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automating QCD amplitude computations
high multiplicity

with on-shell methods

motivation:
precision QCD for 

the LHC
one-loop solution 
and applications developing 

two-loop tools



Modelling hadron collisions

New physics backgrounds

Determination of SM parameters

Keeping theory predictions in 
line with experimental data
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Ingredients for precision
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becoming bottleneck
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Ingredients for precision

NLO+PS

loops

# additional jets

0
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3

e.g. MC@NLO, POWHEG

Þxed order not good for all regions

LO+PS
e.g. Pythia, Herwig, ...

alternatively apply 
explicit resummations 

e.g. Caesar



Ingredients for precision

NLO ME+PS

loops

# additional jets

0

0 1 2

1

2

3

e.g. MEPS@NLO, UNLOPS, FxFx, ...

LO ME+PS

e.g. CKKW-L, MLM



Ingredients for precision

requires availability of higher multiplicity
matrix elements as well as higher loops

phase space becoming more complicated : 
high demands on amplitude efficiency

differential predictions at ~5% level will be 
necessary to make the most of the Run II data

improving reliability of theoretical 
uncertainty estimates



accurate matrix elements
(perturbative)

phase-space sampling

infra-red subtraction/
regularisation

non-perturbative
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PDFs, hadronisation…

parton shower / resummation

underlying event

Figure 1: Exclusive jet multiplicity. Data from ref. [28], compared to Herwig++ (left

panel) and Pythia8 (right panel) predictions. The FxFx uncertainty envelope (“Var”)

and the fully-inclusive central result (“inc”) are shown as green bands and red histograms

respectively. See the end of sect. 2 for more details on the layout of the plots.

Figure 2: As in fig. 1, for the transverse momentum of the 1st jet.

Figure 3: As in fig. 1, for the transverse momentum of the 3rd jet.

is entirely dominated by MC e↵ects, and formally of LL accuracy. The impact of multi-

parton matrix elements, measured by the distance between the FxFx and the inclusive

– 11 –

e.g. aMC@NLO + FxFx for W+0,1,2j

[Frederix et al. 1511.00847]



Reducing theoretical uncertainties

3

must be numerator structures responsible for regu-
lating this behavior. We therefore cannot trivially
keep the numerator written in terms of invariant
masses for these terms. It is usually simple to iden-
tify the required numerator structure. An example
found in Higgs production is the topology

A (sij )

s2
23s2

14

=
(s13s24 − s34)2

s2
23s2

14

Ã (sij ). (3)

The left-hand side of Eq.(3) naively has quadratic
singularities, but, as shown, we can identify the
required scalar product in the numerator that reg-
ulates these. We can now write Ã (sij ) using invari-
ant masses, and introduce a specific parameteriza-
tion for the remainder.

¥ As in previously studied examples [1], the matrix el-
ements contain “line” singularities that arise when
a singularity is mapped to an edge of phase space.
These are removed using an additional variable
change λi → λ̃i , as discussed in [1].

¥ When we convolute the partonic cross sections with
the pdfs to form the hadronic cross section, the
variable z scales as z → m2

h / (x1x2shad ), where shad
is the hadronic center-of-mass energy squared, and
the xi are the fractions of the hadronic momenta
carried into the hard scattering process. The par-
tonic cross sections are distributions in z, and are
singular in the limit z → 1. Is is clear from Eq.(1)
that the factor (1−z)−4ε which regulates this limit
has been extracted, and therefore singularities in z
and λi can be treated identically.

After the extraction of singularities, we can combine
the double real emission corrections with the remaining
contributions to the hard scattering cross section. This
expression is then integrated numerically together with
the pdfs to form the hadronic cross section. We perform
the numerical integration with the version of VEGAS de-
scribed in [12]. We use the MRST pdf sets, with mode=1.
The numerical integration we perform is 6-dimensional;
this includes the four independent partonic variables and
the two xi . The CPU times required for this calcula-
tion depend strongly on both the kinematics and the re-
quested precision. For Tevatron kinematics, reaching 1%
precision on the inclusive cross section requires 0.5 hours,
while obtaining 1% at the LHC requires about 1.5 hours.
When constraints are imposed on the final state, the run
times increase.

We have performed several checks on our calculation.
We cancel 1/ ε poles numerically, as is typically done using
this method [1, 10]. The singularities begin at 1/ ε4, and
involve all the different contributions to the final result:
two-loop virtual corrections, ultraviolet renormalization,
virtual corrections to NLO processes, double real emis-
sion, and collinear subtractions for pdfs; the cancellation
of the singularities is therefore a strong check on the cal-
culation. We find that the singularities cancel to a high

FIG. 1: Bin-integrated rapidity distribution for LHC kine-
matics. The scale µ is varied between mh/2 ≤ µ ≤ 2mh. The
LO, NLO, and NNLO distributions are shown.

precision for both the inclusive cross section and all dis-
tributions we have studied. For example, the ε-expansion
for the NNLO inclusive cross section at the LHC is

σ = (−0.05 ± 2) × 10−6/ ε4 + (−0.7 ± 2) × 10−3/ ε3

+ (−0.3 ± 2) × 10−3/ ε2 + (−3 ± 9) × 10−3/ ε

+ (44.9 ± 0.4). (4)

These results are in picobarns, and are obtained using
mh = 120 GeV and mt = 175 GeV; for this and other re-
sults in this paper, higher order QCD corrections are ob-
tained using the effective Lagrangian valid for mh < 2mt

and then normalized to the exact tree-level cross sec-
tion with its full mt -dependence. The renormalization
and factorization scales have been set equal to the Higgs
boson mass, µR = µF = mh . We have found a very
good agreement between our result for the finite inclu-
sive cross section for both Tevatron and LHC kinematics
and several calculations of this quantity available in the
literature [2].

We now present several distributions that illustrate the
range of observables that can be studied using our com-
putation. The numerical precision of all results shown is
1%. We first compute the bin-integrated rapidity distri-
bution of the Higgs boson. We separate the entire rapid-
ity range into twenty bins; because of the symmetry of
the distribution under Y → −Y , we only need to consider
ten bins for Y ≥ 0. The resulting distribution is shown in
Fig.1. We have equated the renormalization and factor-
ization scales, µR = µF = µ, and have varied them in the
range mh/ 2 ≤ µ ≤ 2mh . There are large corrections to
the rapidity distribution; however, they arise primarily
from the inclusive K -factor K = σNNLO/ σLO. The ra-
pidity dependence of the NNLO K -factor is small, and is
insignificant if normalized to the NLO distribution. This
is not unexpected; the production of the Higgs boson at
the LHC is strongly dominated by the soft z → 1 limit,

<zmore Loops

[Anastasiou, Petriello, Melnikov (2005)]
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Figure 1: Transverse momentum (left) and rapidity (right) of the Higgs boson with three di↵erent scale
choices. The uncertainty bands include all sources of perturbative uncertainties as a quadratic
sum. Dashed lines correspond to the contribution from 0-jet hard scattering configurations,
dashed-dotted lines to 1-jet configurations, dotted-dashed lines to 2-jet configurations and dotted
lines to 3-jet configurations.
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Figure 2: Transverse momentum of the Higgs boson in the absence (left) and presence (right) of a jet
with transverse momentum larger than 30 GeV with three di↵erent scale choices. For details see
Fig. 1.
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[Hoeche, Krauss, Schoenherr (2014)]

how reliable are 
scale variations?

H+0,1,2j MEPS@NLO

<zmore Legs <zmatching

resummation

multi-jet merging
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Figure 9: Comparison of the weighted
cross section at NNLO with the matched
NNLL+NNLO predictions. The contribution
of NNLL resummation is sizable over the full
thrust range.
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Figure 10: Comparison of the parton
level fixed-order prediction at NNLO to
NLL+NNLO and NNLL+NNLO distributions.
Experimental data are taken from the ALEPH
collaboration [1].
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Figure 11: The left plot shows the comparison of the R-matching scheme and the log(R)-matching
scheme results. The width of the curve shows the uncertainty related to the scale variation. The two
matching schemes agree very well over the full thrust range. The right plot shows the impact of the
variation of the O(α3

s) constant C3 on the distribution in the R-matching scheme. The difference
is at the per mille level.

the different distributions obtained by setting C3 = ! 500, ! 1000, ! 1500 respectively. The

three curves are almost indistinguishable and the tiny fluctuations in the distributions are

due to the fluctuations of the NNLO result. In the lower plot we take the distribution with

C3 = ! 1000 as reference and plot the difference between the reference cross section and

those obtained with C3 = ! 500 and C3 = ! 1500 respectively. The difference is less than

1.5! and it is therefore completely negligible compared the other theoretical uncertainties.

As discussed in the previous section, another source of theoretical uncertainty is the

choice of the logarithms to be resummed. We can estimate this uncertainty by varying the

parameter xL. In Ref. [19] several prescriptions are given on how to set the correct variation

range for xL for different observables. For the sake of simplicity and since we are not

performing a fit of the strong coupling constant, we choose to vary xL within the canonical

– 38 –

[Gehrmann, Lusioni, Monni(2014)]

e+e- event shapes



Complexity
~ #loops + #legs (+#scales)

pp!  H @ N3LO !  
[Anastasiou et al. (2015)]

e.g. pp!  tt @ NNLO d!
 [Fiedler, Czakon, Heymes, Mitov (2015,2016)]

e.g. pp!  W+5j @ NLO d!  
[BLACKHAT+SHERPA Bern et. al (2013)]

N3LO

NNLO

NLO

LO

3 4 5 6 7 8 9 10

more details in 
Jens HoffÕs talk

legs

order



Computational bottlenecks

¥ Large numbers of diagrams?

¥ Complicated basis of functions?

¥ Large cancellations due to redundant variables?

¥ Complicated kinematic algebra?



Computational bottlenecks

¥ Large numbers of diagrams?

¥ Complicated basis of functions?

¥ Large cancellations due to redundant variables?

¥ Complicated kinematic algebra?

maybe not such a problem - easy to automate 
tree-level codes : MadGraph, CalcHEP, Alpgen,...

yes - multi-scale loop integrals are difÞcult. 
evaluations methods are improving a lot...

choosing the wrong basis of functions/variables can 
compromise accuracy : try to work with physical 

degrees of freedom as far as possible

on-shell methods, algebraic(numerical) methods,...

track 3 talks
Bogner, 

Schroder, 
Davydychev, 
Kondrshuk, 
Kompaniets, 

Kataev,
Ueda,
Hoff,

Heinrich,
von Manteuffel



Complexity in N = 4 SYM

4 5 6 7 8 9 10 11

0
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loops

legs

(just amplitudes/integrands this time)

analytic solution to BCFW
[Drummond, Henn 0808.2475]

local integrands for all two-loop amplitudes
[Trnka, Bourjailly 1505.05886]

4-loop 6-point NMHV remainder function 
[Dixon, von Hippel, McLeod 1509.08127]

5-loop and planar 6-loop 4-point integrands
[Bern et al. 1210.7709][Bern et al. 1207.6666]

many other partial results, specific helicities, strong coupling etc.



Tree-level methods

on-shell: BCFW off-shell: BG
Britto, Cachazo, Feng, Witten (2005) Berends-Giele (1988)

= +^ ^

recursion has played a key role in automated approaches

loop-level applications
Berger, Bern, Dixon, Forde, 

Kosower (2005-2006)
BLACKHAT: Berger, Bern, Dixon, 

Febres-Cordero, Forde, Ita, 
Kosower, Matire (2008)

Arkani-Hamed, Bourjailly, 
Cachazo,Caron-Huot, Trnka 

(2010) 

rational terms
in QCD

all-loop integrand for
planar N=4 SYM

!

"

1

p2

^ ^

van Hameren (2009)

Becker, Reuschle,Weinzierl (2010)

OPENLOOPS: Cascoli, Pozzorini, 
Maierhöfer (2011)

tensor 
integrands



Loop-level methods

integral basis separates analytic and algebraic parts
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e.g. one-loop

diagrams master integrals amplitude
reduction integration

integration-by-parts
[many Laporta style codes: FIRE5, Reduze2, Grinder, ...]

integrand reduction
[1-loop (CutTools,LoopTools), multi-loop: polyn. div.]

tensor reduction
[many implementations: LoopTools, Collier, FeynCalc, PJFry, ...]

generalized unitarity
[BlackHat, NJet, Rocket,...]

sector decomposition
[numerical: FIESTA4, SecDec3]

differential equations
[a lot of progress with Henn’s “canonical” approach]

direct evaluation
[MPL (Bogner), HyperInt (Panzer)]



QCD at NLO

PDFs
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Unitarity: double cuts 
[BDDK ’94]

[triple cuts BDK ’97]

Generalized unitarity: 
quadruple cuts [BCF ’04]

Integrand reduction [OPP ’05]

triple cuts [e.g. Forde ’07]
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D-dim. generalized unitarity [GKM ’08]

Automated one-loop amplitudes
solving on-shell conditions requires complex momenta 

⇒ factorise residues into tree amplitudes

multi-scale 
kinematic algebra 

performed 
numerically



Colour decompositions
for multi-jet final states colour permutation sums can be very large

minimise required kinematic information using
colour ordering and SU(N) symmetries

tree-level

colour-kinematics relations (n-3)!
[Bern, Carrasco, Johansson (2010)]

one loop primitive 
amplitudes

Kleiss-Kuijf relations (n-2)!
Del Duca, Dixon, Maltoni (n-1)/2!

now scales 
polynomially

n-gluon example:

general decompositions:
[Ita, Ozeren (2011)]

[SB,Biedermann, Uwer, Yundin (2012)]
[Reuschle, Wienzierl (2013)]

[Schuster (2013)]

multi-quark generalisations: 
[Melia (2013, 2015)]

[Johansson, Ochirov (2015)]



Performance
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e 
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s]

Number of partons

n(g) [m]   n4.9

n(g) [f]   n4.8

2q+n(g) [m]   n4.9

2q+n(g) [f]   n5.1

4q+n(g) [m]   n4.8

4q+n(g) [f]   n5.4

8q+n(g) [m]   n4.5

8q+n(g) [f]   n6.0

primitives scale ~n6  for n !  20

process Tsd[s] T4 digits[s] (% Þxed)
4g 0.030 0.030 (0.00)
2u2g 0.032 0.032 (0.00)
2u2d 0.011 0.011 (0.00)
4u 0.022 0.022 (0.00)

process Tsd[s] T4 digits[s] (% Þxed)
5g 0.22 0.22 (0.22)
2u3g 0.34 0.35 (0.06)
2u2d1g 0.11 0.11 (0.00)
4u1g 0.22 0.22 (0.03)

process Tsd[s] T4 digits[s] (% Þxed)
6g 6.19 6.81 (1.37)
2u4g 7.19 7.40 (0.38)
2u2d2g 2.05 2.06 (0.08)
4u2g 4.08 4.15 (0.21)
2u2d2s 0.38 0.38 (0.00)
2u4d 0.74 0.74 (0.00)
6u 2.16 2.17 (0.02)

process Tsd[s] T4 digits[s] (% Þxed)
7g 171.3 276.7 (8.63)
2u5g 195.1 241.2 (3.25)
2u2d3g 45.7 48.8 (0.88)
4u3g 92.5 101.5 (1.29)
2u2d2s1g 7.9 8.1 (0.23)
2u4d1g 15.8 16.2 (0.29)
6u1g 47.1 48.6 (0.41)

Table 4. Timing estimates in seconds for full colour and helicity summed virtual corrections.Tsd is the
time for evaluation in double precision,T4 digits is the average time estimated to obtain a result correct to 4
digits using the phase space cuts of section4.2. All times include the two evaluations necessary to obtain the
accuracy estimate via the scaling test and were obtained on an Intel(R) Xeon(R) CPU E3-1240 @ 3.30GHz.

gg! 2g gg! 3g gg! 4g gg! 5g
standard sum 0.03 0.22 6.19 171.31

de-symmetrized 0.03 0.07 0.57 3.07

Table 5. Timing estimates in seconds for the de-symmetrized colourand helicity summed gluonic channels.
All times include the two evaluations necessary to obtain the accuracy estimate via the scaling test and were
obtained on an Intel(R) Xeon(R) CPU E3-1240 @ 3.30GHz.

percentage of rescued points from the accuracy tests in the previous section. On average quadruple
precision evaluation was found to be between 7 and 8 times longer than double precision. We stress
that even in the worst case of the seven gluon amplitude the required reevaluation only doubles the
total run time.

Table5 shows the evaluation times using the de-symmetrized coloursums for the pure gluonic
channels which exploit the Bose symmetry of the Þnal state. Though these channels beneÞt the
most from this treatment the complex channels with a single fermion pair would also see a con-
siderable speed up. Again we stress that these de-symmetrized sums contain the same full colour
information as the standard ones after the integration overthe phase-space or equivalently after
explicitly summing the1

2(n" 2)! permutations of the Þnal state gluons.

5 Conclusions

In this paper we have presented the C++ library NJET for the numerical evaluation of one-loop
amplitudes for multi-jet production at hadron colliders. Using generalized unitarity together with
off-shell recursion relations we were able to construct multi-fermion primitive amplitudes at a
computational cost growing polynomially with time. Accuracy estimates obtained by applying a

Ð 20 Ð

process Tsd[s] T4 digits[s] (% fixed)
4g 0.030 0.030 (0.00)
2u2g 0.032 0.032 (0.00)
2u2d 0.011 0.011 (0.00)
4u 0.022 0.022 (0.00)

process Tsd[s] T4 digits[s] (% fixed)
5g 0.22 0.22 (0.22)
2u3g 0.34 0.35 (0.06)
2u2d1g 0.11 0.11 (0.00)
4u1g 0.22 0.22 (0.03)

process Tsd[s] T4 digits[s] (% fixed)
6g 6.19 6.81 (1.37)
2u4g 7.19 7.40 (0.38)
2u2d2g 2.05 2.06 (0.08)
4u2g 4.08 4.15 (0.21)
2u2d2s 0.38 0.38 (0.00)
2u4d 0.74 0.74 (0.00)
6u 2.16 2.17 (0.02)

process Tsd[s] T4 digits[s] (% fixed)
7g 171.3 276.7 (8.63)
2u5g 195.1 241.2 (3.25)
2u2d3g 45.7 48.8 (0.88)
4u3g 92.5 101.5 (1.29)
2u2d2s1g 7.9 8.1 (0.23)
2u4d1g 15.8 16.2 (0.29)
6u1g 47.1 48.6 (0.41)

Table 4. Timing estimates in seconds for full colour and helicity summed virtual corrections. Tsd is the
time for evaluation in double precision, T4 digits is the average time estimated to obtain a result correct to 4
digits using the phase space cuts of section 4.2. All times include the two evaluations necessary to obtain the
accuracy estimate via the scaling test and were obtained on an Intel(R) Xeon(R) CPU E3-1240@ 3.30GHz.

gg ! 2g gg ! 3g gg ! 4g gg ! 5g
standard sum 0.03 0.22 6.19 171.31
de-symmetrized 0.03 0.07 0.57 3.07

Table 5. Timing estimates in seconds for the de-symmetrized colour and helicity summed gluonic channels.
All times include the two evaluations necessary to obtain the accuracy estimate via the scaling test and were
obtained on an Intel(R) Xeon(R) CPU E3-1240 @ 3.30GHz.

percentage of rescued points from the accuracy tests in the previous section. On average quadruple
precision evaluation was found to be between 7 and 8 times longer than double precision. We stress
that even in the worst case of the seven gluon amplitude the required reevaluation only doubles the
total run time.

Table 5 shows the evaluation times using the de-symmetrized colour sums for the pure gluonic
channels which exploit the Bose symmetry of the final state. Though these channels benefit the
most from this treatment the complex channels with a single fermion pair would also see a con-
siderable speed up. Again we stress that these de-symmetrized sums contain the same full colour
information as the standard ones after the integration over the phase-space or equivalently after
explicitly summing the 12 (n " 2)! permutations of the final state gluons.

5 Conclusions

In this paper we have presented the C++ library NJET for the numerical evaluation of one-loop
amplitudes for multi-jet production at hadron colliders. Using generalized unitarity together with
off-shell recursion relations we were able to construct multi-fermion primitive amplitudes at a
computational cost growing polynomially with time. Accuracy estimates obtained by applying a

– 20 –

full colour sums a few seconds for 2! 4

NJET: SB, Biedermann, Uwer, Yundin https://bitbucket.org/njet/njet/

https://bitbucket.org/njet/njet/
https://bitbucket.org/njet/njet/
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Scaling Test vs Analytic Formulae
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dimension scaling test

reliable but statistical: add ~2 digits on min. accuracy

1 = SS† = (1 + iT )(1 � iT †) ) TT † = i(T † � T )

A = hi|T |fi 1 =
XZ

dLIPS|kihk|

)DiscPi,j! 1 (A(1) ) =
Z

dLIPS(k, Pi,j! 1)�(+) (k)�(+) (k � Pi,j! 1)

A(0) (k, pi, . . . , pj! 1,�k � Pi,j! 1)A(0) (k + Pi,j! 1, pj, · · · , pi! 1,�k)

1
k2 + iO+

�! i�(+) (k2)

A(pi,mi, µR) = x4! nA(xpi, xmi, xµR) := ANJet (x)

log10

✓
ANJet (s1) + ANJet (s2)

2(ANJet (s1) � ANJet (s2))

◆

log10

✓
ANJet (1) + Aanalytic

2(ANJet (1) + Aanalytic )

◆

1 = SS† = (1 + iT )(1 � iT †) ) TT † = i(T † � T )

A = hi|T |fi 1 =
! "

dLIPS|kihk|

)DiscPi,j �1 (A(1)) =
"

dLIPS(k, Pi,j �1)�(+)(k)�(+)(k � Pi,j �1)

A(0)(k, pi , . . . , pj �1,�k � Pi,j �1)A(0)(k + Pi,j �1, pj , · · · , pi�1,�k)

1
k2 + iO+

�! i�(+)(k2)

A(pi ,mi , µR) = x4�nA(xpi , xmi , xµR) := ANJet(x)

#digits = log 10

#
ANJet(s1) + ANJet(s2)

2(ANJet(s1) � ANJet(s2))

$

accuracy = log10

#
ANJet(s1) + ANJet(s2)

2(ANJet(s1) � ANJet(s2))

$
�log10

#
ANJet(1) + Aanalytic

2(ANJet(1) + Aanalytic)

$

1 = SS†
= (1 + iT )(1 ! iT †

) " TT †
= i(T † ! T )

A = #i|T |f$ 1 =

! "
dLIPS|k$#k|

" DiscPi,j ! 1(A
(1)
) =

"
dLIPS(k, Pi,j ! 1)! (+)

(k)! (+)
(k ! Pi,j ! 1)

A(0)
(k, pi , . . . , pj ! 1, ! k ! Pi,j ! 1)A

(0)
(k + Pi,j ! 1, pj , á á á, pi ! 1, ! k)

1

k2
+ iO+

!% i! (+)
(k2

)

A(pi ,mi , µR) = x4! nA(xpi , xmi , xµR) := ANJet (x)

#digits = log10

#
ANJet (s1) + ANJet (s2)

2(ANJet (s1) ! ANJet (s2))

$

accuracy = log10

#
ANJet (s1) + ANJet (s2)

2(ANJet (s1) ! ANJet (s2))

$
! log10

#
ANJet (1) + Aanalytic

2(ANJet (1) + Aanalytic )

$

2 calls for the price 
of 1 using explicit 

vectorization with Vc

NJET: SB, Biedermann, Uwer, Yundin https://bitbucket.org/njet/njet/

https://bitbucket.org/njet/njet/
https://bitbucket.org/njet/njet/
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Automated NLO
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generic processes with 
Feynman Diagrams*

* efficient algorithms with off-shell recursion

Binoth Les Houches Accord (updated 2013)

QCD corrections for 
anything up to 2! 4 Specific processes at 

2! 5/6, e.g. massless 
QCD, W/Z+jets

SHERPA
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MC

GENEVA

WHIZARD

see ReuterÕs 
talk

see LusoniÕs
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Challenges at NLO?

¥ NLO QCD is becoming standard precision in experiments

¥ automated NLO+PS and NLO ME+PS are available for 
many processes

¥ complete EW+QCD has been completed in a few cases

¥ FEYNRULES/LANHEP+UFO output can be used to 
implement arbitrary Langrangians (e.g. effective Þeld 
theories)

¥ complicated Þnal states still computationally intensive 
(mainly due to real radiation phase space) 0 1 2 3 4
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Root NTuples: (~2TB)
total XS ~ 0.5% MC error

events stored on EOS 
file system at CERN

integration grids using 
MPI ~ 30 cores

event generation ~ 
1000 cores



towards automation at NNLO

unitarity cuts commonly 
applied in super-symmetric and 

gravity computations

[Bern, Carrasco, Davies, Dennen, Huang, 
Dixon, Johansson, Kosower, Roiban]

! LO
n =

Z

n

d! B

! NLO
n =

Z

n

(d! B + d! V ) +
Z

n+1

d! R

! NLO
n =

Z

n

(d! B + d! V + d! I) +
Z

n+1

(d! R ! d! S)

! NNLO
n =

Z

n

(d! B + d! V + d! V V ) +
Z

n+1

d! R + d! RV +
Z
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d! RR

X

h

X

ij
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i (h) C(0,0)

ij A(0)
j (h)

X

h

X

ij

A(0),†
i (h) C(0,1)

ij A(1)
j (h)

X

singularities

1
s
fs|An|2
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nearly all 2! 2 processes 
now computed at NNLO extend integrand reduction and 

generalized unitarity techniques for 
higher multiplicity amplitudestalks by Bougezhal and 

von Manteuffel

e.g.  5-loop 4-point amplitude in N=4 sYM
[Bern, Carrasco, Johannaansson, Roiban 1207.6666]



Maximal unitarity Integrand reduction via 
polynomial divisionA =

X
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e.g. IBPs

[Mastrolia, Ossola, SB, Frellesvig, 
Zhang, Mirabella, Peraro, Malamos, 

Kleiss, Papadopolous, Verheyen, 
Feng, Huang]

[Kosower, Larsen, Johansson, 
Caron-Huot, Zhang, Søgaard]

multi-loop amplitudes from trees

[Gluza, Kosower, Kajda 1009.0472]
[Schabinger 1111.4220][Ita 1510.05626]

[Larsen, Zhang 1511.01071]
IBPs must be free of 

doubled propagator MI
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on-shell the numerators can 
be written as products of 

tree-level amplitudes

integrand parameterisations 
not unique - freedom in the 
choices of ISP monomials

integrand reduction

fix basis of monomials in
irreducible scalar products

via polynomial division 
(Gröbner basis)



5-gluon scattering in pure YM
[planar +++++  integrand

SB, Frellesvig, Zhang 1310.1051]

[complete +++++  integrand
SB, Mogull, Ochirov, O’Connell 1507.08797]

(a) (1)

(b) (2)

(a) (1)

(b) (2)

m

!"
!

! 1, ! 2

|! 1 # ! 2| = m ! 1

! 2

m !"
!

!
|! | = m

σ

D-dimensional 
generalized unitarity cuts

integrand reduction via 
polynomial division

efficient colour 
decompositions
incorporating 

Kleiss-Kuijf relations

c.f. one-loop [Del Duca, 
Dixon, Maltoni (1999)]

[planar +++++ amplitude
Gehrmann, Henn, Lo Presti 1511.05409]

integration using diff. eqns.



5-gluon scattering in pure YMFull colour amplitude
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automating analytic computations

momentum twistors

six-dimensional spinor-helicity

(a few of my thoughts on...)

Cheung, O’Connell (2009)

Davies (2011)

Bern, Carrasco, Dennen, Huang, Ita (2010)

Hodges (2009)

rational parametrisation of 
the external kinematics

efficient dimensionally regulated 
cuts from gauge invariant trees



Outlook
¥ A high degree of automation is required in order to provide the required 

theoretical precision current collider experiments

¥ One-loop QCD computations now widely available and linked with 
Monte-Carlo tools

¥ purely algebraic - numerical algorithms bypass complicated symbol manipulation

¥ on-shell: unitarity and recursion relations ⇒loops from trees

¥ Similar approaches to multi-loop amplitudes developing

¥ First complete five-point amplitude in QCD

¥ purely algebraic algorithms with rational momenta



Backup



Momentum twistors
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Momentum twistors
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5 point kinematics 
contains one Gram 

matrix relation
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Momentum twistors at higher 
multiplicity 

We can find an 
(invertible) 

representation for 
arbitrary number of 
massless particles

Simon Badger, October 14, 2014
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where Pa,b = pa + á á á+ pb.
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