MS


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c c

c̄

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u
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