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What do we do? 
Systematic investigation of chromaticity 
correction schemes for FCC-ee: 
1.  Interleaved sextupole scheme using 

Montague Formalism à LEP 
2.  Non-interleaved sextupole scheme 
3.  Independent sextupole pairs 

4.  Combination of local CCS and arc CC 
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Chromaticity 
•  Change of the tune with energy deviation 

•  Textbook: 
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ΔQ = ξ ⋅ Δp / p

Q(δ) =Q0 +
∂Q
∂δ

δ +
1
2
∂2Q
∂δ 2

δ 2 +
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∂3Q
∂δ3

δ3 +...

•  In our case not precise enough: δ = Δp / p( )
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Montague functions 
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•  Chromatic variables  

•  W-vector 

B = 1
β
∂β
∂δ

A = ∂α
∂δ

−
α
β
∂β
∂δ

!
W =

1
2
B+ iA( )

=
1
2

A2 +B2ei2µ

B 

A 
Final Focus Quad: 
ΔA ≅ -β0 k0 lq 

Rotates with twice the phase advance! 

Sextupole: 
ΔA ≅ -β0 k’0 Dxls 
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Phase advance FD – 1st Sext. 

µy = n*π 

µx = m*π 

SF1 SD1 

Final doublet First arc FODO cell 

MQDIR1 MQFIR1 

IP 

(m,n integers) 

… 

SF1 SD1 
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Phase advance FD – 1st Sext. 

µy = n*π 

µx = m*π 

Final doublet First arc FODO cell 

MQDIR1 MQFIR1 

IP 

(m,n integers) 

… 

SF1 SD1 
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FCC-ee sextupole scheme 

SF1 SF2 SF1 SD1 SD2 SD3 

µx = 90° = π/2 µy = 60° = π/3 

µx = 180° = π (à -I transformation) 

Even number of sextupoles per family! 
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-I transformation 

•  Sextupoles of each  
family are in phase 

 

 à W-vector  
  rotates by 2π 

B 

A 

FF Quad 
SD1[1] 
SD1[2] 
SD1[3] 

W 
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Next steps: 

1.  Compare non-symmetric FODO cell lattice 
with symmetric FODO cell lattice 

2.  Compare 2 IR 12-fold layout with        
2 IR baseline layout 
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1) FODO cells 
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BPM Corrector 

B B SQ

Non-symmetric FODO cell (V15): 
 
 
 
 
Symmetric FODO cell (V16): 
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12-fold lattice 
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Circumference:  100 km 
Arc length:   6.8 km 
Straight section length:   1.5 km 
 

4 mini-beta insertions (IR)! 

RF 

RF RF 

RF 

RF 

RF RF 

RF 

RF 

RF 

RF RF 

IR 

IR IR 

IR 

Objectives:  
•  One quarter of the ring 
•  Correct W function with the arcs next to the IPs 
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IR without local CCS 

0.0 40. 80. 120. 160. 200.
                               s (m)

FCC-ee Low-beta InsertionMAD-X 5.02.03  27/02/15 10.14.36
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L*  = 2 m 
β*x  = 1 m 
β*y  = 0.001 m 

No local chromaticity  
correction scheme! 
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W functions non-symmetric FODO 

0.0 7.5 15.0 22.5
s (m) [*10**(  3)]

3 Sext Fam pP MAD-X 5.02.03  13/01/15 16.32.19
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presented at the FCC week 2015 
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Hor. W function in first arc 

0.0 2000. 4000. 6000. 8000.
                               s (m)

3 Sext Fam pP MAD-X 5.02.03  28/05/15 11.27.58
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Phasor 
Δµx = 0.25 

B 

A 

Arc 1 SS 2 IP1 SS1 

K2SF1 = 1 
K2SF2 = 0 

W 

W 

V16 – symmetric FODO cells 
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Hor. W function in first arc 
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0.0 2000. 4000. 6000. 8000.
                               s (m)

3 Sext Fam pP MAD-X 5.02.03  01/06/15 12.12.35
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Phase mismatch 

B 

A 
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Matched phase 

0.0 2000. 4000. 6000. 8000.
                               s (m)

3 Sext Fam pP MAD-X 5.02.03  28/05/15 11.39.02
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Arc 1 SS 2 IP1 SS1 

Wx,min = 6.18 
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Hor. W function in the 1st quarter 

0.0 7.5 15.0 22.5
s (m) [*10**(  3)]

3 Sext Fam pP MAD-X 5.02.03  29/05/15 11.49.20
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Arc 1 Arc 2 Arc 3 

s in km 

IP IP 
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Both W functions in the 1st quarter 

0.0 7.5 15.0 22.5
s (m) [*10**(  3)]

3 Sext Fam pP MAD-X 5.02.03  29/05/15 11.51.12
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Arc 1 Arc 2 Arc 3 

s in km 

IP IP 
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Momentum acceptance 

20 

[-0.14 %; +0.05 %] 

 125.5

 125.55

 125.6

 125.65

 125.7

 125.75

-0.004 -0.002  0  0.002  0.004  83.5

 83.55

 83.6

 83.65

 83.7

 83.75

Q
x

Q
y

dp/p

Qx
Qy

 127.25

 127.3

 127.35

 127.4

 127.45

 127.5

-0.004 -0.002  0  0.002  0.004  83.5

 83.55

 83.6

 83.65

 83.7

 83.75

Q
x

Q
y

dp/p

Qx
Qy

[-0.16 %; +0.06 %] 

Non-symmetric FODO Symmetric FODO 



FCC-ee Optics Meeting 
05 June 2015 

Phase advance matching for chromaticity correction for FCC-ee 
Bastian Haerer (bastian.harer@cern.ch) 

Corrected Chromaticity 
Non-symmetric FODO Symmetric FODO 

Nat. 
Chrom. 

Corr. 
Chrom. 

ΔQ 
(δ=0.05 %) 

Nat. 
Chrom. 

Corr. 
Chrom. 

ΔQ 
(δ=0.05 %) 

Qx 502.16 502.16 506.16 509.08  
Qx’ -603.80  5.7e-05  2.83e-08 -629.88 -4.20 -2.10e-03 
Qx’’ -8.3e+03 3.5e+03 4.41e-04 -1.6e+04 6.6e+03 8.19e-04 
Qx’’’ -1.4e+08 -5.5e+05 -1.14e-05 -2.7e+08 -1.5e+07 -3.13e-04 
Qx’’’’ -2.1e+12 -8.5e+09 -2.20e-05 -4.1e+12 -2.9e+10 -6.73e-05 
Qy 334.28 334.28 334.28 334.28 
Qy’ -2044.43 2.8e-01 1.39e-04 -2059.23 6.7e-02 3.36e-05 
Qy’’ -8.4e+06 -1.2e+04 -1.53e-03 -8.6e+06 -9.8e+03 -1.22e-03 
Qy’’’ -2.0e+11 -3.4e+09 -7.00e-02 -2.0e+11 -2.5e+09 -5.11e-02 
Qy’’’’ -6.5e+15 3.6e+10 9.25e-05 -6.7e+15 -1.5e+12 -3.92e-03 
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3rd order chromaticity 

0.0 7.5 15.0 22.5
s (m) [*10**(  3)]

3 Sext Fam pP MAD-X 5.02.03  13/01/15 16.32.19
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How does it work (chromaticity estimations)?

Chromaticity
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1
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3
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Z ⇧

0
�

y

b

y ,2(K1 � K2⌘0)ds .

A. Bogomyagkov (BINP) FCC-ee crab waist IR and the arc 23 / 28

Anton Bogomyagkov 

~W2 
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2) Baseline 
Layout 

P. Lebrun & J. Osborne 

Exp. 

Exp. 

Short Arcs (3.8 km) 
à  Suppress W 

function quickly 
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W functions: baseline layout 

0.0 10. 20. 30. 40. 50.
s (m) [*10**(  3)]

3 Sext Fam pP MAD-X 5.02.03  16/04/15 10.25.16
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Work in progress! 
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Next steps: 
•  1 sextupole and splitted quadrupoles 

•  60°/60° and 90°/90° phase advance plus 
non-interleaved sextupole scheme 

•  Better targeted higher order correction? 

•  CC with individual sextupole pairs 

•  Discussion with BINP colleagues about 
how to combine the local CCS with the arcs 

25 
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Phase functions in MAD-X 

1.6. VARIABLES 17

PHIT The longitudinal phase �

t

= �atan(p
tn

/t

n

)/2⇡, [1]

In the above formulas the vectors E
i

are the three complex eigenvectors, Z is the phase space
vector, and the matrix S is the “symplectic unit matrix”:

Z =

0

BBBBBB@

x

p

x

y

p

y

t

p

t

1

CCCCCCA
, S =

0

BBBBBB@

0 1 0 0 0 0
�1 0 0 0 0 0
0 0 0 1 0 0
0 0 �1 0 0 0
0 0 0 0 0 1
0 0 0 0 �1 0

1

CCCCCCA
(1.12)

1.6.3 Linear Lattice Functions (Optical Functions)

Several MAD-X commands refer to linear lattice functions or optical functions.

Because MAD-X uses the canonical momenta (p
x

, p
y

) instead of the slopes (x0, y0), the defini-
tions of the linear lattice functions di↵er slightly from those in Courant and Snyder[3].

Notice that in MAD-X, PT substitutes DELTAP as longitudinal variable. Dispersive and chro-
matic functions are hence derivatives with respect to PT. And since PT=BETA*DELTAP,
where BETA is the relativistic Lorentz factor, those functions given by MAD-X must be mul-
tiplied by BETA a number of time equal to the order of the derivative to find the functions
given in the literature.

The linear lattice functions are known to MAD-X under the following names:

BETX Amplitude function �

x

, [m].

ALFX Correlation function ↵

x

= �1
2(@�x/@s), [1]

MUX Phase function µ

x

=
R
ds/�

x

, [2⇡]

DX Dispersion of x: D
x

= (@x/@p
t

), [m]

DPX Dispersion of p
x

: D
px

= (@p
x

/@p

t

)/p
s

, [1]

BETY Amplitude function �

y

, [m]

ALFY Correlation function ↵

y

= �1
2(@�y/@s), [1]

MUY Phase function µ

y

=
R
ds/�

y

, [2⇡]

DY Dispersion of y: D
y

= (@y/@p
t

), [m]

DPY Dispersion of p
y

: D
py

= (@p
y

/@p

t

)/p
s

, [1]

R11, R12, R21, R22 : Coupling Matrix

1.6.4 Chromatic Functions

Several MAD-X commands refer to the chromatic functions.
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Because MAD-X uses the canonical momenta (p
x

, p
y

) instead of the slopes (x0, y0), the defini-
tions of the chromatic functions di↵er slightly from those in [4].

Notice also that in MAD-X, PT substitutes DELTAP as longitudinal variable. Dispersive and
chromatic functions are hence derivatives with respects to PT. And since PT=BETA*DELTAP,
where BETA is the relativistic Lorentz factor, those functions given by MAD-X must be mul-
tiplied by BETA a number of time equal to the order of the derivative to find the functions
given in the literature.

The chromatic functions are known to MAD-X under the following names:

WX Chromatic amplitude function W

x

=
p
a

2
x

+ b

2
x

, [1], where

b

x

=
1

�

x

@�

x

@p

t

, a

x

=
@↵

x

@p

t

� ↵

x

�

x

@�

x

@p

t

PHIX Chromatic phase function �
x

= arctan(a
x

/b

x

), [2⇡]

DMUX Chromatic derivative of phase function: DMUX = (@µ
x

/@p

t

), [2⇡]

DDX Chromatic derivative of dispersion D

x

: DDX = 1
2(@

2
x/@p

2
t

), [m]

DDPX Chromatic derivative of dispersion D

px

: DDPX = 1
2(@

2
p

x

/@p

2
t

)/p
s

, [1]

WY Chromatic amplitude function W

y

=
q
a

2
y

+ b

2
y

, [1], where

b

y

=
1

�

y

@�

y

@p

t
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y

=
@↵

y

@p

t

� ↵

y

�

y

@�

y

@p

t

PHIY Chromatic phase function �
y

= arctan(a
y

/b

y

), [2⇡]

DMUY Chromatic derivative of phase function: DMUY = (@µ
y

/@p

t

), [2⇡]

DDY Chromatic derivative of dispersion D

y

: DDY = 1
2(@

2
y/@p

2
t

), [m]

DDPY Chromatic derivative of dispersion D

py

: DDPY = 1
2(@

2
p

y

/@p

2
t

)/p
s

, [1]

1.6.5 Variables in the SUMM Table

After a successful TWISS command a summary table, with name SUMM, is created which
contains the following variables:

LENGTH The length of the machine, [m].

ORBIT5 The T (= ct, [m]) component of the closed orbit.

ALFA The momentum compaction factor ↵
c

, [1].

GAMMATR The transition energy �

tr

, [1].

Q1 The horizontal tune Q1 [1].

DQ1 The horizontal chromaticity dq1 = @Q1/@pt, [1]

BETXMAX The largest horizontal �
x

, [m].
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Because MAD-X uses the canonical momenta (p
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chromatic functions are hence derivatives with respects to PT. And since PT=BETA*DELTAP,
where BETA is the relativistic Lorentz factor, those functions given by MAD-X must be mul-
tiplied by BETA a number of time equal to the order of the derivative to find the functions
given in the literature.
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PHIX Chromatic phase function �
x

= arctan(a
x

/b

x

), [2⇡]

DMUX Chromatic derivative of phase function: DMUX = (@µ
x

/@p

t

), [2⇡]

DDX Chromatic derivative of dispersion D
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DDPX Chromatic derivative of dispersion D
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, [1]

WY Chromatic amplitude function W
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PHIY Chromatic phase function �
y

= arctan(a
y

/b

y

), [2⇡]

DMUY Chromatic derivative of phase function: DMUY = (@µ
y

/@p

t

), [2⇡]

DDY Chromatic derivative of dispersion D

y

: DDY = 1
2(@

2
y/@p

2
t

), [m]

DDPY Chromatic derivative of dispersion D

py

: DDPY = 1
2(@

2
p

y

/@p

2
t

)/p
s

, [1]

1.6.5 Variables in the SUMM Table

After a successful TWISS command a summary table, with name SUMM, is created which
contains the following variables:

LENGTH The length of the machine, [m].

ORBIT5 The T (= ct, [m]) component of the closed orbit.

ALFA The momentum compaction factor ↵
c

, [1].

GAMMATR The transition energy �

tr

, [1].

Q1 The horizontal tune Q1 [1].

DQ1 The horizontal chromaticity dq1 = @Q1/@pt, [1]

BETXMAX The largest horizontal �
x

, [m].

Which one has to be matched? 
 

à I would guess PHIX… 

MAD-X Manual: 
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Chromatic phase 

Table 1.3: Comparison of the difference of both the MAD-X phase function µ and the
MAD-X chromatic phase function ' between final doublet quadrupole of the
respective plane and the first SD sextupole.

Before optimising �µ

x

: After optimising �µ

x

:
�µ

x

4.999999996 5.118999996
�µ

y

3.000000002 3.000000002
�'

x

9.021745692 9.259497576
�'

y

6.000035054 6.000078839

Results: Obviously the phase advance in the horizontal plane matched before investigat-
ing the W functions was not correct. Otherwise the matching of the W function should
have worked without using the phasor. I found out, there is another phase function in
MAD-X, called the chromatic phase function PHIX, PHIY. Those phase functions are just
calculated when the CHROM flag is set. I would expect, that this is phase function of the
W vector, which theoretically should be twice the phase advance. Table 1.3 shows both
the phase advance µ and the chromatic phase function ' between the final doublet mag-
nets and the first SD sextupole in the arc before and after optimising the phase advance
manually.

Following things should be noticed:

• Before optimising, the phase advance µ is perfectly matched to integer values.
• In the vertical plane the chromatic phase function is twice the phase advance.
• In the horizontal plane, the phase function is NOT twice the phase advance, which

is not understood by now.
• After optimising the phase advance, mu

x

has an odd value, while the chromatic phase
function is very close to 0.25. This implicates two things:

1. It seems for a proper performance of the sextupoles in terms of reducing the W
function, the chromatic phase function needs to be matched and not the phase
advance.

2. Taking the horizontal phase advance per cell into account, which is 0.25, the
phase advance between vertical and horizontal quadrupole is 0.125. Since the
chromatic phase function rotates/should rotate with twice the phase advance,
.25 means, instead of matching the phase advance between final doublet magnet
and first SD sextupole the phase advance between final doublet magnet and first
SF magnet should be matched in the horizontal plane.
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à Where does the difference come from? 

+0.125 

+0.25 

Theoretically PHIX should be twice MUX… 

+0.125 

+0.25 
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Discussion/Open questions 
•  Which influence has the working point? 

•  Matching tolerance/matching order 

•  Which parameters are worth to compare? 

•  How could additional sextupoles for higher 
order correction be added in the arc? 

•  How is an interleaved sextupole scheme be 
matched? 
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