
COSMOLOGY WITH 
STANDARD SIRENS

Stefano Camera 

Jodrell Bank Centre for Astrophysics 
Sch!l of Physics & Astronomy, The University of Manchester, United Kingdom



OUTLINE

• Gravita"onal Wave (GW) Standard Sirens 

• Probes of #e Universe’s Geometry 

• Probes of #e Grow# of Large-Scale Structures 

• Challenges & New Horizons

Stefano Camera (JBCA) 2nd eLisa CosWG WS Stavanger 23th Sep 2015



GW STANDARD SIRENS
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BINARY-SOURCE GW
• In-spirals and mergers of compact binary sources 

• A binary is a nearly perfect quadrupole radiator 

• Waveform phase depends only on the physics of the system 

• Binary bla$ holes (BH) in-spirals are #eore"cally clear 

• Binary BH in-spirals are well-modelled

[Schutz 1986, 2002; Holz & Hughes 2005; 
Dalal et al., 2006; Arun et al., 2007]

�
⇣
m1,m2; ~S1, ~S2; t

⌘

Stefano Camera (JBCA) 2nd eLisa CosWG WS Stavanger 23th Sep 2015



BINARY-SOURCE GW
• In-spirals and mergers of compact binary 

• A binary is a nearly perfect quadrupole radiator 

• Waveform phase depends only on the physics of the system 

• Stellar-mass binaries 

• Binary bla$ holes (BH) in-spirals are #eore"cally clear 

• Binary BH in-spirals are 

[Schutz 1986, 2002; Holz & Hughes 2005;
Dalal 
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BINARY-SOURCE GW
• A measured binary GW signal (schema"cally)

hmeas =
GM5/3

z

dL(z)
f(t)2/3F(angles) cos
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Geometry of 
#e system

Luminosity 
distance

Masses and spins 
of mergers
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BINARY-SOURCE GW
• A measured binary GW signal (schema"cally) 

• Redshifted ‘chirp mass’ 

• GW frequency

f(t) =
1

2⇡

d�

dt

hmeas =
GM5/3

z

dL(z)
f(t)2/3F(angles) cos
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Mz = (1 + z)
(m1m2)3/5

(m1 +m2)1/5
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• How to make binary in-spirals standard sirens?

STANDARD SIRENS

MHz, 
e phase 

 precision 
ects 

 from the relative motion of 
, and contains both the macroscopic arm 

length variations on times cales of months to years, and 
uctuations with periods between seconds and 

hours that represent the gravitational wave science signal. 
 motion is then 
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Acceleration noise (1 test mass)
3Ɩ10-15 m s-1/   Hz

Interferometry
(incl. shot noise)
12Ɩ10-12 m/   Hz

Armlength response
109 m (0.15 Hz cut-off)

[eLISA Withe Paper, 2013]
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STANDARD SIRENS
• How to make binary in-spirals standard sirens? 

• Chirp mass determined to high precision 
(It sets !e rate at which !e frequency changes) 

• Masses and spins measured #rough #e waveform phase 
(Data analysis based on matching !e data to a model for 𝛷) 

• Angular localisa"on available wi#in 1–10 square degrees 
(Depending on number and baselines of GW detectors)

[eLISA Withe Paper, 2013]
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• Caveat! 

• Need EM counterpa"s for distance–redshift rela"on

STANDARD SIRENS

hmeas =
GM5/3
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EM COUNTERPARTS
• How to iden"fy host galaxies? 

• Use modula"on to infer sky posi"on be%er 

• Exploit next-genera"on galaxy surveys 
(Euclid, LSST in !e op#cal/near-IR; !e SKA in !e radio) 

• Locate morphologically promising galaxies 
(E.g. merging galaxies, #dal tails &c.) 

• Sta"s"cal tests for concordance between mul"ple sources

[Begelman, Blandford & Rees, 1980; 
Kocsis, Haiman & Loeb, 2012]

[Metzger & Berger, 2012]
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PROBES OF GEOMETRY
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ALL THERE IS
• The Universe’s geometry and ul"mate fate are 

determined by its content

Dark energy 
68%

Dark ma%er 
27%

Baryons 
5%

Radia"on 
~0.01%
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THE DARK UNIVERSE

Matter

Dark Energy

NowCMBNucleosynthesisInflation
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Coincidence problem

10-35 sec 1 minute 380,000 yr 13.7 Gyr

Radiation

�mat(a) / a�3

�rad(a) / a�4

�DE(a) / a�3(1+w) ' a0

a is scale factor
a=0: Big Bang
a=1: today
a ≡ 1/(1+z)

[Huterer @ COSMO-15, 2015]
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THE DARK UNIVERSE
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[Huterer @ COSMO-15, 2015]

Type Ia Supernovæ



DISTANCE MODULUS
• Type Ia supernovæ are standard(isable) candles

[Union2 SN Cosmology Project, 2011]
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DISTANCE MODULUS
• GW from binary in-spirals are standard sirens

orientation and position of the source relative to the antenna.
Because of the antenna’s orbital motion, the position and ori-
entation of the source relative to the antenna is continually
changing. The motion of the detector thus modulates the mea-
sured signal; the exact nature of the modulation depends on the
position and orientation of the source. We write the response
functions as time-dependent functions to reflect this modula-
tion. Note also that the waveform phasing is modified in an
important manner by the antenna’s motion: the orbital motion
causes frequency as well as amplitude modulation (see Cutler
[1998] for further discussion).

We take the noises in the equivalent detectors, nI, II(t), to be
uncorrelated, Gaussian random processes, with the same rms
values:

hnInIIi ¼ 0; hn2I i ¼ hn2IIi: ð4Þ

In all of our analysis, we use the same noise model as that used
by Barack & Cutler (2004; see their eqs. [48]–[54]). In our
calculations, it is necessary to introduce a low-frequency cutoff:
a frequency at which the sensitivity to GWs rapidly degrades.
This cutoff has important implications for determining which
binaries LISA can measure; the frequency support of a binary’s
GW spectrum is inversely proportional to its mass. In other
words, more massive binaries will radiate at lower frequencies
than less massive binaries. The low-frequency cutoff thus de-
termines the maximum binary black hole mass accessible to
LISA measurements. It also determines the amount of time for
which a binary’s waves are in band; a binary that may only be in
band for a few days when f low ¼ 10$4 Hz may be in band for
many months when f low ¼ 3 ; 10$5 Hz.

Unless stated otherwise, we have set f low ¼ 10$4 Hz for the
results we present here. This is a somewhat conservative
choice; some members of the LISA mission design community
(particularly P. Bender) argue that LISA should have good
sensitivity down to frequencies f % 10$5 Hz. Accordingly, we
have put f low ¼ 3 ; 10$5 Hz in several of our calculations. We
flag such cases when appropriate.

To understand more clearly how LISA extracts the luminosity
distance from measurements of a binary black hole in-spiral, it
is useful to rewrite somewhat schematically the measured form
of the in-spiral as

hmeas
I; II tð Þ ¼ M5=3

z f tð Þ2=3

DL
F I; II ‘‘angles’’; tð Þ

; cos ! tð Þ þ ’I; II ‘‘angles’’; tð Þ
! "

: ð5Þ

We have subsumed the angle-dependent factors (L̂ = n̂) and Fþ; ;
I; II

into the schematic functions F I, II (‘‘angles’’, t); we leave the
dependence on t in these functions as a reminder that the con-
stellation’s motion modulates the waveform. We have likewise
written the phase modulations imposed by the detector’s re-
sponse and motion in the schematic form ’I, II (‘‘angles’’, t).

From the form of equation (5) we see that the luminosity dis-
tance is very strongly correlated with the redshifted chirp mass,
Mz, and the various angles that set the instantaneous waveform
amplitude. As already mentioned, Mz is typically determined
with extremely high precision because it fixes the phase evo-
lution; typically, !Mz /MzP 0:01% (see Hughes [2002] and
Vecchio [2004] for examples specific to LISA).

The modulations induced by LISA’s orbital motion make it
possible to measure sky position for events that last for at least
a fair fraction of LISA’s orbit. We estimate the accuracy with
which position (among other parameters) is determined, using
a maximum likelihood parameter estimation formalism (Finn
1992); from the detector’s response to a given gravitational
wave, we construct the variance-covariance matrix "ab. Diag-
onal elements of this matrix represent the rms error h(!"a)2i in
a source parameter "a; off-diagonal components describe the
degree to which errors in parameters "a and "b are correlated
(see Hughes [2002] for discussion specifically tailored to this
application).

2.3. Measurement Accuracy Distributions

To assess distance and position accuracy, we have estimated
the accuracy with which these parameters are measured for a
wide range of binary masses. For each set of masses, we ran-
domly distribute the sky position and orientation of 10,000 such
binaries. We then calculate the fractional accuracy with which
distance is determined for each binary, !DL /DL, as well as the
angular sky position error !#. Figure 2 shows the distribution we

Fig. 2.—Pointing and distance error distributions for measurements at
z ¼ 1 of a binary of masses m1 ¼ 105 M' and m2 ¼ 6 ; 105 M'. These dis-
tributions were made by Monte Carlo simulations of 10,000 LISA BBH
measurements, randomly distributing the binaries’ positions, orientations, and
merger times; see Hughes (2002) for details. The top distribution shows that
the most likely position error boxes have sides !#P10 0, spreading out to
!#k3(. The distance distribution peaks at !DL /DLP1%, with most of the
distribution confined to !DL /DLP5%.

Fig. 1.—Illustration of the LISA antenna’s orbit. The constellation ‘‘rolls’’
as its centroid orbits the sun, completing one full revolution for each orbit.

GRAVITATIONAL-WAVE STANDARD SIRENS 17No. 1, 2005 [Holz & Hughes, 2005]

m1 = 6 m2 = 6 · 105 M• 

z = 1

[Holz & Hughes, 2005]

find in these quantities for binaries withm1 ¼ 105 M" and m2 ¼
6 ;105 M" at z ¼ 1. We find that the typical position determi-
nation is relatively poor; these binaries are fixed to an error box
that, at best, is #50 on a side. In most cases, the resolution is
substantially worse. The distance determination, by contrast, is
quite good: half of these events have their distance determined
with precision !DL /DLP1%.

Table 1 summarizes the parameter determination distribu-
tions we find for a wide range of masses. For !DL /DL and !",
we give the 5%, 25%, 50%, and 90% likelihood values from
the distributions predicted by our Monte Carlo calculation. For
example, for binaries with m1 ¼ 3 ; 104 M" and m2 ¼ 105 M"
at z ¼ 1, 25% of all events have !DL /DLP0:006 and localize
the source to !"P14A6; 90% of all events with these masses
and redshifts have !DL /DLP 0:029 and localize the source to
!"P1200.

Notice that, in this table, the best pointing and distance de-
termination occurs for binaries that have a total (redshifted)
mass (1þ z)(m1 þ m2) ’ several ; 105 M". Two competing ef-
fects drive this behavior. First, for small binaries the amplitude
of the GWs is smaller; the degradation of their parameter de-
termination is due to reduced signal-to-noise ratio. Larger bi-
naries are more interesting. When such binaries enter LISA’s
sensitive band, they are closer to their final merger; much less
in-spiral remains once LISA begins measuring their waves. They
therefore do not exhibit as many cycles of detector-motion-

induced modulation, so their position angles are not as well
determined. In particular, we find that distance and position de-
termination rapidly degrades as binaries are mademore massive
than (1þ z)(m1 þ m2)k a few ; 106 M".
The poor parameter determination tendency of large binaries

can be repaired somewhat by improving LISA’s low-frequency
sensitivity. If the antenna has good sensitivity at lower fre-
quencies, the span of data containing good information about
the in-spiral can be lengthened. Table 2 shows how well we
measure distance and position when flow is reduced from 10%4

to 3 ;10%5 Hz.We now find that the distance is determined very
precisely for binaries with total mass of several ;106 M". Sky
position error is no worse than that achieved at lower masses,
!"P100 in the best cases, and is more typically a factor of a few
larger than this.
The same general story holds as we move to larger redshift.

Figure 3 duplicates the content of Figure 2, but with binaries
at redshift z ¼ 3. Likewise, Tables 3 and 4 duplicate the content

TABLE 2

Measurement Precision at z = 1 with flow = 3 ; 10%5 Hz

m1

(M")

m2

(M")

!DL /DL

(5%, 25%, 50%, 90%)

!"
(5%, 25%, 50%, 90%)

(arcmin)

105 ............ 105 (0.002, 0.005, 0.012, 0.036) (3.35, 11.4, 33.2, 117)

3 ; 105 (0.001, 0.005, 0.011, 0.034) (2.68, 10.4, 31.0, 107)

6 ; 105 (0.001, 0.005, 0.010, 0.032) (2.71, 9.85, 29.7, 103)

106 (0.001, 0.005, 0.010, 0.031) (3.27, 10.5, 29.1, 101)

3 ; 105 ..... 106 (0.001, 0.004, 0.009, 0.028) (2.45, 8.77, 25.8, 89.9)

6 ; 105 ..... 106 (0.001, 0.004, 0.009, 0.026) (2.25, 18.5, 24.8, 84.3)

106 ............ 106 (0.001, 0.004, 0.009, 0.026) (2.39, 9.05, 25.3, 83.5)

3 ; 106 (0.002, 0.006, 0.011, 0.034) (4.56, 12.6, 34.6, 93.8)

6 ; 106 (0.003, 0.008, 0.016, 0.051) (7.16, 20.6, 45.9, 110)

107 (0.003, 0.011, 0.021, 0.071) (9.20, 27.0, 57.1, 136)

TABLE 1

Measurement Precision at z = 1 with flow = 10%4 Hz

m1

(M")

m2

(M")

!DL /DL

(5%, 25%, 50%, 90%)

!"
(5%, 25%, 50%, 90%)

(arcmin)

104 ............. 104 (0.005, 0.010, 0.014, 0.042) (14.3, 28.3, 48.5, 117)

3 ; 104 (0.003, 0.008, 0.013, 0.037) (11.0, 22.1, 41.6, 111)

6 ; 104 (0.003, 0.007, 0.013, 0.036) (9.05, 19.1, 40.4, 109)

105 (0.005, 0.007, 0.013, 0.035) (7.85, 18.3, 39.5, 110)

3 ; 104 ...... 105 (0.002, 0.006, 0.013, 0.029) (5.26, 14.6, 37.4, 120)

6 ; 104 ...... 105 (0.002, 0.006, 0.012, 0.037) (4.07, 12.9, 35.0, 120)

105 ............. 105 (0.002, 0.005, 0.012, 0.034) (3.36, 11.7, 33.4, 117)

3 ; 105 (0.001, 0.005, 0.012, 0.035) (2.71, 10.6, 33.1, 116)

6 ; 105 (0.001, 0.006, 0.014, 0.044) (2.82, 12.0, 38.8, 120)

106 (0.002, 0.009, 0.017, 0.053) (3.89, 18.5, 50.9, 126)

3 ; 105 ...... 106 (0.002, 0.013, 0.026, 0.087) (4.65, 29.7, 71.0, 172)

6 ; 105 ...... 106 (0.003, 0.019, 0.035, 0.122) (5.60, 39.2, 93.6, 220)

106 ............. 106 (0.004, 0.024, 0.043, 0.149) (6.36, 52.2, 118, 271)

Fig. 3.—Pointing and distance error distributions for measurements at z ¼ 3
of a binary of masses m1 ¼ 105 M" and m2 ¼ 6 ; 105 M". The distribution
for position error is so broad that we cannot really identify a ‘‘most likely’’
position error; however, most of the distribution lies at !" P10&. The distance
distribution peaks at !DL /DL P10%, with most of the distribution confined to
!DL /DLP30%.

TABLE 3

Measurement Precision at z = 3 with flow = 10%4 Hz

m1

(M")

m2

(M")

!DL /DL

(5%, 25%, 50%, 90%)

!"
(5%, 25%, 50%, 90%)

(arcmin)

104 ............. 104 (0.013, 0.029, 0.051, 0.143) (37.7, 78.2, 158, 422)

3 ; 104 (0.010, 0.026, 0.050, 0.135) (27.2, 66.8, 150, 428)

6 ; 104 (0.008, 0.024, 0.050, 0.145) (22.0, 57.7, 140, 442)

105 (0.008, 0.024, 0.050, 0.142) (19.3, 55.4, 143, 465)

3 ; 104 ...... 105 (0.006, 0.019, 0.044, 0.131) (12.6, 44.5, 125, 444)

6 ; 104 ...... 105 (0.006, 0.021, 0.044, 0.128) (10.1, 42.6, 132, 429)

105 ............. 105 (0.005, 0.024, 0.049, 0.141) (9.55, 44.8, 144, 430)

3 ; 105 (0.007, 0.034, 0.069, 0.213) (11.3, 69.9, 193, 485)

6 ; 105 (0.008, 0.044, 0.087, 0.287) (17.5, 96.1, 240, 593)

106 (0.009, 0.058, 0.111, 0.378) (23.4, 127, 304, 734)

HOLZ & HUGHES18 Vol. 629

m1 = 6 m2 = 6 · 105 M• 

z = 3

Stefano Camera (JBCA) 2nd eLisa CosWG WS Stavanger 23th Sep 2015



DISTANCE MODULUS
• Constraints on dark energy equa"on of state

considerably if the main source of noise, gravitational
lensing, can be cleaned out by reconstructing the lensing
mass distribution using other probes. Dalal et al. [30] argue
that cosmic shear measured from optical surveys would not
allow mass reconstruction with sufficient angular resolu-
tion. Cosmic magnification measured in the radio could
conceivably offer an alternative route (e.g., [36]).

Our discussion has focused on gravitational lensing only
as a source of noise, but in principle there is cosmological
information which can be extracted from the lensing fluc-
tuations themselves. With large numbers of sources, LISA
observations of cosmic magnification can provide con-
straints complementary to other probes. We would not
expect GW standard sirens to usefully probe the power
spectra of matter fluctuations or galaxy-mass correlations
[9] at any scale, compared to other means like cosmic shear
or Type-Ia supernovae, based on their noise power spectra :

 

!2
gal

ngal
! "2

SN

nSN
! "2

GW

nGW
; (22)

where galaxies have shape noise !gal " 0:4 and number
density ngal " 50=arcmin2, supernovae have luminosity
dispersion "SN " 0:1 and number density nSN "
4000=#20 deg$2 as observed by SNAP, and GW standard
sirens have luminosity errors "GW " 1% and number den-
sity nGW " 100=#4#sr$. On the other hand, GW standard
sirens can determine 1-point functions of the matter den-
sity better than other methods, in particular, the probability

distribution of lensing magnification. This could be useful
for distinguishing between different dark matter models
[37].

V. DISCUSSION

We have shown that observations of the GWs emitted by
binary compact-object inspirals can be a powerful probe of
cosmology. In particular, short !-ray bursts appear quite
promising as potential GW standard sirens. The presently
observed rate of short GRBs is sufficiently high that within
a few years of observation by the next generation of
ground-based GW observatories (e.g. Advanced LIGO,
Virgo, and AIGO), strong constraints on dark energy pa-
rameters may be derived ("w < 0:1). These inspiraling NS
binaries should be clean sources of GWs; possible sources
of contamination, such as tidal effects, magnetic torques,
or gasdynamical torques from circumbinary gas, should all
be negligible during the crucial inspiral phase (where
v=c & 0:3). We emphasize that the best distance measure-
ments come from combining multiple GW data from in-
struments that are widely separated. Good information
about the collimation of the gamma rays, and thus on the
likely inclination of the binary progenitors, will also im-
prove the utility of these standard sirens. Given the great
cosmological potential of GW observations of short GRBs,
there is strong incentive to extend the lifetime of GRB
satellites, such as Swift, to overlap with next-generation
gravitational-wave observatories.

We have largely focused on the most optimistic sce-
nario—a mature network of four advanced gravitational-
wave detectors widely scattered over the globe. We have
also, for ease of calculation, used the Gaussian approxi-
mation to the likelihood function in our parameter estima-
tion. In future work we intend to simultaneously relax both
of these assumptions. Indeed, as a preliminary step we
have examined—in the Gaussian approximation—the ef-
fect of reducing the number of detectors in our network.
We find that in going from 4 detectors to 3 (dropping the
Australian detector AIGO from our network), the degra-
dation in parameter accuracy largely scales with the deg-
radation in total SNR if we impose a prior on the binary’s
inclination. In this case, to a good approximation, the
parameter errors we have discussed throughout this paper
carry through with a prefactor

!!!!!!!!
4=3

p
’ 1:15. It should be

emphasized that the Gaussian approximation is only accu-
rate in the ‘‘high SNR’’ limit; it is almost certain that we
are not in this limit, and further abuse of the Gaussian
approximation would simply provide spuriously optimistic
estimates. In future work (currently in progress), we will
examine GW-GRB siren measurements using only the
LIGO detectors, the LIGO and Virgo detectors, and the
four detector LIGO-Virgo-AIGO network. In doing so, we
will also quantify the error induced by using the Gaussian
approximation to estimate parameters in GW measure-
ments.

FIG. 5. LISA constraints on dark energy. The solid contours
show the 68% and 95% confidence regions expected for a sample
of 100 SMBBH sources observed by LISA, distributed with
constant comoving density between 0< z < 2. A Planck prior
has been used on !mh2 and lA, as discussed in the text.
The dotted contours correspond to a sample of 3000 SNe
with intrinsic luminosity scatter of 10%, with redshift distribu-
tion / exp#%#z% 0:5$2$ over 0:02< z< 2. The dashed (dark
shaded) contour shows the 68% confidence region for the
combined constraints GW& SNe& CMB.

SHORT GRB AND BINARY BLACK HOLE STANDARD . . . PHYSICAL REVIEW D 74, 063006 (2006)

063006-7

[Dalal et al., 2006]

Total ma%er frac"on

D
ar

k 
en

er
gy

 e
qu

a"
on

 o
f s

ta
te

100 LISA 
GW BH in-spirals

3,000 SNAP 
Type Ia Supernovæ

Stefano Camera (JBCA) 2nd eLisa CosWG WS Stavanger 23th Sep 2015



PROBES OF GROWTH
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• Photons do not experience a homogeneous Universe!

A CLUMPY UNIVERSE

ds2 = �dt2[1 + 2�(x, t)] + a

2(t)�Kij dx
idxj [1� 2�(x, t)]
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EFFECTS OF PERTURBATIONS
• Two main effects: 

• Redshift pe'urba"ons 
(Affect GW frequency and redshifted chirp mass) 

• Distance pe'urba"ons (Affect luminosity distance)
dL(zS) =


(1 + zS)

Z zS

0

dz

H(z)

�
(1+Doppler+gravitational redshift+time delay+integrated SW+lensing)

[Bonvin, Durrer & Gasparini, 2006; 
Hui & Greene, 2006]
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EFFECTS OF PERTURBATIONS
• Two main effects: 

• Redshift pe'urba"ons 
(Affect GW frequency and redshifted chirp mass) 

• Distance pe'urba"ons (Affect luminosity distance)

[Bonvin, Durrer & Gasparini, 2006; 
Hui & Greene, 2006]

dL(zS) =


(1 + zS)

Z zS

0

dz

H(z)

�
(1+Doppler+gravitational redshift+time delay+integrated SW+lensing)
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EFFECTS OF PERTURBATIONS
• Two main effects: 

• Redshift pe'urba"ons 
(Affect GW frequency and redshifted chirp mass) 

• Distance pe'urba"ons (Affect luminosity distance)

[Bonvin, Durrer & Gasparini, 2006; 
Hui & Greene, 2006]
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INDUCED ERRORS
• Dominant error on chirp mass due to veloci#es

eLISA Cosmology Working Group       Camille Bonvin     p. /2218
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INDUCED ERRORS
• Dominant errors on luminosity distance 

• At low-redshift due to veloci#es
[Bonvin @ 1st eLISA CosWG WS, 2015]
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INDUCED ERRORS
• Dominant errors on luminosity distance 

• At high-redshift due to lensing
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[Bonvin @ 1st eLISA CosWG WS, 2015]
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LENSING PROS & CONS
• Lensing magnifica#on degrades measurements of #e 

luminosity distance
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[Holz & Hughes, 2005]
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the merged remnant several years after the merger, leading to an
afterglow that should be measurable by next-generation X-ray
telescopes.

Other models suggest that there may be an electromagnetic
precursor to the merger rather than a delayed glow. One ex-
ample is discussed by Armitage & Natarajan (2002). They ar-
gue that gas is driven onto the larger member of the binary by
the secondary’s in-spiral, leading to super-Eddington accretion.
In this model, much of the inner disk may be expelled from the
system in a high-velocity (!104 km s"1) outflow. Such strong
outflows could flag a recent or impending merger. A similar fam-
ily of models (Sillanpää et al. 1988; Lehto & Valtonen 1996)
explains periodic variations in the BL Lac object OJ 287 by a
tight, eccentric binary system with mass ratio of about 1:100.
Flaring outbursts from this quasar are explained as arising from
the secondary periodic crossing of the primary’s accretion disk.
Given the great payoff that would follow from associating a
counterpart to a GWevent, we strongly advocate continuing to
develop and refine models of BBH mergers.

It is worth noting that, for a small fraction of binaries (as-
suming a sufficiently high event rate), LISAwill provide an error
box of P50 and an estimate of the time of merger about a day
in advance. Regardless of the state of theoretical predictions,
we imagine that in such cases there will be great interest in
searching the GW source error box for any observational coun-
terparts to the merger. Indeed, as we briefly discuss in x 5, the
number of relevant galaxies in the LISA error box may be fairly
small, so associating an EM counterpart with the GWevent may
be tractable.

4. GRAVITATIONAL LENSING

Having discussed the impressive quality of GW standard
sirens, we turn now to an important caveat: the impact of grav-
itational lensing on the distance measurement. GWs are lensed
exactly as EM radiation is lensed. Since we expect BBH events
to come from rather large redshift (zk 1), weak lensing in the
GW data sets should be common (Marković 1993; Wang et al.
1996; in addition to the occasional strongly lensed source).

A lens with magnification ! will distort the inferred lu-
minosity distance to the source; if the true distance is DL , we
measure DL /

ffiffiffi
!

p
, incurring a ‘‘systematic’’ error!DL /DL ¼ 1"

1/
ffiffiffi
!

p
. We estimate the error such lensing is likely to introduce

by convolving this quantity with the expected magnification

distribution, p(!) (Holz & Wald 1998; Wang et al. 2002); an
example of this distribution is shown in Figure 7. Using pa-
rameters appropriate to a "CDM model of the universe, we
find a mean error at z ¼ 2 of h!DL /DLi ’ 0:005, with a standard
deviation h(!DL /DL)

2i1=2 ’ 0:05. The dashed line in Figure 6
shows the contour we expect from the two GW sources when
lensing errors are included. The parameter accuracies are sig-
nificantly degraded.
Of course, this magnification bias affects all standard can-

dles, not just GWs. The rate of Type Ia SNe, however, is high
enough to sufficiently sample the entire lensing distribution and
thus average away the bias. Missions such as SNAP are de-
signed to observe thousands of SNe at high redshift, in large
part to overcome gravitational lensing. Indeed, this may allow
one to measure the lensing signal well enough to infer char-
acteristics of the lensing matter (Metcalf & Silk 1999; Seljak &
Holz 1999). This is unlikely to be the case with BBH GWs; the
rate of mergers will likely be much lower than that of SNe
(Richstone 1998; Haehnelt 1998), so we cannot count on enor-
mous numbers of events. We also emphasize that we do not ex-
pect to be able to correct for gravitational lensing effects on
a case-by-case basis (Dalal et al. 2003). Lensing, therefore, will
introduce an insurmountable error of !5%–10% for each in-
dividual high-redshift event, significantly greater than the in-
trinsic distance error.

5. IDENTIFYING THE COUNTERPART

In order to provide data on the distance-redshift curve,
a GW event must be associated with an ‘‘electromagnetic’’
counterpart—GWs provide an accurate measure of luminosity
distance but give no direct information about redshift. This is
the weakest link in our analysis; we do not know whether such
counterparts exist. However, a simple counting argument sug-
gests that the number of relevant galaxies in the LISA error cube
may be fairly small. We approximate the redshift distribution of
source galaxies by

dN

dR d#
/ R" exp " R=R$ð Þ#

h i
; ð6Þ

where R is the comoving distance; we take " ¼ 1, # ¼ 4, and
R$ ¼ c/H0 (Kaiser 1992; Hu 1999). We normalize this to a pro-
jected number density of

dN

d#
¼

Z
dR

dN

dR d#
’ 300 galaxies arcmin"2; ð7Þ

approximating the Hubble Deep Field (Williams et al. 1996).

Fig. 6.—Likelihood contours for measurement of the matter density #m and
dark energy equation-of-state parameter w (with the pressure and density of the
dark energy related by p ¼ w$). We assume that the universe is flat, and that the
underlying model has #m ¼ 0:3 and w ¼ "1. The two GW sources are at z ¼ 1
and 3, while the SNAP SNe are evenly distributed within 0:7 < z < 1:7. [See
the electronic edition of the Journal for a color version of this figure.]

Fig. 7.—Differential probability of magnification by gravitational lensing,
p(!), for sources at z ¼ 1:5 in a concordance universe (seeWang et al. [2002] for
details).
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LENSING PROS & CONS
• Lensing magnifica#on conserves surface brightness 

• For a sufficient number of sources it can be averaged out
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some intrinsic variation in their luminosity. This gives an innate
a priori fuzziness in the distance-redshift relation, and the ob-
served relation is thus a convolution of both the intrinsic and
lensing flux distributions. In other words, the distribution of
observed flux, F, is given by

P(F )¼
Z

dF0

Z
d! pint(F0)p

lens(!)"(F " F0!) ð6Þ

¼
Z

d!

!
pint

F

!

! "
plens(!); ð7Þ

where F0 is the intrinsic source flux. In terms of magnitudes, the
PDF for a single lensed, imperfect standard candle is given by

Pintþlens(m) ¼
Z

d!Plens(!)Pint(mþ 2:5 log !): ð8Þ

To form theN-fold convolution of N lensed, imperfect standard
candle SNe, one takes the lensing plus intrinsic single-SN PDF
of equation (7) as P1 and plugs this into equations (4) or (5). As
before, the normalization and mean of P1 are preserved for PN.

For the intrinsic supernova flux distribution we consider both
a Gaussian in magnitude (which corresponds to a lognormal in
flux) and a Gaussian in flux. The SN distribution is characterized
by amean intrinsicmagnitude [hm(z)i ¼ m0(z) or h!(z)i ¼ 1] and
an intrinsic dispersion, #int(z). Canonically one uses #int(z) ¼ 0:1
or 0.15 (constant with redshift).

Figures 2–4 show the resulting mode and variance, as a
function of the number of observed SNe, for intrinsic noise given
by a Gaussian in fluxwith standard deviation given by #int ¼ 0:1.
Note that the addition of intrinsic noise to the sources decreases
the shift in the mode of the magnification PDF but increases the
variance.

3.3. Lensing as a Function of Redshift

Section 3.2 concerned itself with the distribution of the ob-
served flux of multiple SNe averaged together. These distribu-

tions are of interest because they emphasize that lensing pre-
serves the mean (unlensed) flux, and thus for sufficient numbers
of observed SNe the lensing can be averaged away. Figure 1 is a
visual representation of the process of convergence to succes-
sively narrower Gaussians, approaching the "-function limit.

Guided by this convergence, we define an effective variance,
#2
eA, due to lensing. Consider some large number of standard

candles, N, observed at a given redshift. For sufficiently high N,
the lensing distribution is found to be well approximated by a
Gaussian. If we designate the variance of this Gaussian as #2

N , we
can then define the effective variance due to lensing for a single
standard candle as #2

eA ¼ N#2
N . Although the true distribution of

a single standard candle is not well described by a Gaussian of
standard deviation #eff, Figure 4 indicates that the scaling of the
variance #2

N is roughly inverse linear in N. So #eff gives an
equivalent dispersion for each source when considering suffi-
ciently large, but finite, numbers of standard candles. A useful
rule of thumb for a reasonable use of #eff is to require N greater
than some lower limit calculated by demanding that&95% of the
probability of theN-folded PDF be within 2#N; this yields values
of N k 10.

As SNe do not all occur at exactly the same redshift, we need to
know over what redshift width we can apply this criterion. As we
take SNe spread out in redshift, the lensing PDFs and hence #eff
vary. If we bound this variation such that the 95% criterion above
only dilutes to a 95% ' 1% criterion, this is equivalent to using a
(2 ' 0:1)#N allowance. So we can group SNe within a 5% frac-
tional deviation in #N ; since, as we see below, the standard de-
viation is linearly proportional to redshift, this imposes !z/zP
0:05. In other words, so long as there are N k 10 SNe in each
redshift bin of width 0.1z, the lensing can be effectively described
by a Gaussian with standard deviation #eff. (We emphasize that
none of this necessitates any actual binning for the SN analysis.)
For SNe that are more sparse in redshift, the full non-Gaussian
lensing PDF should be used. Sufficient numbers allow lensing to
be treated as a scaled noise added in quadrature; greater numbers
of SNe are required to compensate for this noise—see x 4.

Lensing has little impact at low redshifts, where a short
propagation distance implies a low optical depth. As the distance
to the source increases, the lensing effects become more substan-
tial. We thus expect #eff to increase with redshift. Figure 5 plots
#eff as a function of z for perfect standard candles and for SNe

Fig. 3.—Width of the lensing magnification distributions for multiple stan-
dard candles (see Fig. 1) as a function of the number of SNe averaged together.
This is computed both as a variance, #2, and as a FWHM. For a Gaussian, one
has # ¼ FWHM/2:36. The gap between the # and FWHM curves is an indi-
cation of the non-Gaussianity of the lensing distributions. This is shown both for
perfect standard candles (#int ¼ 0) and for SNe with intrinsic noise given by a
Gaussian in flux with #int ¼ 0:1. This is for SNe at z ¼ 1:5. [See the electronic
edition of the Journal for a color version of this figure.]

Fig. 4.—Same as Fig. 3, but on a log-log plot. The slopes of the standard
deviation curves are very close to "1=2, indicating that the variance of the
magnification distribution, including lensing, scales as 1=N . [See the electronic
edition of the Journal for a color version of this figure.]
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LENSING PROS & CONS
• Lensing magnifica#on power spectrum
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LENSING PROS & CONS
• Lensing magnifica#on power spectrum 

• Error on its measurement
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LENSING PROS & CONS
• Lensing magnifica#on power spectrum
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[Cutler & Holz, 2009]
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FIG. 8: Top: Measurement accuracy of the Hubble constant, h, and
the dark-matter density, ⌦m. The solid and dashed curves map the
1� and 2� contours, respectively. The red star denotes the true un-
derlying model. Bottom: Measurement accuracy of the dark-energy
equation-of-state parameters w0 and wa.

of structure. The growth of inhomogeneities is particularly
sensitive to gravity, and thus is a powerful way to constrain
theories that modify gravity as an alternative to assuming a
dark-energy component.

One of the most powerful ways to measure the growth of
density perturbations is through gravitational lensing shear
maps. This is done by observing the shapes of large numbers
(⇠ 109) of background galaxies, and measuring the subtle cor-
relations in the shapes of these galaxies due to the shear from
gravitational lensing. The shear power spectrum at any red-
shift is sensitive not only to the distances between observer,
lens, and source (and thus, to the dark energy component), but
also to the distribution of lenses. This lens distribution is a di-
rect measure of the dark matter power spectrum as a function
of redshift, which is in turn sensitive to the growth function of
perturbations, and thus the gravitational force.

BBO would provide definitive measurements of the gravi-
tational lensing convergence power spectrum, comparable to
state-of-the-art proposed measurements of the lensing shear
power spectrum. BBO measures an absolute luminosity dis-
tance to each of the ⇠ 105 binaries. The error on this mea-
surement is almost entirely dominated by the effects of grav-
itational lensing magnification. Once the average luminosity

distance–redshift relation is determined (as discussed in the
previous section), it is possible to measure the deviations from
the background relation. Because the intrinsic uncertainty
in the distance measured by BBO is negligible when com-
pared with lensing (see Fig. 5), each individual binary thus
becomes a direct measure of the gravitational lensing magni-
fication along the given line of sight. The population of bina-
ries thus provides a few times 105 individual measurements of
the magnification out to z ⇠ 3. By evaluating the two-point
correlation function of these magnification measurements, it
is possible to directly measure the convergence power spec-
trum (which is equivalent to the shear power spectrum; con-
vergence, , is related to magnification, µ, by µ = 1 + 2 in
the weak lensing limit). This approach has been discussed, for
the case of Type Ia supernova distance measurements, in [46].
Here we follow an identical approach, using binary standard
sirens instead of supernova standard candles. In our case each
individual distance measurement is at least an order of magni-
tude better, and we have an order of magnitude more sources,
even compared to the very ambitious supernova sample con-
sidered in [46]. We note that in what follows we focus on
the weak lensing power spectrum, and for simplicity neglect
strong lensing. The latter will be discussed in more detail in
Section IV C.

In the Introduction we provided a rough estimate that BBO
could measure weak lensing (WL) with SNR of ⇠ 2 ⇥ 103

for its NS-NS dataset and also ⇠ 2 ⇥ 103 for its BH-BH
dataset, for a total SNR of ⇠ 3 ⇥ 103. The JDEM design
has not yet been determined, and the WL capability of the
mission varies quite significantly over the range of possibili-
ties. The designs that are best-suited for WL measurements
contain ⇠ 5–6⇥ 108 pixels in the focal plane and would have
a goal of measuring galaxy ellipticities to ⇠ 0.1%, and thus
would require ellipticity correlation measurements on ⇠ 100
galaxies to measure the WL effect to SNR of order 1. (This is
because galaxies typically have intrinsic ellipticites ✏ ⇠ 0.3,
while the correlated ellipticity due to WL is a factor ⇠ 10
smaller, and SNR builds up as the square root of the number
of galaxies observed.) Ideally, JDEM would measure shear
for ⇠ 109 galaxies, covering ⇠ 104 deg2 on the sky, lead-
ing to a total SNR of ⇢SNe ⇠ 3000. We note that LSST is
expected to measure weak lensing for ⇠ 2 ⇥ 109 galaxies,
out to z = 3, over ⇠ 2 ⇥ 104 deg2, and is thus comparable
to the most optimistic space-based lensing missions. These
estimates of the power of weak lensing shear measurements
assume that systematic errors (including telescope distortion,
shear calibration, point-spread-function correction, and red-
shift calibration) can be beaten down to the ⇠ 0.1%, which is
quite optimistic (and far better than is currently possible) [47].

The two methods of measuring WL are rather different—
individual magnification measurements versus correlated el-
lipticity measurements—and a proper Fisher-matrix calcula-
tion is required to accurately compare the science yield from
either method. Such a calculation for BBO is now underway
and will be published in a follow-up paper. But, crudely, we
expect the ratio of cosmological parameter estimation errors
to be comparable to the ratio of SNRs for the two methods,
which is of order one, when BBO is compared to JDEM mis-
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NO EM COUNTERPARTS
• Cosmology wi# GW standard sirens alone? 

• Constraining #e binary source redshift range wi# #e 
observed chirp mass distribu"on 
(Bayesian analysis of measured-vs-expected chirp mass) 

• Observing "dal effects on GWs 
(Appearing at 5! post-Newtonian order) 

• Combining luminosity distance and cosmological phase shift 
(Large number of sources, e.g. neutron-star binaries)
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[Markovic, 1993; Chernoff & Finn, 1993]

[Messenger & Read, 2011]

[Nishizawa et al., 2012]



NO EM COUNTERPARTS
• Bayesian analysis of #e chirp mass distribu"on 

• Assume a constant chirp mass and extract candidate source 
redshifts by comparing wi# a redshifted chirp mass 

• Large number of detec"ons: 3rd-genera"on GW detectors!
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[Taylor, Gair & Mandel, 2011]
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NO EM COUNTERPARTS
• Tidal effects on GWs 

• Waveform phase from orbital evolu"on
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NO EM COUNTERPARTS
• Tidal effects on GWs 

• Assumes a (perfect) knowledge of NS equa"on of state
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FIG. 1. The fractional uncertainties in the redshift as a function of
redshift obtained from the Fisher matrix analysis for BNS systems
using 3 representative EOSs, APR [40], SLY [41] and MS1 [42]. In
all cases the component NSs have rest masses of 1.4M� and wave-
forms have a cut-o↵ frequency equal to the ISCO frequency (as de-
fined in the BNS rest-frame). We have used a cosmological param-
eter set H0 = 70.5 kms�1Mpc�1, ⌦m = 0.2736, ⌦k = 0,w0 = �1
to compute the luminosity distance for given redshifts and have as-
sumed detector noise corresponding to the ET-D [16, 39] design (a
frequency domain analytic fit to the noise floor can be found in [43]).

incide with z⇠10 but this e↵ect is diluted at higher redshifts
due to a reduction in SNR as the lower frequency part of the
signal moves out of band.

Discussion—The analysis presented here is a proof of prin-
ciple and is based on a number of assumptions and simplifi-
cations which we would like to briefly discuss and in some
cases reiterate. It is likely that by the 3rd generation GW de-
tector era our knowledge of the tidal response in BNS systems
will have significantly advanced through improved NR simu-
lations [44]. Current NR simulations have already shown that
modelling these tidal phase corrections using a PN formal-
ism, while qualitatively accurate, significantly underestimate
the tidal phase contribution [34–36]. In addition these same
studies suggest that it is possible to accurately model tidal ef-
fects up to the merger phase. Therefore we feel that our use
of the ISCO as the upper cut-o↵ frequency of the PN wave-
forms is a well justified choice for this first estimate. We have
also neglected the e↵ects of spin in our investigation which
we expect to contribute to the PN phase approximation at the
level of ⇠0.3% [17]. This does not preclude the possibility
that marginalizing over uncertainties in spin parameters may
weaken our ability to determine the redshift. This seems un-
likely given the small expected spins in these systems, as well
as the di↵erence inscalings between the spin terms and the

tidal terms, x�1/2 and x5/2 respectively, causing the tidal ef-
fects to dominate over spin in the final stage of the inspiral.
We also note that the Fisher information estimate of parame-
ter uncertainty is valid in the limit of SNR & 10 [38] and under
the assumption of Gaussian noise. As such, the results at low
SNR, and therefore those at high z, should be treated as lower
limits via the Cramer-Rao bound, on the redshift uncertainty.
We also mention here that since the tidal phase corrections
are, at leading order, formally of 5th PN order we have uncer-
tainty in the e↵ect of the missing PN expansion terms in the
BNS waveform between the 3.5PN and 5PN terms. It is com-
forting to note that as the PN order is increased our results
on the redshift uncertainty do converge to the point of <1%
di↵erence in accuracy between the 3 and 3.5PN terms imply-
ing (through extrapolation) that the missing PN terms (as yet
not calculated) would not e↵ect our results. Future detailed
analysis following this work will complement Fisher based
estimates with Monte-Carlo simulations and/or Bayesian pos-
terior based parameter estimation techniques. Similarly, the
signal parameter space should be more extensively explored
beyond the canonical 1.4M�, equal mass case. In addition,
future work will also include BHNS systems which will also
contain, encoded within their waveforms, extractable redshift
information. Such systems are observable out to potentially
higher redshift although tidal e↵ects will become less impor-
tant as the mass ratio increases [18? ]. Finally, we briefly
mention that GW detector calibration uncertainties in strain
amplitude (which for 1st generation detectors were typically
<10%) will only e↵ect the determination of the luminosity
distance. Calibration uncertainties in timing typically amount
to phase errors of <1� and would be negligible in the determi-
nation of the redshift. Similarly, the e↵ects of weak lensing
that would only a↵ect the luminosity distance measurement
have been shown to be negligible for ET sources [4].

Conclusions—Current estimates on the formation rate of
BNS systems imply that in the 3rd generation GW detector
era there is the potential for up to ⇠107 observed events per
year out to redshift z ⇡ 4 [16]. The results presented here
suggest that redshift measurements at the level of ⇠10% ac-
curacy can be achieved for each BNS event solely from the
GW observation. Such systems have long been known as GW
standard sirens [1], meaning that the luminosity distance can
be extracted from the waveform with accuracy determined by
the SNR coupled with the ability with which one is able to
infer the geometric orientation of the source. Using a large
number of sources all sharing the same redshift, the luminos-
ity distance (free of the orientation parameters) can be de-
termined statistically from the distribution of observed am-
plitudes. With the ability to extract both the luminosity dis-
tance and the redshift out to such cosmological distances and
from so many sources the precision with which one could then
determine the luminosity distance–redshift relation is signifi-
cantly enhanced. Current proposed methods for making cos-
mological inferences using GW standard sirens [3, 5, 45] rely
on coincident EM counterpart signals from their progenitors
in order to obtain the redshift. Our method would allow mea-

[Messenger & Read, 2011]
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FIG. 4: w0 - wa error ellipses marginalized over Ωm. The merger rate is fixed to ṅ0 = 10−6 Mpc−3 yr−1. From the left to the
right panels, the observation time is 3 yr, 5 yr, and 10 yr. In each panel, the larger to smaller ellipses denote those with rn = 1,
1/3, and 1/5, respectively. The dot at the center is our fiducial value: w0 = −1 and wa = 0.

FIG. 5: FoM achievable for each parameter set of rn, Tobs, and ṅ0. From the left to the right panels, the observation time
is 3 yr, 5 yr, and 10 yr. In each panel, the merger rate is represented by curve types: ṅ0 = 10−5 (dashed), 10−6 (solid), 10−7

(dotted), in the unit of Mpc−3 yr−1.

D. Redshift dependence of measurement accuracy

The measurement accuracies in the previous subsec-
tion are calculated with NS binaries detected up to z = 5.
From an observational point of view, it is interesting to
see which redshift sources largely contribute to the mea-
surement accuracies. To do this, we fix the parameters
to rn = 1/3, Tobs = 5yr, and ṅ0 = 10−6Mpc−3 yr−1

and compute the measurement errors and FoMs, restrict-
ing the redshift range of the binary distribution below
zmax = 0.5× i (i = 1, 2, · · · , 10), i.e. upper cutoff of the
integral in Eq. (15). The results are shown in Fig. 6 in
terms of the sensitivity fractions: FoM/FoM(zmax = 5),
∆w0(zmax = 5)/∆w0, and ∆wa(zmax = 5)/∆wa as a
function of zmax, where say, ∆w0(zmax = 5) represents
the w0 error with full redshift range.

The figure shows that the sensitivity fractions sharply
increase up to z = 1.5−2.0 and slowly approach the max-
imum value at z = 5. This reflects merely the redshift
distribution of NS binaries in Eq. (4). In other words, the

brighter source at low z gives large SNR but the number
of the source is small. A large number of sources at mod-
est z largely contributes the measurement accuracies of
cosmological parameters. The interesting feature is that
the slope of ∆wa(zmax = 5)/∆wa is gradual, compared
with ∆w0(zmax = 5)/∆w0, because the samples at high
z are required to constrain the time variation of dark en-
ergy, wa (see Fig. 3). The fraction FoM/FoM(zmax = 5)
traces the redshift dependence of the wa error and shows
gradual increase.

E. Adding redshift information of binaries

In the previous subsections, we used the combination
of the luminosity distance dL and the cosmological phase
correction X to measure the dark-energy parameters.
With this method, the cosmological expansion can be
probed by GW observation alone without the identifi-
cation of binary redshifts. Although it would be too
ideal to assume that all binary redshifts are well deter-

[Nishizawa et al., 2012]
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Uncorrected

Delensing sirens 865

Figure 4. Uncertainty in SMBHB distance versus SMBHB redshift, with
and without delensing. Solid: distance uncertainty without delensing. Dot-
ted: reduction expected after shear-only delensing with a 30 arcmin2 image
from an ELT (ngal = 1000 arcmin−2, zmed = 1.8). Dashed: shear and flex-
ion delensing with an ELT. Dot–dashed: shear and flexion delensing with an
ELT combined with a space survey telescope. 2D shear and flexion maps are
assumed (no individual redshift measurements). Note that this ELT image
is half as large as the one marked in Fig. 3.

For zBHB = 2, delensing with an HUDF-like image by itself can
reduce the distance error by about 25 per cent, but when com-
bined with the space survey, 45 per cent of the uncertainty can be
removed. The improvement is slightly less for zBHB = 3; we should
expect this since most galaxies in the space survey have a redshift
lower than 3. Notice now that creating a large ELT mosaic provides
a little improvement but will not be as effective as making the image
deeper. Again, these results assume that we use 2D maps and do
not attempt to break the mass-sheet degeneracy with information
beyond shape measurements.

5 C O N C L U S I O N S A N D F U T U R E WO R K

Gravitational lensing of SMBHB systems severely limits their
usefulness as standard sirens – precise distance probes based on
known gravitational wave signals. We suggest that ‘delensing’ each
SMBHB – i.e. mapping the magnification field around it using a
KS-like inversion technique – could substantially reduce distance
errors due to lensing. Fig. 4 illustrates the error reduction that could
be achieved with a 30 arcmin2 image from an ELT combined with a
space-based survey such as JDEM or Euclid. We find that combin-
ing 2D maps from these instruments could reduce SMBHB distance
error from lensing by about a factor of 2 for zBHB > 1.5. The suc-
cess of SMBHB delensing requires adequate flexion measurements
to recover fine fluctuations in the magnification field and shear
measurements to recover larger features.

It may be possible to achieve superior results by using techniques
beyond the simple KS inversion considered here. For instance, in-
corporating a redshift for each galaxy would enable some improve-
ment over 2D maps. Redshifts could also help break the mass-sheet
degeneracy in a deep image, thereby eliminating some of the need
for a wide survey. The degeneracy could also be broken by including
magnification maps from quasar number counts. Furthermore, with
the advent of an ELT, improved high-resolution shape measurement
techniques may emerge, leading to maps with significantly lower
shape noise.

We have made several simplifying assumptions that should be
addressed in future work. We have extended the Smith et al. fitting
formula for the matter power spectrum beyond its range of accu-
racy, and we have assumed that matter fluctuations remain Gaussian
random. A more complete treatment of the matter power spectrum,
e.g. from the results of N-body simulations, will be needed to re-

fine the technique of delensing and estimate its potential success
(Gair & King, in preparation). It may be possible to exploit the fact
that non-linear gravitational clustering causes the true weak lensing
fields to contain less information than their Gaussian random ap-
proximations (Cooray & Hu 2001; Rimes & Hamilton 2005; Doré,
Lu & Pen 2009). Finally, we have ignored higher order weak lens-
ing effects such as reduced shear/flexion and contaminating effects
such as intrinsic alignments.
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Figure 18. The dispersion σλres of the residual magnification as a function
of the source redshift zS. The dispersion without correction (λest = 0, solid
line) is compared to the residual dispersion with convergence reconstructed
from the shear and flexion of a futuristic weak-lensing survey with galaxy
number density ngal = 500 arcmin−2 and median redshift zmedian = 1.8,
when ignoring (dashed line) or using the individual galaxy redshifts (dotted
line).

candle/siren from the shear and flexion measured in a galaxy lens-
ing survey; (ii) estimating the magnification from the reconstructed
convergence and (iii) correcting the observed signal of the standard
candle/siren using the inferred magnification.

By measuring the relation between the reconstructed conver-
gence and the magnification, we have constructed an optimized
magnification estimate that is unbiased and minimizes the resid-
ual magnification errors. Furthermore, we have studied the optimal
smoothing scale for the weak-lensing reconstruction under various
survey conditions.

For an advanced shear survey with ngal = 100 arcmin−2, we find
that the lensing-induced distance errors for standard candles/sirens
at redshifts zS ≈ 1.5 are reduced on average by 20 per cent. This
confirms earlier findings by Dalal et al. (2003) that reconstructions
based on such surveys do not significantly reduce the lensing errors
on average. However, in regions with low estimated convergence
κest, the residual magnification uncertainty is substantially smaller
than in regions of high convergence (e.g. only 40 per cent of the
uncorrected error for κest = −0.05 compared to 200 per cent for
κest = 0.1). Thus, a weak-lensing survey is useful to identify stan-
dard candles/sirens in regions with low (high) convergence and
small (large) magnification errors, which can then be given larger
(smaller) weights in a statistical analysis.

As already pointed out by Shapiro et al. (2010), the correction
from weak-lensing reconstruction can be improved considerably by
including flexion measurements and greatly increasing the galaxy
number density. For example, a futuristic shear and flexion survey
with ngal = 500 arcmin−2 yields error reductions of 50 per cent for
standard candles/sirens at zS ∼ 1.5, and 35 per cent for sources
at zS ∼ 5. In low-convergence regions, the errors can be reduced
by up to 75 per cent. For example, the residual distance errors are
below 2 per cent for over 97 per cent of the standard candles/sirens
in regions with κest = −0.05. Such lensing-corrected standard can-
dles/sirens would constitute very competitive distance indicators
(but one should keep in mind that these numbers are based on very
optimistic assumptions about the properties of future surveys).

Our simulation provides detailed statistical information about the
magnification-induced distance errors before and after correction,
in particular their probability distributions as a function of the es-

timated convergence. The distributions are valuable for Bayesian
parameter estimation and model selection. In a forthcoming paper
(Gair, King & Hilbert, in preparation), we will discuss the resulting
implications for the use of high-redshift standard sirens as cosmo-
logical probes.

In this paper, we have considered several ways to improve the
accuracy of the magnification correction scheme. Wiener filters
constructed from the measured (cross-)power spectra of the true
and reconstructed convergence are expected to provide the optimal
filtering of the noisy convergence maps. However, in our simula-
tions, they perform only marginally better than Gaussian filters with
suitable filter scale.

Furthermore, we have investigated a simple method employing
redshift-dependent weights for the galaxies to improve the weak-
lensing reconstruction. While standard candles/sirens at redshifts
zS ≤ 2 show no benefit from this method, magnification errors for
higher redshifts are reduced by an additional 5 per cent. Further im-
provement might come from a tomographic reconstruction (Simon,
Taylor & Hartlap 2009).

In contrast to correction schemes based on modelling the fore-
ground matter structures from the observed light (e.g. Gunnarsson
et al. 2006), the method discussed here has the advantage that it
does not require any assumptions about the relation between visible
and dark matter. On the other hand, the light distribution contains
valuable information about the matter distribution and the magni-
fication. A better magnification correction might be obtained by
inferring the foreground matter distribution from both the observed
properties of galaxies along the l.o.s and the shear and flexion in-
formation from distant galaxies. Additional information about the
matter distribution at redshifts beyond those probed by conventional
galaxy weak lensing and flexion could be gathered from observa-
tions of lensing of the cosmic microwave background (Lewis &
Challinor 2006) or high-redshift 21-cm radiation (Hilbert, Metcalf
& White 2007a).

In our simulations, we have fully taken into account many as-
pects of weak-lensing galaxy surveys that impact the accuracy of
the correction. These include e.g. the non-Gaussian nature of the
convergence field, the randomness and discreteness of the galaxy
redshifts and image positions, and the complex relation between the
reconstructed convergence and the magnification. Thus, our studies
provide more realistic predictions about the accuracy of the correc-
tion than earlier studies relying on convergence power spectra.

However, our approach neglects several complications that affect
the correction. Future studies should include the effects of observ-
ing reduced shear and flexion. The impact of source clustering and
intrinsic alignment on the weak-lensing reconstruction must be in-
vestigated.

Our simulations do not include the effects of lensing by struc-
tures on scales below the resolution of the MS (i.e. dark matter
structures on scales <5 h−1 kpc or luminous structures with masses
<109 h−1 M⊙). Such structures could affect the magnification of
SNe, GRBs and SMBs, but it would be difficult to recover them
in a weak-lensing mass reconstruction. The resulting increase in
the uncorrected and residual magnification error should be investi-
gated, possibly with higher-resolution simulations. One should also
consider using the observed scatter in samples of standard can-
dles/sirens to constrain the small-scale matter fluctuations missed
by the simulations.

Finally, the cosmology dependence of the correction should
be explored. For example, a higher/lower normalization σ 8 in-
creases/decreases both the uncorrected and the residual magnifica-
tion dispersion. Moreover, errors in the assumed cosmology lead to

C⃝ 2010 The Authors, MNRAS 412, 1023–1037
Monthly Notices of the Royal Astronomical Society C⃝ 2010 RAS
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FIG. 2: DECIGO redshift distribution of NS, with red, green
and blue curves referring to 5-, 3- and 1-year observation
times, respectively.

area); H0 the Hubble constant; Ωm the total matter frac-
tion; and P δ(k, z) the power spectrum of matter fluctu-
ations as a function of the physical scale k and the red-
shift z. Here, we use Limber’s approximation, which sets
k = ℓ/χ [30].

We perform a Fisher matrix analysis [31, 32] for the set
of cosmological parameters ϑα = {Ωm, Ωb, h, ns, σ8, } ∪
{w0, wa} ∨ {µ0, η0}, where Ωb is the baryon fraction, h
is the Hubble constant in units of 100 km/s/Mpc, ns is
the slope of the primordial power spectrum and σ8 is
the rms mass fluctuations on a scale of 8 h−1 Mpc; the
extra-ΛCDM parameters are {w0, wa} and {µ0, η0} for
DE and MG, respectively. The Fisher matrix elements
can be written as

Fαβ =
!

ℓ

2ℓ + 1
2

fsky

∂Cµ
ij

∂ϑα
(ℓ) [Cµ,µ

ℓ ]−1
ijkl

∂Cµ
kl

∂ϑβ
(ℓ), (17)

where fsky is the fraction of the sky covered by the survey
under analysis and Cµ,µ

ℓ is the covariance matrix for a
given ℓ mode, namely

[Cµ,µ
ℓ ]ijkl = Cµ

ik(ℓ)Cµ
jl(ℓ)+Cµ

il(ℓ)C
µ
jk(ℓ)+δijkl

"
σµ

2(zi)

N (i)
NS

#2

,

(18)
with N (i)

NS the corresponding number of sources, δijkl the
Kronecker symbol, and σµ(zi) the instrumental error on
the magnification estimate as a function of the redshift
bin. We will spend more comments on it in the following.

The NS redshift distribution of eq. (12) that will be
detected by DECIGO is shown in Fig. 2, where the red,
green and blue curves refer to an observation time of 5, 3
and 1 year, respectively. However, we know that space-
based GW detectors will not make redshift measure-
ments. Therefore, we have to rely on cross-identifications
made by ancillary surveys. To this purpose, there are
many forthcoming spectroscopic and photometric exper-

iments that will provide large-scale catalogues of galax-
ies. To enumerate some of them: Pan-STARRS [33],
SkyMapper [34] and SDSS-III [35] at optical wavelengths;
the UKIRT Infrarad Deep Sky Survey Large Area Survey
(UKIDSS-LAS), UKIRT Hemisphere Survey and the pro-
posed UKIRT Hemisphere Survey at northern latitudes,
along the VISTA Hemisphere Survey at Southern Lati-
tudes; the Wide-field Infrared Survey Explorer (WISE)
[36]; Euclid2 [37], that could play a rôle in helping with
photometric redshifts over both hemispheres; the Large
Synoptic Survey Telescope (LSST) [38]; the Dark Energy
Survey [39].

Such a large number of surveys covering the whole sky
ensures that a non-negligible fraction of the NS detected
by DECIGO will in principle be cross-identified. This
enables us the performing of tomography. Nevertheless,
though one of the main features of the dN (i)

NS/dz(z) of
Fig. 2 is its depth, none of the surveys hereabove will
reach objects at z ! 2. Hence, we fix the survey depth of
eq. (16) to zH = 2, and we further subdivide the redshift
distribution of sources into five equally-spaced bins.

Regarding the Poisson noise term σµ
2 in eq. (18), it is

related to the instrumental error on the estimate of the
luminosity distance dL(z) from the GW signal. The ac-
curacy ∆dL/dL(z) that DECIGO will achieve is depicted
in Fig. 3 [24], with the same colour pattern as Fig. 2 al-
though the differences are almost negligible, here.

The instrumental scatter is then simply given by σµ =
2∆dL/dL. Since we are calculating the magnification to-
mographic matrix, we need to define σµ

2(zi), namely as
a function of the redshift bin. Here, we proceed by aver-
aging over the extension of the bin. Moreover, we weight
the signal with the redshift distribution of NS. Whence,

FIG. 3: DECIGO accuracy on the luminosity distance mea-
surement, with red, green and blue curves referring to 5-, 3-
and 1-year observation times, respectively.

2 http://www.euclid-ec.org
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the fraction of ET/DECIGO sources cross-identified by
other surveys. As a comparison, we also show our results
in combinations with priors from the Planck satellite [45].

As expected, the FoMs present a direct proportionality
with the fraction of detected sources. Similarly, constraints
from DECIGO are always more stringent than what is
obtained from ET—the accuracy on the luminosity dis-
tance measurements of the latter experiment is worse than
that of the former. Cosmic microwave background priors
from Planck are definitely dominant when the number of
detected sources is small, whilst for intermediate fractions
they help in enhancing the FoMs from DECIGO and ET. If
all the sources were cross-identified, the larger contribution
would be that of GW detectors. We summarize our more
promising results in Table I.

Besides, it is easy to appreciate how powerful our
method is in constraining DE. This is mainly because DE
alters the background evolution of the Universe, leading to
the present-day accelerated expansion. Therefore, the mag-
nification signal due to GWs receives a contribution from
both the background level and the perturbations to the
matter power spectrum. On the other hand, because in
the phenomenological model for MG we use here the
Hubble expansion, HðzÞ is exactly the same as in the
!CDM model, and FoMð!0;"0Þ depicts only the sensi-
tivity of GW magnification from the regime of perturba-
tions. However, it is worth reminding the reader that a
specific MG model would also modify the Universe’s
background evolution; this means that the method we
present here is even more effective, when applied to a
specific theoretical model.

As another possibility, there are inhomogeneous models
that mimic !CDM [9,10]. In principle, our method may
be used in this case too because GW observation is
sensitive to both background and perturbative evolution.
The application to redshift drift in the Lemaitre-Tolman-
Bondi void model has been investigated in Ref. [46].
However, the description of cosmological perturbations
is tricky in these models and goes beyond the purpose
of the present work.
Finally, we note that the method in Refs [21,22] is based

on 1D (angular-averaged) distribution of lensing magnifi-
cation. On the other hand, our method relies on angular
correlation of magnification and is qualitatively different
from theirs. Thus, the comparison of the sensitivity is not
straightforward at this stage, but it would be interesting to
compare these two methods in future work.
Conclusions.—In this Letter, we have shown that the

future gravitational-wave detectors, ET and DECIGO/
BBO, will be able to probe for matter inhomogeneities of
the Universe through lensing magnification and bring us
crucial information beyond background-level cosmology.
We want to emphasise that, although this idea was already
proposed [11], we exploit it here to address a more funda-
mental question, namely if our current concordance cos-
mological model were to be preferred by future data, or
competing models such as DE and MG represented an
actual, more viable alternative. From the starting point
presented in the present work, further model-selection
analyses may be implemented, e.g., the use of the Bayes
factor [23]. However, we find it more straightforward
and immediate to show our results to the two commun-
ities of GWs and cosmology by exploiting the widely
known FoMs.
Finally, we note that GW observations are completely

independent of EM observations and allow us to cross-
check the methods used in the EM observations, e.g., the
distance calibration of type Ia supernovae. For the feasi-
bility of GWs as a cosmological probe, it is important to
enhance the fraction of source-redshift identifications by

FIG. 2 (color online). FoMðw0; waÞ (left panel) and FoMð!0;"0Þ (right panel) as a function of the fraction of detected sources for
DECIGO (red squares) and ET (green diamonds). Solid lines refer to GW detectors only, while dashed lines show the results in
combination with Planck priors.

TABLE I. Forecast 1# errors on the extra-!CDM parameters
for 100% source-redshift identification.

w0 wa !0 "0

DECIGO 0.022 0.062 0.032 0.23

ET 0.098 0.42 0.15 0.78

PRL 110, 151103 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

12 APRIL 2013

151103-4

[Camera & Nishizawa, 2013]
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Figure 2. The value of |ln ⟨B⟩| from WLNG (solid), Pan-STARRS (dot–
dashed) and DES (dashed), in combination with CMB constraints from
Planck, as a function of the difference in the growth rate between the
modified-gravity model and GR. The crossover at small δγ occurs because
Occam’s razor will favour the simpler (GR) model unless the data demand
otherwise. To the left-hand side of the cusps, GR would be likely to be pre-
ferred by the data. The dotted vertical line shows the offset of the growth
factor for the DGP model. The horizontal lines mark the boundaries between
‘inconclusive’, ‘significant’, ‘strong’ and ‘decisive’ in Jeffreys’ (1961) ter-
minology.

taking account of the fact that assuming the wrong model choice
can affect the best-fitting values of parameters in the models. The
assumption of a Gaussian likelihood is the same as used in the
Fisher matrix approach to forecasting parameter errors, and we find
that the evidence can be calculated directly from the Fisher matrix
alone, and with very little extra computation. An important caveat
is that the assumption that the likelihood is a multivariate Gaus-
sian is very strong, and deviations from this could easily change
the evidence substantially. Nevertheless, the assumption is the same
as is used in estimating marginal errors with Fisher matrices; for
the CMB part used here we find agreement with 30 per cent accu-
racy (note our Fisher matrices for Planck are conservative). How-
ever, this method should only be regarded as a first step, to iden-
tify which experimental setups are worth exploring with more de-
tailed investigations. For the 3D weak lensing part of the study,
in particular, this method is extremely valuable, as simulating the
surveys and subsequent analysis is an enormously time-consuming
task.

We have also shown how future observations of the CMB, 3D
weak lensing and probes of the expansion history of the Universe of-
fer considerable promise of distinguishing decisively between dark
energy models and modifications to GR. In particular, a combina-
tion of Planck (CMB) and proposed space-based wide-field imaging
(weak lensing) surveys should be able decisively distinguish a dark
energy GR model from a DGP modified-gravity model with natural
log of the expected evidence ratio ln B ≃ 50.

Surveys such as DUNE/SNAP/LSST, Pan-STARRS and DES, in
combination with Planck, should be able to distinguish ‘strongly’
between GR and minimally-modified gravity models with growth
rates larger than 0.60, 0.69 and 0.73, respectively. The addition of
probes of the expansion history of the Universe, such as supernova
and baryon acoustic oscillation surveys help lift residual degenera-
cies and thus to distinguish ‘strongly’ models with growth rates
larger than 0.59, 0.67 and 0.71, respectively.

AC K N OW L E D G M E N T S

We thank Andy Taylor, Adam Amara and Sarah Bridle for helpful
discussions, Viviana Acquaviva, Christophe Yèche, Filipe Abdalla,
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Figure 2. The value of |ln ⟨B⟩| from WLNG (solid), Pan-STARRS (dot–
dashed) and DES (dashed), in combination with CMB constraints from
Planck, as a function of the difference in the growth rate between the
modified-gravity model and GR. The crossover at small δγ occurs because
Occam’s razor will favour the simpler (GR) model unless the data demand
otherwise. To the left-hand side of the cusps, GR would be likely to be pre-
ferred by the data. The dotted vertical line shows the offset of the growth
factor for the DGP model. The horizontal lines mark the boundaries between
‘inconclusive’, ‘significant’, ‘strong’ and ‘decisive’ in Jeffreys’ (1961) ter-
minology.

taking account of the fact that assuming the wrong model choice
can affect the best-fitting values of parameters in the models. The
assumption of a Gaussian likelihood is the same as used in the
Fisher matrix approach to forecasting parameter errors, and we find
that the evidence can be calculated directly from the Fisher matrix
alone, and with very little extra computation. An important caveat
is that the assumption that the likelihood is a multivariate Gaus-
sian is very strong, and deviations from this could easily change
the evidence substantially. Nevertheless, the assumption is the same
as is used in estimating marginal errors with Fisher matrices; for
the CMB part used here we find agreement with 30 per cent accu-
racy (note our Fisher matrices for Planck are conservative). How-
ever, this method should only be regarded as a first step, to iden-
tify which experimental setups are worth exploring with more de-
tailed investigations. For the 3D weak lensing part of the study,
in particular, this method is extremely valuable, as simulating the
surveys and subsequent analysis is an enormously time-consuming
task.

We have also shown how future observations of the CMB, 3D
weak lensing and probes of the expansion history of the Universe of-
fer considerable promise of distinguishing decisively between dark
energy models and modifications to GR. In particular, a combina-
tion of Planck (CMB) and proposed space-based wide-field imaging
(weak lensing) surveys should be able decisively distinguish a dark
energy GR model from a DGP modified-gravity model with natural
log of the expected evidence ratio ln B ≃ 50.

Surveys such as DUNE/SNAP/LSST, Pan-STARRS and DES, in
combination with Planck, should be able to distinguish ‘strongly’
between GR and minimally-modified gravity models with growth
rates larger than 0.60, 0.69 and 0.73, respectively. The addition of
probes of the expansion history of the Universe, such as supernova
and baryon acoustic oscillation surveys help lift residual degenera-
cies and thus to distinguish ‘strongly’ models with growth rates
larger than 0.59, 0.67 and 0.71, respectively.
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Figure 2. The value of |ln ⟨B⟩| from WLNG (solid), Pan-STARRS (dot–
dashed) and DES (dashed), in combination with CMB constraints from
Planck, as a function of the difference in the growth rate between the
modified-gravity model and GR. The crossover at small δγ occurs because
Occam’s razor will favour the simpler (GR) model unless the data demand
otherwise. To the left-hand side of the cusps, GR would be likely to be pre-
ferred by the data. The dotted vertical line shows the offset of the growth
factor for the DGP model. The horizontal lines mark the boundaries between
‘inconclusive’, ‘significant’, ‘strong’ and ‘decisive’ in Jeffreys’ (1961) ter-
minology.

taking account of the fact that assuming the wrong model choice
can affect the best-fitting values of parameters in the models. The
assumption of a Gaussian likelihood is the same as used in the
Fisher matrix approach to forecasting parameter errors, and we find
that the evidence can be calculated directly from the Fisher matrix
alone, and with very little extra computation. An important caveat
is that the assumption that the likelihood is a multivariate Gaus-
sian is very strong, and deviations from this could easily change
the evidence substantially. Nevertheless, the assumption is the same
as is used in estimating marginal errors with Fisher matrices; for
the CMB part used here we find agreement with 30 per cent accu-
racy (note our Fisher matrices for Planck are conservative). How-
ever, this method should only be regarded as a first step, to iden-
tify which experimental setups are worth exploring with more de-
tailed investigations. For the 3D weak lensing part of the study,
in particular, this method is extremely valuable, as simulating the
surveys and subsequent analysis is an enormously time-consuming
task.

We have also shown how future observations of the CMB, 3D
weak lensing and probes of the expansion history of the Universe of-
fer considerable promise of distinguishing decisively between dark
energy models and modifications to GR. In particular, a combina-
tion of Planck (CMB) and proposed space-based wide-field imaging
(weak lensing) surveys should be able decisively distinguish a dark
energy GR model from a DGP modified-gravity model with natural
log of the expected evidence ratio ln B ≃ 50.

Surveys such as DUNE/SNAP/LSST, Pan-STARRS and DES, in
combination with Planck, should be able to distinguish ‘strongly’
between GR and minimally-modified gravity models with growth
rates larger than 0.60, 0.69 and 0.73, respectively. The addition of
probes of the expansion history of the Universe, such as supernova
and baryon acoustic oscillation surveys help lift residual degenera-
cies and thus to distinguish ‘strongly’ models with growth rates
larger than 0.59, 0.67 and 0.71, respectively.
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Figure 2. The value of |ln ⟨B⟩| from WLNG (solid), Pan-STARRS (dot–
dashed) and DES (dashed), in combination with CMB constraints from
Planck, as a function of the difference in the growth rate between the
modified-gravity model and GR. The crossover at small δγ occurs because
Occam’s razor will favour the simpler (GR) model unless the data demand
otherwise. To the left-hand side of the cusps, GR would be likely to be pre-
ferred by the data. The dotted vertical line shows the offset of the growth
factor for the DGP model. The horizontal lines mark the boundaries between
‘inconclusive’, ‘significant’, ‘strong’ and ‘decisive’ in Jeffreys’ (1961) ter-
minology.

taking account of the fact that assuming the wrong model choice
can affect the best-fitting values of parameters in the models. The
assumption of a Gaussian likelihood is the same as used in the
Fisher matrix approach to forecasting parameter errors, and we find
that the evidence can be calculated directly from the Fisher matrix
alone, and with very little extra computation. An important caveat
is that the assumption that the likelihood is a multivariate Gaus-
sian is very strong, and deviations from this could easily change
the evidence substantially. Nevertheless, the assumption is the same
as is used in estimating marginal errors with Fisher matrices; for
the CMB part used here we find agreement with 30 per cent accu-
racy (note our Fisher matrices for Planck are conservative). How-
ever, this method should only be regarded as a first step, to iden-
tify which experimental setups are worth exploring with more de-
tailed investigations. For the 3D weak lensing part of the study,
in particular, this method is extremely valuable, as simulating the
surveys and subsequent analysis is an enormously time-consuming
task.

We have also shown how future observations of the CMB, 3D
weak lensing and probes of the expansion history of the Universe of-
fer considerable promise of distinguishing decisively between dark
energy models and modifications to GR. In particular, a combina-
tion of Planck (CMB) and proposed space-based wide-field imaging
(weak lensing) surveys should be able decisively distinguish a dark
energy GR model from a DGP modified-gravity model with natural
log of the expected evidence ratio ln B ≃ 50.

Surveys such as DUNE/SNAP/LSST, Pan-STARRS and DES, in
combination with Planck, should be able to distinguish ‘strongly’
between GR and minimally-modified gravity models with growth
rates larger than 0.60, 0.69 and 0.73, respectively. The addition of
probes of the expansion history of the Universe, such as supernova
and baryon acoustic oscillation surveys help lift residual degenera-
cies and thus to distinguish ‘strongly’ models with growth rates
larger than 0.59, 0.67 and 0.71, respectively.
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Figure 2. The value of |ln ⟨B⟩| from WLNG (solid), Pan-STARRS (dot–
dashed) and DES (dashed), in combination with CMB constraints from
Planck, as a function of the difference in the growth rate between the
modified-gravity model and GR. The crossover at small δγ occurs because
Occam’s razor will favour the simpler (GR) model unless the data demand
otherwise. To the left-hand side of the cusps, GR would be likely to be pre-
ferred by the data. The dotted vertical line shows the offset of the growth
factor for the DGP model. The horizontal lines mark the boundaries between
‘inconclusive’, ‘significant’, ‘strong’ and ‘decisive’ in Jeffreys’ (1961) ter-
minology.

taking account of the fact that assuming the wrong model choice
can affect the best-fitting values of parameters in the models. The
assumption of a Gaussian likelihood is the same as used in the
Fisher matrix approach to forecasting parameter errors, and we find
that the evidence can be calculated directly from the Fisher matrix
alone, and with very little extra computation. An important caveat
is that the assumption that the likelihood is a multivariate Gaus-
sian is very strong, and deviations from this could easily change
the evidence substantially. Nevertheless, the assumption is the same
as is used in estimating marginal errors with Fisher matrices; for
the CMB part used here we find agreement with 30 per cent accu-
racy (note our Fisher matrices for Planck are conservative). How-
ever, this method should only be regarded as a first step, to iden-
tify which experimental setups are worth exploring with more de-
tailed investigations. For the 3D weak lensing part of the study,
in particular, this method is extremely valuable, as simulating the
surveys and subsequent analysis is an enormously time-consuming
task.

We have also shown how future observations of the CMB, 3D
weak lensing and probes of the expansion history of the Universe of-
fer considerable promise of distinguishing decisively between dark
energy models and modifications to GR. In particular, a combina-
tion of Planck (CMB) and proposed space-based wide-field imaging
(weak lensing) surveys should be able decisively distinguish a dark
energy GR model from a DGP modified-gravity model with natural
log of the expected evidence ratio ln B ≃ 50.

Surveys such as DUNE/SNAP/LSST, Pan-STARRS and DES, in
combination with Planck, should be able to distinguish ‘strongly’
between GR and minimally-modified gravity models with growth
rates larger than 0.60, 0.69 and 0.73, respectively. The addition of
probes of the expansion history of the Universe, such as supernova
and baryon acoustic oscillation surveys help lift residual degenera-
cies and thus to distinguish ‘strongly’ models with growth rates
larger than 0.59, 0.67 and 0.71, respectively.
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Figure 2. The value of |ln ⟨B⟩| from WLNG (solid), Pan-STARRS (dot–
dashed) and DES (dashed), in combination with CMB constraints from
Planck, as a function of the difference in the growth rate between the
modified-gravity model and GR. The crossover at small δγ occurs because
Occam’s razor will favour the simpler (GR) model unless the data demand
otherwise. To the left-hand side of the cusps, GR would be likely to be pre-
ferred by the data. The dotted vertical line shows the offset of the growth
factor for the DGP model. The horizontal lines mark the boundaries between
‘inconclusive’, ‘significant’, ‘strong’ and ‘decisive’ in Jeffreys’ (1961) ter-
minology.

taking account of the fact that assuming the wrong model choice
can affect the best-fitting values of parameters in the models. The
assumption of a Gaussian likelihood is the same as used in the
Fisher matrix approach to forecasting parameter errors, and we find
that the evidence can be calculated directly from the Fisher matrix
alone, and with very little extra computation. An important caveat
is that the assumption that the likelihood is a multivariate Gaus-
sian is very strong, and deviations from this could easily change
the evidence substantially. Nevertheless, the assumption is the same
as is used in estimating marginal errors with Fisher matrices; for
the CMB part used here we find agreement with 30 per cent accu-
racy (note our Fisher matrices for Planck are conservative). How-
ever, this method should only be regarded as a first step, to iden-
tify which experimental setups are worth exploring with more de-
tailed investigations. For the 3D weak lensing part of the study,
in particular, this method is extremely valuable, as simulating the
surveys and subsequent analysis is an enormously time-consuming
task.

We have also shown how future observations of the CMB, 3D
weak lensing and probes of the expansion history of the Universe of-
fer considerable promise of distinguishing decisively between dark
energy models and modifications to GR. In particular, a combina-
tion of Planck (CMB) and proposed space-based wide-field imaging
(weak lensing) surveys should be able decisively distinguish a dark
energy GR model from a DGP modified-gravity model with natural
log of the expected evidence ratio ln B ≃ 50.

Surveys such as DUNE/SNAP/LSST, Pan-STARRS and DES, in
combination with Planck, should be able to distinguish ‘strongly’
between GR and minimally-modified gravity models with growth
rates larger than 0.60, 0.69 and 0.73, respectively. The addition of
probes of the expansion history of the Universe, such as supernova
and baryon acoustic oscillation surveys help lift residual degenera-
cies and thus to distinguish ‘strongly’ models with growth rates
larger than 0.59, 0.67 and 0.71, respectively.
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Jiayu Tang and Jochen Weller for CMB Fisher matrix compari-
son, and Ramon Miquel, Hiranya Peiris, Chuck Bennett and Pia
Mukherjee for useful comments on an early draft of the paper. We
also thank the referee, Roberto Trotta, for a helpful report and in-
teresting discussions. TDK acknowledges the University of Oxford
observational cosmology rolling grant. LV is supported by NASA
grant ADP03-0000-009 and NASA grant ADP04-0000-0093.

R E F E R E N C E S

Albert J. et al., 2005, preprint (astro-ph/0507460)
Aldering G. et al., 2004, preprint (astro-ph/0405232)
Bassett B., Nichol B., Eisenstein D., 2005, A&G, 46, 26
Beltran M., Garcia-Bellido J., Lesgourgues J., Liddle A. R., Slosar A., 2005,

Phys. Rev. D, 71, 063532
Bridges M., Lasenby A. N., Hobson M. P., 2006, MNRAS, 369, 1123
Bridges M., Lasenby A. N., Hobson M. P., 2007, preprint (astro-ph/0607404)
Chevallier M., Polarski D., 2001, Int. J. Mod. Phys., D10, 213
Cornish N. J., Crowder J., 2005, Phys. Rev. D, 72, 043005
Dickey J. M., 1971, Ann. Math. Stat., 42, 204
Dvali G., Gabadaze G., Porrati M., 2000, Phys. Lett. B, 485, 208
Eisenstein D. J., Wayne H., 1998, ApJ, 496, 605
Fisher R. A., 1935, J. R. Stat. Soc., 98, 39
Gorbunov D., Koyama K., Sibiryakov S., 2006, Phys. Rev. D, 73, 044016
Heavens A. F., 2003, MNRAS, 343, 1327
Heavens A. F., Kitching T. D., Taylor A. N., 2006, MNRAS, 373, 105
Hobson M. P., Bridle S. L., Lahav O., 2002, MNRAS, 335, 377
Hu W., 2002, Phys. Rev. D, 65, 3003
Huterer D., Linder E. V., 2006, Phys. Rev. D, 75, 023519
Ishak M., Upadye A., Spergel D. N., 2006, Phys Rev. D, 74, 043513
Jaffe A., 1996, ApJ, 471, 24
Jeffreys H., 1961, Theory of Probability. Oxford University Press, Oxford,

UK
Kaiser N. et al., 2002, BAAS, 34, 1304
Kass R., Raftery A., 1995, J. Am. Stat. Assoc., 90. 773
Kosowsky A., Milosavljevic M., Jimenez R., 2002, Phys. Rev. D, 66, 063007
Kunz M., Trotta R., Parkinson D., 2006, Phys. Rev. D, 74, 023503
Kunz M., Sapone D., 2007, Phys. Rev. Lett., 98, 121301
Lamarre J. et al., 2003, New Astron., 47, 1017
Lazarides G., Ruiz de Austri R., Trotta R., Phys. Rev. D, 70, 123527
Liddle A., Mukherjee P., Parkinson D., Wang Y., 2006, Phys. Rev. D, 74,

123506
Liddle A., Corasaniti P. S., Kunz M., Mukherjee P., Parkinson D., Trotta R.,

2007, preprint (astro-ph/0703285)
Linder E. V., 2005, Phys. Rev. D, 72, 043529
Linder E. V., Cahn R. N., 2007, preprint (astro-ph/0701317)
Linder E. V., Miquel R., 2007, preprint (astro-ph/0702542)
Lucy L. B., Sweeney M. A., 1971, AJ, 76, 544
Mukherjee P., Parkinson D., Liddle A. R., 2006, ApJ, 638, L51
Mukherjee P., Parkinson D., Corasaniti P. S., Liddle A. R., Kunz M., 2006,

MNRAS, 369, 1725
Pahud C., Liddle A., Mukherjee P., Parkinson D., 2006, Phys. Rev. D, 73,

123524
Pahud C., Liddle A., Mukherjee P., Parkinson D., 2007, preprint (astro-

ph/0701481)
Parkinson D., Mukherjee P., Liddle A. R., 2006, Phys. Rev. D, 73, 123523
Peebles P. J. E., Ratra B., 1988, ApJ, 325, L17
Riess A. et al., 1998, AJ, 116, 1009
Rydbeck S., Fairbairn M., Goobar A., 2007, J. Cosmol. Astropart. Phys., 05,

003
Saini T. D., Weller J., Bridle S. L., 2004, MNRAS, 348, 603
Serra P., Heavens A. F., Melchiorri A., 2007, MNRAS, 379, 169
Skilling J., 2004, http://www.inference.phy.cam.ac.uk/bayesys

C⃝ 2007 The Authors. Journal compilation C⃝ 2007 RAS, MNRAS 380, 1029–1035

 by guest on Septem
ber 22, 2015

http://m
nras.oxfordjournals.org/

D
ow

nloaded from
 

[Heavens, Kitching & Verde, 2007]

Shift in DE/MG extra-parameters

B
ay

es
 fa

ct
or

Decisive evidence



SUMMARY
• Binary in-spirals can be used as GW standard sirens 

• BH in-spirals best modelled and #eore"cally underst!d 

• NS mergers provide larger source samples 

• Gravity is ‘scale free’ 

• Need to iden"fy EM counterpa's to infer source redshifts 

• Promising new approaches
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SUMMARY
• Perturbations along the l.o.s. degrade distance measurements 

• Lensing magnifica"on is #e main contaminant 

• Need large number of sources to average lensing out 

• Combine magnification with shear/flexion maps to de-lens standard sirens 

• Magnification power spectrum powerful probe of the growth of structures 

• Potential for GW standard sirens to test alternative cosmologies!
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THANK YOU!
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